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Abstract
Nonlinear saturation mechanism of ion-temperature-gradient turbulence at finite normalized
pressure is identified by analysis of the nonlinear entropy transfer in global gyrokinetic
simulations of the turbulence. Turbulence at such finite normalized pressure is electromagnetic
and often exhibits non-saturation due to a lack of zonal flows by the influence of magnetic
fluctuations of the turbulence in local gyrokinetic simulations. The present study identifies a
new saturation mechanism caused by global entropy transfer due to turbulent E × B flow
convection in real space. The convection of the entropy associated with the turbulence in the
radial direction produces global zonal flows at the both sides of the most active region of the
turbulence to avoid the effect of the magnetic fluctuations, and then global zonal-flow
excitation is not suppressed, leading to a steady state of the turbulence.

Keywords: plasma turbulence, magnetic confinement fusion, nonlinear phenomena in
plasmas, plasma fusion

(Some figures may appear in colour only in the online journal)

1. Introduction

Turbulence is known to be electromagnetic in finite nor-
malized pressure (β) plasmas [1–6]. The understanding of
electromagnetic turbulence is an important issue in magnetic
confinement and in space and astrophysics [7, 8]; for instance,
the β dependence of electromagnetic turbulent transport is crit-
ical for predicting the performance of fusion reactors, because
it is related to the fusion reaction rate and also linked to the
production of bootstrap current which is required to realize
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steady state operation of tokamaks. Whereas in low-β plas-
mas the zonal flow shear acts to regulate the ion-temperature-
gradient (ITG) turbulence, it has often been observed that,
at moderate-β, the ITG turbulence continues to grow with-
out reaching a physically relevant level of saturation in many
local gyrokinetic simulations of electromagnetic turbulence
[2–4, 9–11]. For instance, the ITG turbulence continues to
grow above β = 1.2%, which is much lower than the criti-
cal β of the kinetic ballooning mode βKBM

crit = 2.5%, for the
cyclone base case DIII-D parameters. The non-saturation is
due to a lack of zonal flows and is known as the run-away/non-
zonal-transition [9–11], and the suppression of zonal flows
stems from stochastic magnetic field produced by the electro-
magnetic turbulence [12, 13]. On the other hand, recently, a
saturation of KBM turbulence at high-β is observed in global
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gyrokinetic simulations [14, 15]. The identification of a sat-
uration mechanism for the ITG turbulence in finite-β regimes
is important for understanding experimentally observed trends
of β dependencies of confinement [16–20], and is the subject
of the present work.

In this letter, we present that the saturation of the ITG tur-
bulence at moderate-β is caused by global zonal-flow exci-
tation due to the entropy transfer in real space by means
of global gyrokinetic simulations. The mechanism of global
zonal-flow excitation is examined by analysis of the nonlin-
ear entropy/free-energy transfer from the ITG turbulence to
the zonal flows in real space as well as wavenumber space.
The radial convection of the entropy by turbulent E × B flow
is found to play a key role in the saturation. The convection
spreads the entropy of the turbulence from the peak of the fluc-
tuation amplitude to the side of the peak in real space, and thus
the entropy of the turbulence is transferred to the zonal flows
not at the peak of the turbulence but at the side of the peak.
As a result, the zonal-flow excitation is not suppressed by the
influence of magnetic fluctuations of the turbulence. It is also
found that the entropy is not only transferred to zonal flows
but also to low toroidal wavenumber modes. These two nonlin-
ear saturation mechanisms are the missing physics in the local
simulations which exhibit the non-saturation of the turbulence
at moderate-β.

2. Simulation model and entropy transfer analysis

We study the saturation mechanism of the ITG turbulence in
finite-β tokamak plasma, using the global gyrokinetic sim-
ulation code GKNET [21, 22] which solves the gyrokinetic
equation [23]

∂hs

∂t
= −[χs, hs] + L + C (1)

for the non-adiabatic part of the distribution function hs,
the Poisson equation for the electrostatic potential φ, and
Ampere’s law for the parallel component of vector poten-
tial A‖, where χs = 〈φ〉s − vTsv‖〈A‖〉s, and the subscript
s and 〈〉s denote particle species and a gyro-average,
respectively. The normalization used in the equations is
(tvTi/R0, ρTi∇⊥, v‖/vTs, F0sv

3
Ts/n(r0), δ fsR0v

3
Ts/(ρTin(r0)),

eφR0/(ρTiTi(r0)), A‖R0/(ρ2
TiB0), Ts/Ti(r0)) → (t,∇⊥, v‖, F0s,

δ f s, φ, A‖, Ts), where ρTi = vTi/Ωi and vTs =
√

T0s/ms. The
nonlinear term is represented by the Poisson bracket [ f , g] =
b · ∇⊥ f ×∇⊥g, L denotes the linear driving terms of insta-
bilities, and C is the collision term. We consider the cyclone
base case like tokamak plasma [24], and the profiles are

q = 0.85 + 2.18(r/a)2, n(r) = n0 exp
[
− δr

Ln
tanh( r−r0

δr
)
]
, and

Ts(r) = T0s exp
[
− δr

LTs
tanh( r−r0

δr
)
]

with r0 = a/2, δr = 0.3a,

R0/LTs = 6.66, and R0/Ln = 2.22. We set a/R0 = 0.36,
ρ∗ ≡ ρTi/a = 1/100, and mi/me = 400. The number of grid
points is 512 × 256 × 64 × 16 for the (r, θ, v‖, μ) coordinates,
respectively, and the number of toroidal modes is ±24. Details
on the numerical parameters can be found in reference [15].

The equilibrium of the tokamak plasma is axisymmet-
ric, and thus the Fourier decomposition can be applied to
fluctuations in the toroidal angle f =

∑
n fn exp(inζ). The

Fourier modes fn with different n are independent when | fn|
is sufficiently small. When | fn| becomes large enough, by
contrast, the nonlinear term causes coupling between dif-
ferent toroidal modes to exchange the entropy. This nonlin-
ear entropy/free-energy transfer among toroidal modes can
be understood by investigating the entropy balance equation

for the entropy variable En =
∑

s

∫ |δ fs,n|2
2F0s

d3v d3x/(2π), polar-

ization electrostatic energy Wes,n =
∫

1
2 |∇⊥φn|2d3x/(2π) and

magnetic energy Wem,n =
∫

2
β |∇⊥A‖,n|2d3x/(2π) at toroidal

wavenumber n

d
dt
{En + Wes,n + Wem,n} = Tn + Un + Dn, (2)

where
Tn =

∑
n′,n′′

T(n; n′, n′′)δn,−n′−n′′ , (3)

Un is the linear free-energy source originated from L, Dn is
the collisional diffusion from C, and δ fs = hs − qs

Ts
F0s〈φ〉s is

the perturbed distribution function. Details of the definitions of
variables are in reference [4]. The nonlinear entropy transfer
function is defined by

T(n; n′, n′′) = −Re
∑

s

∫
Ts

2F0sB
{Ss(n; n′, n′′)

+ Ss(n; n′′, n′)} d3v d3x, (4)

and the nonlinear three-mode-coupling is represented by

Ss(n; n′, n′′) = hs,n[χs,n′ , hs,n′′]. (5)

The zonal (n = 0) component of equation (2) implies that the
nonlinear entropy transfer Tn=0 is the only free-energy source
for zonal-flow excitation, because the n = 0 mode is stable
against the ITG mode, i.e. Un=0 = 0.

3. Strong zonal flow excitation at finite β

Figure 1(a) shows time history of the electrostatic potential of
zonal (n = 0) flows and ITG turbulence

∑
n�=0〈|φn|〉 at low-β

(β = 0.4%) and moderate-β (β = 2.0%). It is noted that we
use β = 2βi instead of βi used in reference [15]. The ITG tur-
bulence gets saturated by producing zonal flows φn=0, and then
the system reaches a quasi-steady state at β = 2.0% as well
as at β = 0.4%. This establishment of the steady state of the
ITG turbulence at β > 1.2% is in contrast to the non-saturation
in the local simulations. The saturation of the ITG turbu-
lence at β = 2.0% is attributed to strong zonal-flow excita-
tion, which is demonstrated by the large amplitude of toroidal
mode number spectra of the electrostatic potential at n = 0
in figure 1(b), and is similar to the electrostatic case [25]. In
order to understand the zonal flow excitation, we evaluate the
entropy transfer to zonal modes instead of that to zonal flows
hereafter, because the ratio of zonal flows to the zonal modes
Wes,n=0/(En=0 + Wes,n=0 + Wem,n=0) = 0.013 at β = 2.0% is
similar or even larger than 0.008 at β = 0.4%.
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Figure 1. (a) Time trace of the electrostatic potential for zonal flows 〈|φn=0|〉 and ITG turbulence
∑

n�=0〈|φn|〉 at β = 2.0% and 0.4%.
(b) Toroidal mode number spectra of the electrostatic potential averaged over the quasi-steady state at β = 2.0% and 0.4%.

Figure 2. Time trace of the profile of entropy transfer to zonal modes Tn=0(r, t) at β = 0.4% and 2.0%.

4. Nonlinear entropy transfer in real space

Here, we investigate the mechanism of the strong zonal-flow
excitation that leads to the steady state observed at β = 2.0%
by means of the entropy transfer analysis. Figure 2 shows
time history of the radial profile of entropy transfer to zonal
modes Tn=0(r, t), where Tn =

∫
Tn(r, t)dr. The transfer to

n = 0 mode is strong at r � 0.35 and r � 0.6 at both
β = 0.4% and 2.0%, while the peak of the amplitude of tur-
bulent fluctuations is located at r � 0.5. This implies that
the nonlinear excitation of zonal modes Tn=0(r) is strong at
the both sides of the peak of the ITG turbulence at low-β
(β = 0.4%) and moderate-β (β = 2.0%). In order to eluci-
date global effects on the zonal-mode excitation, the profile
of the entropy transfer and those of electrostatic and mag-
netic fluctuations averaged over the saturation phase are plot-
ted in figure 3. The entropy transfer to zonal modes is strong at
r � 0.35 and r � 0.6, i.e. at the both sides of the peak of mag-
netic fluctuations of the turbulence for β = 0.4% and 2.0%,
implying that the zonal flow production is not suppressed
by the magnetic fluctuations of the turbulence at moderate-
β (β = 2.0%). As a result, the global zonal flow is strongly
excited, leading to the saturation of the ITG turbulence. We
also observe the turbulence spreading in the radial direction
[26–28] from t = 24 to 27 for β = 0.4% and from t = 33 to
36 for β = 2.0%. During the spreading, the entropy transfer
to zonal modes also propagates in the radial direction to keep
its location at the front line of the spreading in figure 2, and

thus the suppression of the zonal modes due to the magnetic
fluctuations is small. Our preliminary analysis on the entropy
transfer from zonal flows to the ITG turbulence implies that the
turbulence spreading is caused by the entropy transferred from
zonal flows, and thus the turbulence spreading is mediated by
zonal flows produced by the radial advection of the entropy. In
addition, the difference of spreading between density fluctua-
tions δn2

n and that of Wes,n presented in reference [29] can be
investigated by evaluating the Reynolds and Maxwell stresses
[30]. We will report them in our next paper.

Here, we discuss the mechanism of the strong entropy trans-
fer at the side of the active region of the turbulence. We can
divide the entropy transfer into three parts, because the non-
linear three-mode-coupling in equation (4) can be divided into
three terms

Ss(n; n′, n′′) = ∇ · (hs,nhs,n′′ 〈ṽE×B,n′ 〉s)

+ vTsv‖〈b̃n′ 〉s · ∇(hs,nhs,n′′) − Ss(n′′; n′, n)

(6)

by using f [g, h] = [g, fh] − h[g, f ]. The first term, which van-
ishes in local simulations, represents the convected entropy
flux by the perturbed E × B flow ṽE×B = −1

B ∇⊥φ× b in real
space. The second term, which also vanishes in local simula-
tions, is the entropy flux due to parallel streaming along per-
turbed field lines b̃ = −b ×∇⊥A‖, i.e. the magnetic flutter of
the entropy. The last term is the transfer to n mode by the loss
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Figure 3. Profile of nonlinear entropy transfer to zonal modes Tn=0(r), and the electrostatic and magnetic fluctuations, φ and A‖, of the ITG
turbulence for (a) β = 0.4% and (b) β = 2.0%.

Figure 4. The entropy transfer Tn=0(r, t) due to the turbulent E × B flow convection, due to the magnetic flutter, and the drive from the
turbulence for (a) β = 0.4% and (b) β = 2.0%.

Figure 5. Toroidal mode number spectrum of the nonlinear entropy
transfer of ITG turbulence Tn =

∑
n′ ,n′′T(n; n′, n′′)δn,−n′−n′′ .

of the entropy of n′′ mode. For the zonal (n = 0) mode pro-
duction, the first term represents the radial convection of the
entropy transferred from the turbulence, the second term is the
radial entropy flux by the magnetic flutter, and the last one
is the excitation by the lost entropy of the ITG turbulence at
n′′ 
 1. Figure 4 shows the profile of the entropy transfer to
zonal modes Tn=0(r) due to these three terms in equation (6)
averaged over the saturation phase. The lost entropy of the ITG
turbulence (the third term in equation (6)) is positive and peaks
at r � 0.46 where the peak of the turbulence is located. The
radial flux due to the perturbed E × B flow (the first term in

equation (6)) is negative and almost cancels out the drive from
the turbulence peaking at r � 0.46, while the flux is positive
at the both sides of the turbulence r � 0.36 and 0.6, and thus
the entropy transferred from the ITG turbulence is diffused by
the turbulent E × B flow in the radial direction from the peak
of the fluctuations located at r � 0.5 to the side of the peak
for both β = 0.4% and 2.0%. As a result, the entropy transfer
to n = 0 mode avoids the influence of the magnetic fluctua-
tions peaking at r � 0.5 for β = 2.0% as shown in figure 3.
It is noted that the flux by the turbulent E × B flow is much
larger than by the magnetic flutter causing small-scale oscilla-
tions in figure 4. Hence, the strong zonal flows are excited at
moderate-β (β = 2.0%) by the turbulent E × B flow convec-
tion of the entropy in the radial direction. It is noted that the
first two terms in equation (6) for n = 0 can be combined to
the entropy flux due to the generalized potential flow b ×∇χs

as

∇ · (hs,n=0hs,−n′ ṽE×B,n′) + vTsv‖b̃n′ · ∇(hs,n=0hs,−n′)

= ∇ · (hs,n=0hs,−n′b ×∇χs,n′ )

≈ −α∇2|hs,n′ |2. (7)

The profile of the entropy transfer by the turbulent E × B
flow convection in figure 4 suggests that the radial flux can be
modeled by the diffusion of the entropy of the ITG turbulence
|hs,n′ |2 that has a similar profile as |φ| and |A‖| in figure 3.
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Figure 6. Color map of the entropy transfer function T(n; n′, n′′) of ITG turbulence for (a) β = 0.4% and (b) β = 2.0%, where
n + n′ + n′′ = 0.

5. Nonlinear entropy transfer in wavenumber
space

Finally, we discuss the nonlinear entropy transfer from the
unstable ITG mode to stable modes other than the zonal modes,
which can be another player causing the saturation of the ITG
turbulence, by utilizing the detailed balance relation of the
nonlinear entropy transfer function

T(n; n′, n′′) + T(n′; n′′, n) + T(n′′; n, n′) = 0, (8)

where n + n′ + n′′ = 0. Figure 5 shows toroidal mode num-
ber spectrum of the entropy transfer Tn =

∑
n′,n′′T(n; n′,

n′′)δn,−n′−n′′ averaged over the saturation phase as well as over
the radial direction. The importance of the radial advection
in the entropy transfer from the turbulence to zonal flow is
presented above. Furthermore, the radial dependence of the
entropy transfer to the turbulence suggests that the turbulence
spreading is mediated by zonal flows excited by the radial con-
vection of the entropy, which is shown our preliminary analysis
and will be reported in our next paper. The turbulence loses the
entropy around n = 16, and the zonal (n = 0) modes obtain
most of the entropy, and thus most of the entropy/free-energy
of strongly unstable ITG modes at 14 � n � 17 is transferred
to zonal modes. In addition, low n modes obtain the entropy,
indicating the entropy transfer to stable modes other than the
zonal modes. The details of the transfer are shown by the
color map of the nonlinear entropy transfer function on the
toroidal mode number plane (n, n′) in figure 6. The large loss
of the entropy at (n, n′) = (15, 0), (16, 0) and (17, 0) indi-
cates that the dominant ITG modes mainly lose the entropy
by the interaction with the zonal (n = 0) modes, and corre-
spondingly the zonal modes obtain large amount of entropy
at (n, n′) = (0,−15), (0, −16) and (0, −17) as equation (8)
is reduced to, for instance, T(0;−16, 16) = −2T(16; 0,−16)
by using T(−n;−n′,−n′′) = T(n; n′, n′′) and T(n; n′′, n′) =
T(n; n′, n′′). Thus, the most of the entropy of the ITG mode
at n = 15, 16 and 17 is transferred to the zonal (n = 0) modes,
implying that the saturation of the ITG turbulence is mainly
caused by the nonlinear interactions with the zonal flows.
There is another loss of the entropy at (n, n′) = (16,−2),

Figure 7. Linear growth rate of the ITG mode (n = 16) for the
initial profile γ0 and for the relaxed profile γQL.

and correspondingly the n = 2 mode obtains the entropy at
(n, n′) = (2,−16). This implies that the entropy transfer to
low-n stable modes also plays a role in the saturation of the
ITG turbulence. This entropy transfer to low-n stable modes
is also the missing mechanism of the saturation in the local
simulations that assume the high-n ballooning representation.

Lastly, we show that the influence of the profile relaxation
on the saturation of the ITG turbulence is small. Figure 7 shows
the linear growth rate of the ITG mode (n = 16) for the ini-
tial profile γ0 and that for the relaxed profile γQL. The relaxed
profile is evaluated by averaging from t = t1 to t = t2, where

1
|φ(x,t)|

d|φ(x,t)|
dt = γ0/2 at t = t1 and d|φ(x,t)|

dt = 0 at t = t2. The dif-
ference between γ0 and γQL is small for β = 0.4% and 2.0%,
and thus the nonlinear entropy transfer from ITG turbulence to
zonal flow is the dominant saturation mechanism of the ITG
turbulence.

6. Summary

Turbulence in finite normalized pressure (β) is electromag-
netic and often exhibits non-saturation due to a lack of zonal
flows in gyrokinetic simulations using radially localized flux
tube geometry. The non-saturation is due to the suppression
effect of magnetic fluctuations on zonal flows and is known
as the run-away/non-zonal-transition. It is found that ITG tur-
bulence gets saturated at moderate-β in global gyrokinetic
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simulations, and the saturation mechanism is revealed by anal-
ysis of the nonlinear entropy/free-energy transfer. The entropy
transfer analysis in the toroidal mode number space demon-
strates that the ITG turbulence gets saturated by the interplay
with global zonal (n = 0) flows. The zonal flow excitation is
not suppressed by the magnetic fluctuations, because the radial
location of the entropy transfer to zonal flows avoids the peak
of the magnetic fluctuations. The radial shift of the entropy
transfer is caused by the turbulent E × B flow convection of
the entropy in real space. The turbulent E × B flow spreads
the entropy of the ITG turbulence away from the peak of the
magnetic fluctuations to the side of the peak in the radial direc-
tion. Thus, the radial turbulent E × B flow convection of the
entropy is the mechanism of the strong zonal-flow excitation
in the global simulations. In addition, analysis of the entropy
transfer in the wavenumber space shows that the ITG turbu-
lence gets saturated by the interplay not only with the zonal
(n = 0) flows but also with stable modes at low toroidal mode
number. Hence, these two global saturation mechanisms: the
strong zonal-flow excitation by the turbulent E × B convection
of the entropy in the radial direction and the entropy transfer
to low-n stable modes, are the saturation physics of the ITG
turbulence at moderate-β.

Here, we discuss the ρ∗ dependence of ITG turbulence in
global simulations. In addition to the zonal flow excitation due
to the radial advection of the entropy presented in this letter,
there is another suppression mechanism leading the reduction
of turbulent transport in small 1/ρ∗ regime. As 1/ρ∗ increases,
the heat diffusion calculated by global simulations tends to the
value evaluated by local simulations from lower values [31],
and this suppression effect on the turbulence at smaller 1/ρ∗

is mainly due to the reduction of the linear growth rate of the
ITG mode [32]. This suppression effect at smaller 1/ρ∗ regime
can move up the critical β for the non-zonal-transition/run-
away to the MHD instability limit, because the increase of 1/ρ∗

makes ITG modes unstable at high n, and high wavenumber
modes can cause the non-zonal-transition/run-away as sug-
gested in reference [9]. We expect that the radial convection
of the entropy does not depend on ρ∗, and will carry out simu-
lations with larger 1/ρ∗ to clarify the dominant mechanism of
the saturation of the ITG turbulence at finite β in larger 1/ρ∗

regime in our future work.
It is also found that the KBM turbulence at high-β

(β > 3%) exhibits a similar saturation due to the global pro-
duction of zonal modes through the turbulent E × B flow
convection of the entropy in the radial direction, while the
zonal pressure plays more important role. We will report
details of these results on the KBM turbulence in a separate
paper.
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