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Introduction

Purpose

Obtain a lower bound of the degree of the irrationality of Fano
complete intersection/C.

k : a field, X : a variety/k

Definition 1 (Bastianelli. et. al.[1])

An invariant irrk(X ) is defined as the minimal degree of dominant
generically finite rational maps from X to the projective space.

Definition 2

An invariant mk(X ) is defined as the minimal degree of dominant
generically finite rational maps from X to a ruled variety.

Remark 0.1

irrk(X ) ≥ mk(X )
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Previous work

Previous work

Hypersurfaces Complete Intersections
Rationality Kollár(’95) [4] Braune(’17) [2]

Lower bound of irrk(−) Chen-Stapleton(’20) [3] ???

Theorem 3 (Y.)

p: a prime number. e, n ∈ Z>0 s.t. e ≤ n − 1, e ≤ 1
2(n + 3), (e, n) /∈ Ep.

d1, d2, . . . , de ∈ Z>0,

l :=


∑e

i=1(p + 1)
⌊
di
p

⌋
− (n + e − 2)

2



Then irrC(Xd1,d2,...,de ) ≥ min{l , p}, for X : a very general complete
intersection.
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Sketch of proof of main theorem

Setting 1.1

R : a DVR of mixed characteristic,
η: gen. pt. κ: cl. pt. of Spec(R), char(κ) = p.
d1, . . . , de ∈ Z>0.
X := V({Y p

j − fj(X)}, {pYj − gj(X)}) ⊂ Pn+2e
R (d1, d2, . . . , de , 1, 1, . . . , 1)

where fj , gj ∈ R[X]h, deg(fj) = pdj , deg(gj) = dj .

Remark 1.2

Xη : a (pd1, . . . , pde)-complete intersection in Pn+e
η .

Xκ: a p-cyclic cover of a (d1, . . . , de)-complete intersection in Pn+e
κ .
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Sketch of proof of main theorem
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Sketch of proof of main theorem
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Separateness

Definition 4 (Chen-Stapleton [3]2.1, “separeteness”)

k = k̄ , X : a variety /k , L: a line bundle of X .
We say that L separates almost all l points of X
:⇔
∅ (= ∃U :open subset of X
s.t. ∀x1, . . . , xl ∈ U(k),
∃s ∈ Γ(X , L) s.t. s vanishes at x1, . . . , xl−1 but not at xl .

Example 5

X = Pn
k , L = O(d),

L separates almost all d + 1 points.
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How to obtain a lower bound of mk(X )

Proposition 1.3 (Chen-Stapleton[3] 2.3)

f : X → Y × P1: finite étale, Y : smooth/k.
∃L ↪→ Ωi

X , L separates 2l points. Then deg(f ) > l .

Proof.

Assume d := deg(f ) ≤ l . y1, y2 ∈ Y × P1: in a same fiber of Y × P1 → Y
s.t. f −1({y1, y2}) are distinct 2d points.
By the separateness of L,
∃α ∈ Γ(X ,Ωi

X ) s.t. Tr
i
f (α) vanishes at y1 but not at y2.

However, Γ(Y × P1,Ωi
Y×P1) ∼= Γ(Y ,Ωi

Y ), Contradiction.

f : X → Y , f∗(Ωi
X ) → Ωi

Y
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Proposition 1.4 (de Jong-Starr[6] 3.3)

k: a field, X : normal integral variety/k. Y : smooth variety/k.
f : X → Y : a dominant, gen. fin., separated, proper morphism over k.
Then ∃ a morphism ψ : f∗(Ωi

X/k) → Ωi
Y /k s.t.

f∗(Ωi
K(X )/k) Ωi

K(Y )/k

f∗(Ωi
X/k) Ωi

Y /k

ϕ

ψ

the following diagram where ϕ is the trace map of the function fields is
commutative.
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Corollary 6 (Y.)

k: a field, X : normal integral variety/k. Y : smooth variety/k.
f : X → Y : a dominant, gen. fin., separated, proper morphism over k.
Then ∃ a morphism ψ : f∗(Ωi

X/k/(Ω
i
X/k)tor ) → Ωi

Y /k s.t.

f∗(Ωi
K(X )/k) Ωi

K(Y )/k

f∗(Ωi
X/k/(Ω

i
X/k)tor ) Ωi

Y /k

ϕ

ψ

the following diagram where ϕ is the trace map of the function fields is
commutative.
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Sketch of proof of the corollary

Proof.

There exists a OY -hom f∗(Ωi
X/k/(Ω

i
X/k)tor ) → Ωi

K(Y )/k .

ETS: For any y ∈ Y s.t. ¯{y} is a divisor, the image of this map at y is in
Ωi
Y /k,y .

Fix such y ∈ Y . There exists an affine nbd. V of y s.t. f |f −1(V ) is finite.
By [Garel, Theorem, [5]], there exists following the diagram of OV -mod.

f∗(Ωi
K(X )/k) Ωi

K(Y )/k

f∗(Ωi
f −1(V )/k) Ωi

V /k
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Sketch of proof of the corollary

Proof.

There exists a OY -hom f∗(Ωi
X/k/(Ω

i
X/k)tor ) → Ωi

K(Y )/k .

ETS: For any y ∈ Y s.t. ¯{y} is a divisor, the image of this map at y is in
Ωi
Y /k,y .

Fix such y ∈ Y . There exists an affine nbd. V of y s.t. f |f −1(V ) is finite.
By [[5] Theorem], there exists following the diagram of OV -mod.

f∗(Ωi
K(X )/k) Ωi

K(Y )/k

f∗(Ωi
f −1(V )/k/(Ω

i
f −1(V )/k)tor )

f∗(Ωi
f −1(V )/k) Ωi

V /k
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Thank you for listening.

Taro YOSHINO (Graduate School of Mathmatical Sciences, the Univ. Tokyo)The degree of the irrationality of Fano complete intersections.October 27, 2021 14 / 14

260


