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T- TS
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ϕ

ϕ

ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ

ϕ := ¬Tr�ϕ�
*7*8

ϕ ∨ ¬ϕ

[ϕ]∨1

Tr�ϕ� TS
[ϕ]∨1

¬Tr�ϕ� def.

Tr�ϕ� ∧ ¬Tr�ϕ� ∧I

[¬ϕ]∨2

¬¬Tr�ϕ� def.

Tr�ϕ� DNE
[¬ϕ]∨2

¬Tr�ϕ� TS

Tr�ϕ� ∧ ¬Tr�ϕ� ∧I

Tr�ϕ� ∧ ¬Tr�ϕ� ∨E

Russell’s paradox

naive set theory

ω := {x : x � x}

ω ∈ ω

*6 P
�P� A

B
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A
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*8 DNE double negation elimination

¬¬A
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Curry’s Paradox triviality
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ϕ ϕ
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ϕ

ϕ := Tr�ϕ� → ψ

ψ ψ ——- ——

*12

ϕ→ ϕ
ϕ→ (Tr�ϕ� → ψ)

def.

Tr�ϕ� → (Tr�ϕ� → ψ)
TS

Tr�ϕ� → ψ Contraction

ϕ→ ϕ
ϕ→ (Tr�ϕ� → ψ)

def.

Tr�ϕ� → (Tr�ϕ� → ψ)
TS

Tr�ϕ� → ψ Contraction

Tr�ϕ� def.

ψ
→ E

ψ ⊥

ϕ := Tr�ϕ� → ⊥

Ineffability Paradox, paradox

of ineffability

x

x

*12 Contraction contraction rule

α→ (α→ β) � α→ β
α β α

β
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x

x

¬Ef(x) x

x x

Ef(x) x

Ef(x) ¬Ef(x)

Ef(x) := ∃P(P(x))

¬Ef(x) := ∀P(¬P(x))
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*14 x Ef(x) P

x P(x) P

x ¬Ef(x) P x

x

¬Ef(x)

∀P(¬P(x))
def.

¬¬Ef(x)
∀E

Ef(x)
DNE ¬Ef(x)

Ef(x) ∧ ¬Ef(x)
∧I

[16]

2

Russell[12] Priest[8] Pleitz[6]

Russell

Priest[8] Russell’s Schema Russell

Priest Pleitz

Priest Russell

Inclosure Schema Inclosure Schema

dialetheism

*14

99



paraconsistent logic

Pleitz

Curry’s Schema Inclosure Schema

Pleitz

contraction-free logic

*15

Russell Priest Pleitz

[13] [16, ]

2.1 Russell: Russell’s Schema

Russell[12] =

[12, p.35] Priest[8,

p.129]

ϕ δ

1. ∃Ω(Ω = {y : ϕ(y)})
2. ∀x(x ⊆ Ω→ δ(x) � x)

3. ∀x(x ⊆ Ω→ δ(x) ∈ Ω)

Russell’s Schema Russell’s Schema

ϕ

totality Ω δ

*15 Pleitz[6, p.12]

contraction-free logic contraction-free paraconsistent

logic 2017 Pleitz
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x x

δ δ(x)

x ——δ(x) � x —— Ω

x δ δ(x) � x

x δ(x)

Ω

2

3

Ω ⊆ Ω→ δ(Ω) � Ω

Ω ⊆ Ω→ δ(Ω) ∈ Ω

Ω Ω Ω ⊆ Ω

δ(Ω) � Ω

δ(Ω) ∈ Ω

δ(Ω) � Ω ∧ δ(Ω) ∈ Ω

Russell *16

*16 [12] Russell

The Principle of Mathematics

Russell [ ]

B [11, p.xiii]

Russell’s Schema Russell

Russell’s Schema

[12]

[18]

1111
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2.2 Priest: Inclosure Schema

Russell’s Schema

Russell’s Schema

*18 Priest Russell’s Schema

Inclosure Schema *19

Priest [8, p.134]

ϕ ψ δ

1. ∃Ω(Ω = {y : ϕ(y)} ∧ ψ(Ω))

2. ∀x(x ⊆ Ω ∧ ψ(x)→ δ(x) � x)

3. ∀x(x ⊆ Ω ∧ ψ(x)→ δ(x) ∈ Ω)

Inclosure Schema Russell’s Schema ψ

ϕ Ω Ω

ψ δ Russell’s

Schema x x

Ω ψ δ(x)

δ(x) � x 2.1 δ

Russell’s Schema

x δ(x) Ω

ψ ψ

Inclosure Schema Russell’s Schema

Russell’s Schema Inclosure Schema

Inclosure Schema Russell’s Schema

δ(Ω) � Ω ∧ δ(Ω) ∈ Ω

*17 [16, p.86-88]

*18 [8, p.133-135] Priest

*19 inclosure enclosure in-closure close
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Priest Inclosure Schema

inclosure paradox

inclosure paradox Priest

S

S S ¬S Priest

δ(Ω) � Ω ∧ δ(Ω) ∈ Ω

the Law of Explosion

α ∧ ¬α � β

*20 —–

——

inclosure paradox

2.3 Pleitz: Curry Schema

Pletiz Inclo-

sure Schema

Priest

1

*20
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Priest Inclosure Schema

[8, p.169] inclosure paradox

[13]

Martin Pleitz

inclosure paradox

Inclosure Schema ——

—— Curry Schema Russell’s Schema

Inclosure Schema [6, p.9]

ϕ ψ δ

1. ∃Ω(Ω = {x|ϕ(y)} ∧ ψ(Ω))

2. ∀x(x ⊆ Ω ∧ ψ(x)→ (δ(x) ∈ x→ p))

3. ∀x(x ⊆ Ω ∧ ψ(x)→ δ(x) ∈ Ω)

p Russell’s Schema Inclosure Schema

δ x x

x x p

δ

Inclosure Schema

Curry Schema p

p ⊥ p ⊥ Inclosure Schema

*21 Inclosure Schema Curry Schema

Russell’s Schema Inclosure Schema

Curry Schema

Curry Schema (2) (3)

Ω ⊆ Ω ∧ ψ(Ω)→ (δ(Ω) ∈ Ω→ p)

Ω ⊆ Ω ∧ ψ(Ω)→ δ(Ω) ∈ Ω

*21 ¬α := α→ ⊥
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Ω ⊆ Ω (1) ψ(Ω) Ω ⊆ Ω ∧ ψ(Ω)

δ(Ω) ∈ Ω→ p

δ(Ω) ∈ Ω

p p

Curry Schema

Pleitz contraction-free logic, non-contractive

logic *22*23 contraction rule

α→ (α→ β) � α→ β

α β

α β

ϕ→ ϕ
ϕ→ (Tr�ϕ� → ψ)

def.

Tr�ϕ� → (Tr�ϕ� → ψ)
TS

Tr�ϕ� → ψ Contraction

ϕ→ ϕ
ϕ→ (Tr�ϕ� → ψ)

def.

Tr�ϕ� → (Tr�ϕ� → ψ)
TS

Tr�ϕ� → ψ Contraction

Tr�ϕ� def.

ψ
→ E

ψ Tr�ϕ� → (Tr�ϕ� → ψ) Tr�ϕ� → ψ

ψ

3

*22 Priest

Pleitz

*23 [6] Pleitz
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3.1

1 x

Inclosure Schmea

x

1

*24

x ¬Ef(x)

x ∀P(¬P(x))

P x P(x)

x

x x ——

x —— x

A B

A B x

*24 Graham Priest
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—— ——

¬Ef(x)

∀P(¬P(x))
def.

¬(ϕ(x) ∨ ψ)
∀E

¬ϕ(x) ∧ ¬ψ DeMorgan

¬ψ ∧E

ϕ ψ

—— ——

Inclosure Schema Curry’s Schema

Russell’s

Schema *25

P x

∀P(¬P(x)) x

¬(ϕ(x) ∨ ψ)

x

P

x x

∀P(¬P(x)) ¬(ϕ(x)→ ψ) ϕ

x ϕ(x) x = x

P x

∀P(¬P(x)) x = x

¬(x = x→ ψ)

*25 ∀P(¬P(x)) ¬(ϕ(x)∨ ψ) ¬(ϕ(x)∨¬ψ) ¬¬ψ
ψ

¬¬ψ ψ

¬¬A � A � A ∨ ¬A
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x = x
*26

*27

¬Ef(x)

∀P(¬P(x))
def.

¬(ϕ(x)→ ψ)
∀E

¬(¬ϕ(x) ∨ ψ)
def.→

¬¬ϕ(x) ∧ ¬ψ DeMorgan

¬ψ ∧E

3.2

[16, 3 ]

*26

ϕ

¬ψ
*27 → A→ B := ¬A ∨ B

¬Ef(x)

∀P(¬P(x))
def.

¬(ϕ(x)→ ψ)
∀E

[ψ]v

ϕ(x)→ ψ Weakening

⊥ → E

¬ψ → Iv

Weakening weakening rule

β

α→ β
β α β
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Γ

1. ∃Ω(Ω = {Y : ∃xY x ∧ Γ(Y)})
2. ∃a∀Y ∈ Ω(a � Y)

negative trivialism Schema NT

Russell’s Schema

1. ∃Ω(Ω = {y : ϕ(y)})

Inclosure Schema Curry Schema

1. ∃Ω(Ω = {y : ϕ(y)} ∧ ψ(Ω))

1. ∃Ω(Ω = {Y : ∃xY x ∧ Γ(Y)})

Ω

Ω

—— ——

Γ Y
*28 *29

2. ∃a∀Y ∈ Ω(a � Y)

Ω a

Γ

*28 Ω Γ(Y) Y

*29 [13] x 10000

Ω 10000

Γ(Y) Y 10000

[16]
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¬ψ

∃a∀Y ∈ Ω(a � Y)

∀Y ∈ Ω(a � Y)

¬(ϕ(a) ∨ ψ)
∀E

¬ϕ(a) ∧ ¬ψ DeMorgan

¬ψ ∧E

¬ψ ∃E

ϕ(x) ∨ ψ Ω

∃a∀Y ∈ Ω(a � Y)

∀Y ∈ Ω(a � Y)

¬(ϕ(a) ∨ ψ)
∀E

[ψ]w

ϕ(a) ∨ ψ ∨I

⊥ → E

¬ψ → Iw

¬ψ ∃E

∃a∀Y ∈ Ω(a � Y)

∀Y ∈ Ω(a � Y)

¬(ϕ(a)→ ψ)
∀E

¬(¬ϕ(a) ∨ ψ)
def.→

¬¬ϕ(a) ∧ ¬ψ DeMorgan

¬ψ ∧E

¬ψ ∃E

∃a∀Y ∈ Ω(a � Y)

∀Y ∈ Ω(a � Y)

¬(ϕ(a)→ ψ)
∀E

[ψ]v

ϕ(a)→ ψ Weakening

⊥ → E

¬ψ → Iv

¬ψ ∃E

ϕ(x)→ ψ Ω

3.3
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1.

2.

3.

*31

2. NT

∃
∃a∀Y ∈ Ω(a � Y) ∀Y ∈ Ω(a � Y) � ¬ψ ¬ψ

∃

∃ ∃

free logic

*32

∃ ∀

t A At A ∃xAx

*30 Priest[8] Pleitz[6]

Russell

[16] Russell’s Schema ∃Ω(Ω = {y : ϕ(y)})

*31 [16, 4 ]

*32 [5, p.123-124]
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t A At A

∃xAx ∃

*33

∃I

∃E

∃a∀Y ∈ Ω(a � Y)

∀Y ∈ Ω(a � Y) � ¬ψ ¬ψ
∃E

∃I

Fujikawa[2]

*34

A ∃xAx A

A A

t A At

∃xAx At � ϕ ϕ At

At � ϕ ∃

A

∃a∀Y ∈ Ω(a � Y) ∀Y ∈ Ω(a � Y) � ¬ψ
¬ψ ∀Y ∈ Ω(a � Y) a

*33 A ∀xAx t A At

*34 Fujikawa

Fujikawa
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Ω ∀Y ∈ Ω(a � Y)

a

[16] ∀Y ∈ Ω(a � Y)

a
*35

∃

∃ ∀
Px
∀xPx

x x

P P

x P

x

P

P

∀

*35 [16] [13] [16]

∀Y ∈ Ω(a � Y) a
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*36

∀

[15, sec.2]

*36
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*37 (1)

(2) (3)

(1) NT

(3) (2) NT

∃

∃

*37
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This paper will handle with self-referential paradoxes, especially paradoxes 
called ‘broad self-referential paradoxes’ here.

There are some paradoxes that seem to have self-reference in some senses, 
but have not been taken as self-referential ones in terms of existed criterion of 
‘self-reference’. In order to save such our intuition, I will introduce new criterion 
of ‘self-reference’ and categorize self-referential paradoxes into two groups; I will 
call paradoxes that fit existed criterion of self-reference ‘narrow self-referential 
paradoxes’, and paradoxes that seem to be self-referential but does not fit the cri-
terion ‘broad self-referential paradoxes’.

The goal of my study is to find the best solution applicable to all self-referential 
paradox (not only narrow ones but both of narrow and broad ones). To find such 
general solution requires to find the general structure of all self-referential para-
doxes which is essential for the paradoxes occurring; we can find candidates of 
solutions by analyzing the structure, and we can consider and decide the best so-
lution among these candidates by comparing them. And to find the general struc-
ture of all self-referential paradoxes requires to find in advance both of ‘the gen-
eral structure of narrow self-referential paradoxes’ and ‘the general structure of 
broad self-referential paradoxes’. Some existed studies try to find general struc-
tures (and general solutions) of narrow self-referential paradoxes; there is, how-
ever, no study about general structures (and general solutions) of broad ones. So 
this paper aims at finding it. Moreover, in this paper I will analyze the structure 
and show candidates of general solutions to broad self-referential paradoxes.

This paper consists of three sections. First, before getting into the main topic, 
I will show some self-referential paradoxes in the first section, including broad 
one. Then, in the next section, I will introduce existed works try to find general 
structures of self-referential para-doxes. In the last section, firstly I will show 
that the works introduced in the second section can’t cover broad self-referential 
paradoxes. Then I will show the general structure of them, and by analyzing it I 
will show the candidates of its solutions.

General Structure and Solution(s) of
Broad self-referential Paradoxes

by
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