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ABSTRACT 

The electromagnetic field enhancement factors by gap plasmons between two spherical metal 

particles are calculated for hydrogen-absorbing transition metals Pd, Ti, and Ni, and reference 

noble metals Au, Ag, and Cu, in air, H2, or vacuum, and H2O. The dependence of the field 

enhancement factors on the metal species, the field wavelength, the electric field polarization, the 

separation of the two metal particles, and the observing location is systematically investigated. 

Field enhancement is observed significantly large in the gap of two metal particles and sensitive 

to the particle separation, but insensitive to the position in the gap, indicating a geometric 

flexibility for applications. The spectral peak field enhancement factors for Pd, Ti, and Ni do not 

compete with those for Au, Ag, and Cu, but do in the microwave regime. For the electric field 

parallel to the bipartite alignment, the field enhancement factors in the gap for Pd, Ti, and Ni are 

observed as large as several hundred and ten thousand for the separation-to-radius ratios of 0.1 

and 0.01, respectively, for a wide wavelength region spanning from the visible to the infrared. 

The large field enhancements in the nanogaps of hydrogen-absorbing transition metals observed 

in this study can potentially be utilized for various energy applications, such as hydrogen storage, 

sensing, and nuclear fusion. In practical metallic material systems, it is important to account for 

such a gap-plasmon effect because nanoscale gaps commonly exist, for instance, on rough metal 

surfaces and in metal particle aggregates. 
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I. INTRODUCTION 

Hydrogen-absorbing metals are thought to be an important technological component for 

energy applications today.
1–6

 Free electrons in metallic materials, particularly around metal 

surfaces or interfaces with dielectric materials, exhibit a strong interaction with electromagnetic 

fields or light in the form of collective oscillation, named surface plasmons.
7–12

 Surface-

plasmon-induced electromagnetic field enhancement on noble metal surfaces has been utilized 

for various applications, such as chemical and biomedical sensing, light emitters and detectors, 

and optical cloaking.
7–12

 The plasmonic field enhancement effect on hydrogen-absorbing 

transition metals also has a number of potential applications, such as hydrogen storage,
1–6

 

sensing,
13–16

 and nuclear fusion.
17–21

 Noble metals such as Au, Ag, and Cu are known to exhibit 

large plasmonic field enhancements particularly at optical frequencies and have been 

considerably investigated in the context of plasmonics, both experimentally and theoretically.
7–12

 

In contrast, the surface-plasmon behavior for hydrogen-absorbing transition metals has not been 

well studied yet. Experimentally, Langhammer et al. introduced a plasmonic hydrogen sensing 

scheme by detecting the induced electronic and structural changes in Pd during the hydridation 

process.
13,16

 Liu et al. demonstrated plasmonic Au nanoantenna-enhanced hydrogen sensing via 

hydrogen absorption in Pd.
14

 Baldi et al. realized in-situ detection of hydrogen-induced phase 

transitions in individual Pd nanocrystals by electron energy-loss spectroscopy.
15

 Nevertheless, 

quantitative and systematic analysis of the field enhancement effect for hydrogen-absorbing 

metals on conditions, which is required for the design and optimization of practical systems, had 

not been reported. Because of such a motivation, we previously calculated the plasmonic field 

enhancement factors on planar
22

 and spherical
23,24

 surfaces and also at sharp tips
24

 of 
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nanoparticles or nanoscale surface roughnesses of hydrogen-absorbing transition metals. We 

therein showed that a large degree of energy focusing, with the enhancement factor over several 

hundred, is available on the planar surface of Pd, Ti, and Ni in the microwave region, even 

surpassing the enhancement for noble metals. We also calculated large field enhancements at 

sharp tips of nanoparticles or nanoscale surface roughnesses of these hydrogen-absorbing 

transition metals, such as peak field enhancement factors of 6000 and 2 × 10
8
 in air for 

morphological aspect ratios of 10 and 100, respectively, for Pd. It is also known that surface 

plasmons in between multiple metallic objects with nanoscale separation distances, or so-called 

gap plasmons, provide large field enhancement factors.
25–30

 Consideration of the gap-plasmon 

effect for hydrogen-energy applications is important because nanogaps commonly exist in real 

structures such as rough metal surfaces and ensembles of metal particles. Therefore, in the 

present study, we numerically investigate the plasmonic field enhancement in nanogaps of 

hydrogen-absorbing transition metals, Pd, Ti, and Ni. 

 

II. THEORY AND CALCULATION METHODS 

Based on the method presented by Aravind et al.,
25

 we calculate the electromagnetic field 

enhancement factors in nanogaps between two spherical metal nanoparticles. The field 

enhancement factor is defined as the ratio of the electromagnetic field intensity around the 

object, which is a pair of metal particles in this study, to that in the absence of the object, or the 

original incident field. Figure 1 conceptually depicts the model setup. The z-axis passes both of 

the centers of the two metal particles, and the x–y plane at z = 0 is the symmetric mirror plane of 

the particles. For the cases where the particle sizes are smaller than the wavelength of the 
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electromagnetic field, the quasistatic approximation is applicable, and therefore the field 

enhancement factors can be determined by solving the Laplace equations derived from the 

Maxwell equations. In addition, the solutions can be relatively easily obtained by using the 

bispherical coordinate system (, , )
31

 for the bipartite system. The bispherical coordinate 

system is a three-dimensional rectangular coordinate system formed by rotating the two-

dimensional bipolar coordinate system with a rotation axis passing the two focal points. The 

relationship between the bispherical (, , ) and rectangular (x, y, z) coordinate systems is 

expressed as follows: 
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a is the z-axis value of the focal point, and can be determined by: 
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where R0 and D are the radius and separation of the particles, respectively.  = 0 corresponds to 

the x–y mirror plane at z = 0, and  = 0 and –0 correspond to the surface of the upper and lower 

particles, respectively, in the bipartite model. 0 is determined by: 
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The boundary conditions for the electrostatic potentials of in the surrounding medium, the 

lower particle with the surface  = –0, and the upper particle with the surface  = 0, 0, 1, 

and 2, respectively, are expressed as follows: 
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where 0 and () are the complex permittivities or dielectric functions of the surrounding 

medium and the metal, respectively, and  is the freespace wavelength. From these boundary 

conditions and the Laplace equations, 0, 1, and 2 are expressed as follows:  
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cosh cosF    .   (16) 

 

ext
 is the potential for the external electric field, Yn

m
(cos, ) is the spherical harmonics, and 

An
m
, Bn

m
, Cn

m
, and Dn

m
 are constants to be determined by the boundary conditions. ext

 is 

expressed by: 
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where E0 is the amplitude of the external electric field, and 0 and 0 are the polar and azimuthal 

angles of the direction of the external electric field relative to the z- and x-axes, respectively, as 

indicated in Fig. 1. The spherical harmonics are expressed by:
32
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An
m
, Bn

m
, Cn

m
, and Dn

m
 can be determined, via Eqs. 9–12, through the following equations. For m 
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= 0, 
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For m = 1 and –1, 
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For other integer values of m, An
m
, Bn

m
, Cn

m
, and Dn

m
 are zero. An

m
, Bn

m
, Cn

m
, and Dn

m
 also 

become zero for m = 1 and –1 when the external electric field is parallel to the z-axis (0 = 0), 

and for m = 0 when the external electric field is perpendicular to the z-axis (0 = /2). For n = 0 

and nmax, the maximum value of n, Eq. 23 becomes: 
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For n = 1 and nmax, Eq. 35 becomes: 
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For each condition of the system, we need to solve the simultaneous equations of Eqs. 23 and 35 

with a sufficiently large nmax, for the convergence of An
m
, Bn

m
, Cn

m
, Dn

m
, and the below-

mentioned field enhancement factor. Their convergence becomes laborious as the two particles 

become closer to each other, and nmax of about 100 was required for the case D/R0 = 0.01, for 

example. An
m
, Bn

m
, Cn

m
, and Dn

m
 determined by Eqs. 20–39 satisfy Eqs. 9–12. 
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After determining An
m
, Bn

m
, Cn

m
, and Dn

m
, we calculate the electric field components E, E, 

and E with the scaling factors h, h, and h as follows: 
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Finally, we calculate the electromagnetic field enhancement factor I by: 
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where the superscript 
*
 denotes the complex conjugate of each field component. 

For the calculations, we used Python 3 with the libraries NumPy and SciPy. We employed the 



 13 

method numpy.linalg.solve to solve the simultaneous equations. For the derivative calculations, 

we used the central difference scheme with a step width of 10
–4

. We employed the empirical 

complex dielectric functions of metals and of the surroundings on frequencies listed in Refs. 22, 

23, and 33 for the calculations in this study. We calculated the electromagnetic field 

enhancement factors at the points on the x–z plane at y = 0, i.e.,  = 0, with the external electric 

field parallel to the plane, i.e., 0 = 0. For the convergent calculations, we set nmax = 150. For the 

calculations for the points of  = 0, , where  is the polar angle of the observing point relative to 

the z-axis as indicated in Fig. 1, we calculated with x/R0 = 10
–4

 instead of x = 0 to circumvent 

diverging numerical errors. 

 

III. RESULTS AND DISCUSSION 

We firstly present a series of calculation results of the electromagnetic field enhancement for 

the case of the surrounding medium of air, H2, or vacuum. Figure 2 (a) presents the spectra of 

field enhancement factor for Pd particles in air, H2, or vacuum, for the condition 0 = 0,  = , 

and D/R0 = 0.1, with various d/D. d is the distance between the observing point and the surface 

of the particle, as indicated in Fig. 1. The condition 0 = 0 corresponds that the external electric 

field is parallel to the line between the centers of the two metal particles. The condition  =  

corresponds that the observing point is on the line between the centers of the two metal particles. 

The ratio D/R0 is the separation of the particles normalized by the radius of the particles, as 

schematically depicted in Fig. 1. The ratio d/D is the distance between the observing point and 

the surface of the particle normalized by the separation of the particles. Field enhancement 

factors of several hundred are observed in the results of Fig. 2 (a). These field enhancements are 
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significantly larger than those for an isolated, single spherical Pd particle reported in Ref. 23, and 

thus exhibiting the effect of gap plasmons. This Pd-particle system exhibits a plasmon resonance 

at 365 nm. Interestingly, the variation in the position of the observing point between the particles, 

d/D, has a relatively small influence on the field enhancement, indicating a preferable spatial 

flexibility for applications. To analyze the dependence of the polarization of the electric field on 

the field enhancement, Figures 2 (b) and (c) plot the calculated spectra of electromagnetic field 

enhancement factor for Pd particles in air, H2, or vacuum, for the condition 0 = (b) /2, (c) /4, 

 = , and D/R0 = 0.1, with various d/D, with the only difference from Fig. 2 (a) being the values 

of 0. The quantitative result for the case of 0 = /4 in Fig. 2 (c) is observed to be the average of 

those for 0 = 0 in Fig. 2 (a) and 0 = /2 in Fig. 2 (b), for the principle of superposition. As 

observed among Figs. 2 (a)–(c), for other polarization angles than 0 = 0, the field enhancement 

becomes weaker, as commonly known for the single-particle case.
23

 Therefore, we mainly focus 

on the case 0 = 0, corresponding to the external electric field parallel to the line between the 

centers of the two metal particles, in this study. 

Figure 3 presents the calculated electromagnetic field enhancement factors for Pd particles in 

air, H2, or vacuum, for the condition 0 = 0, d/D = 0, and  = 365 nm, which is the resonant 

wavelength observed in Fig. 2 (a), with various  and D/R0. In other words, this calculation 

rotationally tracks the field enhancement on the surface of the particle (d/D = 0) for the angular 

dependence of the observing point (). The calculation result of the field enhancement factors for 

the condition D/R0 = 100 approximately corresponds to those for the monopartite case,
23

 with a 

periodic angular evolution equivalently peaking at  = 0 and . For D/R0 = 0.1, which is the same 

setting as Fig. 2 and the regime of gap plasmon, it is observed that the field enhancement factor 
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has a sharp peak at  = , whose value is significantly larger than that at  = 0, in contrast to the 

case of D/R0 = 100. Reflecting this result, hereafter we focus on the case  = , corresponding to 

the observing point locating on the line between the centers of the two metal particles, in this 

study. 

Figure 4 presents the calculated spectra of electromagnetic field enhancement factor for Pd 

particles in air, H2, or vacuum, for the condition 0 = 0,  = , and d/D = (a) 0, (b) 0.5, with 

various D/R0. The result for D/R0 = 100, which asymptotically corresponds to the isolated-

particle case, in Fig. 4 (a) is consistent with those presented in the previous numerical studies for 

single Pd particles.
23,24

 Field enhancement factors over ten thousand are observed for the case 

D/R0 = 0.01. It is also observed in Figs. 4 (a) and (b) that the field enhancement factor is 

sensitive to the scale of D/R0, or the separation of the two metal particles, and is about a thousand 

for D/R0 = 0.05. The setting d/D = 0.5 of Fig. 4 (b) corresponds to the situation that the observing 

point locates exactly at the midst of the two metal particles, while d/D = 0 for Fig. 4 (a) positions 

at the surface of a particle. Comparing between Figs. 4 (a) and (b), the insensitivity of field 

enhancement on the position between the particles is observed and thus being preferable for 

applications, as discussed for the result of Fig. 2 (a). 

In addition to the presentation of Figs. 2–4, for the potential convenience for the readers, a 

comprehensive set of the calculation results for Pd, Ti, Ni, Au, Ag, and Cu under various series 

of conditions is provided in Supplementary Material. In our series of analogical calculations for 

other metals, Ti, Ni, Au, Ag, and Cu, the characteristic trends for Pd in Figs. 2–4 were similarly 

observed in Figs. S7–S66. As a cross-check for the correctness of our numerical calculations, the 

results in Figs. S51–S54 were consistent with the results for Ag presented in Ref. 25. 
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Here, we summarize the calculation results for hydrogen-absorbing transition metals Pd, Ti, 

and Ni and noble metals Au, Ag, and Cu traditionally studied in the field of plasmonics. Figure 5 

presents the calculated spectra of electromagnetic field enhancement factor for various metal 

particles in air, H2, or vacuum, for the condition 0 = 0,  = , D/R0 = 0.1, 0.01, and d/D = 0, 0.5. 

For all kinds of metals, for each of the conditions D/R0 = 0.1 and 0.01, the field enhancement 

factor does not largely vary with the value of d/D, 0 or 0.5, again indicating the spatial 

insensitivity in the gap. Particularly, there observed little visible difference between the plots of 

d/D = 0 (Fig. 5 (c)) and 0.5 (Fig. 5 (d)) for the case D/R0 = 0.01. Such a similarity is presumably 

because even the location in the middle of the two metal particles is strongly influenced by both 

metal surfaces for the case of very narrow inter-particle gaps. For each condition of D/R0 and 

d/D, the peak field enhancement factors in the spectra for Pd, Ti, and Ni do not compete with 

those for Au, Ag, and Cu. However, for the longer-wavelength or lower-frequency region, the 

field enhancement factors of all the metals converge and are comparable to one another. For the 

entire wavelength region, the field enhancement factors for Pd, Ti, and Ni exhibit values as large 

as several hundred and ten thousand for the cases D/R0 = 0.1 and 0.01, respectively. These field 

enhancement factors observed are significantly larger than those for the single-particle case,
23

 

owing to the effect of gap plasmons. Interestingly, Ti is observed to be somewhat advantageous 

relative to other metals in the microwave regime. 

Next, we present our calculation results for the case of the surrounding medium of H2O, which 

is important for the applications in biomedical or electrolytic systems. Figure 6 presents the 

calculated spectra of electromagnetic field enhancement factor for various metal particles in 

H2O, for the condition 0 = 0,  = , D/R0 = 0.1, 0.01, and d/D = 0,  0.5. Similar to the case in in 

air, H2, or vacuum, the field enhancement factors for each metal are not sensitive to the 
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observing position in the gap, d/D = 0 or 0.5. Particularly for the condition D/R0 = 0.01, the plots 

for d/D = 0 (Fig. 6 (c)) and 0.5 (Fig. 6 (d)) are observed to be almost identical to each other. For 

the condition D/R0 = 0.1, Pd, Ti, and Ni exhibit field enhancement factors of a couple of hundred 

throughout the wavelengths. Field enhancement factors over ten thousand are observed for Pd, 

Ti, and Ni for the wavelengths longer than the visible regime. Particularly, Ti exhibits peak field 

enhancement factors as large as thirty–forty thousand in the microwave region. The overall 

results of the field enhancement factor presented in Fig. 6 in H2O are observed to be somewhat 

larger relative to those of Fig. 5 in air, H2, or vacuum for each corresponding condition, except 

for the very short wavelength region below 400 nm. Such a trend of the superiority of H2O as the 

surrounding medium is similar to those observed in the previous studies for the single-particle 

metallic systems.
23,24

 This result of the large field enhancement factors in an aqueous medium is 

encouraging for electrolytic and biomedical applications. 

Such large field enhancements in the nanogaps between particles of hydrogen-absorbing 

transition metals observed in this study can potentially be used for various hydrogen-related 

energy applications, as discussed in Refs. 22 and 24 in depth. It is important to account for the 

gap-plasmon effect in real material systems because nanoscale gaps are commonly observed, for 

instance, on rough metal surfaces and in metal-particle aggregates. The plasmonic field 

enhancement effect can be utilized, for example, for the enhancement of hydrogen absorption 

rate in hydrogen storage. Because the dissociative adsorption of gaseous hydrogen molecules is 

rate-determining for many metals and alloys, an active dissociation of hydrogen molecules into 

atoms or plasma by an applied electric field can potentially increase the hydrogen absorption 

rate.
22

 In addition, it is indicated that hydrogen plasma enables supersaturation loading of 

hydrogen in metals.
34,35

 The gap-plasmonic field enhancement can also be used for the 
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improvement of the optical sensitivity of hydrogen detection.
13–16

 The field enhancement effect 

could be potentially also applicable to nuclear fusion,
17–21

 as a scheme to increase the nuclear 

reaction rate by focusing the supplied electromagnetic field or laser on the fuel material 

containing hydrogen isotopes. As a final remark, a combination of the gap plasmon effect 

presented in this study with the nanoshell effect
23,36

 and/or the lightning-rod effect
24,37

 would 

provide further field enhancement. 

 

IV. CONCLUSIONS 

In this study, we calculated the electromagnetic field enhancement factors by gap plasmons 

between two spherical particles of hydrogen-absorbing transition metals Pd, Ti, and Ni, and 

reference noble metals Au, Ag, and Cu, in the media of air, H2, or vacuum, and H2O. We 

systematically analyzed the dependence of the field enhancement factors on the metal species, 

the field wavelength (), the electric field polarization (0), the separation of the two metal 

particles (D/R0), and the observing location (, d/D). Field enhancement was observed 

significantly large in the gap of two metal particles ( = ) and sensitive to D/R0, but insensitive 

to d/D in the gap, indicating a preferable spatial flexibility for applications. The spectral peak 

field enhancement factors for Pd, Ti, and Ni do not compete with those for Au, Ag, and Cu, but 

do in the microwave regime. For the electric field parallel to the bipartite alignment (0 = 0), the 

field enhancement factors in the gap for Pd, Ti, and Ni were observed as large as several hundred 

and ten thousand for D/R0 = 0.1 and 0.01, respectively, for a wide wavelength region through the 

visible to the infrared, for both of the surrounding media of in air, H2, or vacuum, and H2O. Such 

large field enhancements in the nanogaps between particles of hydrogen-absorbing transition 
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metals observed in this study could be used for various energy applications, such as hydrogen 

storage, sensing, and nuclear fusion. It is practically important to account for the gap-plasmon 

effect because nanoscale gaps commonly exist in real material systems, for example, on rough 

metal surfaces and in metal-particle aggregates. The field enhancement factors were found 

somewhat larger in H2O than in air, H2, or vacuum in the most wavelength regions, which is 

encouraging for the applications in biomedical or electrolytic systems. The gap-plasmonic field 

enhancement presented in this study could become even larger by combining with the nanoshell 

and lightning-rod effects. 
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SUPPLEMENTARY MATERIAL 

See the supplementary material for Figs. S1–S66. 
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FIGURE CAPTIONS 

 

FIG. 1. Schematic configuration of the bipartite system for the calculations of field enhancement 

factors. 

 

FIG. 2. Calculated spectra of electromagnetic field enhancement factor for Pd particles in air, H2, 

or vacuum, for the condition 0 = (a) 0, (b) /2, (c) /4,  = , and D/R0 = 0.1, with various d/D. 

 

FIG. 3. Calculated electromagnetic field enhancement factors for Pd particles in air, H2, or 

vacuum, for the condition 0 = 0, d/D = 0, and  = 365 nm, with various  and D/R0. 

 

FIG. 4. Calculated spectra of electromagnetic field enhancement factor for Pd particles in air, H2, 

or vacuum, for the condition 0 = 0,  = , and d/D = (a) 0, (b) 0.5, with various D/R0. 

 

FIG. 5. Calculated spectra of electromagnetic field enhancement factor for various metal 

particles in air, H2, or vacuum, for the condition 0 = 0,  = , D/R0 = (a, b) 0.1, (c, d) 0.01, and 

d/D = (a, c) 0,  (b, d) 0.5. 
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FIG. 6. Calculated spectra of electromagnetic field enhancement factor for various metal 

particles in H2O, for the condition 0 = 0,  = , D/R0 = (a, b) 0.1, (c, d) 0.01, and d/D = (a, c) 0,  

(b, d) 0.5. 
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FIG. 5 (a). 
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FIG. 5 (b). 
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FIG. 5 (c). 
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FIG. 5 (d). 
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FIG. 6 (a). 
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FIG. 6 (b). 
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FIG. 6 (c). 
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FIG. 6 (d). 
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