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Averages over annuli or tubes on the moving planes

By

Joonil Kim*

Abstract

We consider the L? bounds of the three types of the classical maximal averages over (i)
annuli on the plane, (ii) tubes on the plane, and (iii) tubes along the cones. We study those
averages over tubes and annuli embedded on the planes of R® or R* varying on the space
variables x. In particular, the planes in R® containing tubes and annuli have their normal
vectors (A(x), —1) where A is 2 x 2 matrix. The model is the Heisenberg group plane. For this
case the average of f given by ﬁ Jr f(x —y,x3 — (E(x),y)) dy where E is the skew symmetric
2 x 2 matrix. In this paper, we introduce an author’s recent classification of L? norm of the
annulus or Nikodym maximal functions according to the rank condition of the two different
types of matrices AE + (AE)" or A+ A”. Finally, we obtain the bound for the cone-type
Nikodym maximal operator associated with the moving planes.

§1. Introduction

Given 6 > 0 and t > 0, let C;5 = {y C R* : 1 —§ < |y/t| < 1+ &} be an
annulus with a radius ¢ and a width ¢, whose centers are at the origin. We also let
Ros={y CR?:|y-e(d)] < 1,ly-et(8)] < &} be a rectangle with dimensions 1 x 4.
For an integrable function f in R2, we define the annulus maximal average of f on the

plane by

1
Msf(z) = sup —— / e —y)ldy,
>0 |Crsl Jyec, s

and the Nikodym maximal average of f over tubes on the plane by

Nsf(z) = sup —

T |f(z —y)ldy.
6€0,27] |R9,5| YERp 5
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First of all, we investigate the norms of these classical maximal operators.

§1.1. Annulus Maximal Theorem

In 1986, Bourgain [2] and later Schlag [16] obtained the L?(R?) — L?(R?)-norm of

the annuli maximal operator.

Theorem 1.1 (Annulus Maximal Function in R?, [2],[16]).  For all f € L?(R?),

| Ms fll p2rey < log(1/6) 2| £l 22 me).-

As 6 — 0, the above M;f(x) approaches to the circular maximal function. To
obtain the boundedness of the circular maximal operator, Bourgain treated efficiently
both of the transversal and tangential intersections of two annuli. Indeed, the area of
any transverse intersection of the two annuli with width § is as small as O(§?), which
leads a good L? bound, whereas the number of the tangential intersections are small
enough to give a good L' bound. This estimate on the dual side combined with the
suitable interpolation implies the L? boundedness of the circular maximal function for
p > 2.

§1.2. Nikodym Maximal Theorem

In 1977, Cordoba [3], by summing the area of the overlapping rectangles, had
obtained the L?(R?) — L?(R?)-norm of the Nikodym maximal operator Nj as

Theorem 1.2 (Nikodym Maximal Function in R?, [3]).  For all f € L?(R?),
INs fll 2 (g2) S 1og(1/0)" 2|1 f || 2 g2y

The re-scaled rectangular average of m fy CRos f(x — y)dy can be regarded as
one wave packet of fr given by

fr(z) = /R 27w F€)de

whose Fourier support is §'/2 x § rectangle R (dual to the re-scaled Ry ;s in the definition
of N5 above). The square sum of fr over all rectangle R located along unit circle
St ={¢:|¢| =1} is controlled by f in L? as

1C D> Y2 sy S 0N llzaeey.

R along S?

This estimate follows from the direct application of Theorem 1.2 combined with the
Littlewood-Paley inequality of the same sized intervals. This square sum estimate com-
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bined with the reverse square sum estimate

(1.1) H Z fRHL‘l(RQ) SJ H( Z |fR’2)1/2HL4(R2)

R along S1 R along S?

leads the full range 4/3 < p < 4 for the L?(R?) boundness of the Bochner Riesz means
with an arbitrary small index ¢ > 0. This also implies the estimate of the Fourier
restriction along S! in R2.

§1.3. Cone type Nikodym Maximal Theorem

Given e(f) = (cos®,sinf) and § > 0, we set a § X § x 1 tube in R?
Tp.s = {(se(0) +y,s) : y = O(0) and s € [0,1]}

which is thinner than 1 x §'/2 x § tube located along the translated light cones. For
this case, the Nikodym maximal average over (z,0) + Ty s is given by

Ngonef(m) = sup Ave(w,o)+Tg,5 (f)
0€[0,27]

where .
Ave(z,0)+1,,5(f) = 53 Flz —y — se(0), s)dyds.
(y,5)€[—9,0]2x[0,1]

In 1992, Mockenhaupt, Seeger and Sogge in [12] obtain that
Theorem 1.3 (Cone type Maximal Function, [12]).  For all f € L*(R%),
IV fllze ey S og(1/8)2|1f |2 o).

The re-scaled average of Ave(, 0)41, ;(f) in [12] can be regarded as one wave packet
of fr whose Fourier support is 1 x §—1/2 x 6~ sized tubes T

frla) = [ 60 fie, ryagar.

This maximal function estimate, combined with the Littlewood-Paley inequality of the
same-sized intervals, implies that the estimate for the square sum of fr over all tubes
T located along the light cone C = {(&,|€]) : |¢] ~ 61}

1C > 1Y ey S 0N llpaes).
(R2)

T along C

! The reverse square sum estimate (1.1) follows from the unique overlapping property that n +n’ =
E+E 4+ 0(90) for £,¢',m,m in a 1/10 length arc of a unit circle implies (£,£') = (n,1') + O(d) in
the frequency side of the LHS of (1.1).
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This square sum result combined with the reverse square sum estimate 2

(12) IS Sellan SN0 S 1B

T along C T along C

implies the Bourgain’s circular maximal theorem in [12] as well as a nontrivial bound of
Riesz means associated with the cone. In particular, the formulation in [17] regarding
the gain of regularity in dt integral from the boundedness of the circular maximal
average initiated the local smoothing conjecture of the wave propagating operator. For
the last almost 30 years, there are great amount of effort for reducing the index 1/8 to
an arbitrary small e > 0. Recently, this conjecture is resolved in [4].

Notation. Let p > 0. Then, given two vectors u and v in RY, we write v = u + O(p)
if there exists C' > 0 independent of u, v, and p such that

(1.3) v —u| < Cp.

We employ the smooth cutoff functions

(1) « supported in {u : |u| <1} C R! or R? or R® with ¢(u) =1 in |u] < 1/2 and
(2) x supported in {u:1/2 < |u| <2} C R or R? or R3,

allowing slight line-by-line modifications of x and v. We denote the Euclidean Fourier
transform (or the inverse Fourier transform) of f in S(RY) by f (or fV). Given two
scalars a, b, we write a < b if a < Cb for some C' > 0 independent of a,b. The notation
a ~ b denotes that a < band b < a. For § > 0, we write ||| & 0 ¢ifo ¢ S ||| SI76°°¢
for an arbitrary small € > 0.

§ 1.4. Maximal Functions Along Moving Planes

We now consider some variable coefficient analogues of the above three types of the
maximal operators. Let A be 2 x 2 matrices. We define the maximal annulus average
of f € L} (R3) by,

loc

1
(1.4) MG f(z,23) = sup
>0 |Ct.s|

/ @y, — (A(2),9)ldy
yeCli s

and the Nikodym maximal function of f € L} (R?) by

(1.5) fo(x,xg) = sup L

|f(z =y, 23 — (A(z),y))|dy.
0€(0,2] |Ré),6| y€Ty,s

2The reverse square sum estimate (1.2) follows from the unique overlapping property that n+n’ = £+
& +0(~1/2) for &,m € 1St and €, 1’ € 72 ST with 71,72 ~ 61 implies (£,¢&') = (n,7') +O(5—1/2)
in the frequency side of the LHS of (1.1).
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The most interesting A is the skew symmetric matrix defined by

- (7))

which corresponds to the Heiseberg group planes as the first model example of the
rotational curvature of the general Radon transforms. Note that E(z) is the counter-
clockwise rotation of x by 7/2. We are interested in the smoothing effects arising from
the embedding planes. In Main Theorem of 1 of [10], the author introduced the classi-
fication of the L?(R?) — L?(R?) norms of the maximal operators M%' according to the
skew symmetric rank of A given by rank(EFA + (EA)T).

Theorem 1.4 (Annulus Maximal Average in [10]).  Suppose that A € May2(R).

o Let rank(A) = 2. Then it holds that

(i) if rank(EA + (EA)T) = 2, then |’M§HL2(R3)_>L2(RS) R (%)0,
(ZZ) ’Lf mnk(EA + (EA)T) = 1, then HM;?HL?(R?’)—)L?(RS) e (%)1/6,
(iii) if rank(EA + (EA)T) =0, then ||M§‘||L2(R3)_>L2(R3) /. (%)1/2.

o Let rank(A) =1, then | M3 r2re)—r2®s) ~e (5)°-

o Let rank(A) = 0, then |[M3 | r2wrs)—r2m®s) ~e (3)° (Buclidean case in Theorem
1.1).

In [10], the autor treat the maximal average according to the three cases (i)
rank(EA + (FA)T) = 2, (ii) rank(FA + (FA)T) = 1 and (iii) rank(EA + (FA)T) =0
when A is invertible. Next compare it with the operator norm of the Nikodym maximal
function V' determined by the symmetric rank of A given by rank(A + AT). In [8, 9],
the author had obtained the L? boundedness of the corresponding Nikodym maximal
operator (1.5) according to the rank(A + AT).

Theorem 1.5 (Nikodym maximal functions in [9]).  Let A be 2 x 2 nonzero ma-
trices. If A is symmetric, then H/\/{‘ ~. 670, If A is not symmetric, then

it holds that

HL2(R3)—>L2(R3)

(i) If rank(A + AT) = 2, then H/\/’fHLQ(RB)_)Lz(W) ~. 679,
(ii) If rank(A + AT) =1, then HN<§4HL2(R3)—>L2(R3) ~, 0-1/6
(iii) If rank(A + AT) = 0, then HN(§4}|L2(R3)_>L2(R3) SHRLYES

If A= 0, then N5A 15 reduced to the Euclidean case Ng4 i Theorem 1.2.
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The annulus maximal average Mg‘ has the best bound 6~ ¢ when the matrix £ A +
(EA)T has full rank (for this case, the matrix A, roughly speaking, is close to skew
symmetric matrix cE that is the case of the Heisenberg group convolution) and it has
the worst bound §~'/2 when A = ¢I which is far from skew symmetric. However, the
Nikodym maximal average N, 54 has the best bound d~¢ when A is close to symmetric
(as A = cI) and it has the worst bound 6~ '/4 exactly when A = E, the Heisenberg
group case.

We remarked that the cases (i)—(iii) of Theorems 1.4 and 1.5 can be described in
terms of eigen-values of A and F A respectively.

Finally, we consider the analogue of N§°"¢. We define the Nikodym maximal func-
tion of f € L} (R3) over tubes

loc

Ty 52+ (z,23,0) = (x,23,0) + (se(0), (A(x), se(d)), s)

as ./\/'(;Co"e’Af(:E, x3) given by

1
(1.6) SUp = f@ —y —se(), x5 — (A(x), se(0)), s)dyds.
o (y,t)€[~6,6]12x[0,1]
Note that the dimension of the tube is § x § x 0 x 1, which corresponds to the case
of N§°"¢ in Theorem 1.3, where we could give any width to the third variable. In
this paper, we obtain the L?(R*) — L3(R?) norm of the cone type Nikodym maximal

average N one:A for some basic model case A = FE, which is the Heisenberg group case.

Theorem 1.6 (Main Result, Nykodym Maximal Function Along Variable Cones).

<5V for A= E.
L2(R4)—L2(R3)

cone,A
5

This matches with the third case of Theorem 1.5.

Organization. In Section 2, we discuss about the rotational curvatures and some
historical model examples from the Heisenberg groups. In Section 3, we examine the
proof of Theorems 1.1-1.3 regarding the three types of the classical maximal averages.
In Section 4, we prove Theorem 1.6.

§ 2. Motivations of the Moving Planes

The average of f € L? (R3) over a ball embedded in the plane

loc

ma(x, x3) = (x,23) — {(y, A(z) - y)) : y € R?}



AVERAGES OVER ANNULI OR TUBES ON THE MOVING PLANES 33

is given by

A ()3, 1) = / f( — x5 — (A(x), 9y /t)dy.

yER?

Whenever A is invertible, due to the effect of Phong and Stein’s rotational curvature,
||AWA||L3(R3)_>L2(R3) <1 for a > —1.

We notice that the model case of the moving plane 74 (z, x3) was the Heisenberg group
plane with A = E. Then for (x,z3) = 0, the Heisenberg group plane 7g(0) = {(y,0) :
y € R?} C H! is orthogonal to the center Z(H') = {(0,0,ys3) : y3 € R} of the group
H!. Even though 7x(0) is flat, the left group translate mg(x,x3) = (x,73) - 7 (0) =
{(x,23) - (y,0) : y € R?} rotates as z varies to generate the non-vanishing rotational
curvature (Monge-Ampere determinant). See the systematic study of D. H. Phong and
E. M. Stein [15]. The family of planes mg(z,x3) is a very useful model of the variable
coefficient surfaces of co-dimension 1. But the surfaces concerned in [11, 12, 13] and in

this paper are of co-dimension 2 as

(2.1) Asiay(f)(@,2q41,t) = / . [z —ty,x3 — (A(z),ty)) do(y)

yeSa—
The smoothing effect of the average Ag1(4)f is induced from both the curvature of .S !
and the rotational curvature of w4 (x,xz3). It is very interesting to understand the right
analogue of Theorems 1.4 and 1.5 for the case that A(x) is the vector valued polynomial.

§2.1. Lie Group

Consider n xn matrix A, we assign a group G = G,,11(A) identified with R” xR en-
dowed with the group multiplication (x, ;1) (Y, Yn+1) = (T + Y, Tni1 + Ynt1 + (A(z),y)).
Then G is a group with the inverse element of (z,x,41) given by (z,z,41)" ! =
(—x, —xp11 + (A(x),z)) . We can check also that

(2.2) G is abelian if and only if AT = A.

The Heisenberg group H” is a non-abelian case as H" = Ga,,1(A) with AT = —A
where A is the 2n x 2n skew symmetric matrix E. On this general group G = G, 1(A4),
we define a convolution of two integrable functions f and g in G by f xg g(z,xpt1) =

[ f((=,23)-(y,y3) ") 9(y, y3)dydys. Denote fa(z,zni1) = f (2, @ns1 + (A(z),z)). Then

(2.3) fxgg(z,zng1) = /f (@ =¥, Tnt1 — Ynt1 — (A(2),9)) 94(Y, Yn+1)dydyni1

For simplicity, we redefine f g g by replacing g4 with ¢ in (2.3) for the case of no
confusion. In view of (2.2), we can interpret that
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e non-commutativity helps the regularity of the annulus averages in Theorem 1.4

e non-commutativity becomes an obstacle to the tube averages Theorem 1.5.

§ 2.2. Heisenberg group

0—-1
I 0

surface carried measures [do]; = do(-/t)/t>™ with ¢t > 0 where do is supported on the

The Heisenberg group H" is Ga,41(F) as above with E = < ) Consider the

unit sphere S?"~! C R?". We define the convolution of f and a measure [do]; @ dap11
supported on the Heisenberg group horizontal plane R?" x {0} and f:

Agzo-1(g) () (@, 22041, 1) = fun ([do]y @ 02n+1) (T, D2n41)

where §2,,41 is the Dirac mass at 0 € R (in the last coordinate). So we can express

24 Aem(D@ant) = [ F @t = Ba)- ) do(y).
ye 2n—1

So Ag1(a)(f)(x,x3,t) of (2.4) is expressed as the group convolution (2.3) with G2(A) of
f and g(y,ys3) = do(y) ® d(ys) with doy is a circular measure and ¢ is the Dirac mass:

Asiay(f)(@, 23,1) = [ *g5(a) dor(-) ® ()

Then this is the average of f along the (2n — 1) dimensional surface $?"~! embedded
in the 2n-dimensional plane (z,22,41) + {(y, E(x) - y) : y € R?"} whose outer normal
vector is (E(z),—1) depending on z. A. Nevo and S. Thangavelu in [14] initiated the

study of the maximal average
MSZn—l(E)f(CE, Ton+1) = Slip ASZn—l(E)(f)(%fﬁan,t)

In 2004, E.K. Narayanan and S. Thangavelu in [13] and Muller and Seeger in [11] proved
that for n > 2,

2n —1

2n

||Mszn71(E)f||Lp(Hn) < ||f||Lp(H’n) if and only if p >

In [11], they study in the step two Nilpotent groups. Recently, Anderson, Cladek,
Pramanik and Seeger proved that

2n —1

||MSQn—1(E)f||Lp(Hn) 5 ||fHLp(Hn) if and OIlly 1fp >

for the case

Ai(f)(z, w2n11) = / f(z—ty, 2901 — E(z) - ty — t°A(y)) do(y)

y€S2n—1
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where A is a linear functional A : R?" — R.

§ 3. Proof of Theorems 1.1-1.3 based on the Fourier transforms

We give a very simple proof of the corresponding maximal average in the Euclidean
space R? by utilizing only the decay property of the multiplier on the frequency side.
We define a multiplier operator with a symbol a

M, f(z,t) = / 2™ € g (¢ 1) F(€)d¢ where t € R.
§3.1. Euclidean Annulus Maximal Function in Theorem 1.1

We shall give a proof of Theorem 1.1 with the bound log(1/§). Let a; be the symbol
for the measure supported on the annulus with width 277 > § given by

€2\ ex2milétl pE2milet]
s e =x (') o md w0 =vla) g
Set
5 [log(1/9)]
M°f(z) = sup ; My, f(z,1)].
We show that
(32) IM°]| L2 (82)— L2 (r2) S log1/6.

Proof of (3.2). For k € Z, let

af(&,t) = x(2"t)a; (&, ).
Then

o
sup sup [ M f(z, )" < sup/
E ot 7 E Jo

(3.3) = /O N Sup

Note that 0, M, 5 f(x,t) has the symbol 8,5& (&,t), where we have the additional factor
€] ~ 27+

00 M e, 00 1o )

p—1

dt.

00,y f(o.)| [ Mg 2.0

A +2me| &t
Qi (&,1) =27\ (1) % (E—?) e‘&w

Hence the above integral is bounded by

(RHS) of (3.3) < / sup 2j+k|Ma?f(a:,t)|pdt where df is of the form (3.1).
0ok
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Let p = 2 above. Control sup, by the summation ) ,. Then

/supsup|M kf(x,t)] da:</ /223+k|M~ x,t)|*dxdt
<Sup/z:2j”€ x(2Ft)x @ 273/2 :
= a 5

<1172 ey
We sum these O(log(1/9)) pieces to obtain (3.2).

i / Fo)de

§3.2. Euclidean Nikodym Maximal Functions in Theorem 1.2

FOszl,'-' ,[1/6]7 let aO(éae) :¢(§€9l)¢(§€9) and let

(3.4) (€)= x (552 ) v (e o) for (€.0) € B x [0.20
where ey = (cos@,sin6) and e; = (cos(f + 7/2),sin(d + 7/2)). Note
(3.5) Opeg = ez and Jpey = —ep.

So

ek e
Opaj(z,0) = 27 (€ 2j9) (52 ¢ ) b (€ e)

VR & eé_ b
=2x( 5 Y (€ - ep) + better terms.

where x and 1; are some slight modifications of y and . Set

[log(1/9)]
(3.6) N°f(z) = sup Z M, f(x,0)
6 1
We show that
(37) HN(SHL2(R2)%L2(R2) Slog 1/5

Proof of (3.7). We see that for all 6,

27
Mg, f(x,0)* < / |0 Mo, f(2,0) My, f(x,0)] d6 + | My, f(x,0)]*.
0
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This implies that

27
[sup i, f@ 0o [ [ 21005, 5(,0)dzd + e
0

X(g'eé)@z(f'%)

2 ~
> a8 [ 1F©)de < 1f1sqeo

27
(3.8) < sup 2’ /
§ 0

where a; is of the form (3.4). This follows from the sub level set estimate for

/|‘;(§‘€9)|d9,§2j where digf-eg :‘g.@é—{%y"

Therefore, (3.8) with (3.6) yields || N°||p2r2)—r2(r2) S log(1/6). O

§ 3.3. Nikodym Maximal Averages in Theorem 1.3 Along Cones

We give a proof of Theorem 1.3 in the general dimension. By parametrization of
the S?~1, we set e(f) € S4 ! with d — 1 parameters 6. Let § = 279/2. We can work
with the maximal average over the tubes {(z,0) + (te(f),t) +O(277/2) : |t| ~ 1} in 0 as

Ng°"®f(x) = sup N f(z,0),
e(f)esd—1

where for fixed § = 279/2,

NF(z,6) = (x)(6) /

x—y—te(d 1
RdeSO( 3 ( )> ( =X () f(y, t)dydt

2—3/2 2—j/2)
= (aputd) [ e (5 ) fie.oder
Lemma 3.1. The L?-norm of the Nikodym mazimal operator N§°¢ has the fol-

lowing bound:

(3.9) ||N§one||L2(Rd+1)_>L2(Rd) < 9i(d—2)/4 - 5—(d—2)/8

where the case d = 2 with the logarithmic factor yields the Theorem 1.35.

Proof.  We take the parametrization e : U C [0,27]?~ — S9! for the fixed open
set U. By the Sobolev embedding inequality,

1/2
S NFCO[ S Y ( / |65‘Nf(-,9)!2d0> |
veu ol <(a-1)/2 MOV

where e(f) € S9! with § € U. Note that dge() € S9~1. Here, we work with the case
that (d — 1)/2 is an integer. To prove (3.9), it is sufficient to show that

(3.10) INgl| 2 i+1) p2 (e a1y S 270D/,
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where

M
Naf(,0) = p(a)p(s) [ e (H 3 aﬁsew)) ()3 (2%) fie, naeat,

with By + -+ By = B € Z4,|3;| = 1 and |B] = M < (d — 1)/2. Note that (x,0) €
R? x U ¢ R (4= By the application of the L?-invariant scaling & — 27/2¢, we work
with the operator

(3.11)
M
(29/2)4/29M3 /24y (1:)4(6) /62”2”25-(%“6(9)) (Hi-aﬁse(9)> X0 (€) F(€, t)dgat.
s=1

Without loss of generality, we assume that 65 'e(0) = Og,e(f) and |£] < 1 in the above
integral. From

M M
[Tt 05 eo)@ (&) = T (- 05 e (¢- 057e(6)) & (¢)
00 M
=5on (S22 (e aneton TT e 35 (¢ 05-0)) 2.0
n=0 s=2
00 M
=S (S0 TT0 (e e0) 290,
n=0 s=2
we decompose the above integral in (3.11) as
; 2‘7/2 d/29Mj/29— (2 )(0 )/627Ti2j/2§~(x+te(6))x (5'291:(9))

><Hw( 9 e(0)) X(1)@ (&) Fle. rydeat,

where we can replace Y, Qﬁ with x, 1. We apply the change of variables £ — 27"¢ with
the L?-norm invariant scaling and then express the above integral as > R, f(z,0)
where

Ry f(x,0) := (27/2)4/29M3/29=dn/29=my, (1)4)(6)
(3.12)
i /20—n l §- 3’656(9) §
></627”2 2 5.(m+te(9))x(§-6916(.9))Hq/) g—n X(t)@(Qn)f(g t)dédt.
s=2

We set B(j,n) = (29/2)%/22Mi/29=dn/29=n and \ = 2727/22=". Then, for k € Z¢
with |k| < 2", we restrict the frequency £ to £ = k 4+ O(1) in (3.12) by decomposing
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R, => R, , where R, 1. f(z,0) is

B(j, n)(x)y(6) / e @@y (€. 0p, e(0))

M 9P N
(3.13) Hw(%) X0 (5:) v (€ - 0) Fle e

The mixed Hessian matrix of the above phase function

q)((l'l,"' ,.ilfd,@l,"' ,edfl),<§1,"~ ,gd,t)) :§ (l‘—f—te(e))

for the operator R, j is

100 0
010 0
001 0

1 —
Caoyen (@068 =1, £ -0y, e(0)

* ok ok

xkx & - Oy, e(0)

As the determinant of the first (d+1) x (d+1) matrix is [ det(®{, 4. c.0)| = |€-00,€(0)] =
1in (3.13), the Hérmander theorem implies that

(3.14) | Rk llop = O(B(J, n));(d+1)/2) — 0(2((172)]'/42—71/2)7

where B(j,n) = (20/2)%/22Mj/29=dn/29=n and \ = 2727/22", By applying integration
by parts with respect to the x variables of the kernel,
(3.15) 1Ry, 1 R llop = OU29/2277 ke — /|7,

By the support condition, ||R, xR}, ;.|| = 0 if [k — &’| > 10. The Cotlar-Stein lemma in
the chapter 7 of [18] with (3.14) and (3.15) implies that ||R,||,, = O(2(¢=2)7/42-n/2),
In turn, this implies (3.10). O

§4. Proof of Theorem 1.6

We set the Nikodym-type maximal function N onef as
(41) ./\/‘]f(ZU,.Tg,) = S[Llp ]/Hj(m,x?nt,y?y370)f(y7y37t)dydy3dt
0€(0,2m

where

Hj(x,x3,t,9,y3,0) = x(t)¢ (x,x3) ¢ (x - (5——;28(9))’ r3 — (y3 —Qi-_t;;lQ(x) . 6(9))) 53/
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Suppose that A is the skew-symmetric matrix £. Then, the following boundness holds.

(4'2) ||A/}||L2(R4)—>L2(R3) 5 2j/8 ~ 5_1/4 if A=F.
Proof of (4.2). By the Fourier inversion formula, we express N f(z,z3) as

i€ (x— e xr3— x)-e -~ g 5
[ [ et ettt O (1) (2, 0) @ (ﬁ 577 ) d€déa (u, ys, Odydysdt
i€ (z+te T x)-e ~ E 53 iy
_ /62 [£-(z+te(0))+E3(v3+tA(x) (9))]X(t)'¢} (1’, $3) @) (_Qj/Z , _2j/2 f(ﬁ, 53, t)dfd&gdt

Then the #-derivative is given by

i€ (x+te T x)-e . ~ £ 5
[ e A Oy e 4 g Aw) - OO (02) 3 (5750

~

x f(&,&s,t)dEdEsdt.

We may assume that €], |€3] < 27/2 and replace @ by the product of ¥’s defined on R?
and R!. Moreover, from the Sobolev-embedding inequality

1/2
sup [ Fo ()] < 1105 Fo()l £2((0,2m))
0€(0,27]

it suffices to treat the oscillatory integral operator M f(z,x3,0) defined by

3 / 2milE- (O H€a(ea+AW) <Oy ()0 (2, 5) (%) y (%)

om <24/2

x (21/2)1/2) <(£ + £3A;f)) : e’(@)) (€. &5, t)dEde;dt

and prove that || M||r2ra)r2@s) S 29/8 ~ 671/ for all A= E. To this end, we apply
the Plancherel theorem on the third variables {3 and z3. For this it suffices to prove
that

(4.3) |‘T§3|‘L2(R3)—>L2(R3) ,S 2j/8 ~ 5_1/4 for A=F uniformly in 63,

where

T 00 = @)% (7] [emiee @ i ()

aa) oo (SERGRIED R acan
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It suffices to deal with the case that |¢3] ~ 27/2% for k > 0. By applying the change of
variable £ — €3¢ in R? together with ||&3£(&3(-,t)||z2 = || f(-,t)||L2, we can work with

) R CEOEI )
ox (2 AED-400Y 5

5 F(&, t)dedt.

Next, we apply the change of variables  — 2z, € — 2%¢, and t — 2Ft. Then, it suffices
to treat

T f (2, 0) = (2/2)1/26,2/2) (2F2) / 2t E (O HAE Oy (1) b (0)) (€) (1)
(4.5) < ((€+ A(x)) - €'(0)) [25/2F (€, 28¢)x (271 dedt,

where we used ¥(2°x) = (2¥x)y(x) and x(2%t) = x(2Ft)w(t). Write 2722%¢3 in the
above exponent as A and write the compactly supported cutoff function as

U(x,0,8,t) =1 (x)p(0)Y () Y(t)x (€ + A(x)) - €'(9)),
and define

(4.6) T f(x,0) = / (NS e O) AW Oy (3.0 ¢ 1) f (€, t)dEd

to show (4.7) in Lemma 4.1. Assume that Lemma 4.1 hold true.
For A = E, it holds that |7 z2®s)-r2re) S A~IA"1/4 which will be demonstrated
in Lemma 4.1 below. Then \ = 2722%¢; with |€3] ~ 27/27F in (4.5) implies

178512 oy ooy S [(2977)12€a2072) [(22%65) " (22%65) /4]
— (27/2)1/293/2k/2(23/2)75/4(9k) =5/ — 23/89=TR/4,

which in turn implies (4.3). Therefore these two estimates yield (4.2). O

Lemma 4.1.  Consider the operators T defined in (4.6) where ¢ € C3°(R? x
R3). Then

(4.7) ||T/\HL2(]R3)—>L2(R3) < ATINTYY for all A= E.

Proof of (4.7). The idea for A = E is to apply the one-sided fold singularity result
in [5]. Let ® : R? x R? — R be a smooth phase function such that rank(®,,)(xo,y0) =
d — 1, and consider the operators

T f(z) = /eiAq)(m’y)w(a:, y) f(y)dy where 1) is supported near (xg, yo)-



42 JooNIL Kim

Theorem 2.1 of [5] yields that if one of the projections (say 7y,) admits a fold singularity
at (51707340), then

(4.8) T2 L2 ey 2(Ray = O(AGTH/271/4),

See [6] for the two sided fold singularity. Let h(x,y) = det (@gy(x, y)) and h(zg,yo) = 0.
We verify that 7, has a fold singularity at (zg,yo) by showing that |[Vph(xg,y0)| 2 1
for all left kernel field Vi, = Z;l:l bj0y, with (b;) € Ker(®},(xo,%0)). For the standard
notation, we set the variables z3 = 0, y1 = &1, y2 = & and y3 =t in (4.6), and rewrite
our operator 72 in (4.6) as

7-/\f(x1’ Ts, $3) _ / ei)\[m’,y/+e(gg3).y/yg—l—A(x/).e(ﬂﬁg)yg}w(x, y)f(y)dy

yERS

where © = (21,22, 23) and y = (y1,Y2,y3) with 2’ = (z1,22) and ¥’ = (y1,92). Note
that from the support condition (4.5) and £ =y’ and 0 = x3,

(4.9) ¥(z,y) is supported [(A(z") +y') - €' (z3)| < 1.
Set A = (A;|Az2) where Ay, Ay are columns, and notice
Fe(x3) = et (x3) = € (x3).
Then the mixed Hessian matrix of the phase function ® for 77> is given by

1 0 Ale(.flig)
o7, (z,y) = 0 1 Aze(zs)
—(sinz3)ys (cosw3)yz (A(z) + ') - et (x3)

with the determinant h(z,y) = det(®7,) given by
(4.10) h(z,y) = (A(2') +y') - e (23) — ys(ABe(z3), e(x3)).
Along the points {h(z,y) = 0} with rank(®}, ) = 2, we find the kernel field
Vi = —A; -e(x3)0y, + —As - e(x3)0y, + Oy,
Vr = (sinxg)ysz0y, — (cosx3)y30y, + Oy,

where
Vyh(z,y) = (¢/(z3), —(Ae'(v3), e(x3)))
Vih(z,y) = (Ae'(x3), —(A(@) +v') - e(3) + ys(Ae(xs), e(x3)) + ys(EAEe(x3), e(3)))

We can compute
(Vi (h)| = | — 2{(AEe(xs), e(x3)[) = 1
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This implies that the projection 7y, : (z,y) — (z, ®,(x,y)) has a fold singularity (namely
7z, : C — T*(R3) is a submersion with a fold) at each point of {h(z,y) = 0}. Therefore,
we can apply (4.8), so that

|’T>\’|L2(R3)HL2(R3) < ATE@=D/2)=1/4 " which is the desired bound of (4.7) for d = 3.

This implies our fold singularity is only one-sided. U
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