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�4GXKGY�QH�%QORNGZ�RTQLGEVKXG�UVTWEVWTGU�§ 1

&GHKPKVKQP

#�RTQLGEVKXG�UVTWEVWTG�QP� �KU�CP�CVNCU�QH�EQQTF��EJCTVU�
FGHKPKPI� �YJQUG�VTCPUKVKQP�OCRU�CTG�RTQL��VTCPUHQTOCVKQPU�

X
X

Uα ( ⊆ ℙd(ℂ))

Uβ

X

���ERZ��OHF��QH�FKO�X d

φαβ ∈ PGLd+1(ℂ)
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&GHKPKVKQP

#�RTQLGEVKXG�UVTWEVWTG�QP� �KU�CP�CVNCU�QH�EQQTF��EJCTVU�
FGHKPKPI� �YJQUG�VTCPUKVKQP�OCRU�CTG�RTQL��VTCPUHQTOCVKQPU�

X
X

Uα ( ⊆ ℙd(ℂ))

Uβ

X

���ERZ��OHF��QH�FKO�X d

φαβ ∈ PGLd+1(ℂ)

CHHKPG

CHHKPG

%d(ℂ)

(&d
a ⋊ GLd)(ℂ)

ERV��4KGOCPP�UWTHCEG�
�
QH�IGPWU� ��

WRRGT�JCNH�RNCPG

.QECN�KPXGTUG�OCRU�FGHKPGU�C�
ECPQPKECN��RTQL��UVT�

'ZCORNG��FKO�X = 1

[

Z� X
WPKHQTOK\CVKQP
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%CUG�QH�FKO 1
IGPWU��

IGPWU� �

IGPWU��

RTQL��UVT� CHH��UVT�

%NCUUKHKECVKQP�HQT�RTQL��ERZ��OHF�ņU

%CUG�QH�FKO ��-QDC[CUJK�1EJKCK�
ņ����ņ���2
%CUG�QH�FKO ��,CJPMG�4CFNQHH�
ņ���3

G(1) ⊇ G(2) ⊇ ⋯ ⊇ G(N) ⊇ ⋯

���UJGCH�QP� �IKXGP�D[�* X U ↦ {GVCNGbOQT�	UU ℙd}

猺 猻�N > 0
���UJGCH�QP� �IKXGP�D[�G(N) X U ↦ PGLd+1(U(N))

�VJ�(TQD��VYKUV�QH�N U

�JCU�C� �CEVKQP* G(N)

���HKGNF�QH�EJCT�� �U�V��k p > 0 k = k

���UO��RTQL�� �XCTKGV[�QH�FKO� �U�V��X k d p > (d + 1)

`

�2TQLGEVKXG�UVTWEVWTGU�KP�EJCT��§ 2 p > 0
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#P� �RTQLGEVKXG�UVTWEVWTG�QP� �
KU�C�UWDUJGCH�QH� �HQTOKPI�C� �VQTUQT

FN X
* G(N)

&GHKPKVKQP


#P� �CHHKPG�UVTWEVWTG�KU�FGHKPGF�KP�C�UKOKNCT�OCPPGT��FN

ℙd

φα |Uαβ
= gφβ |Uαβ

Uα

Uβ ℙd

 : GVCNGφα

 : GVCNGφβ

(g ∈ PGLd+1(U(N)
αβ ))

`

`

&GHKPKVKQP

#P� �RTQLGEVKXG�UVTWEVWTG�QP� �KU�C�ňEQORCVKDNGŉ�EQNNGEVKQP�
QH� �RTQL��UVT�ņU�HQT�XCTKQWU�

F∞ X
FN N > 0


#P� �CHHKPG�UVTWEVWTG�KU�FGHKPGF�KP�C�UKOKNCT�OCPPGT��F∞

�RTQL��UVT��QP�F∞ X πstr
1 (X, x) → PGLd+1

4GOCTM
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� �RTQL��
TGUR��� �CHH���UVT��QP�∃ FN FN X

%JGTP�ENCUU�HQTOWNC�
ņ���9��

��
TGUR��� ��ci ≡ 1
(d + 1)i ⋅ (d + 1

i ) ci
1 ci ≡ 0

� �RTQL��UVT��QP� ��CPF�GKVJGT∃ F∞ X

%JCTCEVGTK\CVKQP�QH� �
ņ���9��ℙd

�EQPVCKPU�C�TCVKQPCN�EWTXG��QTX πét
1 (X) = {e}

�X ≅ ℙd

KP� �OQF� �H2i
crys(X/W) pN

�⟹ ∀i,

⟹

%NCUUKHKECVKQP�HQT�FKO��
ņ���/QEJK\WMK��ņ���9���ņ���*QUJK�

IGPWU��

IGPWU� �

IGPWU��

�RTQL��UVT�FN �CHH��UVT�FN


 �QTFKPCT[�⇔

N = ∞ N < ∞
&

N ≥ 2 N = 1 N ≥ 2 N = 1


 �QTFKPCT[�⇔
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%NCUUKHKECVKQP�HQT�FKO��
ņ���9��

TCVKQPCN�UWTHCEG

TWNGF�UWTHCEG

'PTKSWGU�UWTHCEG

-��UWTHCEG

DKGNNKRVKE�UWTHCEG

RTQRGTN[�GNN��UWTHCEG

UWTHCEG�QH�IGP��V[RG�

#DGNKCP�UWTHCEG 
 �QTFKPCT[�⇔


 � �⇒ c2
1 = 3c2


 �IGPGTCN�⇐


 � �⇒ c2
1 = c2 = 0


 �QTFKPCT[�⇔


 �IGPGTCN�⇐

�RTQL��UVT�F∞ �CHH��UVT�F∞


 �⇔ ≅ ℙ2


 �IGPGTCN�⇐ 
 �IGPGTCN�⇐

���#DGNKCP�XCT��QH�FKO� �X d
%NCUUKHKECVKQP�HQT�#DGNKCP�XCT�ņU�
ņ���9��

{F∞�CHH�bUVT�	U�X} ≅ {(bi) ∈ (TpX̂)d ∧i bi ∈ det(TpX̂)×}/;n


K�� � �CHHKPG�UVT��QP� � � �KU�QTFKPCT[∃ F∞ X ⟺ X


KK��+H� �KU�QTFKPCT[��VJGPX


6JG�UGV�QH� �RTQL��UVT�ņU�KU�QDVCKPGF�CU�C�SWQVKGPV�QH�VJKU�UGV��F∞

34



♯{F1�RTQL� UVT�	U�X} =�

1 (g = 0)

( p − 1
2 )

p−rank
(g = 1)

pg−1

22g−1 ⋅
p−1

∑
θ=1

sin2−2g ( π ⋅ θ
p ) (g > 1)


���#RRN[�C�EQORWVCVKQP�QH�)9�KPX��QH�TGN��)TCUU�


���%QORCTG�YKVJ� �%(6?@2(ℂ)

���%QWPV�XKC�C�ITCRJ�VJGQTGVKE�FGUETKRVKQP

*QY�VQ�ECNEWNCVG���

6JGQTGO�
ņ�����9��
���EWTXG�QH�IGPWU�X g


EQWPVGF�YKVJ�OWNVKRNKEKV[�

da b
c

e
f

0 ≤ a ≤ b + c
0 ≤ b ≤ c + a
0 ≤ c ≤ a + b
a + b + c ≤ p − 2

�RTQL��UVT�ņU�QP�
���VQVCNN[�FGIGPGTCVG�
F1

X
'FIG�PWODGTKPIU�QP�
� ���FWCN�ITCRJ�QH�Γ X


UOQQVJ��EWTXG

&GIGPGTCVKQP�
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6JGQTGO�
ņ���9���ņ���*QUJK�
���NQEWU�QH� �ENCUUKH[KPI�EWTXGU�JCXKPI�CP� �CHH��UVT�Cg ℳg F1

Cg ≠ ∅ ⟺ p ∣ g − 1
� �p ∣ g − 1 ⟹ dim Cg = 2(p + 1)(g − 1)

p

*[RGTDQNKE�EWTXG�
�� �CHH��UVT�F1

2CVJQNQIKECN�
UWTHCEG

�5QNWVKQP�QH�$GVJG�CPUCV\�GS���
HQT�)CWFKP�OQFGN

Hp


EH��4C[PCWF��/WMCK��GV�CN��

ņ���9��
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