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1 Introduction

We already proposed the orthonormal wavelet bases with an arbitrary real
dilation[3, 7, 8] and the orthonormal bases of wavelets with customizable fre-
quency bandsl[4, 5, 6, 9]. In this paper, we propose a new type of orthonormal
bases of wavelets with an arbitrary real dilation. These bases have a unique
characteristic that all the centers of the number 0 wavelets 1);(¢) of all the
levels j € Z are at the origin.

In this paper, we propose two types of these orthonormal bases of wavelets
as Type A and Type B, and using the Type A and Type B, we construct
a Hilbert transform pair of orthonormal bases. This Hilbert transform pair
of orthonormal bases constructs a wavelet frame having the following two
characteristics: 1) this frame achieves the perfect translation invariance[2,
10, 11, 12, 13, 14, 15, 16]; 2) for any dilation, this frame is unified to only
two types of wavelet shapes, that is, the Hilbert transform pair of symmetric
and anti symmetric wavelet shapes (in general, an orthonormal wavelet basis
with an irrational dilation is constructed from infinite number of wavelet
shapes[3, 7, 8]).

In this paper, because of space limitations, all the proofs of lemmas and
theorems are omitted, however, we introduce all the calculation methods of
the transforms and inverse transforms of the above bases.
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2 Preliminaries

R denotes the set of real numbers, and Z denotes the set of integers, and N
denotes the set of natural numbers. L'(R) denotes the space of integrable
functions, and L?(R) denotes the space of square integrable functions. We
use the following notation for the inner product of f(t), g(t) € L*(R):

<f,g>:/_°°f<t>@dt

Note that g(t) is the complex conjugate of g(t). The Fourier transform f(w)
of f(t) € L'(R) is defined by

AP =) = [ e
The inverse Fourier transform f(t) of f(w) € L*(R) is defined by
1,7 : 1
(PO =50 =5 [
m
The Kronecker delta d; is defined by

‘ 1. k=l
Ok,l—{O’ kAL kleZ.

) €
f( ) ¢ dw.

3 The orthonormal basis of wavelet Type A

The orthonormal basis of wavelet Type A with an arbitrary real dilation
a > 1 is constructed based on the following scaling function ¢*(t):

. 27
1, |w| < ,
a+1
0(w) =4 s (T, (L@t D] =27 2w < 2T (1)
2 21(a — 1) Ta+1 a+1’
(0, otherwise,
where
0, r <0,
v(z) = < (35 — 84z + 702% — 2023), 0<z<l, (2)
1 x> 1.
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With the dilation a > 1, the wavelets {¢7,(t) : n € Z} and the scaling
functions {¢7,(t) : n € Z} of the level j € Z are defined by

\/wal Cljt — r 1 ) ] = 2m7
Ay = a— €Z, 3
%m() \/7 Ho i,n o m ( )
alip,’0 | alt 1) J=2m+1,
a—
\/J(ba (ajt — n) j = 21
A ; J m,
() = . , €7, 4
¢j,7l<) {\/a_ﬂ(ba(ajt—(n—l—l/Q)), j:2m—|—1, m ()
where
—i0, 7,079
,AHO o € A1/J (w> ) w < 07
l/)n (w) - {€i0n¢0rg ((.d), w Z 0’ (5)
—i0p+iZ 7 Org
m o e 27" (W), w <0,
O N ©)
1 R 2 R 2
JOrs(w) = \/ Al @ [} )
T™n

The wavelet set {42}, (¢) : j,n € Z} obtained from (3) constructs an orthonor-
mal basis, and with ji, jo, n1, 19 € Z, the following equations hold:

1 A g A f— . .
<(/}j17n1’ j27n2> - 5]17]25711,7127
Q8 s D0 ) =0

Ji.mie Yjime/ T Ynines

< ﬁ,nl’ g,n2> = 07 jl 2 j2-

The following equations hold for f(t) € L*(R) :

F&) =" (f, vy, (0, (9)

JnEL
Z <f7 ¢;§n> gbfn(t) = Z <f’ ¢f—1,n> d)?—l,n(t) + Z <f7 wf—l,n> ij—l,n(t)?
nez ne”L neL

jez.
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3.1 The calculation method of Type A

For the transform and the inverse transform, we need the following infinite
sequences {g ki Jim,k € Z} and {hjn,g Jynk €} :

g}i‘mk = %/_ an(w) eh dw, (10)
1 " i kw
h = o | HE () ™ dw, (11)
where
pA | (aIw M (alw
]An(w) — L()j an(w) — LH (12)
’ ) ’ Po(@/w)

These sequences satisfy the following equations:

j 1n Zgjnk¢ j,TLEZ,
keZ

] 1n Zhjnk¢]k ]7”62
keZ

It is impossible to calculate all the infinite number j,n € Z of the infinite
sequences {g  : k € Z} and {h}, . : k € Z}, however, it is possible to
design a fast calculation method to obtain these sequences. From (1)—(8)
and (10)-(12), {g;}, 4 : j,n, k € Z} can be calculated by

—1yrhge (k- —2on), =2
o[ (ki) e
gj,n,k: 1 mEZ,
yrkga (e s - 4 =2m 41
where
( a m(a —1)
) |W’_—,
a—1 a+1
. a (7, (a+1)|w| —7m(a—1)
Grw) =3 Va—1"\2 or(l —a-1) ’ (13)
m(a—1) m(a+1—2a"t)
a+1 a+1
L 0, otherwise.



From (13), G%(t) is symmetric with respect to ¢ = 0 and decay rapidly.
Therefore, with an appropriate integer constant S > 0 (the recommended
value S = [40/(a — 1)]), we calculate the function value G*(¢) within —S <
t <5, and in any other area, we approximately regard G*(¢) = 0. Based on
this policy, as a preliminary calculation, we first calculate the function values
{G*(t,)} at small equally spaced points {t, = An : =5 < An < S,n € Z}
(note that, the constant A > 0 is an equally spaced distance such that A\ =
1/256, 1/512 etc.). Next, by the linear interpolation using these function
values, we can fast calculate the function value G%(t). For example, with
the equally spaced distance A = 1/512 and the preliminary calculation of
{G*(t,)} at {t, = n/512: =5 < n/512 < S, n € Z}, G*(t) is obtained by
the following linear interpolation:

1. Any t, =S <t < S can be represented as
t=ty+96, (14)

where

( ( 1
= 1512 = — =t— — < — (1
(=[512xt),  tr== b=t—  0S8< s (19)

Note that, [z] (z € R) is the largest integer lower than or equal to x.

2. G%(t) can be calculated by the following interpolation:

( 1
(5@ - 5) G (1) + 5 G*(t111)

9

g(t)

&

512 (16)
_S§<t<S§,

L0, otherwise.

In the same manner as the above, from (1)—(8) and (10)—(12), {hfmk :
j,n, k € Z} can be calculated by

H (k—a<n+%>>, Jj =2m,
A

Gk - m e Z,

1
H“(k+§—an), j=2m+1,
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where
HO(t) = Va1 (a7't). (17)

¢*(t) of (17) is obtained from (1), and in the same manner as G%(t), with
appropriate integer constants S > 0 (the recommended value S = [40/(a —
1)]) and A = 1/512, we can fast calculate the function value H®(t).

The transform is calculated by the following decomposition algorithm[1]:

dﬁm = ngwkcfk, Jj.n € Z, (18)
keZ

cf_Ln = Z hfmkc;?k, j,m € 7. (19)
keZ

Note that, cﬁn is the scaling coefficient of the scaling function d)ﬁn(t), and dﬁn
is the wavelet coefficient of the wavelet @Z)fn(t). Next, the inverse transform

is calculated by the following reconstruction algorithm|1]:

cﬁn - Z hﬁk,ncf—l,k + Zg;}k,nd;l—l,k? j> ne Z. (20)

keZ keZ

4 The orthonormal basis of wavelet Type B

In the same manner as Type A, the orthonormal basis of wavelet Type B
with an arbitrary real dilation a > 1 is constructed based on the scaling
function ¢(t) of (1). With the dilation a > 1, the wavelets {47, (t) : n € Z}
and the scaling functions {¢7 (t) : n € Z} of the level j € Z are defined by

\/51/}5[0 a’t — v 1) j=2m,
WP () = “ mezZ, (21
Vaip!h (it — — ), =+l
a_

6B (1) = \/Jqﬁa(ajt—(nJrl/Q)), j=2m,
gmAts \/&gba(ajt—n), j=2m+1,

Note that, 10 (¢), 11 (¢) of (21) are obtained from (5), (6), and ¢(t) of (22)
is obtained from (1). The wavelet set {¢ (t) : j,n € Z} obtained from (21)

m € Z. (22)



constructs an orthonormal basis, and with 71, j2,n1,n9 € Z, the following
equations hold:

(¥i, )=9;

]17”1’ ]27712 — Y12 m,nzv
< ]1,n1’ ]1,n2> = 5 ni,n2»

< Jimi? Tja, n2> = O J1 = Je

The following equations hold for f(t) € L*(R) :

F@&) =Y (f, 8wl (1), (23)

J,nEL
S0P 68,0 =D (f,07 1) o)+ D (ful ) vl (),
nez nez nez

jez.

4.1 The calculation method of Type B

In the same manner as Type A, for the transform and the inverse transform,
we need the following infinite sequences {g7, , : j,n,k € Z} and {h7

7.k :
Jsn,k €} :
g]nk:__/ ikwdw7
h k= % HB L (w) e duw,
where
B < ) _ _jB—l,’rL(ajw) B ( ) _ jB—l,n(ajw).
" fo(ajw) 7 " fo (afw)

These sequences satisfy the following equations:

] 1'n Zg]7nk¢]7 9 j‘/nEZ7

kEZ

j ln Zh]nk janeZ'

kEZ
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In the same manner as Type A, {g7, ; : j,n, k € Z}, {h}  :j,n,k € Z} can
be calculated by

1
( 1)n+kga</§+§— iln), Jj=2m,
gfn,k - me Z7 (24)
(—1)"tkge <k— - - 1n> : j=2m+1
\ —
( 1
H“(kz—l—i—an), Jj =2m,
h e = : €7Z. (25)
H“(k—a<n+§>>, j=2m+1,
\

Note that, G*(t) of (24) is obtained from (13), and H“(¢) of (25) is obtained
from (17), and additionally, in the same manner as (14)-(16), we can fast
calculate these functions.

The transform is calculated by the following decomposition algorithm|1]:

ij 1,n Z gfn,kcflm j? ne Zu (26)
keZ
=> hP P jnel (27)
keZ

Note that, ¢, is the scaling coefficient of the scaling function ¢7 (t), and d?,
is the Wawelet coefficient of the wavelet 1/) in(t). Next, the inverse transform
is calculated by the following reconstruction algorithm[l]:

Zhﬂknj 1k+zg],kn] 1,k> j:neZ (28)
kEZ keZ
5 The Hilbert transform pair of orthonormal
bases

With the dilation @ > 1 and using the transform equation (9) of Type A
and the transform equation (23) of Type B, we can construct the following
transform equation:

ft) = ; {Z (Fo e+ > (f. wfnwj’?n(t)}. (29)

JnEL JnEL



It is well known that the following two functions 1*(t), ¥”(t) construct a
Hilbert transform pair:

WP w), w<0,

—i)P(w), w>0.
From the wavelet Type A 12, (t) of (3), the wavelet Type B 4% (t) of (21)
and (5)-(8), with j,n € Z, 17!, (t) and o7 (t) construct a Hilbert transform
pair. Therefore, (29) is a transform equation of a Hilbert transform pair of

orthonormal bases, and we can treat {2, (t), 97 (t) : j,n € Z} as a wavelet
frame.

5.1 The calculation method of the Hilbert transform
pair of orthonormal bases

1. In this session, we introduce the calculation method of the Hilbert
transform pair of orthonormal bases of (29). First, from the target
dlgltal signal {f, : n € Z}, with the scaling functions ¢:', (t) of (4) and

P () of (22), the scaling coefficients {c{,, : n € Z} and {cfl, :n e}
of the level 0 are obtained by

=> Kot k), oy = froF (k)
kEZ keZ

With these scaling coefficients {c{!, : n € Z} and {cf}, : n € Z}, we
define the following function f(¢):

f(t) - % { C(I)L‘,n(bOn ZCO n(bOn } . (30)
nez

neL

Then, we have

fo=/f(n), nez. (31)

That is, the function f(¢) defined by (30) interpolates the digital signal
{fn :neZ}.

2. Next, we introduce the transform from the level —1 to the level J
(J < —1is an integer constant). Using the decomposition algorithm of
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Type A of (18), (19), the scaling coefficients {c7, : n € Z} are trans-
formed from the level —1 to the level J, and using the decomposition
algorithm of Type B of (26), (27), the scaling coefficients {cf, : n € Z}
are transformed from the level —1 to the level J. Then, we have the
following transform equation:

1—1
S P IECKCES WAL

j=J ne’ j=J neZ
+Zan n +ZCJTL¢JTL } (32)
nel nel

3. Each wavelet pair ¢7, (t), ¥7,(t) (J < j < —1, j,n € Z) of (32)
constructs a Hilbert transform pair, however, When the dilation a > 1
is an irrational number, each wavelet set of each level j is constructed
from infinite number of different Hilbert transform pairs of different
wavelet shapes. Therefore, we propose the following transform, which
unifies these infinite number of pairs to only one pair, that is, only
one Hilbert transform pair of the symmetric wavelet d)fn(t) and anti
symmetric wavelet ¢! (t) (J < j < -1, j,n € Z):

1) When level j = 2m (m € Z),

_dR ] [ cos(h,) sin(6,)] _dB i
- . neLl (33)
_df nl | —sin(0,,) cos(6,)] _dj‘n
2) When level j =2m+1 (m € Z),
[di 1 [ cos(B,)  sin(8,)] [d2,]
= ,  nEeLZ. (34)
] | —sin(f,) cos(6,)] [d,]

Note that, 6, is obtained from (8), and we have
dfn = <f7 /¢}ﬁn> b din - <f7 /(/)]{n> b) J S ] S _]'7 j? n 6 Z7

and the following transform equation holds:

O3 STRTAES 9o

j=J nezZ j=J nez

Y et 0+ e o8 (1) } (35)

nez neL



The symmetric wavelet ¢f (t) and anti symmetric wavelet ¢/ (t) of
(35) construct a Hilbert transform pair, and with the dilation a > 1,
these wavelets are defined by

( fn(t> - \/JwHR <ajt - a i 1) ) jan € Za (36)

Pl () = Vaipt <ajt - 1> : J.n € Z, (37)
where
. 1 . 2 . 2
§n(w) = \/ e |GG I ) S

N R (R w < 0,
0 <w>—{_mHR<w>7 b (30)

Note that, ¢* (w) of (38) is obtained from (1).

4. Next, we introduce the inverse transform. First, we need to trans-
form the wavelet coefficients {d% ,di :J < j < —1, jon € Z} to

Jn’ Tgmn

{ad ,dP . J < j < —1, j,n € Z}. This transform is the following

J7n, ]7”
inverse transform of (33), (34):

1) When level j = 2m (m € Z),
[dfn] B [cos(@n) —sin(@n)] [dfn] ez (40)
a2, sin(0,) cos(6,) | |dl,

2) When level j =2m + 1 (m € Z),
[dﬁn] B [cos(@n) —sin(Qn)] [dﬁn] ey )
d?, sin(0,)  cos(6,) | |dl,

Note that, 6, is obtained from (8).

5. The reconstruction algorithms are done as follows:

1) Using the reconstruction algorithm of Type A of (20), the scaling
coefficients {¢7,, : n € Z} and the wavelet coefficients {d;}, : J < j <
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—1, j,n € Z} are transformed to the scaling coefficients {cg, : n € Z}
of the level 0.

2) Using the reconstruction algorithm of Type B of (28), the scaling
coefficients {7, : n € Z} and the wavelet coefficients {d, : J < j <
—1, j.n € Z} are transformed to the scaling coefficients {¢, : n € Z}
of the level 0.

6. (30) holds for the scaling coefficients {c{', : n € Z} and {cf}, : n € Z}.
Therefore, from (30), (31), we can obtain the digital signal { f,, : n € Z}.

5.2 An example of the analysis

In this session, we introduce an example of the analysis by the Hilbert trans-
form pair of orthonormal bases with the following irrational dilation:

S

a=2 (42)

Figure 1 shows the Hilbert transform pair of the wavelets ¢, (t), ¥', (1)
defined by (36)—(39) with (42). We analyze the following sample signal {f, :
0<n<N,neZ}, NeN:

fo=sin(2mn*/(4N)), 0<n<N. (43)

When N = 1024, (43) is the sweep signal from DC to the frequency 7 in
0 <n < 1024 as shown in Figure 2.

- 04 L L L

Figure 1: The Hilbert transform pair of the wavelets %, (t), ¥’ o(t) with
the dilation a = 212,



il

A

0 500 1x103

Figure 2: The sample signal {fn :0<n<1024, n € Z}.
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Figure 3: The wavelet coefficients {|d;,|: —12 <j < -1, j,n € Z}.
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With the dilation of (42), using the Hilbert transform pair of orthonormal
bases, we analyze the sample signal of (43) from level —1 to level —12. Ad-
ditionally, we transform the obtained wavelet coefficients {dfn, dﬁn 12 <

j < —1, j,n € Z} to the complex wavelet coefficients {d;, : —12 < j <
-1, j,n € Z} by

djn = dfn — z'd]{n. (44)

Note that, from the complex wavelet coefficients of (44), we can obtain some
important information of the signal (for example, the information related to
the amplitude, phase and frequency etc.[15]). Figure 3 shows {|d;,|: —12 <
j<-1, j,n€Z}.

6 Conclusions

1. We proposed a new orthonormal basis of wavelet Type A with arbitrary
real dilation.

2. We proposed another new orthonormal basis of wavelet Type B with
arbitrary real dilation.

3. Using the above Type A and Type B, we constructed a Hilbert trans-
form pair of orthonormal bases.

4. We introduced the calculation methods of the Type A, Type B and the
Hilbert transform pair of orthonormal bases.

5. We introduced an example of the analysis by the Hilbert transform pair
of orthonormal bases.
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