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ABSTRACT

Multi-robot systems have huge potential for practical ap-
plications, which include sensor networks, area surveillance,
environment mapping, and so forth. In many applications,
cooperative coordination of the robots plays a central role.
There are various types of coordination tasks such as consen-
sus, formation, coverage, and pursuit. Most developments
of control methods have been taken place for each task indi-
vidually so far. The purpose of this monograph is to provide
a systematic design method applicable to a wide range of
coordination tasks for multi-robot systems. The features of
the monograph are two-fold: (i) The coordination problem
is described in a unified way instead of handling various
problems individually, and (ii) a complete solution to this
problem is provided in a compact way by using the tools of
“group” and “graph” theories efficiently. As for item (i), it
is shown that various coordination tasks can be formulated
as a generalized coordination problem, where each robot
should converge to some desired configuration set under the
given information network topology among robots. In this
problem, the solvability (i.e., whether robots can achieve
the given coordination task or not) fully depends on the
characteristics of both the desired configuration set and
the network topology. Therefore, concerning item (ii), it

Kazunori Sakurama and Toshiharu Sugie (2021), “Generalized Coordination of
Multi-robot Systems”, : Vol. xx, No. xx, pp 1-18. DOI: 10.1561 /XXXXXXXXX.



is clarified when the generalized coordination problem can
be solved in terms of the desired configuration set and the
network topology. Furthermore, it is shown how to design
a controller which achieves the given configuration task. In
particular, the case where each robot can get only local
information (e.g., relative position between two robots) is
discussed.
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Introduction

1.1 Background

Multi-robot systems have attracted a lot of attention because of its
potential to various applications, which include sensor networks, area
surveillance, object transport, environment mapping, building health
monitoring, air pollution monitoring, search and rescue after disasters
(Lima and Custodio, 2005; Darmanin and Bugeja, 2017). In many appli-
cations, cooperative coordination of multi-robots plays a central role. It
enhances efficiency, robustness, and reliability in many application tasks,
and is required to reduce human operations. Therefore, this topic has
been extensively studied in many disciplines, such as robotics, control
and measurement engineering, informatics, and so forth. In this mono-
graph, we focus on cooperative coordination problems of multi-robot
systems in (mainly two-dimensional or three-dimensional) space from a
viewpoint of control theory as Bullo et al., 2009; Cortes and Egerstedt,
2017, which are also investigated through the terminology of multi-agent
systems (Martinez et al., 2007; Shamma, 2008; Mesbahi and Egerstedt,
2010; Cao et al., 2012).

At this point, let us look at a simple example of coordination
problems, which may help us to understand some basic concepts that

3
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..... ~—— —
(a) Desired configuration and expected motion (b) Network topology

Figure 1.1: Example of a coordination task.

will be necessary in this section. Suppose that the given task is to shape
a formation by four robots in a plane as shown in Fig. 1.1a. In Fig. 1.1a,
the numbered squares describe a “desired configuration” that the robots
are expected to form. In Fig. 1.1b, each line represents the interaction
of robots, defining the “network topology” to determine the information
structure of the multi-robot system. The robots directly connected by
lines are called “neighbors”. For example, robots 1 and 3 are neighbors
of robot 2, but robot 4 is not. While, we say the network is “connected”,
when there exists a sequence of interaction lines between every pair of
nodes. The robots mainly interact with each other through sensing. We
say that “absolute” measurement is available if each robot can measure
the absolute positions (i.e., the positions in a global coordinate frame)
of its neighbors. When only the positions in its local coordinate frame
associated with each robot can be measured, we say that “relative”
measurement is available.

For cooperative coordination of multi-robots, distributed control
with relative measurement plays the key role. Distributed control is a
methodology to control each robot based on local information of its
neighboring robots, which is important because we can apply the control
method for any number of robots. This property is called scalability.
On the other hand, control with relative measurement is critical to the
autonomy of robots, because any external system to obtain absolute
measurement is not necessary. Many types of coordination problems have
been investigated based on distributed control with absolute/relative
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measurement so far, e.g., consensus (Olfati-Saber and Murray, 2004;
Olfati-Saber et al., 2007), coverage (Cortés et al., 2004), flocking (Olfati-
Saber, 2006; Tanner et al., 2007), pursuit (Marshall et al., 2004; Kim
et al., 2010), attitude synchronization (Igarashi et al., 2009; Ren, 2010),
assignment (Ji et al., 2006; Michael et al., 2008; Smith and Bullo, 2009),
and formation (Fax and Murray, 2004; Lin et al., 2005; Ren and Beard,
2008; Anderson et al., 2008; Krick et al., 2009; Doérfler and Francis,
2010; Lin and Jia, 2010; Oh et al., 2015; Queiroz et al., 2019).

1.2 Research trends in coordination control

Concerning control system synthesis, a fundamental question is whether
there exists a controller achieving the given task. In cooperative coordi-
nation of multi-robots, the answer fully depends on both the network
topology and the sensing capability of the multi-robot system. Once
the existence of such a controller is confirmed, we can proceed to the
controller design step. According to the surveys of formation control
literature (e.g., Oh et al., 2015; Tron et al., 2016; Ahn, 2020), many
of the methods can be classified as (a) Position-based control, (b)
Displacement-based control, and (c¢) Distance-based control accord-
ing to how to specify the desired configuration. Each control method
requires different types of network topology and sensing capability.

In the case of (a), the desired configuration is specified with the target
position of each robot in the global coordinate. Though there exist no
requirements on the network topology, we need absolute position of each
robot to achieve the formation task. In the case of (b), the relative target
positions of the robots are given to specify the desired configuration.
Hence, the absolute position of each robot does not matter, which allows
the translation of the shaped formation. Meanwhile, its rotation is not
allowed. To achieve this formation task, it turns out that the network
must be connected as Fig. 1.1b. Furthermore, though the absolute
position measurement is not required, the absolute direction should be
measured in each robot. In the case of (c), only the distances between
target positions are assigned to specify the desired configuration. So
neither the absolute position nor absolute direction is necessary. Instead,
more inter-robot interaction is needed. For example, in the case of Fig.
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1.1b, one more interaction line which connects robot 2 with robot 4
directly has to be added. In other words, the network must be getting
denser compared to the other cases (Anderson et al., 2008; Krick et al.,
2009; Queiroz et al., 2019).

In the same way, bearing-based and angle-based formations are
considered in Zhao and Zelazo, 2016; Zhao and Zelazo, 2019; Chen
et al., 2020, which yield more flexibility in coordination because these
formations are scale-free. The scale-free property is involved in different
ways in other papers, e.g., Han et al., 2016; Sakurama et al., 2018; Lin
et al., 2016; Zhao, 2018. Also, combinations of several constraints are
considered in many papers, e.g., Anderson et al., 2017; Sun et al., 2017,
Sakurama et al., 2019.

The existing results may be summarized in Table 1.1, from the
viewpoints of (D) requirements of the desired coordination, (N) nec-
essary network topology, and (M) necessary sensing capability. The
current research trend is to impose laxer requirements of the desired
configuration. Accordingly, the network should be denser, and the less
sensing capability is required.

1.3 Focus of the monograph

As shown in the above, various types of coordination problems have
been studied individually. However, there are so many tasks and their
variants. It is not efficient to describe all the existing methods one by
one. Instead, this monograph focuses on a generalized coordination
problem which can cover a wide range of coordination problems and
handle them in a unified manner instead of discussing various problems
individually. Then, a complete solution to the problem will be provided.

In the problem formulation, the following three components play
essential roles. First, coordination problems are generalized by repre-
senting the desired configuration appropriately. This representation
enables us to describe various coordination tasks in a unified way. Sec-
ond, related to sensing capability, relative measurements are precisely
and explicitly described, which can be done through coordinate trans-
formation between the global and local coordinate frames. Third, the
sensing network of multi-robot systems is modeled with a graph, which
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Table 1.1: Summary of the existing results on coordination problems

(a) Position-based formation
(D) absolute target positions are fixed
(N) none
(M) absolute positions are measurable
(b) Displacement-based formation
(D) relative target positions are fixed
N) connectivity is required
M) relative positions and absolute directions are measurable
istance-bases formation
) distances between target positions are fixed
) rigidity (a precise definition will be given later) is required
) relative positions are measurable
earing-based formation
bearing of the target formation is fixed
bearing rigidity is required
relative bearings and absolute directions are measurable

(c)

D)
N)
M

T

)

ngle-based formation

) angles between the target robots are fixed
) angle rigidity is required
) relative bearings are measurable

(
(D
(N
(
(
(e)
(

(

D
(M

(d) B
(

A

(

D
(N
M

will be necessary for compact presentation and rigorous analysis of the
system.

The solvability of the generalized coordination problem (i.e., whether
robots can achieve the given coordination task or not) fully depends on
the characteristics of the desired configuration, the available relative
measurements, and the network topology. Hence, we characterize a strict
class of desired configurations which can be achieved with available
relative measurements over the given network topology. A complete
solution to this problem is provided in a compact way by using the tools
of “group” and “graph” theories efficiently. Furthermore, a distributed
controller is designed to achieve the given configuration with relative
measurements.

The approach of the monograph has several advantages. First, sys-
tematic tools are provided to design distributed controllers for coordina-
tion problems, which are applicable to a wide range of coordination tasks
due to its general description. Moreover, various sensing devices can be
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handled by employing appropriate coordinate transformations. Second,
a kind of converse design problem can be discussed. Namely, given the
network topology and sensing capability of robots, it is possible to tell
what kind of coordination tasks can be achieved by distributed control
with the relative measurements.

This monograph is based on the authors’ papers, mainly Sakurama,
2021b, with Sakurama et al., 2012; Sakurama et al., 2015; Sakurama,
2016; Sakurama, 2018; Sakurama et al., 2019.

1.4 Organization of the monograph

Chapter 2 gives an overview of the coordination problem tackled in
this monograph. Part I provides mathematical preliminaries on group
theory in Chapter 3, graph theory in Chapter 4, and stability analysis
of gradient-flow systems in Chapter 5. Part II addresses the multi-robot
coordination problems. Chapter 6 considers a pairwise coordination
problem, which gives a basic idea of the conventional approaches. Chap-
ters 7 and 8 give complete solutions to the generalized coordination
problems with absolute and relative measurements, respectively. In
Chapter 9, the developed methods are applied to various examples.
Chapter 10 concludes the monograph.

1.5 Notation

For a set X and a subset N' = {1,2,...,n} of natural numbers, consider
n elements x1,x9,...,x, of X and a subset C of N consisting of ¢
distinct natural numbers. Let x¢ € A denote the c-tuple consisting of
x; for ¢ € C in order, i.e.,

xc:<1‘j1,$j2,...,xjc) for ji,jo,...,je €C (j1 < ja < -+ < Je).

When X = R?, the c-tuple z¢ € (RY)¢ is sometimes regarded as the
following matrix in R4*¢:

xe = [xj, xjy -+ xj,] for ji,52,...,4c €C (J1 < jo <+ < Je)-

Binary operations
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the Cartesian product.

the semidirect product (See Section 3.3).

the binary operation of a group (See Section 3.1).

the binary operation of a group action (See Section 3.2).

® x¥ X X

Basic sets

R the set of real numbers.

Ry the set of nonnegative real numbers.

Zy the set of nonnegative integers.

Pn the set of permutations of n elements.

P(N,N*) the set of bijective functions from a set A to N'*.

Basic matrices and vectors

1 the identity matrix of dimension n.
edi the ¢th unit vector of dimension d, i.e., ith column of I;.
14 :=[1 --- 1]T € R% the vector of dimension d with all
components 1.
Rot(#) = l c?s(ﬁ) —sin(9) ]; the two-dimensional rotation
sin(f)  cos(0)

matrix parametrized by 0 € [—m, 7).
Refl(w) := I; — 2ww'; the reflection matrix with respect to a
unit vector w € R%,

Operations for matrices and functions

det(M)  the determinant of a square matrix M.
tr(M) the trace of a square matrix M.
diag(dar) the (block) diagonal matrix with the ith diagonal entry

d; for i € N
f=0) = {x € R": f(x) = 0}; the zero set of f : R" — R™.
L, (f) ={x € R": f(x) < p}; the p-sublevel set of f : R" —
R for p € R.

Operations for sets

IC| the number of the elements in a finite countable set C.
cl(S) the closure of a set S.
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int(S) the interior of a set S.

pow(S) the power set (the set of all subsets) of a set S.

scaled(S) :={s5:5> 0,5 € S}; the scaled set of a set S.

orby(S) ={Hez:H € H,z € S}; the H-orbit of S (See
Section 3.4).

Operations for n-tuples

(x,y) the inner product of z,y € X for a metric space X.
(A7 YN) = Z(a:z, y;); the inner product of zar, yn € X"
ieN
|zl =/ {(xn, zAr); the norm of zpr € A™.
colp (A7) = Zp; the mth element of z € X™.
1
ave(x ) = — Z x;; the average of the elements of z €
" ien
X",
cen(zpr) = an—(ave(zpr),...,ave(xn)); the center of xpr €
X",
dist(zpr, D) = imfD |lxar — yar||; the distance from zp € X" to
YN E
a non-empty set D C A™".
projc(D) = {z¢ € Xl : 3zp € X" st zpr € D}; the pro-
jection of a set D C X™ onto the space X/Cl for
CCWN.
Matrix sets
GL(d) = {M € R4 : det(M) # 0}; the general linear group of
dimension d.
O(d) = {M € R4 . MTM = I,}; the orthogonal group of
dimension d.
SO(d) = {M € O(d) : det(M) = 1}; the special orthogonal

group of dimension d.
Skew(d) :={M € R¥><: M +M" = 0}; the set of skew-symmetric
matrices.

Notation on graphs

G = (N,E) the graph with a node set A" and an edge set £ C N2
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clq(G)

clg,(G)

(zn, G)

(D, G)

the index set of the maximal cliques in graph G (See
Section 4.2).

the index set of the maximal cliques in GG that node
i belongs to (See Section 4.2).

={j € N : {i,j} € £} U{i}; the neighbor set of
node 1.

the r-intersection graph of the maximal cliques in G
(See Section 4.5).

the framework of zx € (RY)™ over graph G (See
Section 4.3).

the set framework of D C (R?)" over graph G (See
Section 4.4).

Sets of scalar functions

VC 1

Vind (D)
Vdis(G)

vapp (D)

Vre1(./\/l X B)

the set of scalar, continuously differentiable func-
tions.

the set of indicators of a set D, defined in (7.6).
the set of functions having distributed gradients,
defined in (7.8).

the set of approximate indicators of a set D, defined
in (7.10).

the set of functions having relative gradients, defined
in (8.8).

11
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Overview

This chapter overviews the issues discussed in this monograph for multi-
robot coordination problems. Section 2.1 provides an overall picture
of the control problem. In Section 2.2, control objectives are given. In
Section 2.3, the control system of each robot is described in detail.
Section 2.4 formulates the target problem in a formal way.

2.1 Overall picture

Consider a multi-robot coordination system consisting of n robots in a
d-dimensional space as shown in Fig. 2.1. Let N' = {1,2,...,n} be the
index set of the robots. Each robot is governed by the equation

xl(t) = fi(xi(t)vui(t>vt)7 (2'1)

where z;(t) € R and u;(t) € R? are the state and the input of robot
i€ Nand f; : RIxR? xR — R describes the system dynamics which
could be nonlinear. The robots exchange information mainly by sensing
each other. The information structure is described by an undirected
graph G = (N, &), where & C N? denotes the set of edges. That is,
{i,j} € € implies that two robots i and j exchange information with
each other. Also, N; denotes the set of the neighbors of robot ¢ which

12
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Figure 2.1: An example of a multi-robot system with a sensing network.

is defined by
N;={jeN:{ij}e&}Uli}.

Robot i detects the relative position acg.i] (t) € R? of the neighbor
robot j € N; in its local coordinate frame, e.g., xg-i] (t) = xj(t) — ().

Then, the control input u;(t) should be generated as

wi(t) = cilal (1) (2:2)
for some function ¢; : (R9)™ — R? where n; = |A;| and 3U/[z}/l =
(:cgll],xgﬂ,,xﬂ) € (RY)™ describes the collection of the relative

positions of the neighbors ji,ja,...,7n, € N; such that j1 < jo <

- < jn;- The control objective is to converge the collective states
zn = (x1,22,...,2,) of all the robots to the set D C (RY)™ of the
desired configurations. We want to find w;(¢)(i € N) of the form (2.2)
which aims to derive

lim zar(t) € D.

t—o00

2.2 Control objectives

Two types of coordination tasks will be considered as the control objec-
tives of the multi-robot system. The first one is pairwise coordination,
formulated with functions each of which depends only on a pair of robots.
This coordination is easily handled and has been widely employed in
many papers. The second one is the main target of this monograph,
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namely, generalized coordination, which is expressed with a distance
function from the desired configuration set. This coordination contains
a wide range of tasks including pairwise coordination, and leads to a
unified solution to multi-robot coordination problems.

2.2.1 Pairwise coordination

Let ¢;; : (R)? — R, be a non-negative function of z; and z;, the states
of a pair of robots 4, € N, which determines a desired configuration of
the two robots. Then, we say that pairwise coordination with respect
to functions (v;;(zi, z;))ijen iz is achieved if

Jim g (i), () = 0 Vi, j € Nyi# j. (2.3)
Functions (1;;(4, %)) jen,iz; are said to be realizable if
i € RN st Pyj(af,a5) =0 Vi, j € N,i#j. (2.4)

In general, there are infinitely many convergent points according to
(2.3). This makes the coordination control problem complicated, and
it will turn out to be important to clarify DOF (degrees of freedom)
of the coordination. Let us see this by typical examples of pairwise
coordination as follows.

Example 2.1. Displacement-based formation is to achieve a configu-
ration prescribed by the desired relative positions r;; € R? between
robots as

lim (xl(t) = J,’j(t)) = Tij V1,5 € N,i = 7 (25)

t—o00

This is a pairwise coordination problem (2.3) with respect to the
pairwise functions

Pij(wi, w5) = ||l — x5 — rij | (2.6)

The functions in (2.6) are realizable if there exists a collection of

vectors z}, € (RY)" satisfying z} — x} =7y for all 4,5 € N,i #

j. Note that under (2.5), the positions xar(t) of the robots can
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be translated from the configuration x}, as Fig. 2.2. Hence, this
coordination has the DOF of translation.

Example 2.2. Distance-based formation is to achieve the desired
distance d;; > 0 between robots as

Jim [loi(t) — o;(0)]| = dig ViGENi£G  (27)

This is a pairwise coordination problem (2.3) with respect to the
pairwise functions

Pij(@i, x5) = (|lz: — z5]|° — d3;)* (2.8)

The functions in (2.8) are realizable if there exists a collection of
vectors z}, € (RY)" satisfying ||z} — xi|| = djj for all 4,5 € N,i # j.
Under (2.7), zar(t) can be translated, rotated, and reflected from
x, as illustrated in Fig. 2.3. Hence, this coordination has the DOF
of translation, rotation, and reflection®.

“Here, not only rotation and translation, but also reflection is included in
DOF from the viewpoint of possible transformation.

*
Z, T3

One desired Resultant configuration
configuration with translation

Figure 2.2: Displacement-based formation: the resultant configuration (z1,z2, z3)
can be translated from (z7,z5,z3).
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Example 2.3. Encircling formation is to achieve the two conditions
for a given target: (i) the desired distance from the target is attained
by each robot, (ii) the desired angle between each pair of the robots
around the target is achieved. Without loss of generality, assume
that the target is at the origin. Then, conditions (i) and (ii) are
described as follows:

limg_yoo ||zs()|| = di Vi€ N

. 1 (i), 2 (2)) . .,
lim cos 1<1’—j:9-- Vi, 5 € N,i # 7,

t=00 lz: @l @1 ™
where d; > 0 is the desired distance of robot ¢ and 6;; € [0, 7] is the
desired angle between robots ¢ and j. This is a pairwise coordination
problem (2.3) with respect to the pairwise functions

(2.9)

ij(zi, 25) = (lasl|* = d)? + (|la5]* - d)?
a4 (<$¢,.%'j> - didj COS Gij)g. (2.10)

The functions in (2.10) are realizable when there exists a collection of
vectors z}, € (RY)" satisfying |2} = d; and (z7,2}) = did; cos 0;;
for all 4,j € N,i # j. Note that under (2.9), zxr(t) can be rotated
and reflected from xy, as illustrated in Fig. 2.4. Hence, this coordi-

One desired Resultant configuration Resultant configuration
configuration with translation, rotation with reflection in addition

Figure 2.3: Distance-based formation: the resultant configuration (z1, z2,z3) can
be translated, rotated, and reflected from (z7, x5, z3).
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nation has the DOF of rotation and reflection, but does not have
that of translation.

Example 2.4. We say that the robots reach consensus if

lim (x;(t) — x;(t)) =0 Vi,j € N. (2.11)

t—o00

This is a pairwise coordination problem (2.3) with respect to the
pairwise functions

Yij(xi, z5) = |2 — @5 (2.12)

The functions in (2.12) are always realizable because (2.4) holds
when 2} are the same for all i € N.

Whether functions (v;(x4, ;5))ijen,i; are realizable or not usu-
ally depends on the parameters describing the desired configurations.
Appropriate parameters can be easily determined from one desired
configuration z, € (R)™. For example, in distance-based formation of
Example 2.2, once one x, is given, realizable functions in (2.8) can be
assigned with the desired distances d;; = ||z} — z7||.

L &
T, 1 T,
2
N
3 €T3 Ly
One desired Resultant configuration Resultant configuration
configuration with rotation with rotation, reflection

Figure 2.4: Encircling formation: the resultant configuration (z1,z2,x3) can be
rotated and reflected from (z7, 25, z3).
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2.2.2 Generalized coordination

Pairwise coordination implicitly assumes that the coordination problem
in question is decomposable into coordination problems on pairs of
robots. However, this is not the case in general. To overcome this
drawback, we introduce generalized coordination. For a set D C (R%)",
we say that generalized coordination with respect to D is achieved if

lim dist(ax(t), D) = 0. (2.13)

The set D, called a desired configuration set, describes desired con-
figurations in a general way. Here, the distance function is defined
as

dist(zpr, D) := inf |zn — yn||
yn €D

for zpr € (RY)™ and D C (R%)", where the norm ||| of the n-tuples
zn € (RY)™ is defined with the Euclidean norms ||z;]| of vectors z; € RY

(i € N) as follows:
lzarll = |3 Nl
ieN

For example, distance-based formation shown in Example 2.2 can
be expressed by (2.13) with

D={zn € RY": ||z; —x;]| = dij Vi,j €N, i#j}. (2.14)

Alternatively, we can express the set D in (2.14) as follows. Let x}, € D
be a desired configuration which is chosen arbitrarily in D, then any
xn € D can be described as

z; =Sz +71 (1eN) (2.15)

with an orthogonal matrix S € R?*? representing transformation of
rotation and reflection and a vector 7 € R? representing translation
transformation of xxs from zy,. Both the transformations show DOF
(degrees of freedom) of the coordination as shown in Example 2.2. Hence,
defining S = O(d), T = R%,

D= {zny € (RH)":3(S,7) € ST s.t. ;= Sxi+71 Viec N} (2.16)
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is an alternative representation to (2.14), where O(d) denotes the or-
thogonal group of dimension d.

By extending both sets S and T to general ones, much broader
class of coordination can be defined by (2.16). The Cartesian set S x T,
which is named a coordination freedom set, directly determines DOF in
coordination. Specifically, S can give the DOF of rotation, scale, and
reflection, while 7 can give that of translation in coordination.

Various coordination tasks can be expressed by the generalized
coordination with respect to the set D of the form (2.16). Some examples

are given as follows.

Example 2.5. The examples of the pairwise coordination in Sub-
section 2.2.1 are expressed by the generalized coordination problem
(2.13) with respect to D in (2.16) through the following S x 7.

o Displacement-based formation in Example 2.1 is given with
Sx T ={I;} xRY.

o Distance-based formation in Example 2.2 is given with Sx7T =
0(d) x R<.

o Encircling formation in Example 2.3 is given with S x T =

O(d) x {0}.

The following are examples which cannot be described by the pairwise
coordination (2.3).

Example 2.6. Position-based formation is an individual regulation
problem for the desired position z] € R? as

lim z;(t) =z} VieN.

t—o00

This is a generalized coordination problem (2.13) with respect to
the desired configuration set D in (2.16) for S x T = {I4} x {0}.
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One desired Resultant configuration
configuration with rotation, translation

Figure 2.5: Reflection-free formation: the resultant configuration (z1,z2,zs) can
be rotated and translated from (x},z3,23), where 8 € [—m,7) and 7 € R? denote
rotation angle and translation vector, respectively.

Example 2.7. Reflection-free formation has the DOF of rotation
and translation as the distance-based formation (2.7), but prohibits
reflection from the desired configuration. This is characterized with
S x T = SO(d) x R% in (2.16) instead of S x T = O(d) x RY,
where SO(d) denotes the special orthogonal group of dimension d.
See Fig. 2.5 for an example in a d = 2-dimensional space, where
6 € [-m,7) and 7 € R? represent a rotation angle and translation
vector of zxr from z},. In this case, S = Rot(f) € S and 7 € T are
assigned in (2.15), where Rot(-) represents the rotation matrix of
dimension 2 as

cosf —sind
i) = lsin& cos @ ] ’

Example 2.8. Scaling position-based formation is to achieve the
desired position z} € R? with an arbitrary scale as

35> 0 s.t. lim zi(t) = sz} VieN.

The scale factor s > 0 is common to the robots, and the resultant
configuration of xs(t) is similar to z}, as illustrated in Fig. 2.6.
This task is a generalized coordination problem (2.13) with respect
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Z,
4 @ z,

One desired Resultant configuration ~ Resultant configuration
configuration with scale-down with scale-up

Figure 2.6: Scaling position-based formation: the resultant configuration
(z1,22,23,24) can be scaled from (x7, x5, 23, z}).

to D in (2.16) for S x T = scaled({I4}) x {0}, where scaled(-)
represents the scaled set, i.e., scaled(S) := {sS:s> 0,5 € S} for
aset S.

Example 2.9. Scaling displacement-based formation is to achieve
the desired configuration with an arbitrary scale in the displacement-
based formation (2.5) as

ds >0 s.t. tl_i)m (zi(t) — xj(t)) = srsj Vi,j € N,i#j.

This problem is characterized with S x T = scaled({I;}) x R in
(2.16).

Example 2.10. Scaling distance-based formation is given as
ds >0 s.t. tli}rn |lzi(t) — z;(¢)|| = sdij Vi, jeN,i#j

by adding the DOF of scale to the distance-based formation (2.7).
This problem is characterized with S x T = scaled(O(d)) x R in
(2.16).
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Example 2.11. Scaling reflection-free formation is a generalized
coordination problem (2.13) with respect to D in (2.16) for Sx 7T =
scaled(SO(d)) x R¢.

The following examples are the generalized coordination that cannot
be expressed with D of the form (2.16).

Example 2.12. Formation selection is a task to select and form
one of the prescribed configuration patterns, as illustrated in Fig.
2.7. Let p € Z:\{0} be the number of the patterns, and let Q =
{1,2,...,p} denote the index set of the patterns. The gth desired
configuration pattern for ¢ € Q is prescribed by x;? € (Rd)”. Then,
this task is represented as

)

Jg€ Q st lim zi(t) =z VieN.

This task is a generalized coordination problem (2.13) with respect
to the desired configuration set

D={zy€RY)":Ig€ Q st.ay=23}} = U {z3?}, (2.17)
q€Q

which is a discrete set consisting of multiple points.

Example 2.13. Position assignment is to achieve the desired con-
figuration described by z7,23,...,2) € R? with any assignment.
That is, z;(t) can be assigned to any of x7, x5, ...,z as long as the
assignments are not overlapped as illustrated in Fig. 2.8. This task
is represented as

Ja € Py st lim zi(t) = x5 ViEN, (2.18)

where P, represents the set of permutations of n elements. Equation
(2.18) means that the reference x}, for k = (i) is assigned to robot
7 through a permutation oo € P,,. This is a generalized coordination

Overview
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Z
a:.]*l 1
[1] ©
x T
x;l .’E;l 2 3

or
3 x? x) T T, Ty Ty
[ 2] 3] [4] OO
Multiple desired Either pattern is permitted
configuration patterns for resultant configuration

Figure 2.7: Formation selection: the resultant configuration (x1,x2,x3,24) is ex-

pected to form either of the desired patterns (z3i', z3', x5, x3') or (232, 232, 32, 23?).

x, T, z,
[1] @ ©)
*
) T3 Ly Ty Ly z,
2 .. B
Ty Z Ty
[4] ) ®
One desired Resultant configuration  Resultant configuration
configuration with assignment 1 with assignment 2

Figure 2.8: Position assignment: the resultant configuration (1, z2,zs,z4) has to
form the desired configuration (z7,x3,x3,x3) with any assignment.

problem (2.13) with respect to the desired configuration set

D={zy e RY":JaeP, st. z;=2z" )y Vie N}

ot

= U {(x:;(l)a xZ(Q)a <o 7‘,17:;(71))}7 (219)

aEPy

which consists of multiple points and is discrete.
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2.3 Control with relative measurements

So far, everything is described in a global coordinate frame which is
common to all the robots. However, depending on the sensing capability,
measurements of each robot are given in its own local coordinate frame.
Hence, first, the relation between the global coordinate and the local
coordinate is explicitly stated. Second, kinematic models of robots will
be given. Third, admissible controllers subject to relative measurements
are described.

2.3.1 Frame transformation due to sensing capability

Let ¥ and X;(¢t) denote the global coordinate frame and the local
coordinate frame corresponding to robot i, respectively. Suppose p(t) €
R? represents the position of a moving object at time ¢ in the global
coordinate frame X, and pl (t) € R? corresponds to its presentation in
the local coordinate frame %;(¢). Then, the following relation holds:

p(t) = Mi(t)p () + bi(t) (2.20)

with a matrix M;(t) € R™? and a vector b;(t) € R? One simple
example in a two-dimensional space is shown in Fig. 2.9, where M;(t) =
Rot(0;(t)) € SO(2) represents the rotation of ¥;(t), where 6;(t) € [—m, )
is the bearing angle of the front of robot i, and b;(t) = z;(t) € R?
represents the translation of X;(t).

In general, M;(t) and b;(t) are heterogeneous and cannot be specified
by anyone including robot i itself. However, we may assume that they
belong to some known sets M and B, i.e.,

Mz(t) e M, bz(t) ebB

holds. In the above example, these sets are given by M = SO(2), B = R2.
The pair (M, B) will define the possible transformation of the local
coordinate frame X;(t). Therefore, the Cartesian product M x B is
called the frame transformation set. Since the frame transformation set
depends on the sensing capability of the robots, several examples will
be given below.
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2
D
N
p X P
0;
Z; q frmmmm
0

Figure 2.9: Global and local coordinate frames X, ¥;(t) in a two-dimensional space.

Example 2.14. If each robot recognizes its absolute position and
the absolute bearing by using a GPS (Global Positioning Sensor),
the global coordinate p(t) is directly measurable, implying that
pld(t) = p(t). Then, (2.20) holds for M;(t) = I; and b;(t) = 0, and
the global and local coordinate frames ¥, ¥;(¢) are equivalent. In this
case, the frame transformation set is assigned as M xB = {I;} x {0}.

Example 2.15. If there is a landmark observable by all the robots,
but the absolute bearing is unavailable to them, the origins of the
local coordinate frames ¥;(¢) of the robots can be assigned to the
position of the landmark, but the orientations cannot be aligned.
Then, b;(t) = 0 is obtained while the difference of the orientations is
expressed by a rotation matrix M;(t) € SO(d) in (2.20). In this case,
the transformation in rotation can occur, and M x B = SO(d) x {0}
is obtained. See Fig. 2.10a for the illustration of the relation of the
coordinate frames in a two-dimensional space.

Example 2.16. If the absolute bearing is available to each robot
by using a compass while the absolute position is unavailable, the
orientations of 3 and X;(¢) can be aligned while the origins cannot
be at the same position. By assigning the position x;(¢) of robot i to
the origin b;(t) of X;(t), M;(t) = I and b;(t) = x;(t) are obtained in
(2.20). Because the value of z;(t) € R? is unknown, transformation
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(a) M x B=S0(2) x {0} (b) M x B = scaled(SO(2)) x R?

Figure 2.10: Relation between global and local coordinate frames X, 3;(t): (a)
the origins of the frames correspond to the position of the landmark, while their
orientations do not coincide; (b) the origin of X;(¢) is at the robot position z;(t),
and neither of the orientations nor scales of the frames are not equivalent.

in translation occurs, and M x B = {I;} x R? is achieved. See
Example A.2 for more details.

Example 2.17. Without the absolute bearing or the absolute posi-
tions, neither the orientations nor the origins of ¥ and ¥;(¢) can
coincide. In this case, transformation in rotation and translation
occurs, and M;(t) € SO(d) and b;(t) = x;(t) are obtained. Then,
M x B =80(d) x R? is achieved, as illustrated by Fig. 2.9 for the
case of d = 2. Example A.1 describes the transformation in more
detail.

Example 2.18. In addition to Example 2.17, if the scale factors
of distance sensors are incorrect, the scales of the local coordinate
frames ¥;(¢) can be different among the robots, which causes trans-
formation in scale. Then, (2.20) is satisfied with M;(t) = s;(t)R;(t)
for a rotation matrix R;(t) € SO(d) and a scale s;(t) > 0. In this
case, M x B = scaled(SO(d)) x R? is obtained. The relation of the
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frames in a two-dimensional space is illustrated in Fig. 2.10b. See
Example A.3 for more details.

Example 2.19. In addition to Example 2.17, consider the situa-
tion that a flip ambiguity occurs from distance-based localization
(Kannan et al., 2007), which causes transformation in reflection
to 3;(t). Then, M;(t) corresponds to either R;(t) or R;(t)Refl(w)
for a matrix R;(t) € SO(d) and a unit vector w € RY, where
Refl(w) := Iy — 2ww" is the reflection matrix with respect to w.
Therefore, M;(t) € O(d) holds, and M x B = O(d) x R? is obtained.
See Example A.4 for more details.

2.3.2 Kinematic models

For simplicity and clarity, kinematic models over the local coordinate
frame are employed. Namely, the state z;(¢) € R? of robot i is supposed

to be governed by
:Bz(t) = Mi(t)ui(t), (2.21)

where u;(t) € R? represents the input to determine the local velocity and
M;(t) € M is a coordinate transformation matrix as shown in (2.20).
This implies that we assume that each robot is locally controlled so as
to move along with its velocity command in its local coordinate frame.
Note that the translation term b;(t) does not matter in kinematics, so
it does not appear here.

Some examples of the kinematics models according to the sensing
capability are given below.

o Corresponding to Examples 2.14 and 2.16, when the absolute
bearing is available, M = {I;} is obtained. Then, for M;(t) =
I;, the model (2.21) is reduced to the single-integrator system
:L‘Z(t) = uz(t)

o Corresponding to Examples 2.15 and 2.17, if the absolute bearing
is unavailable, M = SO(d) is obtained. Then, the kinematic
model is given as (2.21) for M;(t) = R;(t) with a rotation matrix
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R;i(t) € SO(d). Note that the input u;(t) cannot directly determine
which direction robot ¢ moves toward because the motion depends
on the unknown rotation R;(t).

o Corresponding to Example 2.18; if the scale factors of distance
sensors are incorrect, M = scaled(SO(d)) is employed. Then, the
kinematic model is provided as (2.21) for M;(t) = s;(t)R;(t) with
R;(t) € SO(d) and s;(t) > 0. Note that in this case, the speed
of robot i obtained from the velocity command w;(¢) is unknown
because the unknown scale factor s;(t) multiplies the velocity
command in (2.21).

2.3.3 Relative measurements

When robot i € N observes robot j € N in the local coordinate frame
¥;(t), the measured position is expressed from (2.20) as

2 (t) = M) (5(t) — bi(t)) (2.22)

(2

for the position z;(t) € R? in ¥ of robot j with some (M;(t),b;(t)) €
M x B. Here, l'g-ﬂ (t) is called the relative position of robot j in X;(t).

Based on (2.22), various types of relative measurements can be
described as follows.

o Corresponding to Example 2.14, when the absolute position and
bearing are available to each robot, the absolute positions of the
neighbors can be obtained. Actually, for M xB = {I;} x{0}, (2.22)
with (M;(t), bi(t)) = (14,0) € M x B is reduced to 2. (t) = u;(t).

o Corresponding to Example 2.16, when the absolute bearing is avail-
able while the absolute position is not, the relative positions of the
neighbors are obtained in aligned local coordinate frames. Then,
for M x B = {I;} x R%, (2.22) with (M;(t), b;(t)) = (Ig,z(t)) €
M x B is reduced to SL‘E-Z] (t) = x;(t) — xi(t).

o Corresponding to Example 2.17, when neither the absolute bearing

nor the absolute position is available, the relative positions of
the neighbors are obtained in misaligned local coordinate frames.
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Actually, for M x B = SO(d) x R?, the relative position (2.22)
with (M;(t),bi(t)) = (Ri(t), zi(t)) € M x B is reduced to x ]( t) =
R (8)(x;(t) — @i(1)).-

o Additionally, if the scale factors of distance sensors are incorrect,
M x B = scaled(SO(d)) x R is obtained, corresponding to Exam-
ple 2.18. Then, the relative position (2.22) with (M;(t),b;(t)) =
(si(t)Ri(t), xi(t)) € MxBisreduced to ajy] (t) = s; LR (t)(24(2)
—xi(t)).

2.3.4 Admissible controllers

Over the sensing network G = (N, &), each robot obtains the infor-
mation on the relative positions xk]@ (t) of the neighbors, where the
neighbor set N; is defined as

N;={jeN:{ij}e&}uUli}.

Then, the control input u;(t) has to be generated only with xk]/z (t), and
thus a static controller can be implemented if it is of the form

uilt) = el (t) (2.23)

with a function ¢; : (RY)WNil - R? depending only on :UH -(t). This
function cz(azwl) is called a (static) distributed controller with relative
measurements. Here, we assume that only such a controller is admissible.

Fig. 2.11 illustrates the block diagram of the overall system, consist-
ing of the kinematic model (2.21), the relative positions (2.22) of the
neighbors for b;(t) = z;(t), and the distributed controller (2.23) with
relative measurements.

2.4 Problem formulation

The target problem is formulated from the control-theoretic viewpoint
in this section. The concepts of stability are defined as follows. Let a
closed set D C (R)™ be an equilibrium set of the system (2.21) for
i € N with some control input u;(t) € R The set D is said to be
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Relative positions Controller Kinematic model
(2.22) (2.23) (2.21)
€mmmmmmmm ) > €--—-—-- I e >
z,
Z; —>
+ x[;] G u; ; ZL;
M > > M, > j —T—>

Figure 2.11: Block diagram of the overall system, consisting of the kinematic model
(2.21), the relative positions (2.22) for b;(t) = z;(t), and the distributed controller
(2.23) with relative measurements.

(Lyapunov) stable if for each € > 0, there exists an open set A(e) D D
such that

zAr(0) € A(e) = dist(zar(t), D) < e Vit >0.

In addition, D is said to be asymptotically stable if D is stable and there
exists an open set A D D such that

zn(0) € A= tl_i)m dist(z (), D) = 0.

To achieve the generalized coordination (2.13) with respect to a
desired configuration set D, we want to design a distributed controller
with relative measurements such that D is asymptotically stable. The
solvability of this problem fully depends on the characteristics of the
triple (D, G, M x B) since the measurements are transformed as (2.22)
by unknown (M;(t),b;(t)) € M x B and the available information is
limited as (2.23) by G. Hence, the condition of the triple to solve this
problem has to be specified.

The problem tackled in this monograph is summarized as follows.

Problem 2.1. For a desired configuration set D C (R)", a graph
G, and a frame transformation set M x B C R%*4 x R?, specify the
triple (D, G, M x B) such that there exists a distributed controller
(2.23) with relative measurements (2.22) for G and M x B such
that D is asymptotically stable for the kinematic model (2.21).
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Furthermore, design such a controller when it exists.

2.5 Notes and references

There are many reviews and books for multi-robot (multi-agent) coor-
dination problems through a control-theoretic approach such as Bullo
et al., 2009; Bai et al., 2011; Ren and Cao, 2011; Oh et al., 2015; Tron
et al., 2016; Cortes and Egerstedt, 2017; Sun, 2018; Queiroz et al.,
2019; Ahn, 2020. The features of this monograph are two-fold: (i) The
description of the coordination tasks is generalized as (2.13) with the
desired configuration set D, while individual tasks are treated in the
conventional research. (ii) The concept of the local coordinate frame
Y;(t) is generalized with the frame transformation set M x B, while only
M x B =S0(d) x R% is employed in the conventional research. As a re-
sult, various types of coordination tasks and relative measurements can
be expressed in the same manners, and essential connections between
them are revealed through the triple (D, G, M x B) in the following
chapters. These formulations were firstly introduced in Sakurama et al.,
2015 and Sakurama, 2021b, respectively. While the form (2.16) of the
desired configuration has been taken for affine formation control as Lin
et al., 2016; Zhao, 2018, relative measurements are not considered in
these papers.

There are several possible extensions of the problem in this mono-
graph. First, instead of the kinematic model (2.21), we can consider
more general dynamics (2.1), e.g., passive systems. The approach of
this monograph, the gradient-flow method, is directly applicable to
passive systems even if the dynamics of the robots is heterogeneous or
includes uncertain parameters. See Bai et al., 2011; Hatanaka et al.,
2015 for details on passive systems. Non-holonomic systems are treated
in Section 9.4. Second, the static controller (2.23) can be extended to a
dynamic one to enhance control performance. For example, in Rozenheck
et al., 2015, a PI-type formation controller to remove tracking errors has
been proposed. In Sakurama, 2021a, a PI-type formation controller has
been employed to remove formation errors caused by uncertain body
rotations and input disturbances. Third, the gradient-flow approach is
practically useful to time-varying networks although theoretical results
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are valid only for time-invariant networks. See Section 9.3 for simulation
results with a state-dependent time-varying network.
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Group Theory

A group is a set with a binary operation satisfying the four axioms:
closure, associativity, identity, and inverse. Group theory is essential to
the control theory of multi-robot systems. Actually, the coordination
freedom set S x T in Subsection 2.2.2 and the frame transformation set
M x B in Subsection 2.3.3 can be handled as a type of group, called
a semidirect product. Accordingly, a unified solution to multi-robot
coordination problems is provided using tools of group theory.

This chapter provides relevant concepts, including groups, subgroups,
group actions, semidirect products, free group actions, group orbits,
tnwariant subsets, and invariant functions.

3.1 Basics

A set H is called a group with respect to a binary operation * if H
satisfies the following four properties:

o (closure) Hy x Hy € H for any Hy, Hy € H;

o (associativity) (Hy*Ho)*Hs = Hyx(HyxHs) for any Hq, Hy, Hs €
H;

34
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o (identity) Iy € H, where Iy is the identity element of H, satisfying
Iy« H=H Iy = H for any H € H;

o (inverse) H™! € H for any H € H, where H~! is the inverse
element of H, satisfying H '« H = Hx H™' = I,.

A subset H of H is said to be a subgroup of H if H is a group with
respect to the same operation as H.

Typical examples of groups are sets of matrices with respect to the
binary operations of multiplication and addition as follows.

Example 3.1. The following matrix sets are groups with respect to
multiplication.

o The general linear group GL(d) C R¥*?, i.e., the set of non-
singular matrices.

o The orthogonal group O(d) C GL(d), i.e., the set of orthogonal
matrices.

o The special orthogonal group SO(d) C O(d), i.e., the set of
orthogonal matrices with determinant 1.

o The set {I;}, consisting of only the identity matrix I,.

o The set {I;, Refl(w)}, consisting of the identity matrix I4 and
the reflection matrix Refl(w) of a unit vector w € RY,

These groups are all subgroups of GL(d), and SO(d), {I;}, and
{I4,Refl(w)} are subgroups of O(d).

Example 3.2. The following vector sets are groups with respect to
addition.

o The Euclidean space R%.

o Any subspaces of R



36 Group Theory

o The set {0} C R?, consisting of only the zero vector.

Let us define the scaled set of a set H as
scaled(H) := {sH : s > 0,H € H}.

If H is a group with respect to a binary operation x*, scaled(#) is a group
with respect to the binary operation ¢ such that (s1Hj) *g (soHs) =
(s182)(Hy*Hy) for s1,s9 > 0and Hy, Ha € H. Note that H is a subgroup
of scaled(H), and that if # is a subgroup of H, scaled(?':[) is a subgroup
of scaled(H).
Example 3.3. The scaled set of O(d) is given as
scaled(O(d)) = {sW € R4 : 5 > 0,W € O(d)},

which is a group with respect to production. For S € scaled(O(d)),
STS = s>W W = s%I; holds with some s > 0, W € O(d). Taking
the determinants of the both sides yields | det(S)|? = (s2)9. Hence,
s =|det(S )\% is obtained, and scaled(O(d)) is reduced to

scaled(0(d)) = {S € R4 §T§ = | det(S)|a 14} (3.1)

3.2 Group actions

A group H is said to act on a set X with respect to a binary operation
o if the following three properties are satisfied:

o (closure) H ex € X for any H € H and x € X;

o (associativity) (Hy *x Hy) e x = Hy @ (Hy @ ) for any Hy, Hy € H,
and r € X;

o (identity) Iy @ x = x for any = € X.
If a group H acts on X, H acts on X in the following way:

Heoexy:=(Heox,Hoxy ..., Hox,)c X" (3.2)
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for H € H, x1,29,...,2, € X, and N = {1,2,...,n}. Moreover, H
acts on pow(X) in the following way:

HeX" :={HezxcX:xec X"} e pow(X) (3.3)

for H € H and X* € pow(X) (i.e., X* C X), where pow(-) represents
the power set (the set of all subsets) of a set.

3.3 Semidirect products

A semidirect product introduces a special transformation into a Carte-
sian product with a group action, associated with multi-robot coordina-
tion problems. Actually, the coordination freedom set and the frame
transformation set introduced in Subsections 2.2.2 and 2.3.1 are rede-
fined as semidirect products S x 7 and M x B, as shown below. Then,
analysis of the semidirect product plays a key role in revealing an impor-
tant relation between desired coordination and required measurements
through & x 7 and M x B.

Let S and 7 be groups with respect to multiplication and addition,
respectively, such that S acts on 7 with respect to multiplication. The
semidirect product of S and T, denoted by S x T, is the group of the
elements of the Cartesian product § x T with respect to the binary
operation * defined as

(51,7'1)*(52,7'2) = (5152,71+5172) eESxT (3.4)

for (S1,71),(S2,72) € S x T. From (3.4), the identity element of S x T
is given by (Is,0), where Is and 0 are the identities of S and T,
respectively, and the inverse element of (S,7) € S x T is derived as

(S,7)" = (571, =S5 1r). (3.5)

The group action of the semidirect product is defined as follows. Let
X be a set such that S and T act on X with respect to multiplication
and addition, respectively. Then, the semidirect product S x 7T acts on
X in the following way:

(S,7)ex:=Sr+717€X (3.6)

for (S,7) e Sx T and x € X.
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Through the semidirect products S x 7 and M x B, the transfor-
mations in multi-robot coordination problems can be expressed by the
group action (3.6) of the semidirect product together with (3.2) as
follows. First, the transformation (2.15) of the desired configuration can
be described as

zn = (S, 7)exi = (Sz] +7,...,5, +7) (3.7)
at once for all i € N with (S,7) € § x T. Second, the coordinate
transformation (2.20) is described as

p(t) = (M;(1), bi(t)) o pl(t)

for (M;(t),bi(t)) € M x B. Accordingly, from the inverse (3.5) of the
semidirect product, the relative position (2.22) is expressed as

2 (8) = (Mi(0),bi(t) " @ 2 (8). (3.8)

Example 3.4. Let S x T be scaled(SO(d)) x RY, and its element is
described as (S,7) = (sR,7) with s > 0, R € SO(d), and 7 € R?,
Then, (3.7) is reduced to

zn = (sR,7) ez = (sRx] +7,...,sRx;, +7) (3.9)

for (3,...,2%) € (RY)™. Through (3.9), the vectors %, ..., 2} € R?
are scaled, rotated, and translated according to scale s, rotation
R, and vector 7. By regarding z, as the apexes of a polygon in a
plane/space, xar in (3.9) can be considered as a polygon similar to

3.4 Group orbits

A group orbit is the set of all resultants of a group action. In multi-robot
coordination problems, the desired configuration set (2.16) is compactly
expressed as
D={zyeRY:3(S,7) € SXT st. zp=(S7)exi}
= orbsx7(z)) (3.10)
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with the group orbit defined below. Furthermore, the group orbit helps
us characterize the desired configuration set D achievable with relative
measurements under the frame transformation set M x B in Section
8.2.

Consider a set X and a group H acting on X. The H-orbit of a
subset X'* of X is defined as

orby (X™) := U HeX*
HeH
={HezxcX:HecH,xeX}, (3.11)

where the equation follows from (3.3). If X* = {z*} is a singleton of
z* € X, we describe just orby (z*) for orby ({z*}).

Example 3.5. The set D in (3.10) with S x 7 = scaled(SO(d))
xR? corresponds to the desired configuration set D for scaling
reflection-free formation in Example 2.11, described as

D ={(sRx} +7,...,sRx; +7):5>0,RcS0(d), r € R}
= Orbscaled(SO(d))lde (xj/k\/) (312)

from (3.9). This set corresponds to the set of the polygons similar
to z)\, from Example 3.4.

Let proje(D) be the projection of a set D C X™ onto the X/Cl-space
for CCc N =1{1,2,...,n}, defined as

proje(D) := {z¢ € X1 : Jxpr € X7 s.t. a2 € D). (3.13)

The following lemma shows that the operations of projection and group
orbit are commutative.

Lemma 3.1. Consider a group H acting on R% and a subset X* of
(RY)™. Then, for C € N' = {1,2,...,n}, the following holds:

proj(orby (X™)) = orby (proje(X™)). (3.14)
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Proof. From (3.11) and (3.13),

proje(orby (X*)) = projo({H e xpnr: H € H,zpn € X™})
={Hexc:HeH,xnyecX"}
={Hey:HecH,yec proje(X™)}
= orbyy(proje (™))
holds, and (3.14) is achieved. O

Consider the desired configuration set D of the orbit as (3.10). The
configuration set of a part of the robots, indexed by C C N, is described
as projc(D). Lemma 3.1 guarantees that this set is also of the form of
an orbit as follows:

proj¢(D) = proje(orbsx7(z))) = orbswr(proje(zi))
= orbsx7(2f). (3.15)

Example 3.6. For the set D in Example 3.5 and C = {j1, ja, - - -, jjc|} C
N,

projc (D) = proje(0rbycated(so(d))xrd (TA)) = OIbgcaled(s0(d)) ke (TC)
={(sRa}, +,...,sRx}_+7):s>0ReS0(d),r € R}

Jie|
is obtained from (3.12) and (3.15). This set corresponds to the set
of the polygons similar to z{.

3.5 Invariant subsets

For a set X and a group H acting on X', a subset D of X is said to be
H-invariant if H e x € D holds for any H € ‘H and x € D, which is
expressed as

HeDCD VHeH (3.16)

according to (3.3).
Notably, any H-invariant subset can be characterized by an H-orbit
as follows.
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Lemma 3.2. For a set X and a group H acting on X', a subset D of
X is H-invariant if and only if there exists a subset X* of X such
that D is of the form

D = orby (X™). (3.17)

Proof. (Sufficiency) Consider the set D in (3.17). From the definition
(3.11) of the group orbit and the associativity of the group action, the
following holds for any H € H:
HeD=He(|) Hex*)= |J(H=«H)oX*C |J HeX* =D,
HeH HeH HeH

where H and H are any elements of A, and the inclusion holds because
Hx H € H from the closure of the group operation. The inclusion (3.16)
is obtained.

(Necessity) Assume that a subset D of X is H-invariant. From (3.11)
and (3.16),

orby(D)= | J HeDcC |J D=D

HeH HeH
holds. The inverse inclusion follows from the definition (3.11) of the
orbit, and (3.17) holds for X* = D. O

Lemma 3.2 indicates that the desired configuration set D in (3.10),
namely orbs.7(x}), is (S x T)-invariant. Furthermore, the following
lemma shows that the invariance of the desired configuration proj. (D)
of a part of robots is preserved.

The projection of an H-invariant subset of X™ is also an H-invariant
subset as follows.

Lemma 3.3. For a set X and a group #H acting on X', assume that D
is an H-invariant subset of X™. Then, for any C C N' = {1,2,...,n},
proje (D) is an H-invariant subset of X1¢l.

Proof. From the assumption that D is an H-invariant subset of X",
Lemma 3.2 guarantees that D = orby (X™) holds with some X* C A™.
Then, from Lemma 3.1,

projc(P) = proje(orby (X)) = orby(proje (™))



42 Group Theory

holds. The right-hand side of this equation is of the form (3.17) for
proje (X™) instead of X*. Therefore, Lemma 3.2 guarantees that proj.(D)
is an ‘H-invariant subset. O

3.6 Invariant functions

For a set X and a group H acting on X, a function v : X — R is said
to be H-invariant if

v(Hezx)=v(x) YVH e H,xz e X. (3.18)

A function v(x) is said to be relatively H-invariant of weight u: H — R
if

v(Hex)=u(H)v(zr) VH € H,x € X. (3.19)

For some semidirect products S x T, examples of (relatively) (SxT)-
invariant functions are given as follows.

Example 3.7. For r;; € R%, the function v : (RY)" — R given as

v(n) = D Il — a5 —ryll? (3.20)

{ijte
is ({3} x RY)-invariant (i.e., invariant under translation), where & is
a set of pairs of the elements in N' = {1,2,...,n}. This function is

used to evaluate the achievement of displacement-based formation
(2.5). The invariance in (3.18) is verified for (Ig,7) € {I;} x R? as

v((Ig,7)expn) =v(x1 + 7). Ty +T)

= > @i+7) = (&j+7) =135
{i,j}€€

= Yz — x5 — gl = v(zw). (3.21)
{i,7}€€

Example 3.8. For d;; > 0, the function v : (RH)™ — R, given as

v(ay) = Y, (o —z;)* — d3;)? (3.22)
{i,j}€€
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is (O(d) x RY)-invariant (i.e., invariant under translation, rotation,
and reflection). This function is used to evaluate the achievement of
distance-based formation (2.7). The invariance in (3.18) is verified
for (S,7) € O(d) x R? as

v((S,7)expn) =v(Sxy +7,..., ST, +T)
= > (I(Szi +17) = (Szj + 7)I* - dfy)*
{i,j}e€

= Y (IS —x;)|? - d%)? = v(zn).  (3.23)
{i,j}€€

Example 3.9. For d;; > 0, the function v : (R%)" — R, given as

: 2 2 712 \2
van) =it Y (les— ol - o) (32)
{i,7}€€

is relatively (scaled(O(d)) x R%)-invariant of weight |det(S )]% for
(S, 7) € scaled(O(d)) xR¢, which is used to evaluate the achievement
of scaling distance-based formation (2.10). The relative invariance
in (3.19) is verified with S = sW € scaled(O(d)) for s > 0 and
W € O(d), and 7 € R? as

v((S,7) ® zpr)
= inf > (I(sWai+ 1) = (sWa; + 7)) - 02d3)?

{i.jte€
4 . D o’ 212
=stinf Y (Joi - yl? - G2
{i,j}e€
=stinf 3 (o — 3yl - %d3)?
{i.j}e€
= stu(zn), (3.25)

where 0 = o/s and s = \det(S)]é from (3.1).

For certain S x T, the distance functions of (S x 7)-invariant subsets
are (relatively) (S x 7)-invariant functions as follows.
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Lemma 3.4. Assume that D is a non-empty, (S X T )-invariant
subset of (R?)". Consider the squared distance function v(zr) =
(dist(xpr, D))? for xp € (RY)"™ and D. If S x T is a subgroup of
0(d) x RY, v(zpr) is (S x T)-invariant. If S x T is a subgroup of
scaled(O(d)) x R4, v(xx) is relatively (S x T )-invariant of weight
| det(S)|d for (S,7) € S x T.

Proof. We consider the case that S x T is a subgroup of scaled(O(d)) x
R?. Then, the case of O(d) x R? is obvious because |det(S)| = 1 for
(S,7) € Sx T C O(d) x R%.

Let (S,7) € S x T C scaled(O(d)) x R, and from (3.1), (3.2), and
(3.6),

v((S,7) e xp) = (dist((S, 7) e zx, D))* = inf (S, 7) @ x —yw||?

YN €
= inf Sz; + 71—yl = inf S(z 2
yifne ZH i+ T — yill ln ZII i)l
= _inf i— ) STS(i — Ui
gbnep (i —yi) S S(wi —yi)

'eN
= | det(S)|2 Jnf Zuxz 7il|2 = | det(S)|dv(zn)

holds, where ; = S~ (y; —7) = (S, 7) "L ey;. Here, yjar = (S,7) Loy €
D holds because D is an (S x T )-invariant subset and (S,7)"' € Sx T.
Therefore, (3.19) holds, and v(zyr) is relatively (S x T)-invariant of
weight | det(S)|. O

For multi-robot coordination, the squared distance function v(zr) =
(dist(zar, D))? is used to evaluate the task achievement of the generalized
coordination (2.13) with respect to the desired configuration set D. The
set D in (3.10) is (S x T)-invariant from Lemma 3.2. Furthermore, as
shown in Section 2.2.2, S x T is given as a subgroup of scaled(O(d)) x R?
in many cases. Then, this v(xzxr) is relatively (S x 7)-invariant from
Lemma 3.4. To evaluate the task achievement with this function, the
robots need to distinguish elements in D with resolution higher than
S x T. Sensing resolution is determined from the frame transformation
set M x B. Therefore, to achieve the generalized coordination with
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respect this D, § x T D M x B needs to be satisfied, which is shown
in Subsection 8.5.1.

3.7 Free group actions

For a set X and a group H acting on X, it is said that H acts freely on
X if for each z € X,

Hioex=Hyox H,HycH= H = Hy (3.26)
holds, or, equivalently,
Hex#x VH € H\{Iy}. (3.27)

In other words, if y = H e x holds for z,y € X, such an H € H is
uniquely determined, when H acts freely on X.

For the desired configuration set D in (3.10), the achievement of
the generalized coordination (2.13), i.e., zar € D, indicates that z =
(S,7) ez}, with some (S,7) € S x T.If S x T acts freely, such an (S, 7)
is uniquely determined. The uniqueness of (S, 7) leads to the feasibility
of the coordination by distributed control with relative measurements,
which will be discussed in the next section.

Let us give a couple of examples of free and non-free group actions.

Example 3.10. The semidirect product scaled(SO(2)) x R? acts
freely on (R?)2\{(x1,2) : £1 = 2}, which is verified as follows. Let
(5aRa,Ta), (spRp, ™) € scaled(SO(2)) x R? for s,,sp > 0, Ra, R, €
SO(2), and 7., 7, € R2. For z1, 22 € R? satisfying 21 # x5, from
(3.9), the assumption in (3.26) is reduced to

(SaRay Ta) L4 (xl’ 372) = (SaRaml + Ta, Sa a2 + Ta)
= (spRp, ) ® (1, x2) = (spRpx1 + T, SHRbT2 + 7).  (3.28)

The first element minus the second one in each two-tuple in (3.28)
is reduced to

SaRa(x1 — 22) = spRp(z1 — x2). (3.29)

Take the norms of the both sides of (3.29), and we obtain s, = sy,
from x; — x9 # 0. Next, R, = R}, holds because (3.29) is reduced
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to Rot(6a)(z1 — x2) = Rot(6p)(x1 — z2) by assigning R, = Rot(f,)
and R}, = Rot(60y,) with 0,,0y € [—7,7), and 6, = 6, is obtained
from 1 — xo # 0. Then, 7, = 7 holds from (3.28). Hence, the
conclusion of (3.26) is derived, and thus scaled(SO(2)) x R? acts
freely on (R2)2\{(x1,22) : 1 = z2}.

Example 3.10 implies that when two distinct vectors z1,zy € R?
are transformed in rotation, translation, and scale into distinct vectors
71, %2 € R? simultaneously, such a transformation is uniquely deter-
mined.

Example 3.11. The semidirect product scaled(SO(2)) x R? does
not act freely on R?\{0}, which is verified as follows. Let (s, Ra,Ta),
(spRp, ™) € scaled(SO(2)) x R? for s,, sp > 0, Ra, R, € SO(2), and
Ta, T € R2. For a non-zero x € R?, from (3.9), the assumption in
(3.26) is reduced to

(saRa,Ta) @ = SaRax + 72 = (sSpRp, ™) ® © = sp,Rpx + 7.

This equation holds for any s,, s, > 0, Ra, Ry, € SO(2), 7. € R?
by assigning 7, = (saRa — spRp)7 + 7. Hence, scaled(SO(2)) x R?
does not act freely on R?\{0}.

In contrast to Example 3.10, Example 3.11 implies that the transfor-
mations of one vector x € R? into Z € R? are not unique. This difference
can be explained by the free action number in the next section.

3.8 Free action numbers
For a set X and a group H acting on X, the free action number of the
group action of A on X is defined as

fanumy (#H) := min{n € Z, : H acts freely on X"\ 2, } (3.30)

for a set Z,, C &A™ of measure zero such that H acts on X"\ Z,,. Ac-
cording to the definition (3.26) of the free group action, the free action
number (3.30) indicates the smallest integer n satisfying

Hioxy=Hyoxpn, H,Hy e H= H = Ho (331)
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Table 3.1: Free action numbers of typical semidirect products S x 7 on R?

| s —— T [ {0} [#{0}]

{4a} 0 1
scaled({I4}) 1 2
{Id, Reﬂ(w)} 1 2

scaled({I4, Refl(w)}) 1 2
SO(d), d > 2 d—1 d

scaled(SO(d)), d > 2 d—1 d
O(d),d>2 d d+1

scaled(O(d)), d > 2 d d+1

for almost each zn € X™, where N = {1,2,...,n}, or, from (3.27),
Heuxyn #xyn VH € H\{Iy}. (3.32)

The following example is derived from Examples 3.10 and 3.11.

Example 3.12. The free action number of scaled(SO(2)) x R? on
R? is two, i.e., fanumps (scaled(SO(2)) x R?) = 2.

Table 3.1 shows the free action numbers of typical semidirect prod-
ucts S X 7 on R?. It is confirmed that the result of Example 3.12 is
extended to any dimension d, i.e., fanumga(scaled(SO(d)) x RY) = d
holds.

In the multi-robot coordination for the desired configuration set D in
(3.10), the free action number fanumpga(S x 7) indicates the minimum
number of robots to uniquely determine (S,7) € S x T satisfying
xpn = (S, 7)ex},. This number indicates a degree of network connections
necessary to achieve coordination by distributed control with relative
measurements. For example, to achieve scaling reflection-free formation
in Example 2.11, the necessary degree of network connections is d from
Table 3.1 for S x T = scaled(SO(d)) x R%. See Subsection 8.5.2 for more
details.

The results in Table 3.1 are shown after a preliminary lemma.
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Lemma 3.5. Let S and 7 be subgroups of GL(d) and R? with re-
spect to multiplication and addition, respectively, and the following
relations hold:

fanumpa(S) < d (3.33)
0 if7={0
fanumpga (7) = it = {0y (3.34)
1 if T # {0}.
If S acts on T, the following equation holds:
fanumpaq (S X T) = fanumpa(S) + fanumga (7). (3.35)

Proof. We consider only the case of T # {0} because that of 7 = {0}
is trivial. The expressions (3.33), (3.34), and (3.35) are shown in order.

For a subgroup S of GL(d) and linearly independent vectors x1, .. ., x4
€ RY, (3.31) holds for n = d from det[z] --- x4] # 0 as

Sl[xl xd] :SQ[$1 iL‘d],Sl,SQ eSS = 51 = SQ.

Hence, S acts freely on (R?)%\ Z;, where Z; is the set of d-tuples of
linearly dependent vectors. From the definition (3.30) of the free action
number, (3.33) holds.

For a subgroup 7 # {0} of R? and a vector € R%, (3.31) holds as

r+T=x+T70, T, ET =1 =T,

and fanumpa(7) = 1 in (3.34) is obtained.

To prove (3.35), consider (z1,...,z,) € (RY)" for some n € Z,.
From the definitions (3.2) and (3.6) of the group actions on multiple
vectors and semidirect groups, the assumption in (3.31) is reduced to

(51,7'1) ° ({L‘l, ... ,:L'n) = (511'1 + 7, .. .,SlfL‘n +T1)
= (SQ, 7‘2) ] (.2121, R ,:Bn) = (Sgltl + 79, ...,S0my, + 7'2) (3.36)
for (S1,71),(S2,72) € S x T. Note that (3.36) holds if and only if the
following two hold:
Six1 + 1 = Sz + 7. (3.37)

Silzg —x1 -+ @y — x| = Salry — 21 -0 XYy — 1) (3.38)
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For almost every [zo — 21 - @, — x1] € R>*(1) (3.38) leads to
S1 = So if and only if n — 1 > fanumpa(S). If S1 = So, (3.37) yields
71 = To. Hence, (3.36) implies that (S1,71) = (S2,72) holds if and only
if n > fanumpa(S) + 1. Therefore, from the definition (3.30) of the free
action number and (3.34), (3.35) is obtained. O

Theorem 3.6. The free action numbers of semidirect products
S x T are obtained as Table 3.1.

Proof. Assume that 7 = {0}. The case of T # {0} follows from (3.34)
and (3.35) in Lemma 3.5. For (5,0) € S x T = H, (3.32) is reduced to

Szi#a; Jie{l,...,n} VS € S\{I}. (3.39)

Case of § = scaled({I;}): S € S\{I4} is represented as S = sl for
s > 0,5 # 1. Then, for a non-zero vector 1 € R? Sz = sx1 # 1 holds.
Hence, (3.39) is obtained for n = 1, and fanumpa(S) = 1 is achieved.

Case of S = {I, Refl(w)} for a unit vector w € R%: S € S\{I,;} is
satisfied only when S = Refl(w). Then, for 21 € RY satisfying w ' z1 # 0,
Sx1 = Refl(w)xy = (Ig—2ww ")z # 21 holds. Hence, (3.39) is obtained
for n = 1, and fanumpa(S) = 1 is achieved.

Case of § = scaled({I4, Refl(w)}): S € S\{I;} takes the form of
either S = Refl(w) or S = sS for S € {I;,Refl(w)} with s > 0,
s # 1. The former is the same as the previous case. In the latter case,
Sx1 = sSty # x1 holds with any non-zero x; € R% because if sSz1 = 71
holds, taking the norms of both the sides of the equation yields s = 1,
which contradicts s # 1. Hence, fanumpa(S) = 1 is achieved.

Case of S = O(d): For linearly independent vectors z1,...,z4-1 €
R?, consider S = Refl(w) € S\{I;} with the unit vector w € RY
orthogonal to all x;, i € {1,...,d — 1}. Then, Sz; = Refl(w)x; =
(I — 2ww " )z; = x; holds for each i € {1,...,d — 1}. Hence, (3.39) is
not obtained for n = d — 1, and fanumpga(S) > d — 1 is obtained. From
(3.33) in Lemma 3.5, fanumpa(S) = d is achieved.

Case of § = SO(2): S € S\{I2} is represented as S = Rot(f) for
6 € (0,2m). Then, for any non-zero x; € R?, Sz1 = Rot(#)z; # x1 holds.
Hence, (3.39) is obtained for n = 1, and fanumpa(S) = 1 is achieved.
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Case of § = SO(d) with an even positive integer d: From Reid and
Szendroi, 2005, S € S\{I;} can be block-diagonalized as

S =W 'diag(Ry,..., Ry)W (3.40)

for some W € O(d) and (Ry,...,Rg2) € (SO(2))%? not equal to
(Iy,...,I5). Let x1,...,, € R? be linearly independent vectors, and we
regard z as the corresponding matrix, i.e., znr = [21 --- 2,] € R¥X™
of full column rank. First, consider the case of n < d — 2. Let W €
O(d) be the matrix satisfying Wz; = c;eq for every i € {1,2,...,n}
with some ¢; € R, where eg; € R? is the ith unit vector, and then
Wan = [C 0y (d—m)] € R¥™ holds with C' = diag(c1, ..., cn), where
Opx(d—n) € R"*(4=7) is the zero matrix. Consider S of the form (3.40)
with W =W, Ry = Iz for k € {1,...,d/2 — 1}, and Rg/, # I4. Then,
from (3.40),

Sy =W 'diag(la, ..., o, Ryje) Wan
= WTdiag(Idf% Rd/2>[c Onx(d—n)]T = WT [C 0n><(cl—n)]T
= $N
holds from d — n > 2. Hence, (3.39) does not hold, and fanumpga(S) >

d — 2 is achieved. Next, consider the case of n = d — 1. We assume that
(3.39) does not hold, and derive a contradiction. Then, from (3.40),

Sz = W diag(Ry, ..., Ryjo)Wan = zn (3.41)

holds with some W € O(d) and (Ry, ..., Rq/) € (SO(2))%? not equal
to (Ia,...,I2). Without loss of generality, Ry, # I2 is assumed. By
multiplying (3.41) by [0ay q—2) I2]W € R2%¢ from the left, we obtain

(02 (a—2) L2]diag(Ry, ..., Raj2)Wan
= Ry2[02x(a—2) RIWan = [0 (a—2) L2]Wzpr,

which leads to [0y (g—2) f2]Wza = 0 from the result of the case of
SO(2). Then, the two columns in the matrix ([Ozy(4—2) LIW)T are
orthogonal to x s, which contradicts the assumption that xxr € Rax(d-1)
is of full column rank. Therefore, (3.39) holds for n = d — 1, and
fanumpa(S) = d — 1 is achieved.
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Case of S = SO(d) with an odd positive integer d: From Reid and
Szendroi, 2005, S € S\{I;} can be represented as

S =W diag(1, Ry, ..., Rg_1)2)W

for W € O(d) and (Ry,...,Rg-1)/2) € (SO(2))(@=1D/2 not equal to
(I,...,I2). Then, the same discussion as the case that d is even leads
to fanumpa(S) =d — 1.

The cases of S = scaled(O(d)) and S = scaled(SO(d)) are shown in
the same way as the case of S = scaled({Iy, Refl(w)}). O

3.9 Notes and references

Since group theory is profound, only limited concepts required to multi-
robot control theory are introduced in this chapter. The group theory
has been utilized in control theory to deal with the motion of rigid bodies
(Bullo and D. Lewis, 2004). Its usage is different in this monograph.
The group theory is introduced to describe the desired configuration
set D with the orbit of a semidirect product as (3.10), based on the
results of Sakurama, 2021b. Then, the invariance of groups will be
especially important to design a function evaluating the achievement
of the multi-robot coordination in Chapter 8. See Olver, 1995; Olver,
1999 for invariance of groups. The free action number was developed
in Sakurama, 2021b from the free group action, a standard concept of
graph theory, to describe a graph topological condition for achieving
coordination, as seen in Subsection 8.5.2.
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Graph Theory

In multi-robot systems, a graph is used to describe a topology of the
sensing network of robots as Fig. 2.1. Then, distributed controllers
are defined in Subsection 2.3.4 as the controllers which use only the
information of neighbors over the graph.

This chapter provides graph-theoretical concepts which play impor-
tant roles in designing distributed controllers, such as neighbor sets,
mazximal cliques, intersection graphs, rigidity, and clique rigidity.

4.1 Basics

A graph G = (N, ) is a pair of a node set N (a finite countable set)
and an edge set £ C N2 (a set of pairs of the nodes). Without loss of
generality, suppose that the nodes are indexed as N' = {1,2,...,n},
and an edge is of the form {i,j} for nodes i,7 € N. We assume that G
is simple and undirected. Hence, {i,i} ¢ £, and {i,j} € £ if and only if
{j.i} € &.

For node i € N, a node directly connected by an edge, i.e., j € N
such that {i,j} € &, is called a neighbor of node i. The neighbor set of
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Figure 4.1: Example of a graph with 7 nodes.

node ¢ is defined as
Ni={jeN:{ij}e&}Ui}. (4.1)

For nodes k, ¢ € N, a sequence of nodes (i1, 42, .. .,im) € N™ such that
i1 =k, im = ¢, and {ip,ipe1} € € for all h € {1,2,...,m — 1} is called
a path between nodes k, ¢. Graph G = (N, €) is said to be connected if
there is a path between every pair of nodes.

For a node subset C C N, a subgraph G|¢c = (C,&|¢) is said to be
induced by C if £|¢ consists of the edges containing the pairs of the
nodes in C, that is,

€|C = {{ZmY} S 7’7,7 EC}

Example 4.1. Consider the graph G = (N, €) in Fig. 4.1 for the
node set N ={1,2,3,4,5,6,7} and the edge set

€ ={{2,3},{3,4},{3,5},{4,5},{4,6},{4,7},{5,6}, {5, 7}, {6’(7}})-
4.2
The neighbor sets are given as

N = {1}7 Na = {2?3}’ N3 = {2333435}7 (43)
Nip=Ns = {3,4,5,6,7}, No =Ny = {4,5,6,7}.

There is a path between nodes 2 and 6, e.g., (2,3,5,6). This graph
is not connected because there is no path between node 1 and the
others. The subgroup induced by the node subset {2, 3,4} is given

as G|{2,3,4} = ({27374}7 {{273}’ {374}})
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4.2 Cliques and maximal cliques

A clique is a node subset which induces a complete subgraph. For multi-
robot coordination, edge-based functions are conventionally employed
to design distributed controllers. In contrast, by employing clique-based
functions, distributed controllers perform the best as shown in Section
7.2. From this viewpoint, cliques are essential for design of distributed
controllers.

A node subset C is called a clique in graph G if the subgraph G|¢
induced by C is complete, i.e., {i,j} € £ holds for any i,j € C, i # j.
The number of the elements in C is called the order of clique C. A clique
C is said to be mazimal if it is not contained by any other cliques. Let
C1,Ca,...,Cqy C N be the maximal cliques in G, and their index set is
described as clq(G) = {1,2,...,q}. Let clq;(G) be the subset of the
indices of the maximal cliques that node ¢ € A/ belongs to, that is

clg;(G) == {k € clq(G) : i € Ci}. (4.4)

Example 4.2. Consider the graph G = (N, €) in Fig. 4.1 with the
edge set € given in (4.2). The cliques of order 1 and 2 are equivalent
to the nodes and the edges, respectively. The cliques of order 3
are {3,4,5}, {4,5,6}, {4,5,7}, {4,6,7}, and {5,6,7}. The clique of
order 4 is {4,5,6,7}. The maximal cliques are the following four:

Ci = {1}7 Co = {2a3}7 C3 = {35475}7 Cy= {4757677}7 (45)

as illustrated in Fig. 4.2. Corresponding to the maximal cliques C1,
Co, C3, and Cy4 in (4.5), the index set of the maximal cliques in G is
given by clq(G) ={1,2,3,4}. According to (4.4), the index subset
of the maximal cliques that each node belongs to is given from (4.5)
as follows:

clq; (G) = {1}, clay(G) = {2}, clay(G) = {2,3},
clqy(G) = clgs(G) = {3,4}, clqg(G) = clqy(G) = {4}.  (4.6)

The following lemma gives the equivalence between the neighbor set
of each node and the maximal cliques of the node.
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Figure 4.2: Maximal cliques in the graph in Fig. 4.1.

Lemma 4.1. The following equation holds:

N= U G (4.7)

keclq, (G)

Proof. From (4.1), j € N; if and only if {i,j} € £. From the definition
of the maximal cliques and (4.4), j € Ugecclq,(c) Ck- 1-€., j € Cj; for some
k € clq;(G), if and only if {i,j} € &. O

Example 4.3. Consider the graph G = (N, &) in Fig. 4.1. From
(4.5) and (4.6), the union of Cy, for k € clqs3(G) = {2, 3} is derived
as Ugeclqy (@) Ck = C2 UC3 = {2,3,4,5}. This is equivalent to N in
(4.3), and the relation (4.7) holds.

4.3 Conventional rigidity

Rigidity and global rigidity, introduced from the rigidity theory of bar-
and-joint frameworks, provide network-topological conditions to verify
the feasibility of the distance-based formation control in Example 2.2.
See Subsection 6.4.3 in detail.

For a graph G = (N,€) and an n-tuple of vectors z}, € (RE)™,
associated with the nodes, the pair (2}, G) is called a framework of
xis over G. The framework (z},G) is said to be globally rigid if the
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following holds for any xy € (R%)":

| Wi, jteé
= |z — x| = [|=7 — 25 Vi, jeN. (4.8)

lzi = 2| = [l7 = =]

The framework (x},, G) is said to be rigid if there exists 6 > 0 such
that for any z € (RY)",

i — x| = |27 — 25| V{i,5} € €, |lwi —ai|| <o VieN
= s — ayl| = [|lof — 2| Vi,jeN. (4.9)

In the condition (4.9) of the rigidity, continuous motion of a part
of the framework is not allowed with maintaining the lengths of the
edges. In contrast, in the global rigidity (4.8), any motion including
discontinuous one is not allowed. Hence, if a framework is globally rigid,
it is rigid, while the converse does not hold in general.

Examples of rigid and globally rigid frameworks are given as follows.

Example 4.4. Consider frameworks (2}, Ga), (), Gb), (3, Ge),
and (z},, Gq) with 8 nodes in Fig. 4.3, where z}, € (R?)® of the
frameworks are all the same.

(a) Framework (z},, Ga) is not rigid because the left two nodes
(the right two nodes) can move continuously while maintaining
the lengths of the edges.

(b) Framework (2}, Gy) is rigid but is not globally rigid because
any nodes cannot continuously move but some nodes (e.g.,
the left lower node) can flip with maintaining the lengths of
the edges.

(c) Framework (x},, G.) is rigid but is not globally rigid in the
same way.

(d) Framework (x},Gq) is globally rigid because neither continu-
ous motion nor discontinuous one can occur with maintaining
the lengths of the edges.
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CINTE NS

(a) x/\fv (b) $N7Gb
(c) (=, G (d) (zr,Ga)

Figure 4.3: Examples of frameworks: (a) (3, Ga) is not rigid; (b), (¢) (zxr, Gv)
and (x)r, Gc) are rigid but are not globally rigid; (d) (z)r, Ga) is globally rigid.

4.4 Clique rigidity

Clique rigidity is a network-topological condition generalized from the
global rigidity, defined by using the connections between maximal cliques
rather than edges. The feasibility of the generalized coordination (2.13)
is verified with the clique rigidity of the set framework (D, G) for a
desired configuration set D and a graph G, as discussed in Section 7.5.

For a graph G and a set D C (R9)", the pair (D, G) is called a set
framework of D over G. Let C1,Cy,...,C, be the maximal cliques in
graph G. The set framework (D, G) is said to be clique rigid if

re, € proje, (D) Vk € clq(G) = zn €D, (4.10)

where proj.(+) is the projection defined in (3.13). The clique rigidity gen-
eralizes the global rigidity. Actually, the framework (z},, G) is globally
rigid if and only if the set framework (D, G) is clique rigid for

D= {an € RY": ||lzi — | = llaf - 2jll Vi,j € N,i#j} (4.11)

The relation to the global rigidity is more discussed below.
The following example illustrates how to verify the clique rigidity of
the set framework (D, G) in a concrete case.
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Example 4.5. Consider the set D in (3.10) for S x T = SO(d) x R?,
that is,

D = orbgo(gywre(Th)
={(Rz}+7,...,Rz} +7): R€SO(d), T eRY},  (4.12)

where n points z7, ...,z are transformed in rotation and transla-
tion. In contrast, from (3.15),

proje, (D) = orbgogyxra (2¢,)
:Kmﬁ+mww&ﬁ%+m%&eﬂmmmeW}
(4.13)

is obtained for maximal clique Cy = {i1,%2...,7i|c,|}. Then, the
clique rigidity of the set framework (D, G) can be checked as illus-
trated by the upper frameworks in Table 4.1 as follows.

(i) Consider a framework (x},, G) for some z}, € D.

(ii) Divide the framework into the frameworks (z¢, , G|c, ) induced
by the maximal cliques Cy.

(iii) Derive frameworks (z¢,,Glc,) of z¢, by transforming zf,
in rotation and translation according to proje, (D) in (4.13).
Each node has to be at the same position even if it belongs
to different maximal cliques.

(iv) For the resultant framework (xpr, G), check whether xr al-
ways can be obtained from z}, through transformation in
rotation and translation according to D in (4.12).

Note that (iii) and (iv) correspond to the assumption and conclusion
in the statement (4.10), respectively. On the other hand, the set
framework in the lower row of Table 4.1 is not clique rigid because
(iv) is not necessarily satisfied.

For specific D associated with multi-robot coordination problems,
the clique rigidity of (D, G) is equivalent to the connectivity of G. We
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Table 4.1: Illustration of confirming clique rigidity: (upper) clique-rigid set frame-
work and (lower) non-clique-rigid one

(i) One framework | (ii) Frameworks induced | (iii) Transformed in (iv) Resultant
in set framework by maximal cliques rotation and translation framework

(xj\f’G) (.’Ea,va) (‘/I’.C,L sG'q) (xN’G)

Lo | T

»

Vol || [

4 Q'

©,
4 '
Clique rigid e

(2, G) (25,.Gle,) (2¢,.Glg) (zn,G)

o @
cs&e . g@;\e

\
Not clique rigid @ Q

o

will show a couple of examples of such D. The first example is the
desired configuration set D in (2.17) given for the formation selection
in Example 2.12.

Proposition 4.1. Consider D = | co{xz)}} with )} € (RY", q €
Q ={1,2,...,p} for an integer p > 2, and assume that z;? # :c:q
holds for any i € N and ¢,§ € Q, ¢ # §. Then, the set framework
(D, G) is clique rigid if and only if G is connected.

Proof. For sufficiency, assume that G is connected and that the as-
sumption part of the statement (4.10) of clique rigidity holds, which is
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reduced to
Vk € clq(G), 3gr € Q st me, = xpl. (4.14)

Consider a pair Ci,Cy, k, ¢ € clq(G), k # £ of maximal cliques, and let
ke Cir and /e Cy; be contained nodes. From the assumption of the
connectivity, there is a path (i1(= k), iz, ..., im(=£)) between nodes k
and /. Because each edge belongs to at least one maximal clique, there
exists kp, € clq(G) such that iy, ip41 € Ci, forall h € {1,2,...,m —1}.
Then, i, € Cy,_, NCy, is satisfied for h € {2,3,...,m — 1}, and from
(4.14), z;, = i Fn1= a:;khq'“h holds. Then, g, , = g, is derived from
the assumption. By iterating this process from h = 2 to m, we obtain
Gk, = Qk,,, yielding gr = g. In this way, all g for k € clq(G) coincide
with some ¢ € Q. Then, from (4.14), x; = 2} holds for each i € N, and
the conclusion part of (4.10) is derived.

The necessity is obvious because if G is not connected, the set
framework is not clique rigid. O

The second example is the desired configuration set D for the
displacement-based formation in Example 2.5. In fact, the following
proposition holds.

Proposition 4.2. For D = orby; y,ga(z},) With 7}, € (RH™, the
set framework (D, G) is clique rigid if and only if G is connected.

Proof. From the properties (3.2) and (3.6) of the group action, and the
definition (3.11) of the group orbit, the assumption part of (4.10) is
equivalent to

VE € clq(G), Im € RY st @y = 2 + 1 Vi € Cp. (4.15)

For sufficiency, assume that G is connected and that (4.15) holds. Then,
in the same procedure as the proof of Proposition 4.1, from (4.15),
T, = T, + Tk,_, = T;, + Tk, is derived, and thus 74, , = 74, holds for
in € Cr,,_, NCy,. Then, all 7, for k € clq(G) coincide with some 7, and
from (4.15), the conclusion part of (4.10) is derived.

The necessity part holds because if G is not connected, the framework
is not clique rigid. O
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On the other hand, as for the desired set D for the distance-based
formation of Example 2.5, this set is equivalent to (4.11). Hence, the
clique rigidity of (D, ) is equivalent to the global rigidity of (z}/, G).
This D is equivalent to orbgg)xre(Z)), and the following is obtained.

Proposition 4.3. For D = orbgg)ra(z},) With 23, € (RH™, the
set framework (D, G) is clique rigid if and only if (2}, G) is globally
rigid.

Proof. For D = orbgg)ure(T}), T € D means that zy = (5,7) e 2}
for some (S,7) € O(d) x R?, which is equivalent to zxr € D for D in
(4.11) from Boutin and Kemper, 2004. Hence, the conclusion parts of
(4.8) and (4.10) are equivalent. Their assumption parts can be shown
to be equivalent in the same way. O

As for D = orbgggyxra(}), associated with the reflection-free
formation in Example 2.7, the set framework (D, G) is clique rigid only
if (x},, G) is rigid but the converse statement does not necessarily hold.
Actually, there is no corresponding conventional rigidity. See Sakurama
et al., 2019 in detail.

A few examples of clique rigid frameworks can be found in Fig. 4.3
as follows.

Example 4.6. Consider the set frameworks (D, G,), (D, Gy), (D, G.),
and (D, Gq) for the graphs in Fig. 4.3 and D = orbs,7(x},) with
xj, in Fig. 4.3 and the following S x 7.

o For S x T = {I5} x R?, all the set frameworks are clique rigid
from Proposition 4.2 and Example 4.4.

o For S x T = O(2) x R?, only the framework (z},, Gq) is clique
rigid from Proposition 4.3 and Example 4.4.

o For § x T = SO(2) x R?, only the framework (z}., Gy) is
clique rigid.
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(a) Graph G, (b) Graph Gy
(c) Intersection graph I's(Ga) (d) Intersection graph I'2(Gh)

Figure 4.4: Examples of 2-intersection graphs: (a) graph Ga; (b) graph Gyv; (c) the
2-intersection graph of Ga; (d) that of Gb.

4.5 Intersection graphs

For a positive integer r, the r-intersection graph of the maximal cliques

v

in G, denoted as I'v(G), is the graph (clq(G), &) with the edge set
Er = {{k, 0} € (cla(G))* : [Cu N Cy| > 1,k # L} (4.16)

The intersection graph I'.(G) represents the topology of the maximal
cliques which connect to each other with at least r intersections.

Example 4.7. Consider graph G, in Fig. 4.4a, consisting of 5 maxi-
mal cliques of order 3, and graph Gy, in Fig. 4.4b, consisting of 4
maximal cliques of order 3. The 2-intersection graphs of G, and Gy,
I'2(Ga) and T'y(Gy), are depicted in Figs. 4.4c and 4.4d, respectively.

Intersection graphs are used to verify the clique rigidity for the
desired coordination sets D of multi-robot coordination problems in
(3.10). For example, consider the graph G, in Fig. 4.4a and the set D for
S x T =80(d) x R, and (G, D) can be guaranteed to be clique-rigid
from the connectivity of I's(Ga) in Fig. 4.4c. See Subsection 8.5.2 for
more details.
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4.6 Notes and references

For graph theory, abundant literature can be found, e.g., Bolloas, 1998.
See McKee and McMorris, 1999 for intersection graphs, which are not
treated in standard books.

As for how to find maximal cliques C;, (k € clq(G)), although it is
an NP-complete problem, there are some algorithms. For example, the
method of Tomita et al., 2006 requires computation time of 0(3”/ 3),
where O(+) is the Landau symbol. On the other hand, in multi-robot
coordination problems, each robot only needs to know the maximal
cliques that it belongs to, i.e., Cx (k € clq;(G)). Lemma 4.1 indicates
that the maximal cliques Cj, (k € clq;(G)) can be identified from the
subgraph G| of the neighbors. Hence, the computation time necessary
to robot i is O(3Wi|/ 3), which is not so large if there are not many
neighbors.

From the rigidity theory of bar-and-joint frameworks (Sidman and
John, 2017), the concepts of rigidity and global rigidity were introduced
to verify the feasibility of the distance-based formation as summarized
in Anderson et al., 2008; Queiroz et al., 2019. On the other hand,
Sakurama, 2021b introduced clique rigidity to verify the feasibility of
the generalized coordination with respect to general D. This result will
be shown in Section 7.5. Clique rigidity for D = orbggg)xra () can
be found in Sakurama et al., 2019.
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Stability Theory for Gradient-flow Systems

In the following chapters, the gradient-flow approach will be employed to
design controllers for multi-robot coordination problems. According to
this approach, the system of each robot is reduced to the gradient-flow
system of v(znr) as

ilt) = —i o (e(t), #:(0) = af (5.1)

Z;

with a gain x; > 0 and an initial state 2 € RY for i € N, where a
continuously differentiable function v : (R%)” — R is called an objective
function. Under the system (5.1), the objective function v(xa(t)) is
monotonically non-increasing and is expected to converge to a minimum
point. Hence, we just have to design a function v(xzar) such that a
desired configuration is achieved at each minimum point. In the rest of
the chapter, we analyze the stability of the gradient-flow system (5.1).

5.1 Terminology
Consider a differential equation
in(t) = Flan(t), za(0) = 23 € (RY)" (5.2)

64
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with a continuous function F : (RY)" — (R%)"™. We assume that the
solution zp(t) € (RY)™ of (5.2) uniquely exists for all ¢ € [0,00) for
arbitrary 29, € (R?)". A closed set A C (R%)™ is called an equilibrium
set of (5.2) if

zny € A= F(zpy) =0. (5.3)

Let zp(t) € (R?)"™ be the solution of (5.2) for 28, € (R%)", and some
properties related to the stability of the system (5.2) are defined, which
are valid even when A is unbounded.

o The system (5.2) is said to be Lagrange stable if for any :L‘?v €
(RY)™, there exists = n(z%;) > 0 such that

len ()] <5 VE> 0. (5.4)

o An equilibrium set A is said to be (Lyapunov) stable if for each
e > 0, there exists an open set A(g) D A such that

28 € A(e) = dist(xar(t), A) < e Vt > 0. (5.5)

o An equilibrium set A is said to be attractive if there exists an
open set A D A such that

e A= tli)m dist(xpr(t),.A) = 0. (5.6)
o An equilibrium set A is said to be asymptotically stable if A is

stable and attractive.

o An equilibrium set A is said to be globally attractive if A is
attractive for A = (R9)" in (5.6).

o An equilibrium set A is said to be globally asymptotically stable if
A is stable and globally attractive.

The other terminology is given as follows.
o A positive orbit through %, € (RY)™ is defined as

Ot (2R,) == {zn € (RY)™: 3t € [0,00)
sit. zn = (t), zA(0) = 1‘9\[}
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o A set Z C (RY)" is said to be positively invariant if

€= 0" (al) CT.

o A function v : (RY)" — R is said to be radially unbounded if
v(xp) = 00 as ||zar]] = oo.

5.2 Lagrange stability

Consider the gradient-flow system (5.1) with an objective function
v(zxr). From now on, we assume that the solution zar(t) € (R%)" of
this system uniquely exists for all ¢ € [0,00) for arbitrary 29, € (R?)".
Although we assume that v(zar) is continuously differentiable here,
non-differentiable functions can be treated as shown in Section 5.4.
First, three conditions of v(zxr) are provided for the Lagrange

stability of this system and the global attractiveness of the zero set
(Ov/0zAr)~1(0), where

v

o N

(o ) 0) = {ax € @ 2 (an) =0

O

(zn) = (;;(xm, ey %(W)) :

For preliminaries, two lemmas are given, where cl(-) represents the

closure of a set.

Lemma 5.1. [Proposition 2.32 in Haddad and Chellaboina, 2008]
For the system (5.2), if a set Z C (R%)™ is positively invariant, cl(Z)
is positively invariant.

Lemma 5.2. (LaSalle’s invariance principle) [Theorem 3.3 in Had-
dad and Chellaboina, 2008] For the system (5.2), assume that
D. C (RY)" is a positively invariant, compact set, and that there
exists a continuously differentiable function v : D, — R such that
O(xpr) < 0 for any zpr € D, where v(zpr) = (Qv/dzpn(zn), F(2p)).
Let Z C D, be the largest positively invariant set contained in
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zn € D, : O(xpnr) = 0}. Then, if 28, € D, limy_,o0 dist(zpr(2),Z) =
N
0 holds.

Under the gradient-flow system (5.1), v(xar(t)) is monotonically
non-increasing with respect to ¢ as

ol (0) = (o el i) = 3 (o (ane), 40

Oz i=1
n 2
— S gv(m/\/(t)) <o. (5.7)
=1 B

From this inequality, the stability properties are guaranteed as follows.

Theorem 5.3. If a continuously differentiable function v : (R)™ —
R is radially unbounded, then the system (5.1) is Lagrange stable
and (Ov/dz)~1(0) is globally attractive.

Proof. From the radial unboundedness of v(xys), if v(zar) < A1 for
A1 > 0, |lza]] € A2 holds for some Ay = A2(A1) > 0. From (5.7),
v(zar(t)) < v(aR,) holds, and thus [z (t)]] < A2(v(z8,)) holds for all
t > 0. According to (5.4), the system is Lagrange stable.

Let &r(t) € (R?)™ be the solution of (5.1) for 23, € O (2%,) instead
of 2;. Because the positive orbit OT(z}/) is positively invariant under
(5.1), Zar(t) € OF(2],) holds for all t > 0. From Lemma 5.1, cl(OT(2%,))
is positively invariant, which is compact from the Lagrange stability. By
applying Lemma 5.2 for D, = cl(OF(2X,)), from (5.7), the solution zr(t)
of (5.1) is ensured to converge to the the largest positively invariant set
contained in the set where v(zxr) = 0. From (5.7), {xar € D, : 0(zn) =
0} = (Ov/dxx)~1(0) N D, holds, and thus the following is obtained:

ov
Oxn

~1
2% € D, = tliglo dist(zar(t), ( > (0)ND.) = 0.

This discussion is valid for each 2%, € (R?)". Hence, (Ov/dz)~1(0) is
globally attractive. O

Theorem 5.3 assumes the radial unboundedness of the objective
function v(x ). In contrast, the following two theorems do not assume
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it, and assume some invariance conditions of v(x ) instead. The first
theorem requires invariance under translation, namely, ({I;} x R9)-
invariance.

Theorem 5.4. If a continuously differentiable function v : (R4)™ —
R satisfies the following two conditions, then the system (5.1) is
Lagrange stable and (9v/0z) ~1(0) is globally attractive:

(i) v(zn) is ({Iz} x RY)-invariant.

(ii) There exists an n-tuple (i1, @2, . .., iy) of the distinct elements
in NV such that for each ¢ € {2,3,...,n} there exists i<
satisfying |zi, — zi,|| < ((v(zn)) with a monotonically
non-decreasing, non-negative function {y : R — R,..

Proof. From (3.2), (3.6), and (3.18), condition (i) indicates that
v((Ig,T)expn) =v(x1+7,..., 2 +T) =v(TN)

holds for any 7 € R%. By partially differentiating this equation with
respect to 7 and substituting 7 with 0,

0— ov(znr) COu(r1+ T,y T)
B or 7=0 B or 7=0
0 0
:ZaUACI]l—FT,...,xn‘i‘T) :Zav(x/\/)
ienN OFi =0 jen O
is achieved. Hence, from (5.1), we obtain
jﬁi t 81}
>y o (Ex (1) =0,
ieN Tt ieN Tt
which leads to 0
i(t ;
Z L() — Z Li (5.8)
ieN ienN M

Without loss of generality, we assume that iy = ¢ in the n-tuple in
condition (ii). Then, because (;(-) is monotonically non-decreasing for
any i € {2,3,...,n}, from (5.7),

Y lli(t) = (0IF < Y Gilolan () < Glv(ah) (5.9)
1=2 =2 =2
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is obtained with some 7 < 7. On the other hand,

D Ml =l >0
=2 k

ieN v
holds with the matrix P € R**" defined as

2

2+ = llanP|? 2 (omin(P))llza* (5.10)

B - %
K1
11
K2

= |1

P/‘T301 * |
1
% 0 - 01

where * takes 0 or —1 corresponding to 7. In (5.10), 2 is regarded as
the corresponding matrix [x1 --- 2] € R¥™ and oy (+) represents the
smallest singular value of a matrix. Because x; > 0 from the assumption,
P is non-singular, and thus omyin(P) > 0. From (5.8), (5.9), and (5.10),

2

lex(®)] < W@WW) Hxw

is obtained for any ¢ > 0, which yields (5.4). Hence, the system is
Lagrange stable.

The global attractiveness of (9v/0xx)~1(0) is shown in the same
way as Theorem 5.3. O

Example 5.1. The functions in (3.20) and (3.22) in Examples 3.7
and 3.8 satisfy the conditions in Theorem 5.4. Regard £ as the
edge set of a graph G = (N, £), and without loss of generality, we
assume that G is connected. Otherwise, we just have to consider
each connected component of G. Condition (i) is satisfied as shown
in (3.21) and (3.23). As for condition (ii), from the connectivity
of G, there exists an n-tuple (i1, 9, ...,1,) of the distinct elements
in NV §uch that for each £ € {2,3,...,n}, {ij i} € € holds for
some ¢ < {. Then, the function in (3.20) satisfies condition (ii) with
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Ce(v) = Vv + [|7i,4,]| because

\ v(zN) 2 Hxie = iy — rieigH > ”1’%@ - xig” - Hrizig”'

Similarly, the function in (3.22) satisfies condition (ii). Note that the
functions in (3.20) and (3.22) are not radially unbounded because
they are invariant under translation, which means that by assigning
z; =z} + 7 with some 2} € R%, v(zy) = v(x}) holds for arbitrary
T € R4

The next theorem assumes the relative invariance under scale,
namely, relative (scaled({I;}) x R%)-invariance of functions.

Theorem 5.5. If a non-negative, continuously differentiable func-
tion v : (RY)"™ — Ry is relatively (scaled({Iz}) x {0})-invariant
of weight pu(s) for (slg,0) € scaled({Ig}) x {0} with s > 0 satisfy-
ing du/ds(1) > 0, then the system (5.1) is Lagrange stable and
(Ov/0xpr)~1(0) is globally attractive.

Proof. From (3.2), (3.6), and (3.19), the condition of the relative invari-
ance indicates that

v((s1a,0) @ 2y) = v(szy) = p(s)o(zn ). (5.11)
From (5.11) and the chain rule, we obtain

Iu(s)v(zy)

B B Ov(sx )
E(l)v(ﬂw) = s = —F

s=1 0s

s=1
_ J/Osxy Ov B ov
~(HE s )| = (g tan) ) (.12

From (5.1), (5.12), and the non-negativeness of du/ds(1) and v(xp),

d _1 . _ ov
Sl (O = 2an (@), an (0K = -2 (o, (o))
TN
d
= —2£(1)v(w) <0 (5.13)
is achieved, where K = diag(ka) and x s is regarded as the correspond-
ing matrix [x1 --- x,] € R¥™". From (5.13), we obtain

_1 _1
lzar(8)]] < max y/mil|laar () K 72 || < max /rgl|lz{ K2 ||
ieN ieN



5.3. Asymptotic stability 71

for any ¢ > 0, which yields the Lagrange stability from (5.4).
The global attractiveness of (9v/dxx)~1(0) is shown in the same
way as Theorem 5.3. ]

Example 5.2. The function v(z ) in (3.24) in Example 3.9 satisfies
the condition in Theorem 5.5 for u(s) = s* from (3.25). This
function is not radially unbounded because it is invariant under
translation.

5.3 Asymptotic stability

Under some assumptions including the Lagrange stability, the zero set
v~1(0) of the objective function is asymptotically stable as follows.

Theorem 5.6. Let v : (RY)” — R, be a non-negative, continuously
differentiable function such that v=1(0) is non-empty and v(xx)
is real analytic in an open set containing v=1(0). Assume that the
system (5.1) is Lagrange stable. Then, v=1(0) is asymptotically
stable.

Proof. Before proving the stability, some preliminaries are provided.
From (5.7), Barbalat’s lemma (Khalil, 2002) guarantees that

tim 2% (zn(8)) = 0 (5.14)

for the solution zar(t) of the system (5.1). For zx € v=1(0), let ©(zx)
be an open bounded set containing Za. Under the assumption that
the system is Lagrange stable, for each x?v € (R, the positive orbit
O+ (2%,) € (RY)™ through %, is bounded. Let

Otay)= U 0" =),
z%é@(i‘/\/)

which is bounded, and

A

28 € O(zy) = xa(t) € OF (Znr) VE>0 (5.15)
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holds from the definition of the positive orbit. Let Q C (R%)" be an
open set containing v=1(0) such that v(x) is real analytic in Q. From
the compactness of cl(O(Zyr)), there exists p(Zar) > 0 such that

Lz N (Ot (z)) C Q, (5.16)

where L (v) = {zn € (RHY™ : v(xp) < p} is the p-sublevel set of v(xp)
for p € R.

First, we show that v~1(0) is stable. From the real analyticity of
v(zp) in Q, Lemma B.2 guarantees that for any compact set Q1 (Zx) C
Q, there exist positive 51(Q1(znr)), 01(21(Zxr)) such that Lojasiewicz’s
inequality (B.1) holds for v(zr), which is reduced to

1
01(Q21(ZAr))
) T e € @), (5.17)

dist(zp, v~ 1(0)) < ( vlzw)

B1(1(zn))
For a constant € > 0, let
Si(@n,e) =int(L o (v) NO(EN) (5.18)
Si(@n,e) =int(L, o () NO*(zy) (5.19)

with p1(Zar,e) € (0, p(zpr)] determined later, where int(-) represents
the interior of a set. Then, from (5.7) and (5.15),

2% € S1(Znr,e) = an(t) € Si(Tpr,e) V>0 (5.20)
holds. In (5.17), we assign
(@) = L5, () Nel(OF(@x)) C Q, (5.21)

where the inclusion is from (5.16). This Q;(Zs) is compact from the
compactness of cl(OF (Zy)). Then, if 2%, € Si(Znr, €), from (5.19) and
(5.20), v(zar(t)) < p1(Zpr, €) holds, and from this inequality and (5.17),

= (51(91(@\[)))

holds, where the last inequality holds by assigning pi(Zar,e) > 0 as

p1(Znr, €) = min{p(Znr), B (Q1(Twr)) e 1@

<e Vt>0 (5.22)
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Let
A)= |  Si@w,e),
ZaEv—1(0)
which is an open set containing v~*(0) from (5.18), and if 2%, € A(e),
the solution xar(t) satisfies (5.22) from the above discussion. This implies
that (5.5) holds for A = v~1(0), and thus v=1(0) is stable.

Second, we show that v=1(0) is attractive. From the real analyticity
of v(zyr), Lojasiewicz’s inequalities guarantee that for any compact
set Q1(z) C Q and bounded open set Qy(z) C 2, there exist positive
Br(Q1(2)), 01(1(2)), Bo(Qa(2)), 02(22(2)), and po(0(z)) < p(z) such
that (B.1) and (B.2) hold for v(x), which are reduced to

02(Q02(x))

)
o N
Van € Q1(z) N Q2(z) N mt(ﬁpz(ﬂz(w))( v)). (5.23)

We assign Q;(z) as (5.21) and Q9(Z) as a bound open set satisfying
Q1 (x) € Q2(Z) C Q, which is possible from (5.21). Then,

M (2) NQ(Z) N lnt(ﬁpQ(QQ(x))( v)) = C1(0+(3_3N)) lnt(ﬁpg(gg(a)))( v))
(5.24

B (7)) (dist(aar, v~ (0) NN < 5, (25(2)) H -

holds. Let
Sa(Tn) = It(L) 6, (2 (V) N O(T) (5.25)
Sa(Zn) = t(L 0,2 (1)) N OF (Tw), (5.26)
and
2 € Solin) = anr(t) € Soin) VE>0 (5.27)

is achieved from (5.7) and (5.15). For the initial state 28, € Sa(Zn),
from (5.24), (5.26), and (5.27),

() € Qi1(Z) NQ(Z) N 1nt(£p2(92( ))(v)) vVt >0 (5.28)

holds. Then, from (5.14), (5.23), and (5.28), lim;_,oo dist(zar(t), v1(0)) =
0 holds. Let
A= | Si(zn),
Zarev—1(0)
which is an open set containing v=1(0) from (5.25), and (5.6) holds for
A = v71(0). Therefore, v=1(0) is attractive. O
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5.4 Remarks on non-differentiable functions

Assume that an objective function v : (R%)" — R is Lipschitz contin-
uous and regular, but not necessarily differentiable. In this case, the
discussions in this chapter hold for the gradient-flow system in (5.1) by
some extension as follows.

Consider the differential equation (5.2) with a measurable and
essentially locally bounded (not necessarily continuous) function F :
(RH™ — (RY)™. An absolutely continuous function zxr(t) € (R%)" is
called a Filippov solution if xxr(t) satisfies the differential inclusion

an(t) € K[F)(zar(t))-
Here, K[F] : (RY)" — pow((R%)") is the set-valued map, defined as

KIF)(y) = @ {yy € (R)": 35, € R)MZ, k=1,2,...

s.t. lim Ep = zp, lim F(Z) = yN}
k—o00

k—o0

with a set Z C (R?)" of measure zero, where co(-) is the closure of
the convex hull of a set. Let F~1(0) C (R%)™ be the zero set of F(z),
defined as
FH0) = {zy € RY™: 0 € K[F(zn)}-

A closed set A C (RY)™ is called an equilibrium set of the system (5.2)
if A C F~1(0) holds.

Let dpv : (RY)™ — pow(R) be the generalized derivative of v :
(RY)™ — R with respect to F : (RY)"™ — (RY)", defined as

Irv(zy) = {a € R: Jyy € K[F](zx)
st () = a Yoy €K [(f;/} (@)} (5.29)

Then, for the Filippov solution xa(¢) of (5.2), the following holds for
almost every t:
O(zpr(t)) € Opv(aar(t)). (5.30)
Consider the gradient-flow system (5.2) of v(zxr). Then, (5.30) holds
with F(zpr) = —0v/0xn(zpr)diag(kar), which yields

olan(t) <0 (5.31)
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because dpv(xzr) C [0, 00) holds from (5.29). Inequality (5.31) indicates
that v(zar(t)) is monotonically non-increasing, and the discussions in
Sections 5.2 and 5.3 are valid with the non-smooth version of LaSalle’s
invariance principle.

5.5 Notes and references

The terminology in this chapter mainly follows the standard control the-
ory for nonlinear systems (Khalil, 2002; Haddad and Chellaboina, 2008).
However, the contents are not the same because the equilibrium sets
are possibly not isolated or compact in this monograph. To handle such
equilibrium sets, the Lagrange stability is ensured by using invariance
conditions of objective functions in Theorems 5.4 and 5.5. In Theorem
5.6, Lojasiewicz’s inequalities are used to guarantee the asymptotic
stability. These ideas were taken in Sakurama et al., 2019. Lojasiewicz’s
inequalities were derived in the original paper (Lojasiewicz, 1965) and
the relative book (Lojasiewicz and Zurro, 1999). See Appendix B for
details about these inequalities and the real analyticity of functions. As
for the contents of Section 5.4, see Clarke, 1983 for the concepts on the
differential inclusion, and Shevitz and Paden, 1994; Eren et al., 2004
for the non-smooth version of LaSalle’s invariance principle.
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Problems



6

Pairwise Coordination

This chapter deals with the pairwise coordination of multi-robot systems
introduced in Subsection 2.2.1, that is,

i g (i(),25(6) = 0 Vi j € N i # j (6.1)

with non-negative functions ;; : (R9)? — R for i,j € N,i # j. The
pairwise coordination involves essential design and analysis methods
to help us shift smoothly to the rigorous control theory of multi-robot
coordination in the following chapters.

6.1 Problem formulation

Consider the local coordinate frame ¥;(¢) with a transformation matrix
M;(t) € M, where M C GL(d) determines the class of transformation
matrices. The origin of the local coordinate frame is assumed to be set
at the position z;(t) € R? of robot 4. Then, as shown in Section 2.3, the
kinematic model of robot ¢ and the relative positions of its neighbors
j € N; are given as

oi(t) = Mi(t)ui(t), (6.2)

() = My () () — al0) (6.3)

7
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with the input w;(t) € R For a graph G = (N, &), a distributed
controller with relative measurements is of the form

uilt) = ci(alL (1) (6.4)

with a function ¢; : (R%)WV:l — R4,

Consider the pairwise coordination (6.1) with respect to realizable
functions (v;;(s,;))i jen,i»j- This coordination can be expressed by
the generalized coordination, introduced in Subsection 2.2.2 as

tl_i)m dist(zn(t), D) = 0, (6.5)
with respect to the desired configuration set
D= {zy € RY)™ : hyj(ws,m;) =0 Vi,j € Nyi # j}. (6.6)

Thanks to the realizability of the functions, this D is non-empty. The
asymptotic stability of D is the control objective, for which we expect
to design a distributed controller with relative measurements.

The problem is formulated as follows.

Problem 6.1. For a graph G = (N, &) and a frame transformation
matrix set M C GL(d), consider the kinematic model (6.2) with the
relative positions (6.3) for M;(t) € M. The set D is given as (6.6)
for non-negative functions 1; : (R9)? — R%, 4,j € N, i # j such
that (vj(xi, %)) jen,ix; are realizable. Then, design a distributed
controller of the form (6.4) with relative measurements such that
D is asymptotically stable.

6.2 Controller design

The gradient-flow approach is employed. Then, the system is controlled
according to the gradient-flow system

E(t) = —nicf;(m(t)) (6.7)

with an objective function v : (R%)” — R and a positive constant ; > 0.
To obtain (6.7) from (6.2), we just have to design a controller (6.4) for

i _1 Ov
Cl(xw/z) = —r; M, 1895- (xnr), (6.8)
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7
From (6.6), we adopt the objective function

v(an) = Y vyl ;) (6.9)

{i,7}€€

where xg-i] = M; Y(x; — x;) for M; € M from (6.3).

because when v(zxr) takes the minimum zero, v;;(z;, z;) = 0 holds for
every {i,j} € £. Note that (6.9) does not contain ;;(xz;, z;) for {i,j} &
£ to design a distributed controller. Hence, whether the asymptotic
stability of D is achieved or not depends on the topology of graph G.

The following theorem guarantees that the controller (6.8) with
v(zp) in (6.9) is distributed with relative measurements under some
conditions on ; (x4, ;).

Theorem 6.1. For a graph G = (N, £), consider the kinematic
model (6.2) and the relative positions (6.3) for M;(t) € M with a
set M C GL(d). Let v(znr) be given as (6.9) with non-negative
continuously differentiable functions v;; : (R%)? — R, for {i,} €
E.

(i) If vyj(z4, z4) is given as

1
Vi (@i, 75) = 7 |l — 251%, (6.10)
the controller (6.8), reduced to

a@lt)y=r Y &, (6.11)
JEN:\{i}
is distributed with relative measurements.

(ii) If M C O(d) and each 1;;(x;, ;) satisfies

Pig (M~ as — 1), M~ (x5 — 7)) = i (i, z5)
Vo, x5, 7 €RY, M e M, (6.12)
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the controller (6.8), reduced to

@)= X (2l + G2 a0),
NG R i
(6.13)
is distributed with relative measurements.

Proof. For v(zxr) in (6.9), (6.8) is reduced to

i _ 0y 0y
Cz(xﬁ\]/z) = _Hz’Mi ! Z < B:L‘j (xiaxj) + 8$j' (xjvxi)> : (6‘14)
JEN\{i} ! !

Under condition (i), for ¢;;(x;, z;) in (6.10),

Mg, Oy, 10|l — )
8951' (xl’:E]) * 8.7}1 (:Uj’xl) o 2 69@1 o

= _Mi(Mi_l(:Cj — .%'Z)> = —MZJZEZ]

QL‘Z‘—.I]'

holds. Then, (6.14) is reduced to (6.11) and is distributed under relative
measurements.

Under condition (ii), by partially differentiating (6.12) with respect
to x;, from the chain rule and the property of the orthogonal matrix,

we obtain
a i a iAM_l i 7M_1 |
;;j (i, xj) = il i 82 —
= T2 (1 ), M oy - )
= O (0 ) M - 7), (615)

which holds for any M € M and 7 € R%. Assign M = M; and 7 = z;
in (6.15), and (6.14) with the resultant is reduced to (6.13) and is
distributed under relative measurements. O

The functions v;;(z;, x;) satisfying conditions (i) and (ii) in Theorem
6.1 are used for consensus and other formation problems, respectively,
in Section 6.4.
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6.3 Stability analysis

The stability of the resultant gradient-flow system is guaranteed under
some assumptions as follows.

Theorem 6.2. For a graph G = (N, &) and non-negative con-
tinuously differentiable functions 1;; : (R?)? — Ry, {i,j} € &,
consider the gradient-flow system (6.7) of v(xpr) in (6.9). Assume
that functions v;;(x;, ;) for {7, j} € £ are all radially unbounded,
or they all satisfy the following two conditions:

Wij(zi + 7,25 + 1) = Pij (i, ;) V7T € RY (6.16)
|z: — 25| < Gij (i (s, 5)) (6.17)

with monotonically non-decreasing functions ¢;; : Ry — R, . Then,
the system is Lagrange stable, and the following set is globally
attractive:

{zv e ®RH™: Y 881/’” (w5, 2;) =0 Vi e N} (6.18)
JEN\{i}

Additionally, if each ;j(x;,x;) is real analytic in an open set
containing 1/)1-;1(0,0) and (vij(wi, 7)) j1ee are realizable, the
following set is asymptotically stable:

A(G) = {zny € RH™ : hyi(zi, ;) =0 V5,5 € £} (6.19)

Proof. The case that v;;(x;, z;) are all radially unbounded follows from
Theorem 5.3 and is omitted.

Assume that (6.16) and (6.17) hold. Without loss of generality, we
assume that G is connected. Otherwise, we just have to consider each
connected component of G. From (6.9) and (6.16),

v((Ig,T)exn) =v(x1+ 7Ty Ty +T) Z Yij(zi + 1,25 +7)
{ijte€

= > i@ ag) = v(ay)

{1,7}€€
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holds for any 7 € RY. Hence, v(zx) is ({Ig} x R?)-invariant, and
condition (i) in Theorem 5.4 is satisfied. From the connectivity of G
and (6.17), condition (ii) in Theorem 5.4 is shown to be satisfied in
the same way as Example 5.1. Hence, Theorem 5.4 guarantees that
the system is Lagrange stable, and that the zero set (9v/0z)~1(0) is
globally attractive. This zero set is reduced to (6.18) from (6.9).

From the realizability of (¥y;(zi, ;)i jyee v~1(0) is non-empty for
v(zpr) in (6.9). From this and the real analyticity of v(xzxr), Theorem
5.6 guarantees that the zero set v=!(0) is asymptotically stable. This
zero set is reduced to (6.19) from (6.9) and the non-negativeness of

Yij (@i, x;). -

Theorem 6.2 guarantees the asymptotic stability of A(G) in (6.19),
while that of D in (6.6) is expected as stated in Problem 6.1. To achieve
this objective, it is sufficient to ensure D = A(G). Whether this equation
holds or not depends on the topology of GG. This is discussed more in
the following section for concrete examples.

6.4 Examples

In this section, examples of pairwise coordination are given by assigning
concrete functions to ;;(z;, ;).

6.4.1 Consensus

For the consensus problem (2.11), consider the function v;;(z;, z;) in
(2.12), which is equivalent to (6.10) in condition (i) of Theorem 6.1.
Accordingly, the controller (6.8) is reduced to the distributed controller
(6.11) with relative measurements for M C GL(d). Then, the control
input (6.4) is designed as

wlt)y=r; > all(@). (6.20)
JENN)

Notably, M;(t) € M in the relative position (6.3) can be an arbitrary
non-singular matrix, and thus various transformations of the local
coordinate frame are allowed, which is special to consensus.
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Furthermore, based on Theorem 6.2, the global asymptotic stability
of A(G) in (6.19) is guaranteed. For a connected graph G, the desired
configuration set D in (6.6) with v;;(z;, ;) in (6.10), reduced to

D={zyeR)":z) =29 =-- - =m,}, (6.21)

is globally asymptotically stable. Actually, the following proposition is
obtained.

Proposition 6.1. For a graph G = (N, ), consider the kinematic
model (6.2), the relative position (6.3) with a non-singular matrix
M;(t) € GL(d), and the distributed controller (6.20) with relative
measurements for a gain x; > 0. Then, the set D in (6.21) is globally
asymptotically stable if and only if G is connected.

Proof. Assume that G is connected. From the discussions just before
Theorem 6.1 and this proposition, by using the controller (6.20), the
system (6.2) is reduced to the gradient-flow system (6.7) with v(zxr) in
(6.9) for (x4, ;) in (6.10). Because the function v;;(x;, x;) satisfies
(6.16) and (6.17), Theorem 6.2 guarantees that the set in (6.18) is
globally attractive, which is reduced to

{zn € (RH)™: Z (z; —xj) =0 Vie N} (6.22)
JEN\{i}
Each t;j(z;,7;) is real analytic and (y;(zi, 7)) jyee are realizable
from Example 2.4. Thus, Theorem 6.2 guarantees that the set A(G) in
(6.19) is asymptotically stable, which is reduced to

AG) = {zy € RN 12y = x5 Vi, j} €&} (6.23)

The sets in (6.22) and (6.23) are equivalent to the set D in (6.21) if
and only if G is connected (Mesbahi and Egerstedt, 2010). Hence, D is
globally asymptotically stable from the global attractiveness and the
asymptotic stability of the sets in (6.22) and (6.23).

Assume that G is not connected. Then, the set A(G)\D is non-
empty. For an initial state zxr(0) € A(G)\D, the state zxr(t) does not
move because A(G) is an equilibrium set. Therefore, D is not globally
asymptotically stable. O
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6.4.2 Displacement-based formation

For displacement-based formation (2.5), consider the function

1
Vij(wi, x5) = ~||@; — a5 — rij]|%, (6.24)
4

equivalent to (2.6). Assume that M = {I;}, and (6.12) is satisfied. Then,
Theorem 6.1 guarantees that the controller (6.8), reduced to (6.13), is
a distributed controller with relative measurements. For v;;(z;, z;) in
(6.24),
wit)=r; > (@(t) +ry) (6.25)
JEN\{3}
is obtained under the assumption that r;; = —r;;.
Note that for M;(t) € M = {I;}, the relative position (6.3) is
reduced to A
() = 2;(t) — (). (6.26)
To measure the relative position (6.26), the robots need to obtain the
absolute bearing, e.g. by compasses, as discussed in Subsection 2.3.3.
This is in contrast to the consensus controller (6.11), which does not
require the absolute bearing because any non-singular matrix M;(t) is
allowed in the relative position (6.3).
The desired configuration set D in (6.6) with 1;;(x;, z;) in (6.24) is
given as

D={xy € R :mi—z; =ri; Vi,jeN,i#j} (6.27)

This set is globally asymptotically stable for a connected graph G as
follows.

Proposition 6.2. Let r;; R? be vectors such that there exists
Th € (RH™ satisfying =} — x} = ryj for any i,j € N, i# j. For a
graph G = (N, E), consider the kinematic model (6.2), the relative
positions (6.26) with M;(t) = I, and the distributed controller
(6.25) with relative measurements for x; > 0. Then, the set D in
(6.27) is globally asymptotically stable if and only if G is connected.

Proof. From the assumption on 7;;, the functions ;;(x;, x;) in (6.24)
for 7,7 € N, i # j are realizable. The rest of the proof follows from

Proposition 6.1 through the state transformation z; = z; — ;. O
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6.4.3 Distance-based formation

For distance-based formation (2.7), let us consider the function

1
ij(i, 25) = gl = z;||* — d;)?, (6.28)
equivalent to (2.8). For M = O(d), (6.12) is satisfied as follows:

’gbij(M_l(ﬂji — T),M_I(SU]' - T))

1 _ _

=g(IM Yoo —7) = M Ny —7)|)? = d3))°
1

= g(”iﬂi —xj||* = di;)? = i (i, )

for M € O(d),7 € R% Then, from Theorem 6.1, the controller (6.8),
reduced to (6.13), is a distributed controller with relative measurements.

For ¢7Lj(-ri7$j) in (628),

w(®) =ri Y (e @) - d3ale) (6.29)
JeN:\{i}
is obtained under the assumption that d;; = d;;.
From (6.3), the relative position is given as

V() = M7 () (2 (1) — (1)) (6.30)

for M;(t) € O(d). Compared with the relative position (6.26) for the
displacement-based formation, (6.30) involves the transformation in
rotation and reflection. This means that less measurement information
is required to the distance-based formation, that is, the absolute bearing
is unnecessary.

The desired configuration set D in (6.6) with 1;;(z;, z;) in (6.28) is
reduced to

D= {xy € RY": ||lz; —aj]| = dij Vi,j €N,i#j}. (6.31)

This set is asymptotically stable if (2}, G) is a globally rigid framework
for some xy, € D as follows.
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Proposition 6.3. Let d;; be positive numbers such that there exists
zh € (R satisfying ||z} —z}|| = dij for any i,j € N, i # j. For a
graph G = (N, &), consider the kinematic model (6.2), the relative
position (6.30) with M;(t) € O(d), and the distributed controller
(6.29) with relative measurements for x; > 0. Then, the set D in
(6.31) is asymptotically stable if (x},, G) is globally rigid.

Proof. Assume that (z},,G) is globally rigid. From the discussions
just before Theorem 6.1 and this proposition, by using the controller
(6.29), the system (6.2) is reduced to the gradient-flow system (6.7) with
v(zpr) in (6.9) for ¢j(xs, ;) in (6.28). The function v;j(x;, ;) satisfies
(6.16) and (6.17), v;;(z;, z;) is real analytic, and (4 (74, 75)) i jyee are
realizable from the assumption on d;;, Hence, Theorem 6.2 guarantees
that A(G) in (6.19), reduced to

AG) = {zn € RY™: |2 — || = diy Vi, j} € £, (6.32)

is asymptotically stable. From the definition (4.8) of the global rigidity,
(6.31), and (6.32), A(G) C D holds. The converse inclusion is obvious,
and A(G) = D is obtained. Hence, D in (6.31) is asymptotically stable.

O

6.5 Notes and references

Conventionally, the gradient-flow approach has been taken to design
a distributed controller with an objective function of the form (6.9)
consisting of pairwise functions, as summarized in Martinez et al., 2007.
Hence, the contents of this chapter are highly relevant to conventional
results on multi-robot and multi-agent systems.

As for consensus, the objective function v(zxr) in (6.9) with (6.10)
is called a Laplacian potential (Olfati-Saber and Murray, 2004), and
its gradient-flow system (6.7) is reduced to a linear system with a
graph Laplacian matrix. The property of this system can be analyzed
with the eigenvalues of the graph Laplacian matrix, associated with the
connectivity of the graph as Proposition 6.1. See Mesbahi and Egerstedst,
2010 for multi-robot coordination through a graph-theoretic approach.
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As for distance-based formation, graph topology has been investi-
gated under which distance-based formation is achievable in the lit-
erature. The key is the rigidity theory of bar-and-joint frameworks
as indicated in Section 4.6, which is summarized in Anderson et al.,
2008; Queiroz et al., 2019. Correspondingly, Proposition 6.3 indicates
that a sufficient condition for the asymptotic stability of D in (6.31)
is the global rigidity of (x},, G). The existing research shows that the
necessary and sufficient condition is the rigidity of (3., G). This gap
is caused from obtaining A(G) = D in the proof of Proposition 6.3.
Actually, we just need the existence of an open set A O D such that
A(G) N A =D, which implies the rigidity of (z},,G) defined in (4.9).
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Generalized Coordination with “Absolute”
Measurements

Consider the generalized coordination problem, which is formulated in
Subsection 2.2.2 as

tlg(r)lo dist(xn(t), D) = 0, (7.1)

with respect to a desired configuration set D C (R%)™. In this chapter, a
condition of (D, G) is specified such that there exists a distributed con-
troller to achieve (7.1) over a graph G, and such a distributed controller
is designed. Moreover, it is shown that even if this condition is not
satisfied, the designed controller achieves the generalized coordination
(7.1) in the best approximate way.

Here, we assume that the global and local coordinate frames are the
same, i.e., the absolute positions of the neighbors are available to each
robot. This assumption is removed in the next chapter.

7.1 Problem formulation

Under this assumption, the kinematic model is given by the single-
integrator system

ai(t) = ui(t) (7.2)

88
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as explained in Subsection 2.3.2. For a graph G = (N, £), the admissible
controller is of the form

ui(t) = ci(zp; (1)) (7.3)

with a function ¢; : (RH)Wil - RY where N; C N is the neighbor set of
robot ¢, defined in (4.1). Note that the function ¢;(za;) in (7.3) depends
on the absolute positions z;, of the neighbors. A controller of the form
(7.3) is said to be distributed.

7.1.1 Gradient-flow approach

To achieve the generalized coordination (7.1) with respect to a set
D C (RH)™, we design a distributed controller with which D is asymp-
totically stable. For this purpose, the gradient-flow approach is employed.
Consider the gradient-flow system

(1) = —rig () (7.4)
for a non-negative, continuously differentiable function v : (R*)™ — R,
and a positive constant «; > 0. Now, the requirements of the objective
function v(zxr) are listed as follows.

First, according to (7.4), the objective function v(zar(t)) is mono-
tonically non-increasing, and the state xar(t) locally converges to the
zero set v~ 1(0). Actually Theorem 5.6 guarantees that v=1(0) is asymp-
totically stable under some assumptions. Hence, for the asymptotic
stability of D, v(zxr) is expected to satisfy

v H0) = D. (7.5)

A non-negative function v(zxr) satisfying (7.5) is called an indicator of
D. Let Vina(D) be the set of indicators of D, that is,

Vina(D) = {v(zn) : v 1(0) =D, v(an) >0 Van € (RN} (7.6)

Note that Ving(D) is always non-empty because the squared distance
function of D belongs to Ving(D), that is,

v(zpy) = (dist(zar, D))? € Vina(D).
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Next, to obtain the gradient-flow system (7.4) from the single-
integrator system (7.2), the distributed controller in (7.3) is designed
as

o (o) &

for k; > 0. This equation indicates that the gradient of v(zar) with

ci(zn,) = —Ki

respect to x; can depend only on the states x,; of the neighbors of
robot i. Such a function v(zxr) is said to have a distributed gradient
for graph G. Let Vgis(G) be the set of the functions having distributed
gradients for graph G, that is

Vais(G) = {v(zn) € Ver : Vi € N, 3 : (RHYWil — R?

0
s.t. a; (zx) = Gi(zn;) Yan € (R, (7.8)
where ¢;(zn;) = —ci(za;)/ki and Ve is the set of scalar, continuously

differentiable functions. Note that Vyis(G) is non-empty because the
zero function v(zy) = 0 Vo € (RY)" is always contained.

7.1.2 Best approximate indicators

Now, we are faced with the key issue in this approach: the intersection
Vind (D) N Vais(G) is possibly empty, depending on D and G. In other
words, there might be no distributed controller of the form (7.7) which
asymptotically stabilizes D. Even in such a case, a relaxed condition

v 1(0) DD (7.9)

can be considered instead of (7.5). A non-negative function v(xur)
satisfying (7.9) is called an approzimate indicator of D. Let V,app(D) be
the set of approximate indicators of D, that is

Vapp(D) = {v(zx) : v710) DD, v(zp) >0 Vap € (RH"L. (7.10)

The intersection Vapp (D) N Vais(G) is always non-empty unlike Viyq (D) N
Viis(G) because the zero function belongs to Vapp (D) N Vais(G).

Note that just finding a function v(xzpr) € Vapp(D) N Vais(G) makes
no sense because the zero function is contained. Hence, we need to find
the most appropriate function 9(xz) from Vapp(D) N Vgis(G) in terms of
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achieving the generalized coordination (7.1). Such 0(x ) can be defined
as the function of which zero set 9~1(0) is the most similar to D in the
following sense:

D C970) CvH0) You(za) € Vapp(D) N Vais(G). (7.11)

A function 0(xpr) € Vapp(D) N Vais(G) satistying (7.11) is called the best
approximate indicator of D under G. The gradient-flow system (7.4) of
the best approximate indicator o(zar) can drive the robots to the point
nearest to D among all the functions in Vapp (D) N Vyis(G). Moreover, if
Vind (D) N V4is(G) is non-empty, 9(zar) is always an indicator of D.

7.1.3 Target problems

The first problem tackled in this chapter is to characterize the best
approximate indicator to design a distributed controller as follows.

Problem 7.1. For a graph G = (N, £) and a non-empty set D C
(R4)™, characterize the best approximate indicators, say o(zz) €
Vapp (D) N Vais(G) satisfying (7.11). Moreover, design a distributed
controller via the gradient of one of the best approximate indicators,
and analyze the stability of the resultant system.

The next problem is to specify (D,G) such that there exists an
indicator having a distributed gradient.

Problem 7.2. Derive a necessary and sufficient condition of (D, G)
such that there exists an indicator of D having a distributed gradient
for G, that is, Vapp(D) N Vais(G) is non-empty.

7.2 Characterization of the best approximate indicators

Before addressing Problem 7.1, the functions having distributed gra-
dients, say v(zx) € Vais(G), are characterized. Let C1,Ca,...,Cq C N
be the maximal cliques in graph G. The key is the decomposability
into clique-based functions as follows, where proj.(-) is the projection
defined in (3.13).
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Theorem 7.1. For a graph G, a continuously differential function
v (RHY™ — R belongs to Vgis(G) if and only if it can be of the
form

v(zp) = Z vg(ze,) (7.12)

keclq(G)

with some functions vy (z¢, ) for maximal cliques Cy, k € clq(G).
Moreover, if v(x,) is non-negative and v~*(0) is non-empty, each
vg(z¢,) can be chosen as an indicator of proje, (v=1(0)).

Proof. To show sufficiency, assume that a continuously differentiable
function v(xpr) is of the form (7.12) with some functions v (z¢, ). Note
that Ovy,/0z(xc, ) = 0 holds if k£ ¢ clq;(G) because z¢, does not include
x;. Then, by partially differentiating v(xar) with respect to z;, we obtain

ov 0 0

5 (an) = > uklwe,) = > uklwe,) = Glan)
Oz O keclq(G) Oz keclq, (G)

with some function & (z ;) from the relation (4.7) between the neighbor
set N; and the maximal cliques Cj for k € clq,(G). Hence, v(zpy) €
Viis(G) is satisfied from (7.8).

The necessity part follows from Lemma D.9. The latter part of this
theorem follows from Lemma D.7 (a). O

In the characterization (7.12), the functions belonging to Vgis(G)
consist of clique-based functions v (z¢, ), which are parameters to be
designed according to control objectives. Because Theorem 7.1 provides
a necessary and sufficient condition, the best performance is necessarily
obtained for any criterion with an objective function of the form (7.12)
by appropriate choice of vg(z¢, ).

The following theorem shows that we just have to assign indicators
of proje, (D) to vk(xc,) for attaining the best approximate indicators.

Theorem 7.2. For a graph G and a non-empty set D C (R%)", a
function ¢ : (RY)" — R is the best approximate indicator of D
having a distributed gradient for G, i.e., 9(xx7) € Vapp(D) NVais(G)
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satisfies (7.11), if and only if it can be of the form

dlan) = D, rlzc,) (7.13)

keclq(G)

with indicators 0y (zc,) of proje, (D) for the maximal cliques Cy,
k € clq(G).

Proof. (Sufficiency) Let 9(zxr) be a function of the form (7.13) with
indicators x(xc,) of proje, (D). First, from Theorem 7.1, d(xp) €
Vais(G) holds. Next,

070) = [ {av e RN ae, € 9,7(0)}
keclq(G)

= [ {znv € RY)":a¢, € proje, (D)} (7.14)
kecla(G)

oD

is obtained from (7.13), the indicators Oy (zc,) of projc, (D), and the
definition of the projection. Hence, 0(xxr) € Vapp(D) holds from (7.10).
Finally, to show (7.11), consider a function v(zar) € Vapp(D) N Vais(G).
From v(xz) € Vais(G) and its non-negativeness, Theorem 7.1 guaran-
tees that v(xzr) can be of the form (7.12) with indicators vi(zc, ) of
proje, (v(0)). From v(zxr) € Vapp(D), D C v~*(0) holds, which yields
proje, (D) C proje, (v1(0)) = v, 1(0). Take the intersection of these
sets in (R%)" for all k € clq(G), and we obtain

N {aw € ®Y)" : 2¢, € proje, (D)}
keclq(G)
C ﬂ {an € R : 2, € v 1 (0)} = v 1(0). (7.15)
keclq(G)
From (7.14) and (7.15), (7.11) is obtained.

(Necessity) Assume that a function 0(zpr) € Vapp(D) N Vais(G)
satisfies (7.11). Here, we show that o(zxr) is of the form (7.13) after all.
From 9(zzr) € Vapp(D), #(wr) is non-negative and 5~1(0) is non-empty.
From these facts and 9(zx) € Vais(G), Theorem 7.1 guarantees that
(xnr) € Vais(G) is of the form as (7.12), i.e., the sum of indicators
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O (wc,) of proje, (571(0)) for k € clq(G). Hence, to show that #(zy) is
of the form (7.13), it is sufficient to show that

proje, (571(0)) = proje, (D) (7.16)

holds for any k € clq(G). From 9(zzr) € Vapp(D), D C 971(0) holds,
which leads to proje, (D) C proje, (571(0)). Because d(zx) in (7.13)
also satisfies (7.11) from the sufficiency part, -1(0) = 9~1(0) holds,
from which

proje, (571(0)) = proj, (671(0))
=proje,( (] {zn € RY)" : ae, € proje, (D)})
keclq(G)
< proje, ({zx € (RY)" : ac, € proje,(D)})
= projc,(D)
is obtained with (7.14). Hence, (7.16) is achieved. O

Theorem 7.2 shows that the zero set 9~1(0) of (7.13), given in (7.14),
is the most similar to D in the sense of (7.11). Hence, the zero set 9~ 1(0)
indicates the control performance achievable under graph G from the
viewpoint of how similar a configuration can be obtained by the robots.
This is explained through the following example.

Example 7.1. Consider the multi-robot system with n = 3 robots
in d = 1-dimensional space. We will compare two graphs G, and
G}y, in Figs. 7.1a and 7.1b, respectively, on the control performance
in terms of the zero sets 9~1(0) of (7.13). First, consider G,, which
contains two maximal cliques of order two (i.e., edges): C; = {1, 2}
and Co = {1,3}. The desired configuration set D C (R!)? and
the zero set ©~1(0) for G, are shown in Fig. 7.1c, where each axis
corresponds to the position x; € R of each robot. In Fig. 7.1c, 91(0)
is described by the dark gray area, that is, the intersection of the
elliptical cylinders {zx € (RY)" : z¢, € proje, (D)} for k = 1,2
according to (7.14). Note that ©~1(0) is different from D in this
case. Next, consider G}, which contains one maximal clique of order
three: C; = {1,2,3}. As shown in Fig. 7.1d, the zero set 9~1(0) is
equivalent to D in this case. Accordingly, graph G}, can achieve
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% o

(a) Graph G, (b) Graph Gy,
T3

{00 0
\ / (0)
p S T,

_ifi_

WO
(c) Zero set 9 (0) for G, (d) Zero set 971(0) for Gy

Figure 7.1: Comparison of graphs on control performance in terms of the zero sets
©71(0): (a), (b) graphs Ga, Gy; (c), (d) the corresponding zero sets 4~ *(0).

better performance than G,. This illustrates the importance of
“cliques” rather than “edges”.

7.3 Controller design

To obtain the approximate indicator according to Theorem 7.2, we need
to design indicators 9% (¢, ) of proje, (D). A typical indicator is given
as follows.

Lemma 7.3. For a non-empty set D C (R%)" and a node subset
Cr C N, the squared distance function of proje, (D) given by

v(ze,) = %(dist(xck,projck (D)))? (7.17)

is an indicator of proje, (D) for 4 > 0.

Proof. This lemma follows from the definition of the distance function.
O

From this lemma, an example of the functions satisfying the condi-
tions in Theorem 7.2 is given as follows.
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Theorem 7.4. For a graph G and a non-empty set D C (R9)",

O(zy) = Z %(dist(azck,projck(D)))2 (7.18)
keclq(G)

for v, > 0 is the best approximate indicator of D having a dis-
tributed gradient for G, i.e., 9(znr) € Vapp(D) N Vais(G) satisfies
(7.11).

Proof. This theorem follows from Theorem 7.2 and Lemma 7.3. O

The meaning of the function (7.18) is explained from the viewpoint
of optimization as follows. The target problem, namely, the generalized
coordination (7.1), corresponds to solving the optimization problem

dist(zpr, D) = [i)IéfD |zAr — DY|. (7.19)

Because (7.19) depends on the states z1,z2,...,z, of all the robots, it
is solvable in a centralized way. Instead, by projecting (7.19) onto the
xc,-space, the optimization problem is reduced to

diSt(waprOjCk (D)) = Dkepir%jfck (D) ”ka — Dgll, (7.20)
which is solvable in a distributed manner when Cj is a maximal clique.
Combination of the solutions to (7.20) for all C (k € clq(G)) yields the
best approximate solution to the target problem (7.19). This procedure
corresponds to (7.18).

A distributed controller is designed as the gradient of the best
approximate indicator (7.18) as shown in the following theorem, where
cl(-) represents the closure of a set and col,(+) is the mth element of a
tuple.

Theorem 7.5. For a graph G and a non-empty set D C (R%)",
assume that the solution Dy, to (7.20) exists as a function Dy, :
(R%)[Cel — cl(proje, (D)) of z¢, for each k € clq(G). Then, the
gradient-based controller (7.7) for v(zpr) = 0(zpr) in (7.18) is
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reduced to the distributed controller
ci(@n,) =—ri D (@i — coln,, (Di(zc,))) (7.21)
keclq, (G)
for ki, v, > 0, where ng; € {1,2,...,|Cx|} represents the order of
i € N in the maximal clique Cy, i.e., z¢, = (... VL.
Proof. This theorem follows from Lemma C.1. 0

The distributed controller (7.21) can be systematically designed
according to G and D. To implement this controller, each robot has to
know the maximal cliques Cg, k € clq,;(G) that it belongs to. How to
find them is discussed in Section 7.6. Furthermore, each robot needs
to solve the optimization problem (7.20), which is considered in the
following chapters in some concrete cases.

7.4 Stability analysis

The stability of the system with the designed controller (7.21) is analyzed
under some assumptions on the desired configuration set D.
First, the Lagrange stability is ensured if D is compact.

Theorem 7.6. For a graph G and a non-empty, compact set D C
(R%)™, assume that the solution to (7.20) exists for each k € clq(G).
Then, the system (7.2) under the control input (7.3) with the
distributed controller (7.21) is Lagrange stable and (96/0xx7) 1 (0)
is globally attractive for o(zxr) in (7.18).

Proof. From Theorem 7.5, the distributed controller (7.21) is derived
from the gradient of 9(zxr) in (7.18). Hence, the system is reduced to
the gradient-flow system (7.4) of v(zxr) = ¥(znr). From Theorem 5.3, for
the Lagrange stability and the global attractiveness of (90/0xx7)~1(0),
it is sufficient to prove that o(z) is radially unbounded. Because D
is non-empty and compact, proje, (D) is non-empty and compact, and
thus dist(zc, , projc, (D)) is radially unbounded for any k € clq(G).
When ||zxr|| = o0, at least one vector satisfies ||z;|| — oo, which leads
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to dist(z¢, , proje, (D)) — oo for some k € clq;(G) because each node
belongs to at least one maximal clique. Then, from (7.18), 0(xx) — o0
is satisfied, which implies that ©(zar) is radially unbounded. O

In the next chapter, the Lagrange stability will be ensured for
non-compact sets D, differently from Theorem 7.6.

Next, the asymptotic stability is ensured under some assumptions
including the Lagrange stability of the system. See Appendix B for real
analytic submanifolds.

Theorem 7.7. For a graph G and a non-empty set D C (R)™,
assume that (i) the solution to (7.20) exists for each k € clq(G),
that (ii) the system (7.2) under the control input (7.3) with
the distributed controller (7.21) is Lagrange stable, and that (iii)
proje, (D) is a real analytic submanifold for each k € clq(G). Then,
971(0) is asymptotically stable for #(xx) in (7.18).

Proof. For ©(xx) in (7.18), the zero set 6~1(0) is non-empty because
D is non-empty and 9(xx) € Vapp(D). Because proje, (D) is a real
analytic submanifold from the assumption, Lemma B.1 guarantees
that (dist(zc, , proje, (D)))? is a real analytic function in an open set
containing proje, (D). Thus, 9(xxr) in (7.18) is real analytic in an open
set containing Nyeeq(a) iy € (RY)™ : x¢, € proje, (D)} = 97(0).
Additionally because the system is assumed to be Lagrange stable,
Theorem 5.6 guarantees that ¢~!(0) is asymptotically stable. O

7.5 Existence of indicators

To solve Problem 7.2, a condition of (D, G) will be derived such that
there exists an indicator of D having a distributed gradient for G,
i.e., Vind(D) N Vgis(G) is non-empty. According to Theorem 7.2, this
condition is fulfilled if and only if the best approximate indicator 0(x )
in (7.13) satisfies (7.5) to be an indicator. Hence, it is sufficient to verify
whether 0(x ) satisfies (7.5) or not. From this viewpoint, the following
theorem is derived.
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Theorem 7.8. For a graph G and a non-empty set D C (R?)™,
there exists an indicator of D having a distributed gradient for G,
i.e., Vind(D)NVyis(G) is non-empty, if and only if the set framework
(D, G) is clique rigid. Moreover, under this condition, a function
v: (RY)™ — R belongs to Vina(DP) N Vgis(G) if and only if it can
be of the form (7.13) for v(zx) = v(zx) with indicators O (xc, )
of proje, (D) for the maximal cliques Cy, k € clq(G).

Proof. From Theorem 7.2 and the discussion just before this theorem, it
is sufficient to verify that (7.5) holds for v(xar) = 0(x ) in (7.13), where
by (e, ) are indicators of proje, (D). From d(zxr) € Vapp(D), 07(0) D D
always holds. Hence, (7.5) holds if and only if the converse inclusion

0N 0) = () {aw € RY)": ag, € proje, (D)} C D
keclq(G)

holds, which is equivalent to the definition (4.10) of clique rigidity. [

7.6 Notes and references

In the conventional research, the gradient-flow approach is employed
with an edge-based function v(zy) = >y jyee ¥ij(wi, z;), as men-
tioned in Chapter 6. The point of this chapter is the shift of objective
functions from edge-based functions to clique-based ones v(zpr) =
> keelq(c) Vk(Ze,,) in Theorem 7.1. Because each edge is contained by a
maximal clique, the set of clique-based functions contains that of edge-
based functions. Hence, clique-based functions always have potential
to enhance the control performance. Actually, Theorem 7.2 guarantees
that the best performance is obtained in terms of the generalized coordi-
nation by clique-based functions. This result was obtained in Sakurama
et al., 2012; Sakurama et al., 2015. According to this shift, the graph
conditions are generalized from conventional ones, e.g., connectivity
and global rigidity, into clique rigidity. Actually, Theorem 7.8 shows
that clique rigidity is a necessary and sufficient condition for achieving
the generalized coordination, which was first pointed out by Sakurama,
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2021b. See Section 4.4 for correspondence between clique rigidity and
conventional graph conditions.

One drawback of employing clique-based functions is that each robot
has to know the maximal cliques Cy, k € clq,;(G) that it belongs to from
the subgraph G|u; of neighbors. To construct G|u;, the information
on the connections between neighbors is required. Hence, whether this
information is available or not determines the applicability of this
method. Once G|y, is obtained, it is not difficult to list the maximal
cliques Cg, k € clq;(G) if there are not many neighbors, as discussed in
Section 4.6.



8

Generalized Coordination with “Relative”
Measurements

Consider the generalized coordination problem
lim dist(zar(t),D) =0 (8.1)
t—o0

with respect to a desired configuration set D C (R%)"™. The setting
different from the previous chapter is that the global and local coordinate
frames ¥, ¥;(t) differ in general. As shown in Subsection 2.3.1, a global
coordinate p(t) € R% and the corresponding local coordinate pl’ (t) € R¢
are transformed into each other according to

p(t) = M;(t)pl(t) + bi(t) (8.2)

for (M;(t),b;(t)) € M x B. Here, we assume that the frame transfor-
mation set M x B has the structure of a semidirect product and is a
subgroup of scaled(O(d)) x R%. This assumption is fulfilled with typical
frame transformation sets including the examples in Subsection 2.3.1.
We expect to design a distributed controller with relative measure-
ments over a graph G such that the generalized coordination (8.1)
is achieved. Whether such a controller exists depends on the triple
(D,G, M x B). In this chapter, we derive a necessary and sufficient
condition of (D, G, M x B) for the existence of such a controller.

101
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8.1 Problem formulation

A frame transformation set M x B is given as a subgroup of scaled(O(d)) x
R?. As discussed in Section 2.3, under the coordinate transformation
(8.2) for (M;(t),bi(t)) € M x B, the kinematic model is given as

(1) = M;(£)ui(t) (8.3)
i

and the relative position ;' (t) of neighbor j € N; is given as

2l () = M) (25(8) — bi(t)) = (Mi(1), b:(t) P ozj(t)  (8.4)

from (3.8). For a graph G = (N, £), the admissible controller is of the
form

uit) = calw (1) (8.5)
with a function ¢; : (R)Wil — R?, where N; C A is the neighbor set
of robot i, defined in (4.1). A controller of the form (8.5) is called a
distributed controller with relative measurements.

8.1.1 Gradient-flow approach

To achieve the generalized coordination (8.1) with respect to a set D C
(R4)™, we expect to asymptotically stabilize D. To design a controller for
this purpose, the gradient-flow approach is employed. The gradient-flow
system is given as

o (a(r) (36)

with a non-negative, continuously differentiable function v : (R9)" — R
and a positive constant x; > 0. As discussed in Subsection 7.1.1, to

:ti (t) = —K;

asymptotically stabilize D, the objective function v(zs) is expected to
be an indicator of D, that is, v(xxr) € Vina(D). Furthermore, to obtain
the gradient-flow system (8.6) from the system (8.3) with the control
input (8.5), the controller is of the form

i _1 Ov
cz(xj[\}/l) = —r; M, 181“ (xn), (8.7)

where :Ugﬂ = (M;,b;)"'e xj represents the relative position of neighbor
j € N for (M;,b;) € M x B according to (8.4). Here, we consider the



8.1. Problem formulation 103

situation that the value of (M;, b;) is unknown. Hence, (8.7) has to hold
for arbitrary (M;,b;) € M x B.

A function v(x ) satisfying (8.7) can be characterized with Vye (M x
B) defined as follows:

Veel(M x B) = {v(zp) € Ver : Vi € N, 36 : (R — RY
O R
O, (zn) = ci((M;, b;) TA)
Vo € (RO™, (M;,b;) € M x BY. (8.8)

S.t. M;l

A function v(zpr) € Veel(M X B) is said to have a relative gradient. Note
that Viel(M X B) in (8.8) focuses on the relativity of the gradients rather
than distributedness. Actually, to satisfy (8.7), v(xar) needs to have a
distributed, relative gradient, i.e., v(zxr) € Vgis(G) N Vyel(M x B), as
follows.

Proposition 8.1. For a graph G and a subgroup M x B of GL(d)
R?, there exists a function ¢; : (RY)Wil - RY satisfying (8.7) with
ki > 0, :L‘E-ﬂ = (M;, b))~ e z; for any zp € (RY)™ and (M, b;) €
M x B for each i € N, if and only if v(zx7) € Vais(G) N Viel (M X B).

Proof. We show only the sufficiency because the necessity can be shown
in the same way. Consider a function v(zar) € Vgis(G) N Viet (M X B).
From (7.8) and (8.8),

ov
al‘i

holds for any 2 € (R%)" and (M;, b;) € M x B. Let (M;,b;) = (I4,0) €
M x B, and from (8.9),

() = MiGi((M;, b;) " @ mp) = G (8.9)

holds for any zx € (RY)". By replacing xp with (M;,b;)"! ez in
(8.10), and from (8.9),

ov
81‘@

Gi((M;,by) " e an) = (M, b) " eay) = My ' ——(xn)  (8.11)

is obtained. From (8.11), (8.7) is achieved for c,(xk]/l) = —Iﬁiéi(Ik]/i). O
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8.1.2 Target problem

Now, we expect to design an objective function v(zar) € Vina(D) N
Viis(G) N Vel (M x B). The existence of such a function depends on the
triple (D, G, M x B). Our goal in this chapter is to identify the triples
with which such an objective function exists. Moreover, we design a
distributed controller with relative measurements with such an objective
function, and show that this controller asymptotically stabilizes D.

Problem 8.1. For a graph G, a non-empty set D C (R%)", and a sub-
group M x B of scaled(O(d)) x R?, specify the triples (D, G, M x B)
such that the intersection Ving(D) N Viis(G) N Vyel (M x B) is non-
empty. Next, characterize the functions belonging to this inter-
section. Then, design a distributed controller with relative mea-
surements from the gradient of such a function when it exists.
Finally, analyze the asymptotic stability of D for the system with
the designed controller.

8.2 Characterization of indicators

As the solution to the first part of Problem 8.1, the strict condition of
the triple (D, G, M x B) for the non-emptiness of Vinq(D) N Vqis(G) N
Viel(M x B) is derived as follows.

Theorem 8.1. For a graph G, a non-empty set D C (R%)", and a
subgroup M x B of scaled(O(d)) x R?, the set Ving(D) N Vais(G) N
Viel (M x B) is non-empty if and only if the following two conditions
are satisfied:

(A) The set framework (D, G) is clique rigid.

(B) The set D is of the following form with some non-empty set
x* C (RH™.
D = orbins(X*) (8.12)
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Proof. (Necessity) Assume that Ving(D) N Vais(G) N Vel (M X B) is non-
empty. Then, from the non-emptiness of Viuq(D) N Vais(G), Theorem
7.8 guarantees that condition (A) holds. The rest of the proof is to
derive condition (B). From the assumption, there exists a function
v(xAr) € Vind(D) N Vel (M x B). Then, from (7.6), v(zar) is non-negative
and v~1(0) = D is non-empty. Hence, Lemma 8.3 given below guarantees
that v(xn) € Viel(M x B) is relatively (M x B)-invariant of weight
|det(M)| for (M,b) € M x B. Let &y € D and (M,b) € M x B.
Then, from (7.6), v(Zxr) = 0 holds. Furthermore, from the definition
(3.19) of the relative invariance, v((M,b) @ &) = ]det(M)ﬁv(iN) =0
holds, and (M,b) e Znr € v~1(0) = D is obtained from (7.6). Hence,
D is (M x B)-invariant. Finally, Lemma 3.2 guarantees that such a
non-empty set D is of the form (8.12) with some non-empty set X*.
(Sufficiency) This part follows from Theorem 8.4 given below. [

According to Theorem 8.1, the requirement to the triple (D, G, M x
B) is decomposed into condition (A) of (D,G) and condition (B) of
(D, Mx B). Condition (A) requires the set framework (D, G) to be clique
rigid in the same way as the absolute measurement case in Theorem 7.8
for the distributedness of controllers. Condition (B) is the additional
condition for the relativity by making D have the DOF corresponding
to the ambiguity in measurements, represented by M x B.

The following two lemmas are used to prove Theorem 8.1.

Lemma 8.2. For a subgroup M x B of GL(d) x R%, a function
v(zA) € Viet(M x B) of zp € (RT)™ satisfies

(%( )= ov
8@ Y = (93;‘2'

for any (M,b) € M x B for each i € N.

M ((M,b) ® zpr) (8.13)

Proof. By replacing (M;,b;) = (I4,0) in the equation of (8.8), ¢;(zxr) =
Ov/0z;(z,r) is obtained. By applying (M;, b;) = (M, b)~! for (M,b) €
M x B to the equation of (8.8), we obtain (8.13) as follows:

ov ov

Maxi (xn) = ci((M,b) @ xpr) = oz,

((M,b) @ zpr).
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O]

Lemma 8.3. For a subgroup M x B of scaled(O(d)) x R?, a non-
negative, continuously differentiable function v : (R%)® — R such
that v=1(0) is non-empty belongs to V(M x B) if and only if it
is relatively (M x B)-invariant of weight ]det(M)]% for (M,b) €
M x B.

Proof. Consider a non-negative, continuously differentiable function
v : (RY)™ — R such that v=(0) is non-empty. From the chain rule, the
action on multiple vectors (3.2), and the action of a semidirect product
(3.6),

8U(<M7 b) ® .I'N) _ (8((M7 b) ® xl)>—r av(yN)
ox; Ox; y;

T O0v
8%2'

holds for any (M,b) € M x B.

(Sufficiency) Assume that v(xp) is relatively (M x B)-invariant
of weight |det(M )|§ for (M,b) € M x B. Partially differentiate the
definition (3.19) of the relative invariance with respect to z; by replacing
H = (M;,b;) € M x Band u(H) = ]det(Mi)\%, and from (3.1) and
(8.14), we obtain

yn=(M,b)ex s

=M ((M,b) @z ) (8.14)

B av((Mi,bi) oxy) T Ov .
= MZ axl = M’LM@ Tx,L((M’“ bl) [ ] x_/\/')
= | det(M;)|? g;' ((M;, b;) ® z). (8.15)

Apply (M;,b;)~! instead of (M;,b;) to (8.15), and we obtain

_10v(zy)  Ov - ) )
1 _ -1 _ - N
Mi 6.’Ez N 8:1:1 ((Mz’ bl) ® .’L'_/\/’) Cl((M17 bz) ® .’L'_/\/’)
for ¢;(xn) = Ov/0x;(xpn). Hence, v(zpr) € Viet(M x B) holds from
(8.8).
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(Necessity) Assume that v(zar) € Viel(M x B). From (3.1), (8.13),
and (8.14),

Qu((M,b)exy) - 1 Ov T, OV
= |det )| 42
holds for any (M,b) € M x B, which leads to
2

oA ANg
Integrate (8.16) with respect to xxr according to the gradient theorem,
we obtain

V(M. b) e zn) = | det(M)]dv(zp) + E(M, b) (8.17)

with a function £ : M x B — R independent of z. Consider Ty €
v~1(0). Then, from (8.17),

o((M,b) @ &nr) = | det(M)|av(in) + E(M,b) = £(M,b),  (8.18)
0 =v(En) = v(((M,b) * (M,b)"") e Zn)
= v((M,b) e (M,b)"" e Z))

= | det(M)|av((M,b) " e &n) + E(M,b)  (8.19)

are obtained, where the associativity of the group action is used. From
(8.18) and (8.19),

(M, b) = v((M,b) @ Ezr) = —| det (M)|dv((M,b) " » Ey)

is obtained, which yields {(M,b) = 0 for any (M,b) € M x B because
v(x ) is non-negative. Hence, from (8.17), v(z ) satisfies the definition
of the relative invariance (3.19) with weight |det(M)]% for (M,b) €
M x B. O

As a solution to the second part of Problem 8.1, the indicators
having distributed relative gradients, i.e., v(xar) € Vina(D) N Vais(G) N
Viel(M X B), are characterized as follows.
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Theorem 8.4. For a graph G, a non-empty set D C (R%)", and a
subgroup M x B of scaled(O(d)) x R?, assume that conditions (A)
and (B) in Theorem 8.1 hold. Then, a continuously differentiable
function ¢ : (R4)™ — R belongs to Ving (D) N Vais(G) N Veel (M x B)
if and only if it can be of the form

ban) = Y. u(zc,) (8.20)
keclq(G)
with indicators 9 (w¢,) of projc, (D), relatively (M x B)-invariant
of weight |det(M)|% for (M,b) € M x B for the maximal cliques
Ck, k € clq(G).

Proof. (Sufficiency) Consider a continuously differentiable o(xxs) of
the form (8.20) with indicators oy (zc,) of proje, (D), relatively (M x
B)-invariant of weight \det(M)\% for (M,b) € M x B. Theorem 7.8
guarantees that 9(zxr) € Vind(D) N Vais(G). From the relative (M x B)-
invariance of Oy (x¢, ), 0(zxr) is relatively (M x B)-invariant of weight
]det(M)\% for (M,b) € M x B as follows:

(M b)exy)= 3 a((Mb)eac)= > |det(M)|a04(xc,)
keclq(G) keclq(G)

= [ det(M)|0(z ).

Moreover, 9(xx) € Ving(D) is non-negative and 6-1(0) = D is non-
empty, and thus Lemma 8.3 guarantees 0(zx7) € Viel(M x B).
(Necessity) Consider a continuously differentiable function o(x) €
Vind(D) N Vais(G) N Vel (M X B). From Theorem 7.8, 0(xp7) € Vina(D)N
Vidis(G) can be of the form (8.20) with indicators oy (zc,) of proje, (D)
for k € clq(G). Additionally, each of these Uy(xc,) can be chosen
as a relatively (M x B)-invariant function of weight |det(M )]% for
(M,b) € M x B from Lemma D.7 (b). O

Compared to Theorem 7.8, which characterizes the functions belong-
ing to Vind(D)MV4is(G), Theorem 8.4 imposes the additional condition of
Vrel(M x B). Accordingly, 05 (z¢, ) is required to be relatively invariant.
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8.3 Controller design

A typical relatively (M x B)-invariant indicator vy(x¢, ), required in
Theorem 8.4, is given as follows.

Lemma 8.5. For a subgroup M x B of scaled(O(d)) x R?, assume
that a set D C (R%)" satisfies condition (B) in Theorem 8.1. Then,

8k(ac,) = 3 (dist(ac,, proic, (D)))* (8.21)

with 75, > 0is an indicator of proje, (D), relatively (M x B)-invariant
of weight | det(M)|4 for (M,b) € M x B.

Proof. The part of the indicator is obvious. From condition (B), D in
(8.12) is an (M x B)-orbit. Then, Lemmas 3.2 and 3.3 guarantee that
proje, (D) is an (M x B)-invariant subset of (R%)[Ckl, Hence, Lemma,
3.4 guarantees that the distance function (8.21) is relatively (M x B)-
invariant of weight | det(M )|% O

From this lemma, an example of the functions characterized in

Theorem 8.4 is given as follows.

Theorem 8.6. For a graph G, a non-empty set D C (R%)", and
a subgroup M x B of scaled(O(d)) x R, assume that conditions
(A) and (B) in Theorem 8.1 hold. Then,

dan) = Y Z(dist(ac,, proje, (D)))? (8.22)
keclq(G)

belongs to Vina(D) N Vais(G) N Viel(M x B).

Proof. This theorem follows from Theorem 8.4 and Lemma 8.5. O

To employ the function v(zxr) in (8.22), the following optimization
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problem has to be solved:

dist(xck,projck (D))

= inf xe, — Dy
Dkepmj%(p)\l K |

inf xe, — (M, by) @ =g||. 8.23
(010 20O ey 176~ Mo D) @ il (8:23)

The last equation follows from

projck (D)
= proje, (orbygxs(X™)) = orbawxs(proje, (X))
= {(Mp, by) @ Zp, € (Rl (M, by) € (M x B), E), € proje, (X7)}

for D in (8.12), where Lemma 3.1 is used. The optimization problem
(8.23) can be analytically solved for typical M, B, and X*, as detailed
in Appendix E.

A distributed controller with relative measurements is derived from
O(x ) in (8.22) as follows.

Theorem 8.7. For a graph G, a set D C (RY)", and a subgroup
M B of scaled(O(d)) x R?, assume that condition (B) in Theorem
8.1 holds, and that the solution to (8.23) exists as a function
(M, b)), Z) = (RICI 5 cl(M x B) x proje, (X)) of z¢, for
each k € clq(G). Let

ﬁk(xck) = (Mk(xck)7 I;k(xck» O ‘ék(xck)7

and the gradient-based controller (8.7) for v(zx) = 9(zn) in (8.22)
is reduced to the distributed controller with relative measurements

as
cz(xk]/l) = —K; Z fyk(:vzm - colnki(f?k(xgi))) (8.24)
keclq, (G)
for ki, vk > 0, where ng; € {1,2,...,|Cx|} represents the order of

c o c . . Nk
i € N in the maximal clique Cy, i.e., z¢, = (..., £7,...).
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Proof. Under condition (B) in Theorem 8.1, Lemma 8.5 guarantees that
Ok(xc, ) in (8.21) is relatively (M x B)-invariant of weight | det(M)]% for
(M,b) € M x B. This function is non-negative and @, '(0) is non-empty.
Thus, from Lemma 8.3, Oy (z¢, ) € Frel(M x B) holds. From the inverse
(3.5) of a semidirect product, (8.13) in Lemma 8.2, and (C.3) in Lemma
C.1,

_100 00 _ o0k , i
M7 S (we,) = (M) e we) = S E ()

= 2l — coly, (Dy(0))) (8.25)

is obtained, where x?] = (M;,b;)" e z;. From (8.7), (8.22), and (8.25),
(8.24) is obtained. O

Theorem 8.7 does not require condition (A) in Theorem 8.1, that is,
the clique rigidity of the set framework (D, G). Without this condition,
the designed controller (8.24) is distributed with relative measurements,
and provides the best performance in the sense that the objective
function (8.22) is the best approximate indicator from Theorem 7.4.

8.4 Stability analysis

The stability of the system with the designed controller (8.24) is analyzed
under some assumptions on M, B, and X*. The assumptions are fulfilled
with typical semidirect products including the examples in Subsection
2.3.1.

First, Lagrange stability is ensured.

Theorem 8.8. For a graph G, a set D C (RY)", and a subgroup
M x B of scaled(O(d)) x R?, consider the system (8.3) under
the control input (8.5) of the distributed controller (8.24) with
relative measurements. Assume the assumptions in Theorem 8.7,
and assume that M, B, and X* satisfy either of the following
conditions:

(a) M, B, and X* are all non-empty and compact;

(b) B=R%, and M and X* are non-empty and compact;
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(c)scaled({I;}) is a subgroup of M, and B and X* are non-
empty.

Then, the system is Lagrange stable, and (09 /0xx)~1(0) is globally
attractive for 9(zxr) in (8.22).

Proof. From condition (B) in Theorem 8.1, D is of the form (8.12).
From Theorem 8.7, the system (8.3) with the control input (8.5) and
(8.24) is equivalent to the gradient-flow system (8.6) for 9(xr) in (8.22).

First, under condition (a), D in (8.12) is non-empty and compact.
Then, Theorem 7.6 guarantees the Lagrange stability and global attrac-
tiveness.

Next, assume condition (b). Without loss of generality, we assume
that G is connected. Otherwise, we just have to discuss the following for
each connected component of G. We show that 0(zxr) in (8.22) satisfies
conditions (i) and (ii) in Theorem 5.4. As for condition (i), from B = R,
{I;} x R? is a subgroup of M x B. Hence, tj(z¢,) in (8.21) can be
guaranteed to be ({I;} x RY)-invariant in the same way as Lemma 8.5.
Hence, 0(zpr) in (8.22) is ({I;} x R%)-invariant. To verify condition (ii),
consider a pair ij,iy € Cy, in a maximal clique Ci. According to (8.23),
the expressions

dist(zc, , proje, (D))
= [lzc, — (M, bi) @ Zp]|* = D ||l2i — Miycoly,, (Zx) — by |)?

1€C
> |ls, — Mycoln,, (Ex) — bell® + [z, — Mycoln,,, (Zx) — bi||?
> %Hxil — Wlgcolng,, (k) — by — (@5, — Micoln,, (Bx) — by
= 2w, — s, — Mi(colny,, (Bx) — colny, (B
> %(Hl‘z‘l — T — |det(Mk:)|dH001nk (Zx) — coln,,, (En))?

(8.26)
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hold from the parallelogram law and (3.1). From (8.22) and (8.26),
”in — Tig ”

. . ~ 1 ES -
< V2dist(zc,, proje, (D)) + | det(My)| 7 [[coln,, (Ex) = coln,,, (Z)]]

<2 /25 4 Bl det (M) F B < Ayfolan) +de (8.27)

ke

is obtained, where

2
A\ = ‘ >0
MNgeclq(@) Tk
1
A2 = V2 max |det(M)|d max max ||E]| >0
MeM keclq(G) Eeproje, (X*)

The constant Ay exists under the assumption that M and X* are
non-empty and compact. Note that each edge belongs to a maximal
clique, and from the assumption of the connectivity of G, there is an
n-tuple (41,19, ...,1,) of the distinct elements in A such that for any
¢ € {2,3...,n}, there exists ! < ¢ satisfying {i;,i¢} € €. Moreover,
for any £ € {2,3...,n}, (8.27) holds for i; and i, instead of i1 and i».
Hence, condition (ii) in Theorem 5.4 is satisfied, and thus the system is
Lagrange stable and (99/0z)~1(0) is globally attractive.

Finally, consider condition (c). Then, scaled({I;})x {0} is a subgroup
of M x B. In the same way as Lemma 8.5, we can show that oy (zc, )
in (8.21) is relatively (scaled({Iz}) x {0})-invariant of weight s* for
(sI4,0) € (scaled({I4}) x {0}) with s > 0, and so is O(zxr) in (8.22).
Hence, Theorem 5.5 guarantees that the system is Lagrange stable and
(00/0xx7)~1(0) is globally attractive. O

Next, the asymptotic stability of 9~1(0) is guaranteed under the
assumption that M, B, and X* are real analytic submanifolds. (See
Appendix B for the real analyticity of submanifolds.)

Theorem 8.9. For a graph G, a set D C (R?)", and a subgroup
M x B of scaled(O(d)) x R?, consider the system (8.3) under
the control input (8.5) of the distributed controller (8.24) with
relative measurements. Assume that the assumptions in Theorem
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8.7 are satisfied, that the system is Lagrange stable, and that
M, B, and proj, (X*) are real analytic submanifolds for any
k € clq(G). Then, 9-1(0) is asymptotically stable for 9(zxr) in
(8.22). Moreover, if the set framework (D, G) is clique rigid, D is
asymptotically stable.

Proof. The part of the asymptotic stability of 9~(0) follows from
Theorem 7.7. The asymptotic stability of D is achieved because if
(D, G) is clique rigid, 9~1(0) = D holds from Theorem 7.8. O

8.5 Relations between coordination, measurement, and networks

According to Theorem 8.1, this section provides the relations of the triple
(D, G, M x B) to achieve the generalized coordination by a distributed
controller with relative measurements.

8.5.1 Relations between desired configuration and measurement
information

First, we focus on condition (B) in Theorem 8.1. Let ©(M x B) C
pow((R%)™) be defined as the family of the desired configuration sets D
satisfying condition (B), that is,

D(M x B) := {orbrs(X*) € (RY)™: &* c (RY)"}. (8.28)

From Theorem 8.1, the generalized coordination (8.1) with respect to D
is achievable by a distributed controller with relative measurements for
M x B over some graph G, if and only if D € ©(M x B). The following
theorem shows a relation between the achievable configuration set D
and the frame transformation set M x B through ®(M x B).

Theorem 8.10. For subgroups M x B and M x B of GL(d) x R?,
the following relation holds:

MxBCMxB & DMxB)DDMx B). (8.29)

Proof. (=) Assume the left part of (8.29). Consider a set D € D(Mx B),
and we prove D € D(M x B) to show the right part of (8.29). From
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(8.28), there exists X* C (R%)™ such that D = orb/\;mg(??*). As shown
below,

orb o, 5(X*) = orbagus(orb o, 5(X7)) (8.30)
holds, and D = orb 1, 5(X*) € D(M x B) is obtained because the set
in the right-hand side of (8.30) belongs to ®(M x B) from (8.28).

We show (8.30). From the definition (3.11) of the group orbit and
the property of the group action,

orbeg(orbMKB(i’*))
= U (M7b).( U (M7B).‘)E*)
(M,b)EMRB (NL.B)eNtxB

= U U ((M,0) % (M,5) e X*
(M,b)EMNXB (M ,b)e MxB
= U (M1,b)e X" =orb g, 5(X%)
(M p)eMxB
is obtained, where (M, b) = (M, b) * (M,b) € M x B holds for (M,b) €
M x Band (M,b) € M x B from the left part of (8.29). Hence, (8.30)
holds.

(<) Assume that the right part of (8.29) holds but the left one
does not, and we show contradiction. From the second assumption,
there exists (M,b) € M x B such that (M,b) ¢ M x B. From the first
assumption and (8.28), if D € ®(M x B), i.e., there exists X* C (R%)"
such that D = orbM[xl;(é\?*), then D € ®(M x B) holds, i.e., there
exists X*(X*) C (RY)" such that D = orbpus(X*(X*)). Accordingly,
for any X* C (R%)", there exists X*(X*) C (R?)" such that

orb v, 5(X*) = orbpgup(X*(X)). (8.31)
By operating (M, b) to (8.31), we obtain
(M, b) e orb i, 5(X*) = (M,b) ® orbpgps(X* (X))
= U ((M,0)(M.b)) e X*(X%)
(M,b)eMxB
= U rhext (a7
(V,B)eMxB
= orbpiup(X*(X*)) = orb o, g(X*),  (8.32)
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where (M,b) = (M,b) % (M,b) € M x B holds from (M,b) € M x B
and (M,b) € M x B. Let X* = {2}/} for some z}, € (RY)", and from
(8.32), for any (Mj,by) € M x B, there exists (My, by) € M x B such

that
(M, b) e ((My,b1) @ z}r) = ((M,b) * (My,b1)) ez = (Mo, ba) ® .

If n > fanum(M x B), from (3.31), (M,b) x (My,by) = (Mo, bo) is
obtained for almost every ;. Then, (M,b) = (Ma,bs) x (My,by) ! €
M x B holds, which contradicts the assumption. If n < fanum(M x B),
we can consider multiple 3, and the same discussion holds with the
sufficient number of 7. O

Theorem 8.10 indicates that as M x B is larger (measurement
information is more ambiguous), ®(M x B) is smaller (the range of
achievable configuration sets D is narrower).

Let us consider the desired configuration set D in (2.16), that is,

D = orbsur(x)) (8.33)

with a coordination freedom set S X 7 and a desired configuration
zhy € (RY)™. Then, the following corollary follows from Theorem 8.10.

Corollary 8.11. For subgroups S x 7 and M x B of GL(d) x R%,
the following relation holds:

MxBCSKT & orbskr(zl) € D(M x B) Vai € (RY™.
(8.34)

Corollary 8.11 indicates that if we wish to achieve the generalized
coordination with respect to the desired configuration set D in (8.33),
more precise measurement is required than the DOF of D in the sense
that Mx BCSx T.

8.5.2 Relation between desired configuration and network topology

Next, we consider condition (A) in Theorem 8.1, namely, clique rigidity.
The condition (4.10) of clique rigidity is sometimes difficult to check.
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Here, we give an intuitive condition of the clique rigidity for the set D
in (8.33) by using the free action number and the intersection graph as
follows.

Theorem 8.12. Assume that a set D C (R%)™ is of the form (8.33)
with a subgroup S x T of GL(d) x R? and some z}, € (RY)". For
a graph G, if the fanum(S x 7T)-intersection graph of the maximal
cliques in G, say Ifynum(sx7)(G), is connected, the set framework
(D, G) is clique rigid for almost every i, € (R?)".

Proof. Assume that ['gynum(sx7)(G) is connected. Let zpr € (RH™ sat-
isfy the assumption part of the definition (4.10) of clique rigidity. Con-
sider distinct k, £ € clq(G) such that {k, £} is an edge of I'typym(sx7) (G)-
Then,

|Ck N Cy| > fanum (S x T) (8.35)

holds from (4.16). From the assumption part of (4.10), z¢, € projc, (D)
and z¢, € proje, (D) hold, equivalent to

xc, = (Sk, i) ® :czk, xc, = (Sp, 1) ® xa (8.36)

with some (Sk, ), (Se, 7¢) € S x T from (3.15). Take the elements of
tuples corresponding to the intersection Cp N Cy from (8.36), and we
obtain

zepne, = (Sk, k) @ Teyne, = (Se,70) @ 2g, e, - (8.37)
From (8.35), S x T is free to (Rd)wmcd\ZM with a set Z., of measure
zero, and (8.37) yields (Sk,7x) = (S¢, 7¢) for ag, ¢, € (R%)ICkNCeN\ 23,
from (3.31). From the connectivity of I'typym(sx7)(G), (Sk, i) coincides
with some (9,7) € S x T for every k € clq(G) for z}, € (R?)" that
satisfies 23, ¢, € (RH)ICkCe\ 2, for any edge {k, £} of Canum(sx7) (G)-
Hence, znr = (S, 7) ® 2}y, holds from (8.36) because each node belongs
to a maximal clique. Then, zxr € D holds for D in (8.33), and thus
the conclusion part of (4.10) is satisfied. As a result, the set framework
(D, G) is clique rigid. O

Theorem 8.12 indicates that as the coordination freedom set S x T
in (8.33) is larger (coordination is more flexible), the required number
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fanum(S x 7)) of connections between maximal cliques in G is larger
(required network topology is denser). The number fanum(S x 7)) of
connections between maximal cliques is required in order to make the
parameters (S, 7;) coincide with each other in (8.37).

Example 8.1. For graphs G,, Gy in Figs. 4.4a, 4.4b, and the
space of dimension d = 2, consider S = scaled({I2}), SO(2), or
scaled(SO(2)) with 7 = R2. Then, from Table 3.1, fanum(S x R?) =
2 holds. Figs. 4.4c and 4.4d depict I'2(G,) and T'y(Gy), that is, the
2-intersection graphs of the maximal cliques in G, and Gj. Only
the intersection graph I'o(G4) is connected, and thus Theorem 8.12
guarantees that the set framework (D, G,) is clique rigid for D in
(8.33) for almost every z}, € (R?)™.

8.56.3 Comparison with conventional formation control

The conditions obtained here are compared with the conventional results.
From Corollary 8.11, the generalized coordination with respect to D
in (8.33) is achievable for the frame transformation set M x B if and
only if Sx 7 D M x B. Let S x T = M x B, with which the most
precise coordination is achieved among D of the form (8.33). Then, the
following results are obtained for concrete & x 7.

o Case of Sx T = M x B = {I;} x R%: From Example 2.5, D in
(8.33) corresponds to displacement-based formation in Example
2.1. As for graph topology, Proposition 4.2 guarantees that the set
framework (D, G) is clique rigid if and only if G is connected. This
result corresponds to the conventional results on displacement-
based formation control (Olfati-Saber et al., 2007; Fax and Murray,
2004).

o Case of Sx T = M x B = 0(d) x R From Example 2.5, D in
(8.33) corresponds to distance-based formation of Example 2.2.
In this case, Proposition 4.3 guarantees that the set framework
(D, G) is clique rigid if and only if (2}, G) is globally rigid. This
result is associated with the conventional results on distance-based
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formation control, e.g., Anderson et al., 2008; Krick et al., 2009;
Queiroz et al., 2019.

o Case of S x T = M x B =S0(d) x R%: From Example 2.7, D in
(8.33) corresponds to reflection-free formation. In this case, the
set framework (D, G) is clique rigid only if (2}, G) is rigid, as
discussed just after Proposition 4.3.

8.6 Notes and references

It has been known that relative measurements can be expressed with
groups such as SO(d) as shown in Tron et al., 2016. The point of this
chapter is to specify the achievable desired configuration sets by those
groups through the orbit in Theorem 8.1. Then, the objective functions
to achieve the generalized coordination is characterized by clique-based
functions consisting of relatively invariant functions in Theorem 8.4.
Accordingly, the required graph condition is shown to be clique rigidity.
Furthermore, the clique rigidity is characterized with the free action
number and the intersection graph in Theorem 8.12. In this way, group-
and graph-theoretic concepts are deeply associated in the multi-robot
coordination problems. A part of the results were obtained in Sakurama,
2016; Sakurama et al., 2019 in the case M x B = SO(d) x R?, and the
results were completed in Sakurama, 2018; Sakurama, 2021b.
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Application Examples

In this chapter, four coordination problems are considered to demon-
strate how to design distributed controllers according to the results
in Chapters 7 and 8. The first two problems, “formation selection”
and “scaling reflection-free formation”, can be solved straightforwardly.
The latter two problems, “position assignment with local indices” and
“formation control of non-holonomic robots”, are advanced applications.

9.1 Formation selection

Consider the formation selection problem in Example 2.12 under the
assumption that the absolute positions of neighbors are available and the
graph G is connected. Let us design a distributed controller according
to the results in Chapter 7.

From the assumption, each robot is governed by the single-integrator
system (7.2) with the control input (7.3). This task is described by the
generalized coordination (7.1) with respect to the desired configuration
set

D= |J{=\}}. (9.1)

qeQ

Here, 23} € (RY)" for ¢ € Q@ = {1,2,...,p} are the prescribed configura-

120
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tion patterns, one of which is expected to form. Assume that 277 # z; q
holds for any i € N and ¢,§ € Q, q # q.

From Theorem 7.4, 9(zr) in (7.18) is the best approximate indicator.

Theorem 7.5 guarantees that a distributed controller is derived from its
gradient as (7.21), which is reduced to

cilan) =—ri > lzi— %) (9.2)
keclq, (G)
for
gr € argmin |[z¢, — x5! (9.3)
qeQ

Note that (9.3) is obtained from (7.20) because

proje, (D) = |J {=¢} (9.4)
qeQ

holds for D in (9.1). By using the distributed controller (9.2), D in
(9.1) is asymptotically stable, which is shown as follows. From the
assumptions of G and x}k\?, Proposition 4.1 guarantees that the set
framework (D, @) is clique rigid, and Theorem 7.8 guarantees that
9(zpr) is an indicator of D, that is, 1(0) = D holds. Because D is
compact, the system is Lagrange stable from Theorem 7.6. From this
result and the real analyticity of (9.4), Theorem 7.7 guarantees that
971(0) = D is asymptotically stable.

We conduct simulations of n = 18 robots in d = 3-dimensional space
with the control gains x; = 2 and vy, = 1 for all i € N and k € clq(G) in
(9.2). Let p = 2 be the number of the prescribed configuration patterns,
which are given by z3}, 237 € (RY)" depicted in Figs. 9.1a and 9.1b,
respectively. The edges of the graph G are given is these figures. Figs.
9.1c and 9.1d show the simulation results from different initial positions,
where the circles and squares with numbers represent the positions of
the robots at ¢t = 0 and 20, respectively, and the dotted lines represent
the trajectories. We can see that either of the patterns x}‘\} or x}"\% is
successfully achieved at ¢ = 20 in each of Figs. 9.1c and 9.1d. Notably,
both the patterns are attained with the same controller.
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Figure 9.1: Simulation results of formation selection: (a), (b) prescribed config-
uration patterns (numbered squares) and edges; (c), (d) trajectories from initial
positions (numbered circles) to terminal positions (numbered squares).

9.2 Scaling reflection-free formation

We consider the situation of Example 2.18, that is, the frame trans-
formation set is given as M x B = scaled(SO(d)) x R?, which involves
transformation in rotation, translation, and scale, caused by sensors.
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A distributed controller with relative measurements over a graph G is
designed according to the results in Chapter 8.

The kinematic model is given as (8.3) with the relative positions
(8.4) and the control input (8.5) for (M;(t), bi(t)) € M x B. We expect
to achieve the generalized coordination (8.1) with respect to the desired
configuration set D in (8.33) for a subgroup S x 7 and a desired
configuration x}, € (R%)". According to Corollary 8.11, M x B C
S X T has to be satisfied to achieve the coordination. Here, S x T =
M x B is chosen. Notably, this coordination is the scaling reflection-
free formation in Example 2.11. In this way, from M x B determined
by available measurement information, the achievable coordination is
naturally determined.

According to Theorem 8.7, a distributed controller with relative
measurements is derived from the gradient of 9(xr) in (8.22) as (8.24),
which involves the optimization problem (8.23). This problem is reduced
to

. *
(Mk,bk)€sc;££(80(d))de lze, = (M, bi) @ ze, ||

which is analytically solvable as shown in Proposition E.4. Assume that
the set framework (D, G) is clique rigid. Then, by using the controller
(8.24), D is asymptotically stable, which is shown as follows. From Theo-
rem 8.6, 9(x,r) is an indicator of D, that is, ~1(0) = D holds. Theorem
8.8 guarantees that the system is Lagrange stable because scaled({;})
is a subgroup of M = scaled(SO(d)). Moreover, from Theorem 8.9,
971(0) = D is asymptotically stable because M = scaled(SO(d)),
B =R? and proje, (X*) = {z¢,} are all real analytic submanifolds.

We conduct simulations of n = 18 robots in d = 3-dimensional space,
where the transformation matrices M;(t) € scaled(SO(d)) are randomly
chosen, and the origins of the local coordinate frames are assigned to
the robot positions as b;(t) = x;(t). The control gains in (8.24) are
chosen as k; = 2 and v, = 1 for all i € A and k € clq(G). The desired
configuration z}, of D in (8.33) is depicted in Fig. 9.2a with the edges
of the graph . Because the 3-intersection graph of G is connected,
the set framework (D, G) is clique rigid from Theorem 8.12. Figs. 9.2b,
9.2¢, and 9.2d show the trajectories of the robots from different initial
positions at t = 0 (numbered circles). Note that the scales of the figures
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(c) Case 2

Figure 9.2: Simulation results of scaling reflection-free formation: (a) desired
configuration (numbered squares) and edges; (b)—(d) trajectories from initial positions
(numbered circles) and terminal positions (numbered squares).

are all different, and we can see that the terminal positions (numbered
squared) at ¢ = 20 form the desired configuration x}, in any cases with
different translations, rotations, and scales according to the DOF in D

for S x T = scaled(SO(d)) x R%.



9.3. Position assignment with local indices 125

-
_———
Se

—_——

Figure 9.3: Outlines of other robots obtained by measuring distances of surround-
ings.

9.3 Position assignment with local indices

In this section, each robot is assumed to recognize its neighbors via
local indices. The local indices are made by each robot under its own
rule, which may be different from those of the others. Local indices
enable us to relax requirements of sensors because they can be obtained
from only the outlines of other robots, e.g., with LiDARs, as illustrated
in Fig. 9.3. In contrast, the conventional distributed controllers use
the global indices, which are common among all the robots. Obtaining
global indices requires (i) extra sensors detecting additional features of
robots, e.g., shapes, colors, and QR codes, to distinguish robots from
each other and (ii) extra effort to make the correspondence between
these features and the global indices.

Here, we consider the state-dependent graph G(xzar) = (N, E(zn))
such that a pair of robots are connected when they are within distance
0 > 0. The edge set E(x ) is given as

E(ay) = {i g} v — a5l < 6,0,5 € Nyi # 4} (9-5)

This graph is called a prozimity graph. Let N;(zxr) C N be the neighbor
set of robot i, and let n;(xxr) = |N;(zar)| be the number of the neighbors
of robot i. The set of local indices of robot i is given as

Ni(za) =1{1,2,...,ni(zpn)}

Each local index j* € N;*(xz) corresponds to a global one j € N;(zx)
via a bijective function ¢;(xnr) € PN (xar), Ni(znr)). The relation
between the global and local indices is represented as ¢;(xar)[j*] = j.
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Note that the correspondence ¢;(xx) between the global and local
indices is unknown to anyone including robot i.

Assume that the absolute positions of the neighbors are available,
and that each robot is governed by the single-integrator system (7.2).
Note that although robot ¢ can use the values of the absolute positions
T (zn) [+ (= ) of the neighbors j* € N (2x), it cannot specify whose
state @y, (z,)[j+] is. Accordingly, the control input has to be generated
as

ui(t) = €i(@g,on @ (Bs - Touan st @) (B) - (9:6)
with a function ¢; : (R%)™@EN®) 5 R The controller of the form
(9.6) is said to be distributed over local indices. Compared with the
distributed controller over the global indices in (7.3), (9.6) contains the
unknown bijective function ¢;(zxr) € PN (Xn), Ni(Xnr)). To properly
define the control input by (9.6), the value of the control input has
to be invariant for any ¢;(zar) € PN (Xn),Ni(Xnr)), which makes
designing this type of controller difficult.

To overcome this issue, we employ position assignment in Example
2.13 as a coordination task. This task can be expressed by the generalized
coordination (7.1) with respect to the desired configuration set

D= | {=hay Ty Tam) b (9.7)
acPn

where P, represents the set of permutations of n elements. Then, the
controller is designed according to (7.21) with D in (9.7), which is
distributed over local indices from Theorem 7.5 and the fact that the
permutation « in D cancels the effect of the unknown bijective function
¢i(xar). Furthermore, the asymptotic stability of D is shown in the
same way as Section 9.1.

A collision avoidance term is added to the controller, and simulations
are conducted for the proximity graph (9.5) with 6 = 1.5. Fig. 9.4a
shows the desired configuration x3, of D in (9.7), and Figs. 9.4b, 9.4c,
and 9.4d depict the trajectories of the robots from different initial posi-
tions (numbered circles). These result show that the terminal positions
(numbered squared) at ¢ = 15 form a shape of the desired configuration
oy in each case, while the positions of the robots are differently assigned.
Hence, the position assignment is successfully achieved. The snapshots
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of the simulation in Case 1 in Fig. 9.4b are shown in Fig. 9.5, indicating
that the graph topology varies according to the distances between the
robots according to the proximity graph in (9.5).

1 O g
[ [ @
0 |
0 ] ] ]
1k ol B
[ [ o
1 O
2
i 0 I 2 i 0 I
(a) Desired configuration zj, (b) Case 1

(c) Case 2 (d) Case 3

Figure 9.4: Simulation results of position assignment: (a) desired configuration
(numbered squares) and edges; (b)—(d) trajectories from initial positions (numbered
circles) and terminal positions (numbered squares).
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Figure 9.5: Snapshots of the simulation result in Case 1 in Fig. 9.4.

9.4 Formation control of non-holonomic robots

Many practical robots including unmanned ground vehicles (UGVs) and
unmanned aerial vehicles (UAVs) have some non-holonomic constraints
under which robots cannot slide laterally. In this section, formation
control of such non-holonomic robots is treated.

We consider the frame transformation set M x B = SO(d) x R,
which involves transformation in rotation and translation as shown in
Example 2.17. The difference from the holonomic case in Subsection
2.3.2 is that (i) the orientation M;(t) € M can be controlled, and that
(ii) the direction of the velocity #;(t) is fixed in the local coordinate
frame ¥;(t). According to (i) and (ii), the kinematic model of this system
is given as

for the state (M;(t),z;(t)) € SO(d) x R? and the input (S;(t),;(t)) €
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Figure 9.6: Robot under the non-holonomic constraint.

Skew(d) x R with a unit vector h; € R? Here, S;(t) € Skew(d) and
v;(t) € R correspond to the angular velocity and speed of robot ¢,
respectively, where Skew(d) denotes the set of skew-symmetric matrices
of dimension d. Equation (9.9) is derived from the holonomic model
(8.3) by limiting the velocity w;(t) to a direction h; € R? fixed in
¥;(t). Equation (9.8) represents the rotational motion, with which M;(t)
always belongs to SO(d). Actually, the constraint of the orthogonal
matrix, namely, M, (t)M;(t) = I, is always satisfied because

M () Mi(t)
dt
holds from S;(t) € Skew(d).

For example, consider a robot in the d = 2-dimensional space as Fig.
9.6. Let 0,(t) € [0,27) be the orientation of the robot from the X-axis of
the global coordinate frame 3, and let w;(t) € R be the angular velocity.
Then, for M;(t) = Rot(6;(t)) € SO(2), h; = [1 0], and

Si(t) = sz-(zt) _wo’i(t)] € Skew(2),

= M ()M;(t) + M ()M;(t) = S] () + Si(t) =0

the system consisting of (9.8) and (9.9) is reduced to the rolling coin
model given as

0i(t) = wi(t)
o |cos(0:(t)) .
B = Lm(ei(t»] o

Assume that the relative positions (8.4) of the neighbors are available
over a graph G. Then, distributed controllers with relative measurements
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are of the form

(Si(t), vi(t) = (Ci(ahld (1)), a2l (1)) (9.10)

with functions C; : (RY)Wil — Skew(d) and ¢; : (RY)W:l — R. Following
the discussion in Section 9.2, we expect to achieve the generalized

coordination (8.1) with respect to the desired configuration set D in
(8.33) for S x T = M x B =S0(d) x R%

To design a controller, the gradient-flow approach is adapted for the
non-holonomic system. Concretely, the gradient-based controller (8.7)
with an objective function v(x ) is modified into

Cilwn,) = —rilla — hih] )M 5= (an)hi
+ (L hihZ)MZ—lgs (ea)hi)T,  (9.11)
i 10
eiall) = —mhf M7 S (ax) (9.12)

by projections onto the subspaces associated with h;, where k; > 0 is a
gain. Now, we assign the objective function v(zxr) as 0(zxr) in (8.22).
Then, from Theorem 8.7, there exist functions C,(xk]/l) and c,(xkfl)
satisfying (9.11) and (9.12). Furthermore, it can be shown that ~1(0)
is asymptotically stable under some assumptions. If the set framework
(D, G) is clique rigid, 9(xx7) is an indicator of D, that is, 6~1(0) = D
holds from Theorem 8.6, and thus D is asymptotically stable.

A simulation is conducted for the d = 2-dimensional space with
h; = [1 0]T. The control gains are chosen as x; = 2, v = 1 in (9.11)
and (9.12) for v(zn) = 9(zpr) in (8.22). Fig. 9.7a shows the desired
configuration x}, € (RY)" of D in (8.33), and Fig. 9.7b shows the
trajectories of the robots from initial positions (numbered circles).
Motions proper to the non-holonomic system are observed along the
trajectories, and the desired configuration is finally achieved with some
rotation and translation at the terminal positions (numbered squares)
in Fig. 9.7b.
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9.5 Notes and references

The results given in this chapter, formation selection, scaling reflection-
free formation, position assignment with local indices, and formation
control of non-holonomic robots, have been obtained in Sakurama et
al., 2015, Sakurama, 2021b, Sakurama and Ahn, 2020, and Sakurama,
2020, respectively. These results show that various complex coordination
problems can be treated in the same manner.

These problems have been individually addressed in the existing
papers. A part of the literature is listed as follows. Formation selection
has been considered in Yu and Barca, 2015. Scaling formation has
been investigated by Han et al., 2016; Sakurama et al., 2018, and is
realizable by bearing-based, angle-based formations (Zhao and Zelazo,
2016; Zhao and Zelazo, 2019; Chen et al., 2020), and affine formation
(Lin et al., 2016; Zhao, 2018). Position assignment is a sort of task
assignment (allocation), which has been investigated in decades (Kuhn,
1955), and is recently considered for multi-agent systems (Ji et al.,
2006; Michael et al., 2008; Smith and Bullo, 2009; Zavlanos et al., 2008;
Kanjanawanishkul and Zell, 2010; Kingston and Egerstedt, 2010; Liu

a) Desired configuration x} b) Trajectories
N

Figure 9.7: Simulation result of formation control of non-holonomic robots: (a)
desired configuration (numbered squares) and edges; (b) trajectories from initial
positions (numbered circles) and terminal positions (numbered squares).
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and Shell, 2011; Biirger et al., 2012; Mosteo et al., 2017). Note that the
methods developed in the existing papers usually rely on global indices.
Formation control of non-holonomic robot systems has been addressed
in several papers (Lin et al., 2005; Dimarogonas and Kyriakopoulos,
2008; Liu and Jiang, 2013; Montijano et al., 2016; Zhao, 2018).
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Concluding Remarks

This monograph provided a systematic design theory for multi-robot co-
ordination problems, based on group, graph, and gradient-flow theories.
Especially, the generalized coordination problem has been formulated
with a desired configuration set D to describe various coordination tasks
in a unified way. Moreover, relative measurements are described by a
semidirect product M x B from the viewpoint of the transformation
of the global and local coordinate frames, which provide the unified
treatment of various types of measurement information. The network
topology of robots is modeled by a graph G. Then, a necessary and
sufficient condition of the triple (D, G, M x B) has been derived under
which the generalized coordination is achievable by distributed control
with relative measurements. This condition reveals the following two
points. (i) The class of the achievable configuration sets D is given by
the (M x B)-orbits. (ii) The required network topology is the clique
rigidity of the set framework (D, G). Furthermore, a distributed con-
troller with relative measurements has been designed with the best
approximate indicator, which is decomposable into relatively invariant,
clique-based functions. Finally, through the application to “formation

selection”, “scaling reflection-free formation”, “position assignment with
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local indices”, and “formation control of non-holonomic robots”, it has
been shown that various complex coordination problems can be solved
through the approach of this monograph.
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A

Examples of Frame Transformation Sets

In Subsection 2.3.1, various types of local coordinate frame ¥; were
introduced according to frame transformation sets M x B, which is
reviewed as follows. Let p € R? be a global position of an object in the
global coordinate frame X, and let pl € R9 be the corresponding local
position in ;. Then, the following relation between the positions holds
for (M;,b;) € M x B:

p = szm + bi. (Al)
Now, from the results in Sakurama, 2021b, we show how to derive trans-

formation sets M x B shown in Subsection 2.3.1 from the measurement
values of sensors in the case of d = 2-dimensional space.

Example A.1. Consider the situation that each robot is equipped
with a camera or laser-range-finder to measure the distance and
relative bearing of the object as shown in Fig. A.1. Let z; € R?
be the position of robot ¢, which faces to the direction of an angle
6; € [—m, m) from the X-axis of ¥. Assume that the distance d,; > 0
and relative bearing ¢,; € [—m,7) of the object from robot i are
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(a) (b)

Figure A.1: Relation between the global and local coordinate frames, and their
coordinates for M; € SO(2) and b; = z;: (a) the global coordinate p; (b) the
corresponding local coordinate pm.

measurable. From Fig. A.la, the global position is expressed as

D=+ dy

cos(0; + ¢pi)
sin(0; +¢;‘) ] ' (8-2)

Assume that the X[ axis of 3; is set toward the face of robot i as
Fig. A.1b. Then, the local position is expressed as

il _ g . | COSPpi
o] | "

which can be obtained from the measurable information. From
(A.2) and (A.3), the relation between global and local coordinates
(A.1) holds with M; = Rot(6;) € SO(2) and b; = z; € R%. Hence,
M x B =S0(2) x R? is obtained.

Example A.2. When each robot carries a compass in addition to
the equipment in Example A.1, the absolute bearing is available.
Then, the angle 6; from the X-axis of ¥ in Fig. A.la is available.
By using 0; in addition to dp; and ¢, the local position plil can be

defined as
6 g cos(6; + épi)
e [ sin6, + &) | 4y
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This means that the X-axis of ¥; and the X-axis of ¥ are aligned.
According to (A.2) and (A.4), (A.1) is achieved with M; = I and
b; = x;. Hence, M x B = {I5} x R? is obtained.

Example A.3. Suppose that the measured distance from the object
includes an unknown scale in Example A.1. Let cfpi > 0 be the
measured value, which satisfies dp; = sidpi for a scale factor s; > 0
according to the actual distance d,; > 0. Then, the local coordinate
pli of the object is described as

il _ g .| €SP A
=] "
instead of (A.3). From (A.2) and (A.5), (A.1) holds with M; =
siRot(6;) € scaled(SO(2)) and b; = z;. Thus, M xB = scaled(SO(2))
xR? is achieved. The resultant local coordinate frame is illustrated
in Fig. 2.10b.

Example A.4. Suppose that each robot detects a beacon on the
object by two receivers as shown in Fig. A.2a. Without loss of
generality, let ea; and —eg; be the local coordinates of the receivers,
where eg; = [1 0]". The distances dpi1, dpiz > 0 of the beacon from

M

p_— Beacon

i
i
o
/
gf—\\Receivers

0 . X
() (b)

Figure A.2: Relation between the global and local coordinate frames, and their
coordinates for M; € O(2) and b; = z;: (a) a global coordinate p; (b) the correspond-

ing local coordinate p[i] = pEi] or pg]-
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the receivers are measured. Then, the local coordinate pl! of the
object satisfies

1P — €311l = dpin, P + eg | = dpio. (A.6)

Fig. A.2b indicates that from (A.6), pgi],pg] € R? can be the two
possible coordinates for pli, where

7 COS ) 7 i COS 5 i
pEA] =\dy; [ (?p ] ) p][_%] = dp; [ ¢IZ ] (A.7)

sin ¢p; — sin ¢p;
with
2, + d2, . &2, — d2;
1 2 1
dpi: %—17 ¢pi:COS pZTplpZ S [0771_].

Note that the relative bearing ¢,; € (—m, 7] of the object is equal
to either ¢,; or —¢p;, and from (A.7), we obtain

o ll ol = | 20 | et | 5207 [} o
with the reflection matrix Refl(w) € R?*2 for w = [0 1]". From (A.2)
and (A.8), (A.1) is satisfied with M; = Rot(6;) or Rot(6;)Refl(w),
and b; = x;. The duality of the possible positions is called a
flip ambiguity, which can be matched to either M; = Rot(6;) or
Rot(6;)Refl(w) for all the neighbors by using a landmark beacon.
Then,

M = {Rot(0) : 0 € [-7,7)} U{Rot(d)Refl(w) : 0 € [-7,7)}
=0(2)

is obtained with B = R2.



B

Real Analytic Functions

Properties of real analytic functions are used in Section 5.3 for proving
the asymptotic stability of the gradient-flow system. Hence, some basics
of real analytic functions are summarized here. The contents here are
based on Krantz and Parks, 2002.

For an open subset Q C R™, a function f : 2 — R is said to be real
analytic at T € € if there exists a power series of = converging to f(x)
around , that is, there exist sequences (c(k))rez, and (p;(k))rez, for
i €{1,2,...,n} of elements c(k) € R and p;(k) € Z+ in an open set
containing x such that

Fla) = > clh ﬁ
k=0 =1

where © = (z1,29,...,2,) and T = (Z1,T2,...,Ty). A vector-valued
function f : 2 — R™ is said to be real analytic at T € § if each
component of f(x) is real analytic at € Q. A function f: Q — R™ is
said to be real analytic in a set Q C Q if f(x) is real analytic at each
zeq.

A set D C R™ is called an n-dimensional real analytic submanifold
if for each y € D, there exists an open set 2 C R™ and a real analytic
function f : © — R™ such that open subsets of 2 are mapped to
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relatively open subsets of D, y € f(2), and

rankgi(a:) =n Vre.

This definition means that a real analytic submanifold is locally param-
eterized through a real analytic function as the following example.

Example B.1. The (scaled(SO(d)) x R%)-orbit of 2}, € (R?)", i.e.,
OIbgcaled(SO(d)) xRY (), is a real analytic submanifold. Actually, if
zn € (RY)™ belongs to the orbit, znr = (M, b)ex, holds for (M, b) €
scaled(SO(d)) x R%, where M € scaled(SO(d)) is parametrized
as M = sexp(N) with s > 0 and N € Skew(d). Here, Skew(d)
denotes the set of skew-symmetric matrices of dimension d, which
is parameterized by the upper (or lower) off-diagonal entries, and
exp(-) represents the exponential matrix.

The squared distance function from a real analytic submanifold D
is a real analytic function as follows.

Lemma B.1. [Theorem 6.5.23 in Krantz and Parks, 2002] Let D
be a closed subset of R™. Then, the squared distance function
(dist(z, D))? is a real analytic function of x € R in an open set
containing z € D if and only if D is a real analytic submanifold in
an open set containing .

The following lemma provides important properties of the real
analytic functions, called Y.ojasiewicz’s inequalities.

Lemma B.2. [Theorem 6.3.4 in Krantz and Parks, 2002, Kurdyka,
1998] Let f : 2 — R be a real analytic function in an open set
Q C R™. Assume that the zero set f~1(0) is non-empty in Q. Then,
for a compact subset Qp of , there exist 81(€1) > 0, 6:(Q1) >0
such that

F(@)] > Bi()(dist(z, fH(0)®) veeq. (B

For a bounded open set Qs C Q, there exist £2(Q2) > 0, 2(Q2) > 0,
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p2(£22) > 0 such that

Jj
= (@)

02(Q2)

| (@)] < Ba(€22) Vo e int(L,, g, (If)NQ. (B.2)

Here, £, (|f]) = {z € R" : [f(x)| < p} is the sublevel set of |f(z)| for
p > 0 and int(-) represents the interior of a set.



C

Gradients of Squared Distance Functions

Consider the squared distance function
1
v(zy) = §(dist(fw,17))2, (C.1)

where ' = {1,2,...,n} and the distance function of 2 € (R%)" from
aset D C (R is defined as

dist(zpr, D) = DirelfD |lznr — D (C.2)

The gradient of the function (C.1) is used in Theorems 7.5 and 8.7,
which is derived as follows.

Lemma C.1. For a set D C (RY)", if v(xz) in (C.1) is partially
differentiable with respect to z; at 2 € (R%)", the following holds:

ov
81‘1'
where D : (R%)" — cl(D) is the solution D to (C.2).

(zpr) = 23 — coly(D(znr)), (C.3)

Here, col;(+) represents the ith element of a tuple and cl(-) is the closure

of a set.
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In order to prove Lemma C.1, the directional derivative of a function
F: (RY" = (RH™ at 2 € (RY)™ in the direction of yp € (RH)" is
defined as

1
Vyn Fay) = lim o (F(zy + hyy) = Flan). (C.4)

Then, the following lemma is obtained.

Lemma C.2. For a set D C (RY)", let D : (RH)" — cl(D) be a
solution to (C.2). If V,, D(zx) exists for zpr,yp € (RY)”, the
following holds:

(VyuD(@p), 25 — D(apr)) = 0. (C.5)

Proof. From (C.2),
lzx = D(an)|| < llaar = DIl VD € cl(D)
ng

A

holds, and by applying D = D(zzr + hyar), we obtain

(D(xx + hyn) — D(an), 2x — D(z))
= (D(zn + hyn) — zn, 2x — D(zn)) + oy — D(ay)|
< <D($N +hyn) — 2N, xjv D(zn))

I I

+ §II$N — D(an)|? + §||93N — D(zp + hyy)

- %H(fw — D(ax)) = (zx — D@ + hyn)|I?

1, N
= SIDan + hyn) = D). (C.6)
From (C.6), for h > 0, we obtain

%(f)(x/\/ +hyy) = D(an), an — D(an))
2

<3 H}ll(f?(ﬂw + hyn) — D(an))

), as h — 0+, the left hand side of (C.7) converges as

(C.7)

From (C.

(D(zn + hyn) — D(an)), ox — D(an))

= (VyuD(zn), 28 — D(ay))

lim (
h—0+

S =
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while the right hand side of (C.7) converges to 0. Hence,

<Vy/\/ﬁ($/\f)v$/\f - ﬁ(:@@) <0

holds. By considering h — 0—, the converse inequality is obtained. Thus,
(C.5) is achieved. O

Proof of Lemma C.1. (dist(zpr, D))? = ||zar — D(2zp7)||? holds because

D(z ) is the solution to (C.2). Partially differentiate this equation with
respect to xj;, jth component of z;, and we obtain

d(dist(zp, D))* 0

Oxj;  Oxj; {ex = D(ay),zn — D(ay))

oD .
=2 <€dj€jn' ~ (zA), A — D(fLN)>
Ji

=2 <€dj€rTLi_vedjeLﬁ(xN)v x/\[—ﬁ(a:/\/)>

= 2egjen;, T — D(zn)) = 2tr(enieg;(zn — D(zn)))

= 2ede(acN — D(xn))en = 26%(1’1‘ — coly(D(xpr)))
(C.8)

from (C.4) and Lemma C.2 for yy = egje,);, where e,; € R" is the
ith unit vector and n-tuples in (R%)" are regarded as matrices in
R9*", By collecting (C.8) for all j € {1,2,...,d}, the equation (C.3) is
achieved. O



D

Partial Difference

A mathematical operation, called partial difference, is introduced and
its properties will be summarized. This operation plays an essential role
in proving Theorem 7.1. Some contents here are based on Sakurama
et al., 2015.

D.1 Partial difference and high-order partial difference

Consider a function w : (R)™ — R™ of a7, where N = {1,2,...,n}.
The partial difference of w(zr) with respect to z; for a vector a € RY
is defined with the operator A} as follows:

Agiw(ay) = w(zy) — w(@n)|e=a, (D.1)

where the notation -|;,—, represents the replacement of z; by a, i.e.,
’U}(HZ'N)’mi:a = ’LU(xl, s Ti—1, Gy Tjp 1y - - - 71.71)-
The partial difference is commutative as follows.

Lemma D.1. The following holds.

Aﬁin?w(mN) = Ag;Aﬁ:w(:vN) Vry € (RY", a;,a; € RY (D.2)
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Proof. From (D.1), the following equations hold, and (D.2) is derived.
AT AT ()

= Agi(w(zy) — w(wn)|zj=a,

= (w(zn) — w(x/\f)‘wjza]) w(x )‘Z'i:ai - w(x/\/”xj:aj,wi:ai)

TN) — ) W(@N)2y=a; — W(EN)|2=as,2;=a;)

(

= Ad) Agiw(zar)

o~

= (w( W(TN)|2i=a;) —
= NG (w(zy) —w

N

'CL'N) |Ii:az
O
From the commutativity, we can properly define the high-order

partial difference. For Z = {ij,io,... ,i|I|} C N and a7 € (Rd)m, the
partial difference of w(zxr) with respect to 7 is defined as

T L x; x; Ii\II
AgZw(zn) = Doy Dol - Dy w(Ty). (D.3)

a12 alm

D.2 Verification of dependency of functions

The dependency of a function from a specific variable can be verified
through the partial difference with respect to the variable. A function
w: (RY™ — R™ of x is said to be independent from x; if there exists
a function @ : (R4)"~! — R™ such that

w(zpr) = w(a;N\{i}) Yoy € (Rd)". (D.4)

The following lemma is obtained.

Lemma D.2. A function w : (R%)™ — R™ of x satisfies
AZw(zp) =0 Vop € (RY", a0 € RY (D.5)

if and only if it is independent from z;.

Proof. Assume that (D.5) holds. Then, w(zpr) = w(xzr)|z,=q is obtained
from (D.1), and (D.4) holds with w(zpng3) = w(Tar)|z;=a for any
a € R?. Hence, w(z ) is independent from x;.

Conversely, assume that w(zr) is independent from z;. Then, from
(D.4),

W(EN)|zi=a = D@0\ (i}) 220 = D(2p7\(3}) (D.6)
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is obtained for any 2 € (R%)" and a € RY. From (D.1), (D.4), and
(D.6),

Agw(zy) = w(@y) — w(an)|e=a = D(@pn (1)) — D(TAn(y) =0

holds, and (D.5) is derived. O

The high-order version of Lemma D.2 is given as follows.

Lemma D.3. For a sets Z C NV, a function w : (R%)"™ — R™ of z
satisfies

a8 d\n d\|Z
AZZw(zp) =0 Vau € (R)™, a7 € (R (D.7)

if it is independent from x; for some i € Z.

Proof. Under the assumption, from Lemma D.2, (D.2), and (D.3),

AgZw(zy) = AZQ% Agiw(zrz) =0

is obtained for any zxr € (R)", az € (R, and (D.7) is derived. [

Only a sufficient condition of (D.7) is provided by Lemma D.3. The
necessary and sufficient condition is given as follows.

Lemma D.4. For a set T = {iy,iy,...,%71} C N, a function w :
(RH)"™ — R™ of x satisfies (D.7) if and only if it can be of the

form
IZ|

w(zn) = Y wr(Tan(i}) (D.8)

k=1
with functions wy, : (RY)"1 — R™ for k € {1,2,...,|Z|}. If w(zp)
is scalar and non-negative, each wg(wan;,}) can be chosen as a
scalar, non-negative function. One of such w(wan (,1) is given as

k@) = Ik wiaw). (D.9)
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Proof. (Sufficiency) Assume that w(zar) is of the form (D.8). Each
wi(Tpang,y) in (D.8) is independent from w;, for i € Z, and from
Lemma D.3, AfZwg(wan (5,1) = 0 holds. Thus, (D.7) holds.
(Necessity) We use the mathematical induction with respect to |Z|.
The case of |Z| = 1 follows from Lemma D.2. Next, assume that this
lemma holds for |Z| = ¢ —1, and we consider the case of |Z| = £. Assume
that (D.7) is satisfied. From (D.2), (D.3), and (D.7),
sz\{i‘}A%w(xN) = AZw(zy) =0 (D.10)

AT\{ip} — iy

is obtained. Note that |Z\{is}| = ¢ — 1, and under the assumption of
the mathematical induction, from (D.10),

-1
Aazﬁ’LU(fL’j\/’) = Z wk(%\/\{zk}) (Dll)
k=1

holds with some functions wy, : (RY)"™1 — R for k € {1,2,...,£ —1}.
Then, from (D.1) and (D.11),

/-1
w(an) = W@ e, =as, + D we(TAfir}) (D.12)
k=1

holds, and (D.8) is obtained for |Z| = ¢ with

we(TpnGiy) = WEN) s, =as, (D.13)

To show the latter part, we assume that w(zar) is scalar and non-
negative. We continue the mathematical induction. First, we consider
the case that w(zx) has a minimum point with respect to z;,, i.e.,
a;, € argmin,,, craw(zpr) exists, which is independent from z;,. Then,
wy(zAn\g4,3) 0 (D.13) is reduced to (D.9) for k = £. Note that this
we(Tan {i,}) 18 non-negative from the non-negativeness of w(zxr). More-
over,

Afw(on) = W) — wlan)la, -, = wley) = min wley) >0
v
holds. From the assumption of the mathematical induction, the non-
negative function Azfﬁw(x/\/) can be of the form (D.11) with non-
negative functions wy(zan (,}) for any k€ {1,...,£—1}.
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In the case that w(zar) does not have a minimum point with respect
to z;,, the infimum exists because of the non-negativeness of w(zys).
Then, there exists a sequence (a;,),e(1,2,..},f, € R? such that

Jnt we0) = i el =,

The above discussion holds for a;, , which yields the non-negativeness of
wi (T {i,}) 0 (D.9). O

Some properties (the zero set and relative invariance) of w(z ) are
inherited by w(wan (5,1) in (D.9) as follows.

Lemma D.5. For a scalar and non-negative function w : (R%)" —
Ry of zpr, let wy(zan g,3) be the function in (D.9). (a) If w=*(0)
is non-empty, wy(zan(;,}) is an indicator of projN\{ik}(wfl(O)).
(b) For a subgroup M x B of scaled(O(d)) x R, if w(z ) is rela-
tively (M x B)-invariant of weight |det(M)|% for (M,b) € M x B,
wi(Tan {i,}) 18 relatively (M x B)-invariant of weight ]det(M)|%.

Proof. (a) Assume that w~!(0) is non-empty. From the definition of
the projection, for Zyn ) € (RH)"=1 there exists #;, € RY such that
w(zy) = 0 if and only if Tanp;,) € projN\{ik}(wfl(O)). Hence, if
Ean\(ipy € prOjN\{l-k}(w_l(O)), from (D.9) and the non-negativeness of
w(zn),

A

wkEan (i) ii:gedw(QW)‘fEN\{z’k}:ffN\{m =w(@y) =0

holds. Otherwise, wg (20 f5,3) > 0 holds. Therefore, wg(zan ;) is an
indicator of projN\{ik}(wfl(O)).

(b) Assume that w(zyr) is relatively (M x B)-invariant of weight
|det(M)|% for (M,b) € M x B. From the assumption and the non-
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singularity of M, wy(zan fi,1) in (D.9) satisfies
N yz‘;ifg]i{d w((M,b) e mN)|zik:(M7b)_l°yik

= | det(M))]

v

yiiljg];%d w(zy) ‘xlk =(M.b) " eyiy

2,
= | det(M)|a giirng w(TN )|, =g,

2
= | det(M)| 2w (zpn 4,

where §;, = (M,b)"! e y;, . O

D.3 Relations to integrals and partial derivatives

Consider a scalar, continuously differentiable function w(z ). Its partial
difference in (D.1) can be described in the integral form as

Ti Qw

Agw(zy) =/ 5

(xpr)da; (D.14)

from the gradient theorem. Moreover, the partial derivative is described
by the partial difference in the following way:

(D.15)

[8w (13/\/)} = lim Baihes,(7N)

c%:i P h—0 h ’

where [-], represents the pth component of a vector and eq, € R is the
pth unit vector.
Partial derivative and partial difference are commutative as follows.

Lemma D.6. For a continuously differentiable function w : (R%)" —
R of z s, the following holds:

x; Ow o 0 z;j d\n d
A, 2%, (xn) = &EZ-AG w(zy) Yon € (RY)",a e R (D.16)
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Proof. From (D.2) and (D.15), the pth component of the left-hand side
of (D.16) is calculated as

=27 [g2 )]

z; Ow

82 52 aw)

p

B0 h
— i AT w(zp)
= iy B’ Baihea,
- ’{E;% A:ci—hedp Aa‘ h
A e, (BFu)(ay)
~ hs0 h

(e’ w)
= |22 )
’ P
and the right-hand side of (D.16) is obtained. O

D.4 Decomposition of functions

Lemma D.4 shows that any function can be decomposed as (D.8) as
long as it satisfies (D.7). Repeating this process, we can obtain a
decomposition form consisting of functions which do not satisfy (D.7).
This decomposition form is used to derive the form (7.12) of functions
belonging to Vgis(G) in Theorem 7.1.

The following lemma provides the decomposition form.

Lemma D.7. A function w : (R9)™ — R™ of 2 can be of the form

h
w(zy) = Y wp(zz,) (D.17)
k=1

with some functions wy, : (R4)Zl — R™ and sets 7, ¢ N for
ke€{l1,2,...,h} satisfying

Aartwp(zz,) #0 oz, ,az, € (RY) (D.18)
T ¢ Iy Yk, £e{1,2,... h}, k#1. (D.19)
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(a) If w(w ) is scalar, non-negative, and w~!(0) is non-empty, then
wy(zz,,) can be chosen as an indicator of projz, (w'(0)). (b) For
a subgroup M x B of scaled(O(d)) x R?, if w(zy) is scalar, non-
negative, and relatively (M x B)-invariant of weight |det(M )]g
for (M,b) € M x B, then wy(zz,) can be chosen as a relatively
(M x B)-invariant function of weight |det(M )]%

Proof. Repeat the decomposition operation to each term in w(znr)
according to Lemma D.4, and we obtain the form

h
Z k(1) (D.20)

with some functions 1wy, : (R9)Zl — R™ and distinct sets Z, ¢ N for
ke{l,2.. ,}Al} satisfying

Dozt tg(az,) # 0 oz, az, € (R (D.21)

This form is necessarily achieved with finite operations from Lemma
D.4. Let h < h be the maximum number of the sets I which do not
contain each other. Then, without loss of generality, we can assume
that the sets Zy for ¢ € {1,2,...,h} satisfy (D. 19) and there exist
we e {h+1,.. h} such that 1 = h+1, ppy1 = h+1, ¢ < ©ei1, and

IwzaIwz+1>-~-7I<pe+1—1 C Zy. (D.22)
We define
per1—1
wg(xzz) = UA)g(:CIE) + Z ﬁ)k(xzk), (D.23)
k=

with which (D.20) is reduced to (D.17). Furthermore, (D.19) holds from
the choice of the sets Zy for £ € {1,2,...,h}, and (D.18) holds as follows:

por1—1
AZE ’u}g(ZL'IZ) = Aziﬁ Qf)g(.%'fz) + Z Azg Wy, ('ka)
k=,
= Aig UAJg(.CCIZ) #0 E|.CCIZ, az, € (Rd)‘zé‘

from (D.23), Lemma D.3 and (D.22), and (D.21) in order.
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(a) Assume that w(x, ) is scalar, non-negative, and w—1(0) is non-
empty. Then, from Lemma D.4 and Lemma D.5 (a), each wg(z7,) in
(D.20) can be chosen as an indicator of projz, (w™*(0)). From (D.22),

{an € (RY)" : 2z, € projg, (w™'(0))}
C{zy € RY" 27, € projz, (w™1(0))} (D.24)

holds for any k € {@g, e+ 1,..., 041 — 1}. From the non-negativeness
of Wy (zz,), (D.23), and (D.24),

{zx € R : 27, € w, (0)}
= {an € R)" : 27, € w, ' (0)}
n iﬁ_l{w & (RY)" - az, € 0 (0)}
= {fUN—ZZ(Rd)" - w1, € projz, (w™(0))}
N i@l{ﬂw € (R)" : z7, € projg, (w™1(0))}

= {zx € RY)" : az, € projg, (w™'(0))}

holds, which shows that w(zz,) is an indicator of projz,(w=*(0)).

(b) For a subgroup M x B of scaled(O(d)) x R?, assume that w(xx)
is scalar, non-negative, and relatively (M x B)-invariant of weight
|det(M)|% for (M,b) € M x B. Then, from Lemma D.4 and Lemma
D.5 (b), each Wy (zz,) in (D.20) can be chosen as a relatively invariant
function of weight \det(M)]%. Then, because wy(zz,) in (D.23) is the
sum of these functions, it is relatively (M x B)-invariant of weight
| det(M)|%. O

We characterize the functions belonging to Vgis(G) by using partial
difference in the following two lemmas.

Lemma D.8. For a graph G = (N, €), a continuously differntiable
function v : (R%)" — R belongs to Vg;s(G) if and only if

Afif&f{?v(mﬁf) =0 Yoy € (RY)™, a;,a; € R? (D.25)
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holds for any 4,5 € N such that {i,j} € &, i # j.

Proof. From (D.14) and (D.16), we obtain

T 8 zj
/ A“Ja x/\/)d:ci—/ Tﬁ%v(az/\[)dxl
= AZAGv(z). (D.26)

(Necessity) Assume that v(apr) € Vais(G). Consider a pair i,5 € N/
such that {i,j} & &, i # j. Then, because j ¢ N, from (7.8) and
Lemma D.2,

z; OV

A 7 (zn) = Dq2E(vn;) =0 Yoy € (R)",a; € RT  (D.27)

is obtained. From (D.26) and (D.27), we obtain (D.25).
(Sufficiency) Assume that (D.25) holds for any i,j € A such that
{i,j} € €, i # j. Then, from (D.26),

z; OV

Aaj 61’1

(zn) =0 Van € (RN a; € R

holds, and thus from Lemma D.2, 0v/0z;(xxr) is independent from x;
for any j € N'\WV;. Hence, according to (D.4), there exists a function

Ci(man () = Gi(;) satisfying

a - n
8;}- (zn) = Gi(zn;) Yan € (RD™.

Now, (7.8) is achieved, and v(zxr) € Vgis(G) holds. O

Theorem 7.1 follows from the following lemma.

Lemma D.9. Consider a continuously differentiable function v :
(RY)™ — R of zn and a graph G = (N, €). Let I C N for k €
{1,2,...,h} be the sets given in Lemma D.7 for w(zx) = v(zp),
and let Cy, C N for ¢ € clq(G) be the maximal cliques in G. Then,
v(xpr) belongs to Viis(G) if and only if there exists ¢(k) € clq(G)
such that Zp C Cy(x) holds for each k € {1,2,...,h}.




D.4. Decomposition of functions 157

Proof. The sufficiency part is the same as Theorem 7.1, which is proved
there. The necessity is shown. To show this lemma by contradiction,
we assume that a function v(xy) € Vais(G), but there exists ¢ €
{1,2,...,h} such that Z, ¢ Cy holds for any maximal cliques Cy,
¥ € clq(G). Then, there exist i, j € Z, such that {i,j} ¢ £. From (D.25)
in Lemma D.8, (D.2), and (D.3),

Dagtv(en) = Dag () DL v(an)

=0 Von € (RY™ az, € (RY)Z (D.28)

is obtained. On the other hand, from (D.19), Z,\Z; is non-empty for
any k # £. Hence, from Lemma D.3,

Agﬁwk(xzk) =0 Vg, ,az7, € (Rd)‘zkl
holds. From this equation, (D.17), and (D.18),
h
TT Tz TT
Aazﬁv(x/\f) = Z Aarﬁ wk(ka) = Aazﬁ wf(xfe)
k=1
#0 Yon € (RY" az, € (RY) ! (D.29)

is derived. Consequently, (D.28) and (D.29) contradict. O



E

Procrustes Problems

For a Cartesian product M x B of a subset of R4*?¢ x R¢ and vectors
z;,xf € R fori € N = {1,2,...,n}, consider the optimization problem

f i — (M + b))%, E.1
(MblgMXgZII:L‘ z; +0)|| (E.1)

which is called a Procrustes problem (Gower and Dijksterhuis, 2004).
This problem corresponds to (8.23) with a singleton X* = {z}/}, which
needs to be solved to use the controller designed in Theorem 8.7.

The Procrustes problem is associated with rotation fitting (Kanatani,
1994), which determines the orientation of a rigid body from feature
points in pictures, as illustrated in Fig. E.1. Let z;, 2} € RY be feature
points in different pictures corresponding to each other in a rigid body,
and their relation is expressed as

=Mz +b (E.2)

with some (M,b) € M x B. If there is no scale difference between
the pictures, M x B = SO(d) x R? is employed; otherwise M x B =
scaled(SO(d)) x R? is employed. Note that the correspondence (E.2)
between x; and z] does not accurately hold in general due to noise. In
such a case, it is expected to find the element (M,b) € M x B that
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Figure E.1: Rotation fitting of feature points in different pictures.

minimizes the errors in terms of (E.2) for any feature points i € N.
This problem is reduced to the Procrustes problem (E.1).

For typical M x B in Subsection 2.3.1, analytic solutions are obtained
as follows. Here, the n-tuples zy, 2} € (RY)™ are regarded as the
corresponding matrices in R¥", ave(zx) := 3 ;cp 2i/n is the average
of the elements of zxr, and cen(zp) := zar — (ave(xpr), ..., ave(xpy)) is
the center of x .

Proposition E.1. For M x B = {I;} x R? the solution to the
Procrustes problem (E.1) with xr, 3, € (RY)" is given as

(M, b) = (Ig,ave(zpn — T)r))- (E.3)

Proof. For (I4,b) € {I;} x R?, the partial derivative of the function in
(E.1) with respect to b is calculated as

8 n n
%ZH% (7 +b H2 Z xf +b—x;) =2(nb— Z(xz—x;‘)),
i—1 i=1 ;

which is zero when b =37, (z; — z])/n, and (E.3) is obtained. O

Proposition E.2. For M x B = scaled({l;}) x {0}, the solution to
the Procrustes problem (E.1) with zx, 23, € (R?)" is given as

(M, b) = (x(zn, 2)) 14, 0), (E4)
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where the function y : (R9)" x (R9)" — R is defined as

ﬁNNﬁ‘gf ) 0}. (E.5)

For M x B = scaled({I}) x R%, the solution is given as

X(@n; Thy) = max{

(M, b) = (x(cen(zp), cen(zis)) g, ave(zp — Mxyr)). (E.6)

Proof. For (sl,0) € scaled({Is})x{0} with s > 0, the partial derivative
of the function in (E.1) with respect to s is reduced to

0
Selen = sziell® = 2(aly, szi — 2x) = 2slaill* = (zh, 2)),

which is zero for s = (war, x},)/||z}||? if this s is positive. Otherwise,
s = 0 is the solution. Hence, (E.4) is obtained with (E.5).

Consider (slg,b) € scaled({I;}) x R%. From Proposition E.1, the
solution is given as b = ave(xn — szjys). Then, from the first part of
this proposition, (E.6) is derived. O

Proposition E.3. (Kanatani, 1994) For M x B = SO(d) x {0}, the
solution to the Procrustes problem (E.1) with zpr, 3, € (RY)"
given as

(M, b) = (®(zpr, z)), 0). (E.7)
Here, the matrix-valued function ® : (R9)" x (RY)" — SO(d) is
defined as

®(zp, k) = VDU, (E.8)
where U,V € O(d) are matrices satisfying
i =USVT (E.9)
with a diagonal matrix ¥ = diag(oi,09,...,04) whose entries
01,09,...,04 satisfy 01 > 09 > -+ > 04 > 0, and

D = diag(1,1,...,1,det(U) det(V)) € R**<, (E.10)
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For M x B = SO(d) x R%, the solution is given as

(M,b) = (®(cen(zp), cen(x)yy)), ave(zp — Mz)r)).

Note that the singular value decomposition (SVD) is performed in
(E.9) to compare the n-tuples (z1,...,x,) and (zF,...,z}).
As a preliminary to proving Proposition E.3, the following lemma is

given.

Lemma E.1. For zpr, 2% € (RY)", let W C R%*4 be defined as
W ={M € R g}2 M is symmetry}. (E.11)
Then, M = ®(xpr, x}) is a solution to

i — Max*%|? E.12
Meyrgrggo(d)\\w/v Yl (E.12)

where ® (27, z},) is given in (E.8).

Proof. Consider a matrix M € W N SO(d), and from (E.9) and (E.11),
we obtain

(ehapM)? = (ahrag M) (@hay M) = (ahaf ) MM (i)
=uxvi(uzvhHT =us?u’. (E.13)
The square root of (E.13) is reduced to
e M =USDU " (E.14)

for a diagonal matrix D € R%*? with each entry 1 or —1. Take the
determinant of each side of (E.14), and from (E.9), we obtain

det(z}yz M) = det(USV T M) = det(U) det(X) det(V)
det(UXDU ") = det(U)? det(X) det(D) = det(X) det(D)

because det(M) = 1 and det(U) € {1,—1} from M € SO(d) and
U € O(d). From (E.14), these determinants are equal, and

det(D) = det(U) det(V) (E.15)
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is obtained. From (E.14), the function in (E.12) is reduced to

lenr — Maiel” = llanl® + 231 — 2(zn, M)
= llanll® + llzi 1 = 2tr(ef Maie) = lanl® + llzie ]| = 2te(aiay M)
= llan|® + a3 |? = 2te(USDUT) = [lan||® + [[ak|* = 2tr(ED).
(E.16)

The function (E.16) is minimized with respect to a diagonal matrix
D € R%? with each entry 1 or —1 satisfying (E.15), if D = D for D in
(E.10) because X is the diagonal matrix with entries o1, . .., o4 satisfying
o1 > - > 04 > 0. Hence, if a matrix M € W N SO(d) satisfies (E.14)
for D = D, it is a solution to (E.12). Actually, M = ®(zx, z},) € SO(d)
is such a matrix because from (E.8) and (E.9),

ey M =USV I (VDUT) =UsDU "

holds, which indicates that M € )V and that (E.14) is satisfied for
D =D. O

Proof of Proposition E.3. Let M € SO(d). Then, M"M = I; and
det(M) = 1 hold. By considering the first equation as a constraint
of the optimization problem (E.1), the Lagrangian L(M,A) € R is given
as

L(M,A) = |lzn — M| + (A, MTM — 1) (E.17)
for a symmetric matrix A € R?¥¢, the Lagrangian multiplier. Partially

differentiate (E.17) with respect to M and A, and we obtain

oL _ oL T T TasT T

— == — 2z M) N) MMz +AM M -1
50 = o TENEN — 2o M)y + (2)y) zy + A( d))

L
8—‘51‘(1‘7\[@\/ —2ah e\ M+ i (xh) MM+ AM M — A)

T oM
= 2(—an (k)T + Maj(ai) | +MA) (E.18)
oL .

If M € SO(d) is a solution to the optimization problem, (E.18) and
(E.19) are equal to zero, that is,

an(xh) = Mz (i)  +A), MTM =1,
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hold. From these equations,

TRl M = (M (i) +A) M = aje(ai) T +A
is obtained. Hence, acj‘\/wI/M is symmetry, and M € W holds for W
defined in (E.11). From this fact, this M is also a solution to (E.12), and
thus Lemma E.1 guarantees that M = ®(xxr, 2}) holds. Now, (E.7) is
achieved.

The case of M x B = SO(d) x R? can be solved from Proposition
E.1 in the same way as Proposition E.2. O

Proposition E.4. For M x B = scaled(SO(d)) x {0}, the solution
to the Procrustes problem (E.1) is given as

(M,b) = (¥(zn, 7)), 0),
where the matrix-valued function ¥ : (R%)"x (R%)" — scaled(SO(d))
is defined as follows with >, D, U,V in Proposition E.3:

(X, D)
\I/<$N>x7\f) = ”377\/H2

For M x B = scaled(SO(d)) x R?, the solution is given as

VDU'. (E.20)

(M, b) = (¥(cen(zn), cen(zly)), ave(xn — Mx)y)).

Proof. For the optimization problem (E.1) with M x B = scaled(SO(d))
x{0}, let sR € scaled(SO(d)) be a solution for s > 0 and R € SO(d).
According to Proposition E.3, R = ®(x s, z}) holds for ®(:,-) in (E.8)
because even if z}y, is multiplied by a non-negative scalar, only ¥ is
multiplied by the scalar while U and V' are unchanged in (E.9). From
Proposition E.2, s is derived by replacing z}, with Rz}, in (E.5), and

Rx?, t TR *
s = X(x./\/’vaj\/’) - maX{w’O} = max{r(x-/\/*iﬁj\[)’o}
[ Ry R
oS YD)
3| B

tr(XD . D
:Hlax{ r(* 2),0}: < )’k g

2| 3l
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is obtained from (E.8) and (E.9), where the last equation holds because
tr(XD) =(X,D)=014+02+---+07>0

holds from o1 > 09 > --- > o4 > 0. The resultant sR is reduced to
(E.20).

The case of M x B = scaled(SO(d)) x R? is shown from Proposition
E.1. O
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