RIMS Kokyiroku Bessatsu
B88 (2021), 11-25

A remark on bilinear pseudo-differential operators
with symbols in the Sjostrand class

By

Tomoya KATO*

Abstract

In this short note, we consider the bilinear pseudo-differential operators with symbols
belonging to the Sjostrand class. We show that those operators are bounded from the product
of the L2-based Sobolev spaces H*! x H*2 to L" for s1,s2 >0, 81 +s2 =n/2, and 1 < r < 2.

§1. Introduction

For a bounded measurable function o = o(x,&;,£3) on (R™)3, the bilinear pseudo-
differential operator T, is defined by

T, (1 @) = 5o /(RH)Q e g (1, 61,6) fi (&) fa(&2) déadé

(2m)2n
for f1, fo € S(R™). The bilinear Hérmander symbol class, BS's = BST';(R"), m € R,
0 <6 <p<1,consists of all o(x,&1,&) € C*°((R™)3) such that

102021020 (2,61, €)] < Carpy g (1 + [€1] + [€])Holel=(811F152)

for all multi-indices «, 1,82 € Nj = {0,1,2,...}". When we state the boundedness
of the bilinear operators T,, we will use the following terminology with a slight abuse.
Let X7, X2, and Y be function spaces on R™ equipped with norms || - ||x,, || - || x,, and
| - [y, respectively. If there exist a constant C' such that the estimate

1T (f1; f2)lly < Cllf1llx M f2llx
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12 T. KaTo

holds for all f; € SN X; and f; € SN X5, then we simply say that the operator T, is
bounded from X; x X5 to Y.

The interest of this short note is the boundedness from L? x L? to L' for the
bilinear operator T, with the symbol o belonging to the Sjostrand class. We shall first
recall some related boundedness results on the linear case. For a bounded measurable
function o = o(z,£) on (R™)?, the linear pseudo-differential operator o (X, D) is defined
by
gy Lo o
for f € S(R™). The (linear) Hérmander symbol class, 577 = S's(R™), m € R, 0 <6 <
p < 1, consists of all functions o € C°°((R™)?) satisfying

10207 0(2,€)| < Cap(1+ [g)mTolel=rlfl

o(X,D)f(x) =

for all multi-indices «, 8 € NJ. In [6], Calderén—Vaillancourt proved that if symbols be-
long to the Hérmander class 5870, the linear pseudo-differential operators are bounded on
L?. Then, Sjostrand [19] introduced a new wider class generating L?-bounded pseudo-
differential operators than the class S§ . This new symbol class is today called as the
Sjostrand symbol class, and is also identified as the modulation space M ((R™)?) (see
also Boulkhemair [5]). See Section 2.2 for the definition of modulation spaces.

We shall next consider the bilinear case. Based on the linear case, one may expect
the boundedness for the bilinear pseudo-differential operators of the bilinear Hérmander
class BS{, and the Sjostrand class M°>!((R")?). However, Bényi-Torres [4] pointed
out that there exists a symbol in BS&O such that T, is not bounded from L? x L? to
L'. (See, e.g., [17] for the boundedness for the bilinear Hérmander class.) Therefore,
since BS), < M°!((R™)?), the boundedness for the Sjostrand class also does not
hold in general. On the other hand, Bényi-Grochenig-Heil-Okoudjou [1] proved that
if o € M°1((R™)3), then T, is bounded from L? x L? to the modulation space M1
whose target space is wider than L!. Then, Bényi—Okoudjou [2, 3] gave that if o belongs
to ML((R™)3), embedded into M°°((R™)3), then T, is bounded from L? x L? to L.
According to these results, in the bilinear case, we are able to have the boundedness on
L? x L? for Sjostrand symbol class, paying some kind of cost.

Very recently, in [14], it was proved that if o € BS&O, then the operator T, is
bounded from H*®' x H®% to (L?,¢') for s1,59 > 0, 51 + 83 = n/2. Here, H®, s € R, is
the L?-based Sobolev space and (L2, ¢!) is the L?-based amalgam space (see Section 2).
The aim of this short note is to improve this boundedness for the class BSJ , to that
for the Sjostrand class. The main result is the following.

Theorem 1.1.  Let s1, 83 € (0,00) satisfy s1+s2 = n/2. Then, ifo € M°1((R")3),
the bilinear pseudo-differential operator T, is bounded from H®* x H*2 to (L?,¢). In
particular, all those T, are bounded from H** x H®2 to L for all r € (1,2] and to h'.
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We end this section by explaining the organization of this note. In Section 2, we
will give the basic notations which will be used throughout this paper and recall the
definitions and properties of some function spaces. In Section 3, we collect some lemmas
for the proof of Theorem 1.1. In Section 4, we show Theorem 1.1.

§ 2. Preliminaries

§ 2.1. Basic notations

We collect notations which will be used throughout this paper. We denote by
R, Z, N, and Ny the sets of real numbers, integers, positive integers, and nonnegative
integers, respectively. We denote by @ the n-dimensional unit cube [—1/2,1/2)™. The
cubes 7 + @), T € Z", are mutually disjoint and constitute a partition of the Euclidean
space R™. This implies integral of a function on R™ can be written as

(2.1) . f(z)dx = Z /Qf(x%—T)d:z:.

TEL™

We denote by Br the closed ball in R™ of radius R > 0 centered at the origin. We write
the characteristic function on the set  as 1q. For x € R?, we write (x) = (1 + |z|?)'/2.

For two nonnegative functions A(x) and B(x) defined on a set X, we write A(z) <
B(zx) for x € X to mean that there exists a positive constant C' such that A(x) < CB(z)
for all x € X. We often omit to mention the set X when it is obviously recognized.
Also A(z) ~ B(x) means that A(z) < B(z) and B(z) < A(z).

We denote the Schwartz space of rapidly decreasing smooth functions on R¢ by
S(R?) and its dual, the space of tempered distributions, by S’(R¢). The Fourier trans-

form and the inverse Fourier transform of f € S(R?) are given by

Fi(€) = Fie) = [ e pla)da,
. ' 1 o
F(@) = fa) = g [ e r€)ds

respectively. We also use the partial Fourier transform of a Schwartz function f(z, &1, &2),
x,&1,& € R™. In this case, we denote the partial Fourier transform with respect to the
x and §; variables by F¢ and Fj, j = 1,2, respectively. We also write the Fourier
transform on (R™)?2 for the &;, &3 variables as Fj o = F1F2. For m € S'(R?), the Fourier
multiplier operator is defined by

m(D)f =F " [m-Ff].

We also use the notation (m(D)f)(x) = m(D,)f(x) when we indicate which variable is

considered.
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For a measurable subset E C R?, the Lebesgue space LP(E), 1 < p < o0, is the set
of all those measurable functions f on E such that || f|1»g) = ([ {f(x)‘p dw)l/p < 00
if 1 <p <ooor | fllrem = esssup,cp |f(x)| < oo if p= oco. We also use the notation
1 fllze(z) = IIf ()|l Lz () when we want to indicate the variable explicitly.

The uniformly local L? space, denoted by Lil (R%), consists of all those measurable
functions f on R? such that

1/2
2
”f”Lgl(Rd) = sup (/ |f(ac+u)‘ dm) < 0
vezd \ J[—1/2,1/2)d

(this notion can be found in [13, Definition 2.3)).

Let K be a countable set. We define the sequence spaces ¢9(K) and ¢9°°(K) as
follows. The space ¢9(K), 1 < g < oo, consists of all those complex sequences a =
{arfrex such that |lal|pk) = (ZkeK|ak|q)1/q < o0if 1 < ¢ < oo or |afem =
SUpyek |ax| < 0o if ¢ = oo. For 1 < ¢ < oo, the space £2°°(K) is the set of all those
complex sequences a = {ay }xex such that

Jallen ey = sup {£8({ € K s |ax] > 1)/} < o0

where § denotes the cardinality of a set. Sometimes we write |(a|[¢z« = [[ak||¢s or [|al[¢s. =
lak|[gzo. If K = Z", we usually write (¢ or (> for £9(Z") or £°°(Z").

Let X,Y, Z be function spaces. We denote the mixed norm by

W@w&W&naZHMﬂ%%Mkﬂnz

z

(Here pay special attention to the order of taking norms.) We shall use these mixed
norms for X, Y, Z being L? or (P.

§2.2. Modulation spaces

We give the definition of modulation spaces which were introduced by Feichtinger
(7, 8] (see also Grochenig [11]). Let ¢ € S(R?) satisfy that suppy C [~1,1]¢ and
Y opezap(§ — k) =1 for any £ € R¢. Then, for 1 < p,q < oo, the modulation space
MP4(R?) consists of all f € S'(R?) such that

||f||Mp’q = HQO(D - k)f(x)HLﬁ(Rd)EZ(Zd) < 0.

We note that the definition of modulation spaces is independent of the choice of
the function . If p; < py and q; < qo, MPVD s MP292 We have M?? = L2, and
MPY s [P s MP> for 1 < p < oo. For more details, see also, e.g., [16, 21].
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§2.3. Local Hardy space h'

We recall the definition of the local Hardy space h!'(R"). Let ¢ € S(R™) be such
that [, ¢(z) dx # 0. Then, the local Hardy space h'(R") consists of all f € §’(R™) such
that || f|lnr = || supgerer |t * flllr < 00, where ¢i(z) =t "p(x/t). It is known that
h1(R™) does not depend on the choice of the function ¢, and that h'(R"™) — L!(R").
See Goldberg [10] for more details about h'.

§2.4. Amalgam spaces

For 1 < p,q < oo, the amalgam space (LP,¢7)(R") is defined to be the set of all

those measurable functions f on R™ such that

a/p) 19
||f||<LP,4q><Rn>=||f(l‘+V)||L£(Q>ez(zn>:{Z (/Q\f(ﬁyﬂpdw) } <00

vezn

with usual modification when p or ¢ is infinity. Obviously, (L?,?) = LP and (L?, () =
L2, If p; > py and ¢1 < qo, then (LP',¢%1) — (LP2 ¢92). In particular, (L2 (") — L"
for 1 < r < 2. In the case r = 1, the stronger embedding (L?,¢') < h' holds (see
[15, Section 2.3]). See Fournier—Stewart [9] and Holland [12] for more properties of
amalgam spaces. We end this subsection with noting the following, which was proved
in [15, Lemma 2.1].

Lemma 2.1. Let 1 < p,q < oo. If L > n/min(p,q) and if g is a measurable

function on R™ such that
clo(w) < lg@)] <™ x) ™"
with some positive constant c, then

1 fll(zr.eaymny =~ [lg(z — V)f($)||Lg(Rn)eg(Zn) :

§3. Lemmas

In this section, we prepare several lemmas. We denote by S the operator

s@ = [ %dy

We have the following facts, which was proved in [15, Lemmas 4.1 and 4.3].

Lemma 3.1. Let 1 < p < oo. The following (1)-(3) hold for all nonnegative
measurable functions f,g on R™.
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1) S(f xg)(x) = (S(f) xg)(x) = (f*S(g))(x).

S(f)(x) = S(f)(y) for x,y € R™ such that |x — y| < 1.
IS )W) lez = [[S(f) (@)l 2 -

4) Let ¢ be a function in S(R™) with compact support. Then, |o(D — v)f(x)]* <
S(lo(D —v)fI?)(x) for any f € S(R™), v € Z™, and x € R™.

2

(1)
(2)
(3)
(4)

The following is proved in [15, Proposition 3.4] (see also [14, Proposition 3.3]).

Lemma 3.2.  Let 2 < pj,p2 <00, 1/p1 +1/p2 =1/2, and let f; € £Pi>°(Z"™) be
nonnegative sequences for j =1,2. Then,

> h)fa(v2) Ao +v2) [ Ai(wy) SllAllerllfallera [T I14lle2-

v1,va€ELN §=1,2 §=0,1,2

We end this section by mentioning a lemma which can be found in Sugimoto [18,
Lemma 2.2.1]. The explicit proof is given in [15, Lemma 4.4].

Lemma 3.3.  There exist functions k € S(R™) and x € S(R™) satisfying that
suppk C [—1,1]", suppX C B, |x| > ¢> 0 on [-1,1]" and

Y orE—vx(E-v)=1, £eR"

vezmn

§4. Main results

In this section, we will prove Theorem 1.1. Although Theorem 1.1 can be easily
obtained as a corollary of the boundedness from H®t x H*%2 to (L? (') for the class
BSQ o by [14] (see Remark 2 in Section 4.2), we will give the proof for the sake of
self-containedness.

§4.1. Key proposition

Proposition 4.1 below plays a crucial role in our argument. The corresponding
facts to the boundedness for the class BSY , were given in [14, Proposition 4.1] and [15,
Proposition 5.1]. We modify them to be fitted for Theorem 1.1. The proof is almost
the same as in the proof of [15], and the essential idea goes back to [5].

Proposition 4.1.  Let s1, 85 € (0,00) satisfy s1+s2 =n/2, and let Ry, Ry, R €
[1,00). Suppose o is a bounded continuous function on (R™)3 such that supp Fo C
l?RO X lgRl X 1332. Then

1Tl ron s 1o s (22,00 S (BoR1R2)™ 2 ol 2 (rmys)-
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Proof. We take a function § € S(R™) satisfying that [#] > ¢ > 0 on Q =
[—1/2,1/2)™ and supp @ C B;. Then, we have by Lemma 2.1

175 (frs F2)llz2 0y = 10(2 = 1) To (Frs F2) (@) 2 @y 2oy »

and by duality

sup
gl 2=1

(4.1) ||Tg(f17f2)||(L2,€1) ~

[ 6= w1 £2)(0) g(o) d

el

Hence, in what follows we consider

= / O — )T (f1, f2)(w) g() do

for any p € Z™ and all g € L?(R").
Now, we rewrite the integral I by the two steps below. Firstly, by using Lemma

3.3, we decompose the symbol o as

o(z,&1,86) = > ox,&,&)k& — v)x(& — )k — r)x(& — v2)

ve(zn)?

— Z ou(,61,82)6(& — v1)R(&2 — 1),

VE(Z”)Z

where v = (v1,12) € (Z™)? and we set

O-V(x7€17€2) = 0'(.’13,51,62))((51 - Vl)X(§2 - VZ)'

Denote the Fourier multiplier operators x(D — v;) by O,,, j = 1,2. Then, the integral

I is written as
(42) T= % [ 0= 0T, (O fr O ) (@)gla) do
ve(zn)z /R"

The idea of decomposing symbols by such x and x goes back to Sugimoto [18].
Secondly, in the integral of (4.2), we transfer the information of the Fourier trans-
form of 0(- — )T, (O, f1,0,, f2) to g. Observe that

v

F [TUU <E’Vl f1, Dva2>] (O
" /<Rn>2 (Foow) (¢ = (& + &), &1,60) [ w(& —vi)Fi(&)) déadee.

2
(2m)=n j=1,2

Then, combining this with the facts that supp Foou (-, &1,&2) C Br, and supp k(- —v;) C
vj +[—1,1]", j = 1,2, we see that

supp F [Ty, (o, f1,0,, f2)] C {C €R™ ¢ — (11 +12)| S Ro}-
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Hence, since supp@\ C By,
supp F [0(- — )Ty, (Oy, f1,00,f2)] C{CER™ : [¢ — (11 + 12)| S Ro}

for any pu € Z™. Taking a function ¢ € S(R"™) satisfying that ¢ = lon {{ € R™ : |(] < 1},
the integral I given in (4.2) can be further rewritten as

= T — x Dintr x) dx
wn 1= 3 [ T (O 1, Do) 0o (272 (0)

ve(zn

Now, we shall actually estimate the newly rewritten integral I in (4.3). Since it
holds from the facts supp Fi 20(z,-,-) C Br, X Bpr, and supp X C B; that

SUprLQO'y(II), Yy ) C BQRl X B2R27
we have

Ty, (0, f1,00, f2)(x)
1

= _(27_()2” /(']Rn)z (}_1,20'1/)(55791 —T,Y2 — ﬂf) j£[2 1B2Rj (,I' — y])ljy] f]<y]) dyldy2

Then, the Cauchy—Schwarz inequalities and the Plancherel theorem yield that

1/2
T, @ 1,00, )@ S o (@62 T {(28n, * [P0 55°) @)}

)

for any v = (v1,1v2) € (Z™)? and 2 € R™. From this, the integral I is estimated as

ns ¥ [ b=l el

ve(zn)?
<4.4) 2 1/2 D + v+ o
X H {<1BQRj |0y, £ >(x)} ¥ (R—()) g(:c)' dx.
j=1,2

Next, we decompose the above integral over = by using (2.1). Then the inequality (4.4)
coincides with

s /Q|9(I+I/O—M)|HUu(vaVo,ﬁlafz)HLgl@

voEZL™ ve(Zm)?

< 11 {(1Bsz ¥ |D”jfj|2>(x+yo>}

j=1,2

1/2
dx.

<D+V1+V2
(p S —

e )g(x+u0)

Observe that |0(x + vy — p)| < (v — p)~L holds for any x € Q and some constant L > 0
sufficiently large, and from Lemma 3.1 (4), (1), and (2) that

(1aam, * |00, ") @+ 0) £ S (Lman, * [0, 5] ()
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for x € Q). Then, by the Cauchy—Schwarz inequality for the integral over =z,
_ 9 1/2
s > > wo-m " IT {8 (1em, #1005 00}
Vo EL™ ve(Zm)? Jj=1,2

D+ vy +v
></ |ow (@ + 10,61, &) || 2 ‘90 (—Rl 2)g(a:+uo)
Q €1,€2 0

S w-mt ] {S<1B2Rj *‘Dujfj‘z)(l/o)}l/g

Vo ELZ™ ve(Z™)? Jj=1,2

dx

D+V1 + 19
x ||oy(z + 1/0,51752)”@1762@(@ HSD (R—o) g(z + 1)

L2(Q)
Here, the equivalence

(4.5) sup ||oy (z + vo, &1, 52)HL§1,§2L§(Q) ~ |loll Lz, (mnys)

Vo,V

holds. In fact, since |y(z+¥)| < (y) =% for any € Q, y € R”, and some constant L > 0
sufficiently large, we have by (2.1)

lov(@ +vo. 6.8 2 12q)

= ||o(z + 0,8 + p1, o + p2)x (& + 1 — va)x (&2 + p2 — V2)HLgl,&(Qz)gﬁwZLg(Q)

5 HO’(.CL‘ + V()vfl + /11,52 + U2)<,u1 - V1>_L<U2 - V2>_L||L§ ¢ (Qz)eil “2L2(Q)
1:€2 . z

< [ = 1) F 2 — v2) | 0 sup lo(z +v0, &+ pa, &2+ i2llez @2

K1K2 vo, 1 po
~ llollzz, ()2,

which gives the inequality <. On the other hand, since |x| > ¢>0on Q = [-1/2,1/2)"
(see Lemma 3.3), we have

HO’(.CE + VOagl + Vla§2 + V2)HL3:,£1,€2(Q3)

S lo(@ 4+ vo, &+ 1,6 + VQ)X(&)X(&)HLi,gl,ez(Qs)

< HO’(Z‘ + V07£17€2)X(£1 - Vl)X(SQ - VQ)HL% ¢, (R"XR")L2(Q)’

which gives the inequality 2. (See also the proof of [15, Lemma 2.1].) Hence, we have
by (4.5)

L
1S llollzz, Yo > (o—mw)

voEL™ ve(Zm)?

X H {S(lBQRJ_ * }Dujfjf)(’/o)}

j=1,2

(4.6) 1/2

D+ +
o (P o)
0

L2(Q)
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In what follows, we write each summand above by

Aj(vj, ) = {5 <1BQRJ. * |Dujfj}2) (Vo)}l/zv J=12,

Ao(7,10) = ng (DR+OT> 9z + )

L3 (Q)
Then, the inequality (4.6) is written by

(4.7) (NS Nz, I

with

= Z<VO_N>_L Z Ag(v1 + v2,19) H i (v, 10).

l/()GZn UE(Z")Q :

Now, we shall estimate II. By applying Lemma 3.2 with s; + so = n/2 to the sum
over v, we have

I = Z vo — )~ Z vi) " {ve) " Ao(v1 + 12, 10) H (V)% A (v, v0)

voELT ve(zn)? Jj=1,2
S Z (VO—M>_LHA0(T,V0)H£3 H H<Vj>sjf4j(’/j77/0)|’£3j,
voEL™ j=1,2

since (v;) ™% € (/%:°(Z"), j = 1,2. Then, we use the Hélder inequality to the sum

over vy to have

(4.8) IS Ao vo)llezes, T 10— m ") As(vy,v0)llez es, -

U IJO
j=1,2
Here, the norm of Ay in (4.8) is estimated by the Plancherel theorem as follows:

D+
o(r )l = o (2o ) oo + o)
0 L2(Q)ezez,

D+r C+T71Y\ -
ZHsD( 7 )g(w) %HsO( 7 )g(C)
0 L2(Rm™)e2 0
where we used that ||s0(%—(:)||ez ~ RS/Z for any ¢ € R™. Hence, by collecting (4.7),

(4.8), and (4.9) we have

n/2 _ S
(4.10) 1S Ry lolliz, lglle T IMvo — )~ "2(y) 1A (vivo)llez es -
7=1,2

(4.9)
n/2

gl 2

L2 (R“)é2

We substitute (4.10) into (4.1), and then use the Cauchy—Schwarz inequality to E}L.
Then,

n/2 _ Py
I A P L U Y (R R CA] e

j=1,2 vop
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To achieve our goal, we shall estimate the norm of A; in (4.11). We have

|0 = 172 w3 45, 0)

e

1/2

= |[(vg — M>_LS<1Bsz * |<l/j>8ijjfj|2> (v0)

1 p2 1
NG
1/2

= |0y E8 (L, * |50, Sl ) (0 + 1)

= ().
e 0
Then, by using the embedding Ell,o — 612,0, Lemma 3.1 (3), and the boundedness of the
operator S on L', we have

1/2

n/2 S
() 5| SR )0
L(E

1Byp, * H<b5>8j[3ujf3ng, Hzg,Lg=
J J

where the first inequality holds if L is suitably large. Here, by the Plancherel theorem

|00 filly 12 ~ ) (s =) F5(6)

02 L2
v I3

~ ||fj||HS.7',

02 L2
vj 13

~ |0 mte = vi) Fi(€)

where, we used that zyj czn |K(- = )|? = 1 to have the last equivalence. Therefore,

(4.12) |0 = )=/ 03 455, m0) S B f5ll e

e 00
Substituting (4.12) into (4.11), we obtain

1o (f1, f2)ll o0y S RoRiR)"* Nlolize, TT 1illres -

7j=1,2

which completes the proof. O

§4.2. Proof of Theorem 1.1

From Proposition 4.1, we shall deduce Theorem 1.1.

Proof of Theorem 1.1. We decompose the symbol ¢ by a partition {¢(- — k) } xezn
stated in Section 2.2:

O-(x7£17€2) = Z QO(DQT - kjo)(p(D& - kl)SO(DEQ - kQ)O-(w7£17§2)
(ko,k1,k2)€(Zm)3

Z Oxo(z,£1,62)

ke(zn)3
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with
Oro(x,81,82) = p(Dy — ko)p(De, — k1)o(De, — k2)o(x,1,62),

where k = (ko, k1, k2) € (Z™)3. Here, we observe that

DkO'(I7 517 52) = eim-koeigl'kl €i§2‘k32 D(O,O,O) [MkO‘] (l‘7 617 52)7

where
Myo(x,61,&) = e Foemhrtiemthetag (p. 6 ).
Hence,
Toeo (fi, f2) = € T o o aee) (F1(+ k1), fa (- + k2)).
Since

supp F [D0,0,0) [Mrol]] C [-1,1]*",

we have by Proposition 4.1 and the translation invariance of the Sobolev space
1 T5 0 | 11 x o2 (22,00) S ||D0,0,0) [MkU]HLiz = [Okallz:, -

Furthermore, we have the equivalence

(4.13) 1Okollzz, ~ Okl

with implicit constants independent of k (see Remark 1 below). Therefore,

| T || o1 s 52— (12,01 < Z 11000 | ros s proe (12,01
kE(Z")3

S > 15kollee, = llollaee,

ke(zm)3

which completes the proof of Theorem 1.1. O

Remark 1. The equivalence (4.13) was already pointed out by Boulkhemair [5,
Appendix A.1]. However, for the reader’s convenience, we give a proof of (4.13). The
way of the proof here is essentially the same as was given in [5, Appendix A.1].

Let {¢(- — k)}reze be a partition on R? stated Section 2.2. We take a function
¢ € S(RY) satisfying that ¢ = 1 on [—1,1]¢. Then,

P(D ~ K)f(x) = 6(D ~ K)ol(D — ) ()
= [ € = ) oD~ k) F ) d.
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By the Cauchy—-Schwarz inequality, we have

o(D — k) f(2)] < / (& — )~ (D — k) f(y)] dy

y
([ -0 e - 0swP dy)m — (1

for any k € Z% and € R?. As in (2.1), we decompose the integral and have

1/2
H~ (3 / D oD — k) fy 4 )2 dy
pezd ) [-1/2,1/2)d
1/2
<D =k)fllzz,@ay | Y (x=)" " | = lo(D—=k) 2, e
vEZD

for any k € Z? and x € R% Therefore, we obtain the inequality > in (4.13). The
opposite inequality is obvious, so that we have the equivalence (4.13).

Remark 2. We derive Theorem 1.1 from the boundedness from H?*' x H*%2 to
(L?, ") for the class BSj , obtained in [14]. The proof in this remark was given by the
referee of this paper. Before starting the proof, we observe that

(4.14)

0200082 (D0.0.0) [Mio] (2,61, 6)) | < Car 2 [Di0.0.0) M| o

where the notations are the same as above. While this inequality might be well-known
(see, e.g., [20, Section 1.3.2]), we give the proof for the reader’s convenience. Since

Supp]: [D(O,O,O) [Mko-]] C [_1, 1]3n
we have by taking a function ¢ € S(R™) satisfying that ¢ =1 on [—1, 1]"
D(O’O’O) [Myo] (.61, 82) = ¢(DI)¢(D£1)¢(D52) [D(O,O,O) [MkO'H (z,&1,&2)

= /(]Rn)3 é(l' - y)é(&l - 771)(5(62 - 772) D(070’0) [MkO'] (y, 1, 772) dydnldnz

From this identity, we obtain

22 (Do) Mro] (2,61,6)]
< | B0.0.0) [Mkol|] /(R L1oEd =y 02 (€ —m)|[0226(&o — mo)| dydmdns
~ ||50,0,0) [Mr]|| ;. -

Hence, we have (4.14).
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Now, since (4.14) means that O o o) [Mro] € BS] 5, we see from the boundedness

from H** x H** to (L?, (') for the class BS  that

HTD(O,O,O)[MR:U]HHSI X H®2—(L2,04) SJ ||D(070a0) [MkU]HLOO ’

Therefore, repeating the same lines as done in the proof of Theorem 1.1, we obtain

||Ta||H51><HS2—>(L2,€1)§ Z ||TDkU||H81><HS2—>(L2,£1)
ke(zn)3

- Z ||TD(0’070)[M1¢0']||H31 XH32—>(L2,£1)
ke(Zn)?)

S Y B000 Mol e = llolare,
ke(zn)3

which gives the boundedness stated in Theorem 1.1.
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