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stitutive model has been expanded upon to account for the effect of inherent

eters; two of these parameters, a; and a,, control the degree of anisotropy,
whereas the third parameter, 6,, represents the principal direction of inher-
ent anisotropy. Laboratory experimental data regarding the complex anisotropic
responses of Toyoura sand under various loading paths are used to validate the
constitutive model. The model is found to successfully simulate the anisotropic
drained soil responses under monotonic proportional and nonproportional load-
ings as well as those under loading involving the rotation of the principal stress
axis by considering the additional anisotropic parameters. Furthermore, the
simulated responses of inherently isotropic materials are compared with those
of anisotropic materials to numerically investigate the influence of inherent
anisotropy (ie, the anisotropic parameters) on soil behavior under such loading
conditions.
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1 | INTRODUCTION

Noncoaxiality between the principal directions of stress and strain increment is a crucial aspect to consider for the devel-
opment of constitutive models of granular materials. Experimental methods have vigorously investigated the noncoaxial
behaviors of geomaterials caused by stress-induced anisotropy since the mid-1980s; Miura et al,' Pradel et al,” and Gutier-
rez et al>* perform hollow cylinder torsional shear tests on Toyoura sand to study the noncoaxial behavior subject to
proportional monotonic loading and the rotation of the principal stress axis. In a two-dimensional stress state shown in

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
© 2020 The Authors. International Journal for Numerical and Analytical Methods in Geomechanics published by John Wiley & Sons Ltd.

Int J Numer Anal Methods Geomech. 2021;45:815-842. wileyonlinelibrary.com/journal/nag | 815


https://orcid.org/0000-0001-6202-6431
mailto:ueda.kyohei.2v@kyoto-u.ac.jp
http://creativecommons.org/licenses/by-nc/4.0/
https://wileyonlinelibrary.com/journal/nag
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnag.3183&domain=pdf&date_stamp=2020-12-29

UEDA AND IAI

O. Shear stress
(A) v o ®) e (e20)
A 4 Non-proportional do o
U5 7 loading Proportional loadin
O' r—\,, p g
21 5 204 (=2a,)
_____ 7/\gl R Y A
~
R gyl O-yx
/ Normal
,,,,,,,,,,,,,,,,,,, 7 __
/ “ o stress
[~ T / N X
“““““ NG S
0,
"
bedding plane

Mohr-Coulomb

Triaxial compression

Rotation of the
principal stress axis

Pure shear
Proportional loading
Triaxial extension

0

FIGURE 1 (A)Two-dimensional stress state; (B) proportional and nonproportional loading in two-dimensional Mohr’s circle; (C) pro-
portional loading and rotation of the principal stress axis in the deviatoric (or 7z-) plane

Figure 1A, the major principal stress direction, a,, can be visually captured through a two-dimensional Mohr’s circle, as
shown in Figure 1B. During the proportional loading, the stress increments, of which principal direction, o, is identical
with the current principal stress direction (ie, a4, = a,); thus, the noncoaxial behavior of the stress increments and asso-
ciated strain increments, of which principal direction is given as ¢, is possible to investigate simply as the noncoaxiality
between a4, and a,. Meanwhile, the rotation of the principal stress axis can be categorized into nonproportional load-
ing (ie, a4, # a,) shown in Figure 1B; in this case, the (incremental) noncoaxiality between a4, and ay, is also defined,
besides the noncoaxiality between «a, and «;,. It should be noted that the two-dimensional analyses in this study corre-
spond to the pure shear in the deviatoric (or 7z—) plane, as shown in Figure 1C; the proportional loading in Figure 1B is
represented by the arrow, while the rotation of the principal stress axis is represented by a single fixed point in the plane
because the three principal stresses (ie, 01, 05, and o3) are all invariant (ie, keeping constant values) during the rotation
of the principal stress axis. Since the plastic strain increment becomes dominant as the material nonlinearity becomes
stronger compared to the elastic component, Gutierrez et al>* investigate the principal direction of plastic strain incre-
ment, ag.p, by assuming a .. coaxial with a, (that is correct unless inherent anisotropy affects the elastic shear modulus
as described later in Equation 27); they conclude that the applied stress direction significantly affects «t4.p, and the degree
of noncoaxiality between «, and o .p decreases as the stress ratio increases.

For better understanding of the strength and deformation characteristics of granular materials, including their
noncoaxial behavior, inherent anisotropy (also referred to as initial fabric anisotropy) is also essential to consider.
Inherent anisotropy is thought to arise from the preferred particle arrangement and contact orientation of granular
material particles during sedimentation.”® The inherent anisotropy of granular materials has been a subject of intense
experimental investigation using a triaxial testing apparatus®® and a hollow-cylinder torsional-shear apparatus.’'
These experimental outcomes have been used for the validation and verification of constitutive models, which can
account for the effect of inherent anisotropy'>~?’; a strain space multiple mechanism model®'~** has also been expanded
to represent the effect of inherent anisotropy, and its fundamental capability has been demonstrated.”> A numerical



UEDA AND IAI 817
WILEY- -
(A) Shear stress (B) Shear strain
O' .............................................

Xy

y Normal Normal
stress strain
(9] Shear strain
Normal Normal
e strain

s )
! strain &l

shiftin (&) —&;)/2 shiftin (&, —&,)/2
due to (o, +0,)/2 dueto (o, —0,)/2

FIGURE 2 Mohr’s circle for two-dimensional: (A) applied stress components; (B) strain responses in isotropic linear elastic materials;
(C), (D) strain responses in orthotropic linear elastic materials

study using these constitutive models is useful to investigate the possibility that the inherent anisotropy due to the
deposition process and grain characteristics of granular materials contributes to macroscopic soil responses, including
noncoaxiality.'*'>!®* Two-dimensional discrete element method simulations of granular materials?*~! also report that
noncoaxiality is dependent on the material’s inherent anisotropy as well as the loading history.

If we focus on the behavior in the elastic domain, the effect of inherent anisotropy on noncoaxiality can be intuitively
explained as follows. First, isotropic elastic materials show the coaxial behavior between the applied stress components in
Figure 2A and associated strain responses in Figure 2B (ie, a, = a..) because their stiffness (eg, Young’s modulus) is direc-
tionally independent. However, in the case of orthogonal anisotropic elastic materials (as indicated by the bedding plane
in Figure 1A), the axial responses in the x- and y-directions are considered different. When normal stresses of the same
magnitude are applied in the two directions, one direction shows a hard response while the other a soft response, leading
to a more significant strain in the latter direction than in the former direction. Hence, a nonzero normal strain difference,
£}, — €%, occurs even under the isotropic stress state (or under the condition of o, — o, = 0). When the stress difference is
nonzero, as shown in Figure 2A, this change in &}, — 7 induced by the isotropic stress complicates the (isotropic) strain
circle in Figure 2B, as shown in Figure 2C. Furthermore, the different stiffness in the two directions results in much dif-
ferent e — & responses to the same (nonzero) stress difference than in isotropic elastic materials; the inherent anisotropy
distorts the (isotropic) strain circle in Figure 2B into that shown in Figure 2D. It is noted that this figure ignores the shift
in gj — 5 due to the isotropic stress state for simplicity. Comparison of the anisotropic strain circles in Figures 2C and 2D
with the isotropic ones demonstrates that the principal strain direction is also affected by the inherent anisotropy, result-
ing in noncoaxiality between the directions of principal stress and strain (ie,a, # o). For a more theoretical explanation
of orthotropic linear elastic materials,*>** refer to the formulas in Appendix A.

The dependency of noncoaxiality on inherent anisotropy in the nonlinear (or plastic) domain is, of course, expected to
be more complicated; this is because inherent anisotropy also exerts an influence on the failure surface of soils besides the
initial elastic modulus (as described later in Equation 28 and Figure 11). However, the strain space multiple mechanism
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FIGURE 3 Contact normal n, tangential direction t, and contact force P

model accounted for inherent anisotropy® is one of the most promising examples for describing such behavior. This is
because the model idealizes the behavior of granular materials based on a multitude of virtual simple shear mechanisms,
each of which is oriented in an arbitrary direction,”’?* and can express the tendency for larger strain components to
appear in the soft and weak direction than in the hard and strong direction. Also, the mechanism has the potential to
describe the noncoaxial behavior of soil with induced fabric anisotropy under monotonic/cyclic and complicated loading
paths (eg, the rotation of the principal stress axis).>** It is also noted that the model can be regarded as a natural extension
of the existing model for orthotropic linear elastic materials to the nonlinear domain, as explained in Appendix A.

The present study aims to demonstrate the capability of a strain space multiple mechanism model with a focus on
its ability to characterize the noncoaxial behavior of inherently anisotropic granular materials. As mentioned above, the
model has been expanded by incorporating a new function with additional parameters to represent the effect of inherent
anisotropy; its fundamental capability to evaluate the granular material behavior under monotonic proportional loading
has been demonstrated.”> However, the behavior of inherently anisotropic materials under more complex-loading con-
ditions (eg, nonproportional loading including the rotation of the principal stress axis) was not studied in the article;
rather, it was left for future work. Hence, the present study investigates the model’s capability by comparing laboratory
tests under various loading conditions (ie, monotonic proportional and nonproportional loadings including the rotation
of the principal stress axis) with its simulations considering inherent anisotropy. Furthermore, the influence of inherent
anisotropy (ie, the anisotropic parameters) on soil behavior under such loading conditions is numerically investigated. It
is noted that an unloading process, particularly in the plastic region, is an essential feature to understand the cyclic behav-
ior of anisotropic granular materials with unloading-reloading cycleszo; however, this article focuses on the anisotropic
responses during loading processes (including the rotation of the principal stress axis), with the study on the unloading
process being left for future work.

2 | STRAIN SPACE MULTIPLE MECHANISM MODEL ACCOUNTING FOR INHERENT
ANISOTROPY

For simplicity, the discussion in this article is limited to two dimensions, with a three-dimensional study being left for
future work. The macroscopic effective stress in granular materials defined for a continuum is represented by a certain
average of the contact forces between particles. As shown in Figure 3, the contact force between plane circular particles,
P, can be partitioned into the contact normal direction, n, and the tangential direction, t, using the following equation:

P=f.n+fit, O
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where the direction vectors are given using the angle, 8, measured relative to the x-axis:
n’ = [cos@sinf], t=[sin6 —cosH]. )

Macroscopic effective stress is expressed by taking the average of the contact forces within a representative volume
element.*®*” Following Rothenburg and Bathurst,* this average can be given in terms of the contact density (ie, the total
number of assembly contacts per unit volume) m,, the average branch length [, and the contact-distribution function
E(6):

2 2
o =myl, l/ F*(© -6y fr(6)E(6)n @ ndb + / F*(0 -6y ft(O)E®)t®ndo |, 3)
0 0
where
27
/ E(6)dé =1, (4)
0
F*(0) =1+ a; cos28 + a, cos40. 5)

The symbols for expressing the contact forces’ components, f,, and f;, in Equation (1) are redefined in Equation (3)
in terms of the average of the contacts in the direction 8. The function F*(6) has been newly introduced to account for
the effect of inherent anisotropy using three additional parameters; a; and a, control the degree of inherent anisotropy,
whereas 0, expresses the principal direction of inherent anisotropy.””> To express the fabric of air-pluviated samples in
geotechnical laboratory tests, 8, should be set to 90° as the normal vector direction of the bedding plane relative to the
x-axis. When the anisotropic parameters are ignored, the second-order fabric tensor in Equation (3) is reduced to the
formulation for inherently isotropic materials.**

The equilibrium of momentum is as follows:

2w
/ FL@E @) (t®n—n®t)de = 0. ©)
0

Considering this, Equation (3) can be simplified as a combination of the isotropic and deviator components with w = 26
as follows:

, . 1 2
o =—pI+§ g {t ® n) dw, )
0
where

cosw Sinw

(t®@n) = [sinw —cos cu] ’ ®)
1 . .

p = _Emvlof()’ )

27
h=A f (O ©) de, 10)
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and the average contact distribution, Ey, is given by

- 1

As shown in Equation (11), in a multitude of virtual simple shear mechanisms oriented in an arbitrary direction, the
virtual simple shear stress g depends on the normal and tangential components of interparticle contact forces f,, and f; as
well as the contact distribution function E(8); the contact forces evolve independently during various loading processes as
studied under inherently isotropic conditions by Iai et al.** By introducing the anisotropic function F*(9) in the expression,
the evolution of induced fabric in inherently anisotropic granular materials changes from the fabric evolution in isotropic
granular materials without inherent anisotropy, depending on the newly introduced parameters a,, a,, and 6. For a better
understanding of the performance of the strain space multiple mechanism model accounting for inherent anisotropy,
the anisotropic parameters’ influence on macroscopic stress/strain responses is discussed in this article; however, the
evolution of induced fabric, due to changes in the macroscopic stress and strain during a loading process, should be
further examined by future work, for example, through comparison with discrete element simulations.

In the integrated form (ie, the direct stress-strain relationship) of the strain space multiple mechanism model
(Equation 7), the macroscopic strain tensor, &, is related to the macroscopic effective stress tensor, ¢’, as follows: First,
the volumetric strain, € (extension positive), and the virtual simple shear strain, y, are defined as a projection of the
macroscopic strain to second-order tensors I and (t ® n), respectively, as given below:

e=1:¢, (15)

y={(t®n) : ¢. (16)
In addition, the effective volumetric strain, €', is introduced as
g =¢e—¢g4, a7

to account for the effect of volumetric strain due to dilatancy, ¢;, which is decomposed into contractive and dilative
components. The dilative component of dilatancy is expressed as the volumetric strain component of the energy-less
strain (ie, the strain that occurs due to nontouching particles)*® based on the relationship between microscopic and
macroscopic strain energies within the framework of the strain space multiple mechanism model. As explained by
Ueda and Iai,” the dilative component is influenced by the additional anisotropic parameters; however, the contractive
component of dilatancy is assumed not to be directly affected by inherent anisotropy. The contractive component is given
based on the hypothesis that the micromechanical counterparts are associated with the virtual simple shear strain.?*

The scalar variables in Equations (17) and (16) are used to define the isotropic stress, p’, in Equation (9) and the isotropic
component of the virtual simple shear stress, qr,,, in Equation (12) as follows:

p=p(), (18)
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diso = QIso (V (CO)) . (19)

The virtual simple shear mechanism in the strain space multiple mechanism model is formulated as a nonlinear hys-
teretic function, where the backbone curve is expressed by a hyperbolic function*’:

Y (@) /7,

vy 20
1+|7/(w)/yulq G0

diso ()’ (CU)) =

where the parameters g, and y,, are the shear strength and the reference strain of the virtual simple shear mechanism,
respectively.”>?* These shear strength and reference strain of virtual simple shear mechanism are identified as functions
of the parameters representing inherent anisotropy.”” Therefore, out of the three transformation steps: (a) y = y/7,, (b)
Y/Vo P Qrso/ 9> a0d (€) qr50/qu P q1so in Equation (20), steps (a) and (c) are influenced by inherent anisotropy. However,
such anisotropy does not affect step (b), which represents the nonlinear evolution of stress-space fabric (ie, stress-induced
anisotropy).*** Thus, the inherent anisotropy and the stress-induced anisotropy are systematically incorporated in the
strain space multiple mechanism model in the simple transformation in Equation (20).

Equations (16) and (20) with Equation (8) yield the following equalities governing the virtual simple shear strain and
stress:

Y(w+7m)=-y(w)), (1)

diso (CO +7T) /QU = —(Is0 (w)/CIu- (22)

By considering the above antisymmetric nature, Equation (7) can be finally rewritten as follows:

w
o-’=—p’1+/ q {t ® n) dow, (23)
0
where
q=F (w— a’O) di1so (CU) + Ganiso (C‘)) s (24)
F (w) =1+ a,cos2w, (25)
1 !
Qaniso (@) = ——ay cos (@ = @) p'. (26)

The original anisotropic function, F*, in Equation (5) is replaced by the different function, F, in Equation (25). As
shown in Equations (25) and (26), the anisotropic parameter a, only affects the function F, which acts on the isotropic
fabric term qpy, as an anisotropic scaling factor to account for the effect of inherent anisotropy. However, the parameter
a; only influences the additional anisotropic term g 4,iso-

As discussed in Ueda and Iai,* the macroscopic elastic shear modulus, Gﬁ"iso, and the macroscopic shear strength,
/150 with the effect of inherent anisotropy under strain-controlled multidirectional shear loading (see Figure 4A) can

be analytically derived when the tensile strains are positive as follows:

i 1
Gniso = glso {1 + 5a,co8 2 (wg + 2055)} , 27)
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FIGURE 4 Schematic image of numerical simulation for strain-controlled multidirectional shear loading under a plane strain condition:
(A) extension positive; (B) compression positive

, 1 1
Tﬁmso — {1 + §a2 cos 2 (wy + 20{5)} T£rsz0 + Ealp, cos (wg + 2a;), (28)

where «, is the major principal strain direction relative to the vertical, and the macroscopic elastic shear modulus and the

macroscopic shear strength for inherently isotropic materials are given as follows?>%*:

T
q .2 Tq
GIso = V_Z/g sin“wdw = EV_Z’ (29)
w
Thso = qv/ sinwdw = 2q,. (30)
0

When the compression strains are defined positive as shown in Figure 4B and stresses are accordingly defined as com-
pression positive, the negative sign preceding the isotropic stress, p’, is replaced with a positive sign in Equations (23) and
(26) and the anisotropic macroscopic shear strength defined in Equation (28) is rewritten as

, 1 1
Tﬁmso — {1 + gaz cos 2 (wy + 20(8)} T{nSO — 5alp’ cos (wy + 2a;) . (31)

The model parameters required for the complete description of the strain space multiple mechanism model accounting
for inherent anisotropy are listed in Table 1. As suggested by Equation (27), the anisotropy parameter a, can be determined
from laboratory tests for a constant deposition angle of the bedding planes, generally 6, = w,/2 = 90° in a hollow-cylinder
apparatus based on the anisotropic elastic-shear modulus G4"*° obtained experimentally for two different principal
strain directions, a,. Once a, is established, another parameter, a;, can be determined from Equation (28) based on the
shear strength corresponding to the two different principal strain directions. The remaining 15 parameters are common to
the strain space multiple mechanism model without inherent anisotropy®*; these parameters, in particular the dilatancy
parameters, can be calibrated by referring to laboratory test results (eg, stress-strain relationship, stress path) under
undrained monotonic and/or cyclic loading.
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TABLE 1 Model parameters of the strain space multiple mechanism model

Symbol Mechanism Parameter designation

K va Volumetric Bulk modulus under the confining pressure p,

rx Volumetric Reduction factor of bulk modulus for liquefaction analysis ( = 0.5 in this study)
Iy Volumetric Power index of bulk modulus for liquefaction analysis ( = 2.0 in this study)
Gl Shear Isotropic shear modulus under the confining pressure p,

¢?“’ Shear Isotropic internal friction angle

Rax Shear Upper bound for hysteretic damping factor ( = 0.24 in this study)

ép Dilatancy Phase transformation angle ( = 28° in this study)

re, Dilatancy Parameter controlling dilative and contractive components

re Dilatancy Parameter controlling contractive component

q Dilatancy Parameter controlling initial phase of contractive component

q, Dilatancy Parameter controlling final phase of contractive component

&y Dilatancy Limit of contractive component

M Dilatancy Small positive number to avoid zero confining pressure ( = 0.005 in this study)
[ Dilatancy Parameter controlling elastic range for contractive component

Qus Dilatancy Undrained shear strength for steady-state analysis ( = oo in this study)

a; Fabric anisotropy Parameter controlling the degree of anisotropy

a, Fabric anisotropy Parameter controlling the degree of anisotropy

6 Fabric anisotropy Parameter controlling the direction of anisotropy

TABLE 2 Model parameters used for dry-pluviated Toyoura sand with a relative density of: (A) 90%, (B) 60%, and (C) 30%°

Aa)

K1 /va (kPa) G o (kPa) b5 ©) re, e (1 92 Ej,’" ¢ a,; a, 6o (°)
254,800 97,705 45.0 0.2 2.0 2.5 1.20 0.10 1.0 0.08 0.18 920
(p, = 98kPa)

(B)

K1 /va (kPa) Gua (kPa) b5 ©) re, Fee (1 92 5;'" ¢ a,; a, 6 (°)
204,704 78,495 42.0 0.2 3.0 2.5 0.75 0.15 1.0 0.08 0.18 920
(p, = 98kPa)

©

Ki/va (kPa) Ga (kPa) $r ©) re, g 91 9 E;m 51 a; a, 6 (°)
163,049 62,522 40.0 0.2 3.5 3.5 0.35 0.20 1.0 0.15 0.05 90
(p, = 98kPa)

3 | MONOTONIC PROPORTIONAL LOADING
3.1 | Simulation of undrained behavior under strain-controlled multidirection shear

The noncoaxiality between the principal directions of the stress and strain tensors under monotonic proportional loading
was briefly overviewed within the framework of the strain space multiple mechanism model by simulating undrained
strain-controlled laboratory tests conducted by Nakata et al’ for dry-pluviated Toyoura sand (see appendix B in Ueda
and Iai*). In the present study, simulations without inherent anisotropy were performed in addition to those with inher-
ent anisotropy using the model parameters in Table 2 to shed light on the influence of inherent anisotropy on noncoax-
ial behavior. The (isotropic) small-strain shear modulus, G3°, under an arbitrary confining pressure, p, was estimated

through an empirical relation*! as follows:

0.5 2
p (2.17 —e)
Gﬁ[so = Gy <E> s Gpg = 7000 1+te pg.s’ (32)
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where G,,,, is the small-strain shear modulus under the reference confining pressure, p, ( = 98 kPa in this case).
Monotonic strain loadings were applied at different angles relative to the horizontal bedding plane as shown in Figure 5.
The measured stress-strain relationship and effective stress path for a relative density of 90%, 60%, and 30% are presented
in Figures 6-8, respectively, with those simulated considering inherent anisotropy. The model is capable of capturing the
essential features of laboratory test data under monotonic proportional loading by introducing the anisotropic parameters:
the experimental trend that inherent anisotropy with a larger «, value results in softer (ie, smaller shear stress at the same
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FIGURE 7 Experimental results’ and model simulations® for undrained torsional shear tests of Toyoura sand with a relative density of
60%: (A) measured stress-strain relationship; (B) computed stress-strain relationship; (C) measured stress path; (D) computed stress path

shear strain) and more contractive responses is properly simulated. Shear failure envelop is accordingly affected by the
inherent anisotropy.

To analyze in more detail the deviator stresses presented in terms of principal stress direction’s difference in Figures 6-8,
the deviator stresses are decomposed into stress components of (cr; — 0)/2and 7, as shown in Figure 9. In this figure, the
stress components are normalized with p’ to study the direction of stress components in this deviator plane throughout the
undrained test; solid lines indicate the response with inherent anisotropy, while dotted lines indicate the response without
inherent anisotropy. In the figure, the anisotropic Mohr’s circle, which was calculated by normalizing Equation (31) with
the isotropic stress p’, is also shown; compared with the isotropic Mohr’s circle, the anisotropic Mohr’s circle is distorted in
shape due to the anisotropic model parameters a; and a,. Comparison of the isotropic stress path with the corresponding
applied strain path in Figure 5 reveals that the principal stress direction, «,, which can be calculated from the stress
paths and is the same as the principal stress increment direction, ¢;,, under proportional loading, is found to be identical
(or coaxial) with the principal strain direction, «,, regardless of the relative density as shown in Figure 10. However, by
employing the anisotropy parameters, o, becomes different from «, except when a, = 0° and 90°. These simulations
demonstrate that the noncoaxiality between «, (or «y,) and a, under monotonic proportional shear loading becomes
prominent when the effect of inherent anisotropy is considered. It was also found that soil response becomes completely
coaxial irrespective of whether inherent anisotropy exists, when «, is coincident with or perpendicular to the direction of
the bedding plane (eg, o, = 90° or 0° with 8, = 90° as seen in Figure 4) even though the failure strength is influenced by
inherent anisotropy.

3.2 | Simulation of drained behavior under stress-controlled multidirectional shear

Regarding the noncoaxiality between o, (or ay,) and a, under proportional multidirectional loading, laboratory
tests similar to those conducted by Nakata et al’ were also performed by Gutierrez et al® but under a drained and
stress-controlled condition. They reported the experimental failure points by plotting the peak shear stress in each
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test in deviator stress space as shown in Figure 11; the effect of the loading direction on the shear strength is clearly
observed. Hence, the model constants, in particular the anisotropic parameters a; and a, as well as the (isotropic)
internal friction angle ¢ ¢, were calibrated to represent the experimental shear strength (Table 3) accurately. Among these
parameters, a; primarily acts to shift the location of the model failure surface whereas a, primarily acts to distort the
model failure surface as inferred from Equation (31). As shown in Figure 11, the anisotropic Mohr’s circle obtained from
Equation (31) almost satisfies the experimental trend. As for the small-strain shear modulus in the table, Equation (32) was
used.

Figures 12B and C illustrate simulated strain responses along with the applied stress paths A through E, with and without
considering inherent anisotropy, respectively, using the parameters in Table 3. It is noted that the plastic strain increment
considering inherent anisotropy, expressed by solid arrows in Figure 12B, was calculated by subtracting the anisotropic
elastic strain increments, which were obtained from the applied stress increment using the anisotropic elastic shear modu-
lus, Gﬁ"im, in Equation (27), from the simulated total strain increments. Meanwhile, dotted arrows in Figure 12B were cal-
culated by subtracting the isotropic elastic strain increments, assuming the isotropic elastic shear modulus, GL5, although
the shear modulus used in the simulation was anisotropic due to the anisotropic model parameter a, (see Equation 27).
The purpose of this is to ensure the same condition as the experiment (Figure 12A) for model validation; Gutierrez et al®
simply used the isotropic Young’s modulus and Poisson’s ratio (ie, E = E, = E, = E, and v = v, = v,, = v, in Equa-
tions 34-37) for calculating the elastic strains.

The simulated responses without inherent anisotropy in Figure 12C are found not to accurately capture the measured
noncoaxiality between «, (or ay,) and the principal direction of the plastic strain increment, a.p, in the early stage of
loading, particularly for paths A and E. However, the anisotropic simulation using G%° (dotted arrows in Figure 12B)
is capable of capturing the experimental (apparent) noncoaxial response. In fact, the experimental plastic responses in
Figure 12A are likely not to represent the actual behavior in the early stage of loading, where the elastic strain is dominant
compared to the plastic one; this is because the elastic strain should be inherently anisotropic (or .. is noncoaxial with
a4, shown in Figure 2C). Thus, the solid arrows using G/4™*° in Figure 12B may be more representative of the actual
plastic responses. As the stress path approaches the failure surface in Figure 12B, the directions of anisotropic plastic strain
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FIGURE 9 Deviator stress paths obtained from the undrained multidirectional-shear loading simulation of Toyoura sand with a relative

density of: (A) 90%; (B) 60%; and (C) 30%

increments become closer to each other, regardless of how the elastic strain is calculated. Also, the simulated direction of
plastic strain increment tends to approach the coaxiality with the applied principal stress (or stress increment) direction;
this tendency between a;.p and a, (or ay,) was also observed in the experiment, but different from the perfect coaxiality
in Figure 12C.

For better understanding, Figure 13 compares simulated a,.» changes in response to the applied deviator stress ratio
with the experimental plots; as described earlier, Gi,fo is used for Figure 13A, instead of Gﬁ”iso, to calculate the elastic strain
increment in the same way as in the experiment. The figure demonstrates that the simulation in Figure 13A can reasonably
capture the experimental change of a;.» along with each stress path by introducing the anisotropic model parameters (a;,
a,, and 6,) in Table 3. However, both the simulated and measured a,,» may not represent the actual plastic behavior
because of GI3° being used for deriving the plastic strain increment. Note that a kink appeared in the early stage of the
loading paths A, B, and E in Figure 13A may be due to the inconsistency between the actual G:A"*° and the assumption of
G150 used to calculate atyp . Figure 14 illustrates the relationship of simulated a4,» with the principal directions of simulated
total and elastic strain increments, o;, and a4.. Comparison of Figure 14A with Figure 14B demonstrates that a.p in the
early stage of loading strongly depends on how to calculate the elastic strain (or elastic shear modulus). It is also found
that the introduction of the anisotropic model parameters is essential to consider, as the stress ratio increases (ie, the stress
path approaches the failure surface), for evaluating the plastic behavior of inherently anisotropic granular materials.



UEDA AND IAI

= | WILEY

Shear strain, &, — g (%)

-20 0 20
1.0 1
45°
_ 60° 30° r20 o
& 0.51 =
(0]
Pi‘ 75° 150 o
7 2a P
[] ( a= azvao) =
© 0.07a=90° 0° ro 9
+ =
7] E
s g
0 -75° 150 2
o 057 2
-60° -30° F-20
-45°
-1.04 ——Strain path - - Stress path (Iso)
-1.0 -0.5 0.0 0.5 1.0

Shear stress, (¢', - ",)/2p’

FIGURE 10 Coaxiality between applied deviator strain paths and corresponding simulated deviator stress paths without inherent
anisotropy under the undrained multidirectional-shear loading of Toyoura sand with a relative density of 90%, 60%, and 30%

O Experiment
100  =---Model (Iso)
— —— Model (Aniso)
Q)
ol
=5
<
l_)
-100 -50 0 50 100

(6',-6',)/2 (kPa)

FIGURE 11 Experimental failure points* and model failure surface (Mohr’s circle) considering inherent anisotropy

4 | MONOTONIC NONPROPORTIONAL LOADING

Monotonic loading often involves a change in both the principal stress direction and the loading magnitude. Gutierrez
et al® also performed laboratory tests under this type of nonproportional loading, as shown in Figure 15. Along loading
path A, the magnitude of stress vector monotonically increased with a change in the principal stress direction after the
initial biaxial shear loading reached 50 kPa; here, the principal stress direction indicates the direction of stress vector
represented by the angle 2a, . In the case of loading paths B and C, the magnitude initially decreased and then increased
with a change in the principal stress direction after the initial shear. Based on the measured plastic strain increment
directions in Figure 16A, a4.p changes in response to the applied deviator stress ratio are illustrated as triangle plots
along with a, (dotted lines) in Figure 17. The experimental plots demonstrate that ¢, and a4 became more noncoaxial
compared with the monotonic proportional loading (see Figure 12A or the experimental plots in Figure 13) when a change
in the principal stress direction was involved. In particular, the plastic strain increment along loading path C, where the

TABLE 3 Model parameters used for dry-pluviated Toyoura sand with a relative density of 70%>

KL/Ua (kPa) Gmu (kPa) ¢f (o) a; a, 60 (o)
220,383 84,508 46.0 0.18 0.15 90

(pq = 98kPa).
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FIGURE 13 Comparison of simulated and measured principal directions of plastic strain increments against the applied deviator stress
ratio during drained monotonic proportional loading: (A) with inherent anisotropy considering the isotropic elastic shear modulus; (B) without
inherent anisotropy

principal stress direction rotates from 0 to (3/4)x relative to the horizontal axis, showed the most pronounced obliquity
in the principal stress direction. These loading paths were studied through simulations using the strain space multiple
mechanism model with inherent anisotropy using the same model parameters given in Table 3.

Figures 16B and 16C illustrate the simulated direction of plastic strain increment with and without the consideration
of inherent anisotropy, respectively; as described in Section 3.2, the plastic strain increment in Figure 16B was calcu-
lated by subtracting the anisotropic or isotropic elastic strain increment obtained using Equation (27) with or without
the anisotropic parameter a,, respectively, from the simulated total strain increment. For better understanding, Figure 17
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compares the simulated direction, a4.p, with the experimental counterpart, while Figure 18 shows the relationship among
the simulated o, otgee, and ag.p along with the applied a,.

Along stress path A, how to calculate the elastic strain is found to exert no influence on ¢, from a comparison of solid
and dotted arrows in Figure 16B (or from a comparison of solid lines in Figures 18A and 18B); this is because 7, simply
increases with no change in (¢, — 0,)/2 along the path, as is the case with the loading path C in Figure 14, and as a result
agee expressed by dotted lines in Figure 18A shows the same response as that in Figure 18B. Comparison of Figure 16B
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with Figure 16C demonstrates that the degree of inherent anisotropy’s influence on the plastic strain increment direction
seems path-independent; more specifically, the anisotropic response of ct4.p (Figure 17A) always has an angle about 15°
(in terms of 2a4.p) higher than the isotropic one (Figure 17B), and as a result is capable of capturing the experimental
noncoaxial behavior between a,.p and a,. The constant difference in ot4.p may be because the direction and magnitude
of the applied stress vector do not change drastically along path A compared to paths B and C, as shown in Figure 15.

In the case of stress path B, how to calculate the elastic strain does not make a noticeable difference in a.p between
Figures 18A and 18B except the early stage of nonproportional loading, although a.. in Figure 18A is always slightly less
than that in Figure 18B. It is also found that the anisotropic parameters (a;, a,, and ;) exert nonnegligible effects on
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ager not only in the early stage but also near the failure surface, as shown in Figure 17. Consequently, the simulation
considering the inherent anisotropy can adequately capture the experimental plots: the noncoaxiality between ¢, and
ag4er, Which is more prominent in the early stage of loading, gradually decreases as the stress path becomes closer to the
failure surface (or the deviator stress ratio increases), but does not reach to a coaxial state.

As in the case of loading path B, the simulated «;.p along stress path C with no consideration for inherent anisotropy
differs from the measured a,.p in Figure 17B. However, the introduction of the anisotropic model parameters (a,, a,, and
6y) in Table 3 is found to reproduce the experimental a4 plots with better accuracy as shown in Figure 17A. It must be
noted here that both the measured and simulated a,p in Figure 17A are likely not to represent the actual behavior of the
inherently anisotropic sand; this is because the elastic strain should also be inherently anisotropic (or ¢t . is noncoaxial
with a4, ) as shown in Figure 18A. Hence, the solid line in Figure 18A can be considered to represent the actual plastic
behavior better than that in Figure 18B, in particular, in the process of unloading the deviator stress ratio (from the start
point to the reverse one under nonproportional loading).

5 | ROTATION OF THE PRINCIPAL STRESS AXIS

After the pioneering study conducted by Arthur et al** on soil behavior subject to the rotation of the principal stress axis
through laboratory tests, this kind of research has attracted much attention among geotechnical engineering researchers.
For example, Gutierres et al® conducted an experimental study that focused on dry-pluviated medium-dense Toyoura
sand with a relative density of 70%. In their laboratory tests, the deviator stress path illustrated in Figure 19 was applied to
the soil specimen under a drained condition; the principal stress direction was rotated counterclockwise by maintaining
a constant deviator stress magnitude under the initial confining stress of 98 kPa. Here, we investigated the capability of
the strain space multiple mechanism model accounting for inherent anisotropy by comparing the PSR tests (Figure 20A)
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under the constant mobilized friction angles, ¢ = (o, — 05)/(0, + 0g), between 20° and 35°. In the simulation, the model
parameters given in Table 3 were used; for details regarding the setting of the parameters, refer to Section 3.2.

Figure 20B illustrates the simulated plastic strain increment direction considering inherent anisotropy, which was cal-
culated by subtracting the anisotropic or isotropic elastic strain increment from the simulated total strain increment (refer
to Section 3.2 for a reason for using the isotropic elastic strain increment), for ¢ = 20°, 25°, and 30°. Of these simulation
results, the plastic strain increment vectors for ¢ = 20° and 30° are redrawn with their magnitude in Figures 21A and B,
including simulated total and elastic strain vectors. These figures demonstrate that how to calculate the elastic strain with
or without the anisotropic parameter a, in Equation (27) exerts little influence on the plastic strain increment because the
elastic component does not contribute as much to the total strain compared to the plastic one. Comparing the simulated
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results presented in Figures 20B and C with the experimental counterparts in Figure 20A, it is evident that employing
anisotropic parameters in the simulation improves the accuracy of prediction under drained PSR loading irrespective of
the mobilized friction angle. The inherent anisotropy is also found to have a nonnegligible impact on not only the principal
direction of simulated plastic strain increment but also its magnitude, as shown in Figure 21.

Next, the simulated responses in Figure 21 are organized in the relationship of ayp, 4., and agee with the applied o,
and ag . in Figures 22 and 23; in these figures, o .p obtained from the experiments is also plotted. Figures 22A and 23A
show that the simulated a4, does not always behave coaxial with ¢, different from the coaxial response in Figures 22B
and 23B, because of the anisotropic elastic shear modulus, Gf,f", in Equation (27). However, the simulated a;.p shows
almost the same response, for example, from a comparison of Figure 22A with 22B. In the early stage of PSR loading, the
experimental o;.p plots show more prominent noncoaxiality with «,; the constitutive model can better reproduce the
measured response by taking into account the inherent anisotropy compared to the simulated responses in Figures 22C
and 23C. After a, exceeds 15°, which corresponds to a counterclockwise angle of 30° relative to the x-axis (see Figure 19),
the inherent anisotropy is found to decrease the degree of noncoaxiality similar to the trend of the experimental plots.
Then, the degree of noncoaxiality in the experiment turns to an increase at around a, = 65° for ¢ = 20° (Figure 22)
or remains approximately the same for ¢ = 30° (Figure 23); the strain space multiple mechanism model can accurately
simulate such a complicated noncoaxial behavior by introducing the inherently anisotropic parameters.

Figure 24 compares the simulated developments of ¢,, €5, and €,4 in response to a, with the corresponding experimental
results for ¢ = 25°, 30°, and 35°. For each mobilized friction angle, the anisotropic simulation is found to capture the
experimental strain development than the isotropic simulation more reasonably. These results demonstrate that the effect
of inherent anisotropy should be considered essential to accurately predict the behavior of soil subject to drained PSR
loading.

Miura et al' also performed similar PSR tests on Toyoura sand with a relative density of 80% under a drained condi-
tion. In their tests, the soil samples were prepared using the multiple sieving pluviation method, which is considered to
produce soil fabric (or inherent anisotropy) different from that produced by the dry-pluviation method. Figure 25 shows
the four different PSR loadings applied in the experiment; after reaching the stress state of R = (o, — 03)/(07 + 03) = 0.5
along a proportional biaxial or simple shear loading path, o, was rotated counterclockwise while maintaining the stress
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ratio constant. In the simulation, the model parameters in Table 4 were used; after the small-strain shear modulus was
calculated from Equation (32), the strength and anisotropic parameters were calibrated.

Figure 26 illustrates simulated deviator strain paths under the four different loading paths along with the experimental
results. As shown in Figure 26B, the simulated paths are found to have the property of rotational symmetry (eg, the R1-
90° path becomes identical to the R1+180° path after a rotation of 90°) if the soil fabric is assumed isotropic; these results
are entirely different from those of the experiment. However, the experimental strain paths are reasonably simulated by
employing the anisotropic parameters, as seen in Figure 26A.
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anisotropy; (B) simulation without inherent anisotropy

TABLE 4 Model parameters used for multiple-sieving-pluviated Toyoura sand with a relative density of 80%"

Ki/va (kPa) Gna (kPa) é 7 ©) a, a, 6 (°)
237,059 90,902 47.0 0.18 0.15 90
(p. = 98kPa).

Figure 27 illustrates the change in simulated a4.p, a4, and a4, during PSR loading in response to the applied o, and
a4.- In this figure, oy, in the experiments is also plotted as read from Figure 26 instead of measured «;p; this is because
Miura et al' did not derive the plastic strain increment, different from Gutierres et al® (see Figure 22). It is noted that ap
in Figure 27 was calculated by subtracting the anisotropic elastic strain increment obtained using Equation (27) from the
simulated total strain increment. As shown in the figure, the simulated o . with inherent anisotropy does not always
behave coaxial with a, because of the anisotropic elastic shear modulus, GA™°, different from the coaxial response
without inherent anisotropy. Comparison of the simulated responses with inherent anisotropy under the four different
PSR loadings reveals that the noncoaxiality between a .. and a4, looks different among the cases, but is identical only with
a periodic difference; for example, the noncoaxial response of ¢t with ay, = 180° — 225° does not change depending on
the start position of rotational shear (eg, refer to Figures 27A and C).

In the absence of inherent anisotropy, the changes in ay,» and ay, in response to a, (or ¢y, ) are found to be parallel
to that in oy, except for the initial stage of PSR loading (see Figure 27B, for example); the simulated responses of o,
are somewhat different from the experimental plots. Meanwhile, the simulation considering the inherent anisotropy is
capable of properly capturing the measured ¢4, changes in response to a, (or a4, ), for example, as shown in Figure 27A.
Comparison of the simulated responses under the four different PSR loadings demonstrates that the noncoaxiality between
ager and o, does not change only with a phase difference (eg, 45° between the R14+-0° and R14+90° paths) in the absence of
inherent anisotropy, even though the start of rotational shear is different. In contrast, the noncoaxiality is found to become
different depending on the start position, in addition to the phase difference, by taking into account the effect of inherent
anisotropy.

Thus, it can be concluded that considering inherent anisotropy in numerical simulation is essential to accurately predict
the response of soil subject to PSR loading, particularly when different proportional loading paths are used.

6 | CONCLUSIONS

This article discusses the capability of a strain space multiple mechanism model to reproduce complex responses of inher-
ently anisotropic soils under various kinds of loading paths. The constitutive model has been expanded upon to account
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Comparison of simulated and measured principal (total) strain increment directions during the drained principal stress

rotation tests': (A), (B) R1+0° with or without inherent anisotropy; (C), (D) R1+90° with or without inherent anisotropy; (E), (F) R1+180° with
or without inherent anisotropy; (G), (H) R1-90° with or without inherent anisotropy



UEDA AND IAI

WILEY——2

for the effect of inherent anisotropy by incorporating a new function along with three additional parameters; two of these
parameters, a; and a,, control the degree of anisotropy whereas the third parameter, 8, represents the principal direction
of inherent anisotropy. Laboratory experimental data regarding the complex anisotropic behavior of Toyoura sand under
various loading paths is used to validate the constitutive model. Major conclusions are summarized as follows:

1. Byintroducing the anisotropic model parameters a; and a,, the constitutive model is capable of representing an exper-
imentally observed Mohr’s circle (ie, shear failure envelop in the deviator stress plane) for inherently anisotropic gran-
ular materials, which has a distorted shape compared with the isotropic Mohr’s circle.

2. The anisotropic elastic shear modulus depending on inherent anisotropy is essential to consider, particularly in the
early stages of loading where the elastic behavior is dominant, for correctly determining the elastic and plastic compo-
nents of a total strain increment in both experiments and simulations.

3. During undrained monotonic proportional loading with different principal strain directions, the noncoaxiality between
the directions of principal strain and stress is found to become prominent when the effect of inherent anisotropy is
considered. Furthermore, the soil behavior becomes completely coaxial irrespective of the inherent anisotropy’s effect
when the principal strain direction is parallel or perpendicular to the direction of the bedding plane.

4. During drained monotonic proportional loading with different principal stress directions, the anisotropic constitutive
model is capable of simulating the experimental noncoaxial response from the early stage of loading almost to the
failure surface. As the stress path approaches the failure surface, the direction of plastic strain increment gets closer to
the coaxial state with the applied principal stress direction, but does not reach the perfect coaxiality simulated with no
consideration for inherent anisotropy.

5. During drained monotonic nonproportional loading, the anisotropic constitutive model can reasonably capture the
experimental response along a stress path where both the principal stress direction and the loading magnitude drasti-
cally change; the noncoaxiality between the directions of principal stress and plastic strain increment is more promi-
nent in the early stage of loading and then gradually disappears as the stress path approaches the failure surface.

6. During the rotation of the principal stress axis with a constant deviator stress under a drained condition, employing
the anisotropic parameters can improve the accuracy with which deviator strain paths and the development of strains
are predicted. The noncoaxiality between the directions of principal stress and plastic strain increment is largely influ-
enced by the inherent anisotropy; the start position of rotational shear also affects the noncoaxiality. Hence, it can
be concluded that consideration of inherent anisotropy in numerical simulation is essential to accurately predict the
response of soil subject to principal stress rotation loading.

This article investigated the noncoaxial behavior of inherently anisotropic soils, focusing on macroscopic stress/strain
responses, through a comparison with laboratory test results. It is worth mentioning that the results of discrete element
simulations may also be beneficial to validate the applicability of the proposed model from a microscopic perspective; this
is because the virtual simple shear stress within this modeling framework is an intermediate quantity in the upscaling
process from the microscopic level characterized by the contact distribution and interparticle contact forces.*
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APPENDIX A

The strain space multiple mechanism model accounting for inherent anisotropy is originally derived in consideration of
material nonlinearity as shown in Equation (23). Here, the constitutive equation is rewritten by ignoring the material
nonlinearity to compare with the stress-strain relationship below for orthotropic linear elastic materials.>*3*

1A v
e Ey E, E, E; oy

v Vox V. 1 v
£ Uy VeV 1 Yy 0 oy s (33)
v Ey E, Ey E, . .

X
" 0 0 Y
Gyy

where E; is the Young’s modulus of the material in direction i = x, y, z, and v; j is the Poisson’s ratio representing the
ratio of a transverse strain to the applied strain in uniaxial tension or compression; for example, v, = —¢f /€5, for uniaxial
tension or compression in the x-direction. By applying the symmetric properties v,,E, = v,,E, and v,,E, = v, E, to the
above equation, the normal strain difference, ¢! — €%, and shear strain, yfcy, are given by

Y
B B
E;_s)e‘:A{<1+Z>gy_(1_Z>U’C}’ (34)
yeo= L g (35)
xy ny xy

where

11y 1wy (Vax — V2y)

2 E T E, E, ’ (36)
1/1- VyzVzy 1 =Wy ¥,y
B= 3 < E, - E, . (37)

Since the nonlinear hysteretic function in Equation (20) can be simplified into a linear relationship as g5, = (gy/7+)7S,
where y¢ is the elastic virtual simple shear strain, the strain space multiple mechanism model is written as follows:

0'=—pI+/ q(t ®n)dw, (38)
0

where

p=—-Ke® =K (& +¢5), (39)

q =1{1+a,cos2(w—wy)} ;Z—Vye - %al cos (w — wy) p', (40)

v
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¥e = (&5 —¢5) cosw + 5y sinw. (41)

In Equation (38), the effective stress tensor, ¢”, is replaced with the total stress tensor, &, because there is no need to
distinguish between ¢’ and o for the modeling of elastic materials. The relationship between the isotropic stress and vol-
umetric strain in Equation (39) is also assumed to be linear using the elastic bulk modulus, K. By assuming the horizontal
bedding plane (ie, 6, = 7/2) corresponding to orthotropic linear elastic materials, Equation (38) can be rewritten using
Equation (29) as follows:

1 1 e e 1 e
1+ -a 0 <1+'a2> (Ex_gy) (1_‘a2>7/xy
c=Ke| 2 | +Gke 2 ? (42)
0 1--aq <1—1a))/e —<1+1a>(se—£e)
2 52 ) Ixy 52 X y
The above equation in tensor form can be rewritten to vector-matrix form as
(1+2)K+(1+%>G}1§° (1+E>K—<1+%)G§go 0 .
oy 2 2 2 2 €
o o[ (0= 2) 5= (102t (-2 (142l i
y (1 S )K=(1+2)6x° (1-5 )K+(1+F )G 0 y (43)
P 0 0 (1 - §a2> Gl [ (7

Considering the inverse of the stiffness matrix, the normal strain difference, €}, — €5, and shear strain, y%,, are given in

the (elastic) strain space multiple mechanism model accounting for inherent anisotropy as follows:

1 a, a1> }
e _ e _ — - —
T (2 + a,) GL© {<1+ 2 )Uy <1 2 )9 )" (44)
. 1
Yxy = 71 N\ . Dy (45)
(1 - Eaz) Glso

When the parameter a, is equal to zero, the relationship between the shear stress and shear strain does not depend
on the inherent anisotropy; however, a nonzero normal strain difference, &}, — €, occurs due to o, + 0, even under the
condition of g, — o, = 0 as shown in Equation (44). Hence, the principal direction of the elastic strain, a.., becomes
noncoaxial with the principal stress direction, «,, as the Mohr’s strain circle in Figure 2C demonstrates. Meanwhile, when
the parameter a; is equal to zero, the normal strain difference does not depend on o, + g, but both the strain difference
and shear strain are affected by the parameter a,. Thus, the Mohr’s strain circle is horizontally and vertically distorted by
the inherent anisotropy as shown in Figure 2D, resulting in the noncoaxiality between a.. and «,.

Comparison of Equations (44) and (45) with Equations (34) and (35) demonstrates that the strain space multiple mecha-
nism model accounting for inherent anisotropy given by Equation (23) is equivalent to the orthotropic linear elastic model

given by Equation (33) in the elastic domain; the parameters of both models are related as follows:

1+ 2AG
Iso _ xy
G’ = ——71 (46)
2B
== 4
ap = — (47)
2(1-24G
o, = 21 =24Gy) 48)
1+2AG,,

Also, the proposed model can be regarded as a natural extension of the existing model for orthotropic linear elastic
materials to the nonlinear domain.
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