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A note on bilinear estimates in the homogeneous

Triebel-Lizorkin spaces

By

Jishan Fan∗ and Tohru Ozawa∗∗

Abstract

In this note, we derive Kozono-Shimada’s bilinear estimates from Chae’s bilinear estimates

of Hölder type in the homogeneous Triebel-Lizorkin spaces.

§ 1. Introduction

Bilinear estimates of Hölder type are basic in the analysis of nonlinear partial

differential equations. Particularly, bilinear estimates in Triebel-Lizorkin and Besov

spaces are essential in the study of bilinear interactions such as in Navier-Stokes and

Euler equations (see [1, 2, 3, 7] and references therein).

In 2004, Kozono and Shimada [1] showed the following bilinear estimates in Ḟ s
p,q:

Theorem 1.1. (1) Let 1 < p < ∞, 1 < q < ∞ and let s > 0, α > 0, β > 0.

Let 1 < p1 < ∞, 1 < p2 ≤ ∞ and 1 < r1 ≤ ∞, 1 < r2 < ∞ satisfy
1

p
=

1

p1
+

1

p2
=

1

r1
+

1

r2
. Then there is a constant C = C(p, q, p1, q1, r1, r2, s, α, β) such that for every

f ∈ Ḟ s+α
p1,q ∩Ḟ−β

r1,∞ and g ∈ Ḟ−α
p2,∞∩Ḟ s+β

r2,q the product satisfies fg ∈ Ḟ s
p,q with the following

bilinear estimate

(1.1) ∥fg∥Ḟ s
p,q

≤ C(∥f∥Ḟ s+α
p1,q

∥g∥Ḟ−α
p2,∞

+ ∥f∥Ḟ−β
r1,∞

∥g∥Ḟ s+β
r2,q

).
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(2) Let 1 < p ≤ ∞ and let s > 0, α > 0, β > 0. Let 1 < p1, p2, r1, r2 ≤ ∞ satisfy
1

p
=

1

p1
+

1

p2
=

1

r1
+

1

r2
. Then there is a constant C = C(p, p1, p2, r1, r2, s, α, β) such

that for every f ∈ F s+α
p1,∞ ∩ Ḟ−β

r1,∞ and g ∈ Ḟ−α
p2,∞ ∩ Ḟ s+β

r2,∞ the product satisfies fg ∈ Ḟ s
p,∞

with the following bilinear estimate

(1.2) ∥fg∥Ḟ s
p,∞

≤ C(∥f∥Ḟ s+α
p1,∞

∥g∥Ḟ−α
p2,∞

+ ∥f∥Ḟ−β
r1,∞

∥g∥Ḟ s+β
r2,∞

).

In [2] (see also [3]), Chae established the following Moser type inequality in Triebel-

Lizorkin spaces:

Theorem 1.2. Let s > 0 and let p, q satisfy (p, q) ∈ (1,∞)× (1,∞] or p = q =

∞. Then there exists a constant C such that

(1.3) ∥fg∥Ḟ s
p,q

≤ C(∥f∥Lp1∥g∥Ḟ s
p2,q

+ ∥g∥Lr1 ∥f∥Ḟ s
r2,q

),

where p1, r1 ∈ [1,∞] with
1

p
=

1

p1
+

1

p2
=

1

r1
+

1

r2
.

The aim of this note is to derive Theorem 1.1 from Theorem 1.2. In the proofs, we

will also use the following interpolation inequality [4] (also see [5, 6]):

(1.4) ∥f∥Ḟ s3
p3,q3

≤ C∥f∥1−θ

Ḟ
s1
p1,q1

∥f∥θ
Ḟ

s2
p2,q2

with

s3 = (1− θ)s1 + θs2, s1 ̸= s2, 0 < θ < 1,(1.5)

1

p3
=

1− θ

p1
+

θ

p2
.(1.6)

Now we recall the definition of Triebel-Lizorkin spaces. Let S be the Schwartz class

of rapidly decreasing functions. Given f ∈ S, its Fourier transform F(f) = f̂ is defined

by

f̂(ξ) :=
1

(2π)n/2

∫
Rn

f(x)e−ix·ξdx.

Let ϕ ∈ S satisfy supp ϕ̂ ⊂
{
ξ ∈ Rn;

1

2
≤ |ξ| ≤ 2

}
, and ϕ̂(ξ) > 0 if

1

2
< |ξ| < 2. Setting

ϕ̂j = ϕ̂(2−jξ) (in other words, ϕj(x) = 2jnϕ(2jx)), we adjust the normalization constant

in front of ϕ̂ so that ∑
j∈Z

ϕ̂j(ξ) = 1 for all ξ ∈ Rn \ {0}.

Given k ∈ Z, we define the function Sk ∈ S by

Ŝk(ξ) := 1−
∑

j≥k+1

ϕ̂j(ξ).
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In particular, we set Ŝ−1(ξ) = Φ̂(ξ). We observe that

supp ϕ̂j ∩ supp ϕ̂j′ = ∅ if |j − j′| ≥ 2.

Let s ∈ R and p, q ∈ [0,∞]. Given f ∈ S ′, we denote ∆jf = ϕj ∗ f and then the

homogeneous Triebel-Lizorkin seminorm ∥f∥Ḟ s
p,q

is defined by

∥f∥Ḟ s
p,q

:=



∥∥∥∥∥∥∥
∑

j∈Z

2jqs|∆jf(·)|q
 1

q

∥∥∥∥∥∥∥
Lp

, if q ∈ [1,∞),

∥ sup
j∈Z

(2js|∆jf(·)|)∥Lp , if q = ∞.

The homogeneous Triebel-Lizorkin space Ḟ s
p,q is a quasi-normed space with the

quasi-norm given by ∥ · ∥Ḟ s
p,q

.

§ 2. Proof of Theorem 1.1 on the basis of Theorem 1.2

In this section we derive Theorem 1.1 from Theorem 1.2.

Let
1

p
=

1

p1
+

1

p2
=

1

r1
+

1

r2
and let

(2.1)

θ1 = θ2 =
s+ α

s+ α+ β
, θ3 = θ4 =

α

s+ α+ β
,

1

p̃1
=

1− θ1
p1

+
θ1
r1

,
1

r̃1
=

1− θ4
p2

+
θ4
r2

,

1

p̃2
=

1− θ2
p2

+
θ2
r2

,
1

r̃2
=

1− θ3
p1

+
θ3
r1

.

Then
1

p
=

1

p̃1
+

1

p̃2
=

1

r̃1
+

1

r̃2

and we apply (1.3) and (1.4) to obtain

∥fg∥Ḟ s
p,q

≤C(∥f∥Lp̃1 ∥g∥Ḟ s
p̃2,q

+ ∥g∥Lr̃1∥f∥Ḟ s
r̃2,g

)

≤C(∥f∥1−θ1
Ḟ s+α

p1,q
∥f∥θ1

Ḟ−β
r1,∞

· ∥g∥1−θ2
Ḟ−α

p2,∞
∥g∥θ2

Ḟ s+β
r2,q

+∥f∥1−θ3
Ḟ s+α

p1,q
∥f∥θ3

Ḟ−β
r1,∞

· ∥g∥1−θ4
Ḟ−α

p2,∞
∥g∥θ4

Ḟ s+β
r2,q

)

≤C(∥f∥Ḟ s+α
p1,q

∥g∥Ḟ−α
p2,∞

+ ∥f∥Ḟ−β
r1,∞

∥g∥Ḟ s+β
r2,q

).(2.2)

This proves (1.1). A similar argument proves (1.2).

□
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