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1 Introduction

The AdS/CFT correspondence [1] has enabled us to connect the dynamics of a d dimen-
sional conformal field theory (CFT) to that of gravity on a d+1 dimensional Anti de-Sitter
space (AdS) in a surprising way. We can extend the AdS/CFT to the case where a CFT is
defined on a manifold with boundaries, called BCFT (boundary conformal field theory) [2],
by imposing a Neumann boundary condition on a surface in the bulk (called the end of
the world brane) [3–5]. This formulation has been called the AdS/BCFT construction
and has had many applications such as renormalization group flow [6–9], condensed mat-
ter models [10, 11], non-equilibrium physics including quantum entanglement [12–18], and
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computational complexity [19–21]. Refer also to [22, 23] for string theory embeddings of
gravity duals of BCFTs and to [24–27] for implications to novel string theory backgrounds.

In the holographic entanglement entropy [28–30] for AdS/BCFT, the minimal surface,
whose area computes the holographic entanglement entropy, can terminate on the end of
the world brane [4, 5]. This leads to the structure so called the Island [31–33], which has
been successfully applied to studies of black hole information [34–38]. Moreover, limits of
AdS/BCFT lead to a series of codimension two holography [37, 39, 40] (see also [41]).

For d = 2 dimensional BCFTs, a wide variety of AdS/BCFT setups can be studied
analytically, while in higher dimensions, analytical examples are highly limited [42, 43].
It is natural to expect that this special feature of d = 2 stems from the mathematically
beautiful fact that we can formulate three dimensional gravity in terms of SL(2, R) Chern-
Simons gauge theory [44, 45]. This Chern-Simons formulation has an important advantage
that we can generalize the Einstein gravity to higher spin gravity by replacing the gauge
group with SL(n,R) [46–48], which is a door to studying quantum gravity.

Motivated by this, we present a formulation of AdS/BCFT in the Chern-Simons gauge
theory description of three dimensional gravity in this paper. For this we will introduce the
end of the world-brane in the SL(2, R) Chern-Simons theory and identity its action with cor-
rect boundary terms which reproduce the expected results of AdS/BCFT. Next we will con-
sider the holographic entanglement entropy, which provides us with a useful probe of bulk
geometry, expressed in terms of quantum information of the dual CFT. In the Chern-Simons
description of gravity, including higher spin gravity, the holographic entanglement entropy
is remarkably calculated as an expectation value of a certain Wilson loop [49, 50]. See also
e.g. [51–57] for later progresses and [58–63] for related works including quantum corrections.
For higher spin black hole entropy refer to e.g. [64–68]. We will extend this calculation of
holographic entanglement entropy in Chern-Simons gravity to the case where we have the
end of the world brane in the three dimensional bulk. We will find that we can view the end
of the world brane can be regarded as a sort of “D-brane” in Chern-Simons gauge theory.

This paper is organized as follows. In section two we briefly review the AdS/BCFT
construction and its holographic entanglement entropy for the Einstein gravity. In section
three, we present Chern-Simons gravity formulation of AdS/BCFT. In section four, we give
the prescription of calculating holographic entanglement entropy in Chern-Simons gravity
in the presence of the end of the world-brane. In section five, we summarize our conclusions
and discuss future problems. In appendix A, we present our convention of Lie algebras.
In appendix B, we present the details of rewriting the Einstein gravity in terms of Chern-
Simons gauge theory. In appendix C, we give a brief summary of the geodesic length in
AdS3 for a convenience.

2 A brief review of AdS/BCFT

In this section we would like to give a brief summary of a bottom up construction of gravity
duals for CFTs on manifolds with boundaries, called the AdS/BCFT [4, 5]. We focus on
the d = 2 case where BCFT is a two dimensional CFT with a boundary and its gravity
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dual is three dimensional. We can generalize our construction here to a case with multiple
boundaries in straightforward way and we will omit this extension below.

2.1 Construction of AdS/BCFT

Consider a BCFT on a two dimensional manifoldM with a boundary ∂M . The AdS/BCFT
argues that its gravity dual is given by a gravity on a three dimensional space N which
satisfies

∂N = M ∪Q, s.t. ∂Q = ∂M. (2.1)

Refer to figure 1 for an illustration. The manifold M coincides with the asymptotically
AdS boundary of N . The surface Q, which surrounds the gravity dual is called the end of
the world brane and is a bulk extension of the boundary ∂M . The metric on N and the
shape of Q are determined by the equation of motions derived from the bulk gravity action

Igravity = IEH + IGH , (2.2)

where IEH is the Einstein-Hilbert action

IEH = 1
16πGN

∫
N

√
−g(R− 2Λ) , (2.3)

and IGH is the Gibbons-Hawking term with the boundary cosmological constant term:1

IGH = 1
8πGN

∫
∂N

√
−h(K − T ) . (2.4)

Here gµν and hij is the metric of N and Q. The tensor Kij is the extrinsic curvature of
Q and K = hijKij is its trace. The extrinsic curvature is defined by the projection on Q

of the covariant derivative of the out-going unit vector n, normal to the surface Q. The
constant T can be interpreted as the tension of the brane Q.

By varying IEH with respect to the bulk metric g, we obtain the Einstein equation as
usual. Moreover, by taking the boundary variation with respect to the boundary metric h,
we obtain

δ(IEH + IGH) = 1
16πG

∫
∂N

√
−h(Kij − (K − T )hij)δhij . (2.5)

By setting this to be vanishing, we obtain a boundary condition which is either the Dirichlet
boundary condition

δhij = 0, (2.6)

or the Neumann one
Kij − (K − T )hij = 0 . (2.7)

For the AdS boundary M , we impose the Dirichlet boundary condition (2.6) as usual. On
the other hand, we impose the Neumann boundary condition (2.7) for the boundary Q, i.e.
the end of the world brane. In this way, the bulk metric g and the profile of the surface Q
is determined by solving the bulk Einstein equation together with the mentioned boundary
conditions on M and Q. This is a short summary of AdS/BCFT construction.

1We can also introduce matter fields localized on the surface Q [4, 5]. However, we only care about the
pure gravity degrees of freedom in this paper for the Chern-Simons description and thus we do not turn on
such matter fields.
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Q  the end of 
the world brane

N
Gravity dual

M
BCFT
A B

ΓA

Figure 1. A sketch of AdS/BCFT. We have in mind a d = 2 example. A BCFT is defined on the
manifold M and its gravity dual is given by the region N . The boundary of M is extended into the
bulk as the surface Q, called the end of the world brane. The dotted line represents a time slice
on the boundary M , which is divided into two subregions A and B. The entanglement entropy
SA in the BCFT can be holographically computed as the geodesic length of ΓA which starts from
the boundary ∂A and ends on a point on the surface Q, where we minimize the geodesic length by
changing the location of the point on Q.

2.2 Holographic entanglement entropy in AdS/BCFT

The entanglement entropy SA for a subsystem A is defined from a pure quantum state |Ψ〉
is defined by

SA = −Tr[ρA log ρA]. (2.8)

We introduced ρA, called the reduced density matrix

ρA = TrB[|Ψ〉〈Ψ|], (2.9)

where B is the complement of A. We can define the entanglement entropy in a BCFT as
is so in standard field theories by taking a specific time slice and dividing the time slice
into two parts A and B. For example, consider a BCFT on a semi-infinite line (times a
time direction) which ends on a boundary. If we choose the subsystem A to be a length l
interval which extends from the boundary, then the entanglement entropy SA is known to
be given by the following formula [69]:

SA = c

6 log l
ε

+ Sbdy, (2.10)

where c is the central charge of the two dimensional CFT and ε is the UV cut off (i.e.
the lattice spacing). The constant term Sbdy coincides with an important quantity called
the boundary entropy [70], which measures the amount of the degrees of freedom of the
boundary.

The holographic dual of the entanglement entropy SA [28–30] in the AdS/BCFT con-
struction is computed from the following formula [4, 5]:

SA = Min Ext
[Area(ΓA)

4GN

]
, s.t. ∂ΓA = ∂A ∪ ∂Σ, Σ ∈ Q. (2.11)
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where Min and Ext mean that we first extremize the area of ΓA and after that we pick up the
minimal one among discrete candidates of extremal surface. The crucially new aspect pecu-
liar to the AdS/BCFT, is that the extremal surface ΓA can end on the surface Q. The region
onQ which is surround by ΓA is written as Σ in (2.11), which is recently called an Island [31–
33]. In our d = 2 case, ΓA is a geodesic which connects ∂A and Q, where ∂Σ degenerates
into a point on Q as depicted in figure 1. Therefore to calculate the holographic entangle-
ment entropy we need to extremize with respect to the location of a point on Q on which
the geodesic ΓA ends. This prescription successfully reproduces the expression (2.10) [4, 5]
and we will reproduce this in our Chern-Simons gravity formalism later in this paper.

3 Chern-Simons gravity and boundary condition

In this section, we describe a three dimensional Einstein gravity on a manifold with
boundaries in terms of Chern-Simons (CS) gravity and determine the boundary condi-
tion. We assume a negative cosmological constant. In terms of the CS valuables with
G = SL(2, R)× SL(2, R) we can rewrite IEH (2.3) as [44, 45]

IEH = k

4π

∫
N
Tr
[
A ∧ dA+ 2

3A
3
]
− k

4π

∫
N
Tr
[
Ā ∧ dĀ+ 2

3Ā
3
]

+ k

4π

∫
∂N

Tr
[
A ∧ Ā

]
, (3.1)

where A and Ā can be decomposed into two pairs of connections as

A = AaJa = (ωa + ea) Ja, Ā = ĀaJa = (ωa − ea) Ja. (3.2)

Here Ja ∈ sl(2, R) are explicitly given by

J1 =
(

0 0
−1 0

)
, J0 =

(
1/2 0
0 −1/2

)
, J−1 =

(
0 1
0 0

)
, (3.3)

and we also define
Jρ = J0, Jt = J1 + J−1

2 , Jφ = J1 − J−1
2 , (3.4)

which obeys
[Jρ, Jt] = −Jφ, [Jt, Jφ] = −Jρ, [Jφ, Jρ] = Jt. (3.5)

We write the three dimensional coordinate xµ as (x0, x1, x2) = (t, φ, ρ). Note that k is the
CS level with k = 1

4GN
, see also details of this formulation in appendix B.

3.1 Adding boundary term

The correct CS gravity action with a boundary Q is given by2

ICStot = IEH + IGH (3.6)

2Here we omit the boundary terms for the standard AdS boundary M .
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with (2.3) and (2.4). IGH is rewritten as3,4

IGH = − k

2π

∫
Q
Pabe

a ∧ ωb − k

2π

∫
Q
εabce

a ∧ nbdnc − kT

4π

∫
Q
εabcn

aeb ∧ ec , (3.8)

where εabc is the epsilon tensor such that εtφρ = 1 and na is a vector with a unit norm
nana = 1. Pab is the projector on Q defined as Pab = ηab−nanb with ηab = 2Tr[JaJb]. Also
we simplified

∫
Q dρ ∧ dt as

∫
Q. Note here that, at first, we treat na as a unit vector field

on Q and it is regarded as a dynamical field. After we impose the boundary condition we
will find that na is a normal vector of the surface Q.

With (3.1) and (3.8), we find the total variation5

δICStot = − k

2π

∫
Q
δea ∧ (Pabωb + εabcn

bdnc − Tεabcnbec) + k

2π

∫
Q
nanbe

a ∧ δωb

+ k

4π

∫
Q
δna

[
4εabcebdnc + 4nbeb ∧ ωa − Tεabceb ∧ ec

]
,

(3.9)

where we use the relation

εabcn
b(dec) = (nbeb) ∧ ωa − ea ∧ (nbωb) (3.10)

with the equation of motion
dea − εabcωb ∧ ec = 0. (3.11)

This leads to the following (Neumann) boundary conditions on Q:

Pabω
b + εabcn

bdnc − Tεabcnbec = 0 , (3.12)
nae

a = 0 , (3.13)
Pa′a(4εabcebdnc + 4nbeb ∧ ωa − Tεabceb ∧ ec) = 0 . (3.14)

The second condition (3.13) says that na is a normal vector on Q i.e. if we define the normal
unit vector on Q by Nµ, then the vector na is defined by

na = eaµN
µ. (3.15)

Note also that we acted Pa′a in the third condition (3.14) to project to the direction or-
thogonal to na. This is simply because the variation δna is restricted to naδna = 0 because
nana = 1. The third condition (3.14) is trivially satisfied if we assume (3.13) and remember
that nadna = 0. Therefore once we choose na to be the normal vector on Q, we have only
to solve the first equation (3.12), which is equivalent to (2.7) as we show in appendix B.

3Refer to an earlier work [71] for the second term in (3.8).
4We can confirm the following equation∫

Q

√
−hK = −

∫
Q

Pabe
a ∧ ωb −

∫
Q

εabce
a ∧ nbdnc (3.7)

with this na.
5We employed the Stokes’ theorem:

∫
M
d(A ∧ δA) = −

∫
Q
A ∧ δA.
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3.2 Gauge invariance

Let us consider the gauge transformation

δA = dχ+ [A,χ], δĀ = dχ̄+ [Ā, χ̄]. (3.16)

If write χ = α+ β and χ̄ = α− β, then the gauge transformation looks like

δe = dβ + [ω, β] + [e, α],
δω = dα+ [ω, α] + [e, β]. (3.17)

First consider the variation of Einstein-Hilbert action IEH i.e, (3.1), which looks like

δIEH = k

4π

∫
Q

(χ̄− χ) ∧ [dA+ dĀ+A ∧ Ā+ Ā ∧A]. (3.18)

Therefore we find that this is vanishing if we impose the boundary condition

(χ− χ̄)|Q = 0. (3.19)

Thus the part α of the gauge transformation is still active at the boundary.
The remaining term of IGH (3.8) is

IGH = − k

2π

∫
Q
εabce

a ∧ nb(dnc + εcpqω
pnq)− kT

4π

∫
εabcn

aeb ∧ ec. (3.20)

It is clear that this term is invariant under the α gauge transformation (i.e. the local
SL(2, R) transformation), which looks like

δe = [e, α], δn = [n, α], δω = dα+ [ω, α]. (3.21)

Indeed, because [Ja, Jb] = −εcabJc, we find the α gauge transformation leads to

δ(dn− [ω, n]) = [dn− [ω, n], α]. (3.22)

Thus we can regard dn− [ω, n] = DnaJa as the covariant derivative [71] where

Dna = dna + εapqω
pnq, (3.23)

which behaves like a vector under the local SL(2, R) transformation in the same way as ea

and na.

3.3 Solutions to boundary condition

In this paper, we focus on examples constructed from the Poincare AdS3

ds2 = e2ρ(−dt2 + dφ2) + dρ2. (3.24)

We write the gauge fields

A = eρJ1dx
+ + J0dρ, Ā = −eρJ−1dx

− − J0dρ, (3.25)

– 7 –
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where x± = t± φ. The connections are

e = eaJa = eρJρ + etJt + eφJφ,

ω = ωaJa = ωρJρ + ωtJt + ωφJφ
(3.26)

with
eρ = dρ, et = eρdt, eφ = eρdφ,

ωρ = 0, ωt = eρdφ, ωφ = eρdt.
(3.27)

Let us consider the boundary surface Q defined by

φ = g(ρ). (3.28)

The normal vector reads

nρ = − g′(ρ)√
g′(ρ)2 + e−2ρ , nt = 0, nφ = e−ρ√

g′(ρ)2 + e−2ρ . (3.29)

Then the boundary condition (3.12) with the ansatz (3.28) gives explicitly the equation
for a = t, a = φ and a = ρ as follows:

a = t : g′3 + 2g′e−2ρ + g′′e−2ρ + T (e−2ρ + g′2)3/2 = 0,

a = φ : g′ + T
√
g′2 + e−2ρ = 0,

a = ρ : g′ + T
√
g′2 + e−2ρ = 0. (3.30)

These are simply solved as

φ = g(ρ) = T√
1− T 2

e−ρ + const. (3.31)

which reproduces the known profile of boundary surface Q in AdS/BCFT [4, 5].

3.4 Comment on higher spin generalization

It is intriguing to extend the above construction to the Chern-Simons description of higher
spin gravity, whose CFT duals have been known [72–74] for a while. We can construct a
boundary action on Q in higher spin gravity by replacing the SL(2, R) indices a, b, c · ·· in
IGH (3.8), in addition to IEH (3.1), with those for SL(n,R) with n = 3, 4, 5, ···, maintaining
the higher spin gauge invariance (refer to appendix A.2 for SL(3, R)).

It is straightforward to find solutions which can also be embedded in SL(2, R) theory
like (3.31), by solving the boundary conditions derived from this SL(n,R) boundary action.
However, it turns difficult to find genuine new solutions, which cannot be embedded in
SL(2, R) theory. We believe this is because we did not take into account higher spin
charges in the boundary action. We expect we can construct non-trivial solutions peculiar
to higher spin gravity if we further add new terms to (3.8) which will make solutions with
higher spin charge consistent. This may be regarded as a generalization of the tension term
in (3.8) for the SL(2, R) theory. We would like to leave this as an important future problem.
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4 HEE in AdS/BCFT from Wilson lines

In this section, we extend the calculations of holographic entanglement entropy in higher
spin gravity, using Wilson lines pioneered in [49, 50] to our AdS/BCFT setups. The basic
idea is that a Wilson line describes a propagation of a massive particle. In AdS/CFT, such
a massive particle is dual to a primary operator in a CFT. If we consider a twist operator
which appears in the replica computation of entanglement entropy, as a primary operator,
then we can read off the holographic entanglement entropy from the expectation value of
Wilson line in the higher spin gravity. In our AdS/BCFT, we need to carefully treat the
presence of the end of the world brane Q, on which the Wilson line ends. We will start
our argument with the CS gravity with the gauge group SL(2, R) and finally we extend it
to higher spin gravity with the group SL(3, R). For explicit calculations in this section, we
choose the Poincare AdS3 (3.24) as a basic example of background. However, it should be
straightforward to analyze more general examples in our framework.

Let us first introduce the Wilson line operator [49, 50, 75]

WR(C) = 〈Uf |P exp
(∫

C
A

)
P exp

(∫
C
Ā

)
|Ui〉, (4.1)

where R is a representation of the gauge group G, and C is an open path from an initial
state |Ui〉 to a final state |Uf 〉. Also P means the path ordering. According to [49], the
evaluation of Wilson line for a curve C is also given by

WR(C) =
∫

[DU ][DP ]e−I(U,P )C , (4.2)

where U(s) is the world line field on s ∈ [si, sf ] and P is a canonical momentum conjugate
to U . Here I(U,P )C is the auxiliary system which lives on the Wilson line, and the path
integral corresponds to the trace over R in (4.1). In the saddle point approximation, this
path integral gives the bulk geodesic length Di,f from |Ui〉 to |Uf 〉 as

logWR(C) ∝ Di,f . (4.3)

The Wilson line (4.2) depends on only the end point of path C and the representation
R. Indeed the former gives the length, while the latter contains the character of a massive
particle like mass and spin. Thus the bulk conical singularity by the backreaction of Wilson
lines is controlled by R. The highest weight of R is labeled by the quadratic Casimir c2
and indeed we may evaluate the entanglement entropy as

SEE = − log (WR(C)) =
√

2c2Di,f (4.4)

with fixing
√

2c2 → c/6.

4.1 Geodesics between bulk two points

Firstly we give a simple example in Poincare AdS with no additional boundary Q. In the
case of G = SL(2, R) × SL(2, R), the evaluation of Wilson line for a curve C is given by
the action [49]:

I(U,P )C =
∫
C
ds
(
Tr[PU−1DsU ] + λ(s)(Tr[P 2]− c2)

)
, (4.5)
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where U and P live in the group manifold SL(2, R) and the Lie algebra sl(2, R), and
DsU = dU/ds + AsU − UĀs with As ≡ Aµdx

µ/ds. Since the equation of motion for this
action leads to

U−1DsU + 2λP = 0, dP

ds
= 0, Tr[P 2] = c2, (4.6)

the on-shell action is evaluated as

I(U,P )C |on−shell = −2c2

∫
C
dsλ(s). (4.7)

In the paper [49], using this action, it was shown that the Wilson line which connects two
points on the AdS boundary ρ = ρ∞ →∞, correctly reproduces the geodesic length when
we impose the Dirichlet boundary condition at the end points. Therefore the holographic
entanglement entropy can be computed via a Wilson line. Below in this subsection, as a
first step, we will generalize this calculation to the case where the end points of Wilson
line are both situated at the bulk AdS.

To begin with, let us consider possibilities of boundary conditions we can impose at
the end points of Wilson line. If the curve has an end point, we need to impose

δI(U,P )C = [PU−1δU ] = 0, (4.8)

at the end point in order to make the variation of the total action δI(U,P )C vanishes.
This leads to either the Dirichlet boundary condition δU = 0 or the Neumann boundary
condition P = 0.

For the Poincare solution of the Chern-Simons gravity we can write it in the following
pure gauge form (3.25):

A = LdL−1, Ā = R−1dR, (4.9)

where L and R are given by

L = P exp
(
−
∫ (t,φ,ρ)

(0,0,0)
A

)
, R = P exp

(
−
∫ (0,0,0)

(t,φ,ρ)
Ā

)
. (4.10)

Let us start with the trivial solution6

U0(s) = u0e
−2α(s)P0 , (4.11)

where λ = dα/ds, and indeed the actual solution and momentum are found by the gauge
transformation as

U(s) = L(s) · U0 ·R(s), P (s) = R(s)−1 · P0 ·R(s). (4.12)

Eliminating u0 for U(si) and U(sf ), we obtain

e−2(α(sf )−α(si))P0 = (R(si)U−1(si)L(si))(R(sf )U−1(sf )L(sf ))−1. (4.13)
6Here “trivial solution” is the solution for A = Ā = 0 and “actual solution” is not. In [49], they also call

this “trivial solution” as “nothingness solution”.
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We now impose the Dirichlet boundary condition δU = 0 at both end points. In
particular, we choose

U(si) = U(sf ) = 1, (4.14)

at both end points. Then we find (refer to (A.4))

e−2(α(sf )−α(si))P0

= (R(si)L(si))(R(sf )L(sf ))−1 (4.15)

=
(
eρf−ρi + x−i (x+

f − x
+
i )eρi+ρf x−f e

ρf−ρi − x−i eρi−ρf + x−i x
−
f (x+

f − x
+
i )eρi+ρf

(x+
i − x

+
f )eρi+ρf eρi−ρf + x−f (x+

i − x
+
f )eρi+ρf

)

with the useful relation
eαJ±1 = 1 + αJ±1,

eρJ0 = cosh ρ2 · 1 + 2 sinh ρ2 · J0.
(4.16)

By taking the trace, the l.h.s. of (4.15) becomes

Tr
[
e−2(α(sf )−α(si))P0

]
= 2 cosh

(
−
√

2c2(α(sf )− α(si))
)

(4.17)

and the r.h.s. is

2 cosh(ρf − ρi)− (x+
f − x

+
i )(x−f − x

−
i )eρi+ρf =

z2
i + z2

f − (x+
f − x

+
i )(x−f − x

−
i )

zizf
(4.18)

with z = e−ρ. Thus we obtain

cosh
(
−
√

2c2(α(sf )− α(si))
)

=
z2
i + z2

f − (x+
f − x

+
i )(x−f − x

−
i )

2zizf
. (4.19)

This manifestly shows that the value of
√

2c2|α(sf ) − α(si)| coincides with the geodesic
length (refer also to the appendix C for a brief summary of geodesic length in AdS3).

If we choose si and sf to be at the AdS boundary such that ρi = ρf = ρ∞ → ∞, we
can evaluate the entanglement entropy in AdS3 such as

SEE = I(U,P )C |on−shell = c

3 log
(√

(∆φ)2 − (∆t)2

ε

)
(4.20)

where we set
√

2c2 = c/6, ε = e−ρ∞ , ∆t = tf − ti, and ∆φ = φf − φi.

4.2 Holographic entanglement entropy in AdS/BCFT from Chern-Simons
gravity

Now we would like to get back to our original problem. We would like to formulate the
calculation of holographic entanglement entropy in the presence of the boundary surface Q
within our CS gravity formalism. The AdS/BCFT prescription argues that the holographic
entanglement entropy when the subsystem A is a half line, is computed from the length
of the geodesic which connects a boundary point and a point on Q as we reviewed in
section 2.2. Even for generic choices of subsystem A in two dimensional BCFTs, the
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φ=0

AdS
bdy

AdS3 

φ

φ0

ρ ρ*

ρ1

ρ0

s=s0

s=s1

Figure 2. A sketch of a Wilson line which computes the entanglement entropy in AdS/BCFT.
The colored region is the physical spacetime for the AdS/BCFT. The dotted curve describes the
minimal length one. We omit the time direction. In CS gravity description, for any choices of a
point Q the Wilson line takes the same expectation value once we impose our Neumann-Dirichlet
boundary condition.

holographic entanglement entropy is basically given by combining the result in this half
line case and the result for a connected geodesic (4.20).

We express the initial point at si = s0 and the final point at sf = s1 in AdS3 (3.24)
by the coordinates (t0, ρ0, φ0) and (t1, ρ1, φ1), respectively. We take (t0, ρ0, φ0) to be at the
AdS boundary i.e. ρ0 →∞ and take (t1, ρ1, φ1) to be on the surface Q i.e. φ1 = T√

1−T 2 e
−ρ1

in (3.31). Refer to figure 2 for a sketch.
Remember that we can write U(s) as follows

U(s) = P exp
(
−
∫ (t(s),ρ(s),φ(s))

(0,0,0)
Aµdx

µ

)
· u0e

−2α(s)P0 · P exp
(
−
∫ (0,0,0)

(t(s),ρ(s),φ(s))
Āµdx

µ

)
,

(4.21)
and this allows us to write the variation of the end point (t(s), ρ(s), φ(s)) as

δU = −(AµU − UĀµ)dxµ. (4.22)

Let us first count the number of integration constants in the solution (4.21) for the
interval s0 ≤ s ≤ s1, which should all be fixed after imposing a complete set of boundary
conditions. There are totally six integration constants i.e. the SL(2, R) matrix u0 (three
degrees of freedom) and the traceless matrix P0 with the constraint Tr[P 2] = c2 (two
degrees of freedom), and finally the value of α(s1). Note that we simply set

α(s0) = 0, (4.23)

because this can be absorbed into u0.7

First we impose the Dirichlet boundary condition

U(s0) = 1, (4.24)
7We do not care the intermediate values α(s) for s0 < s < s1 as they do not affect the on-shell values of

the action. They can be gauged away.

– 12 –

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



J
H
E
P
0
4
(
2
0
2
1
)
1
9
3

as we did before for the end points on the AdS boundary. Together with (4.23), this
boundary condition (4.24) fixes

u0 = eJ1x
+
0 e2J0ρ0eJ−1x

−
0 , (4.25)

via the relation (4.21). This determines three out of six constants.
We argue the remaining three boundary conditions are given by a mixed Dirichlet-

Neumann boundary condition at s = s1, whose detail will be described as follows. First,
let us introduce the parameters of SL(2,R) manifold (t̂, ρ̂, φ̂) and write the constant matrix
part of U(s):

u0e
−α(s1)P0 ≡ eJ1x̂+

e2J0ρ̂eJ−1x̂− . (4.26)

In other words, we can parameterize the matrix U(s1) we are interested in as follows

U(s1) = e−J0ρ1e−J1x
+
1 · eJ1x̂+

e2J0ρ̂eJ−1x̂− · e−J−1x
−
1 e−J0ρ1 . (4.27)

For each value of (t1, ρ1, φ1), our Dirichlet boundary condition is to require that the point
(t̂, ρ̂, φ̂) is included in the surface Q given by (3.31) i.e.

φ̂ = T√
1− T 2

e−ρ̂. (4.28)

Let us define the codimension one subspace Σ(Q) of SL(2, R) as (refer to figure 3)

Σ(Q) = {eJ1x̂+
e2J0ρ̂eJ−1x̂− ∈ SL(2, R) | (t̂, ρ̂, φ̂) ∈ Q}. (4.29)

This is a group counterpart of the surface Q in the AdS/BCFT. Then our Dirichlet bound-
ary condition is equivalently written as

eJ1x
+
1 eJ0ρ1 · U(s1) · eJ0ρ1eJ−1x

−
1 = eJ1x̂+

e2J0ρ̂eJ−1x̂− ∈ Σ(Q). (4.30)

This is a natural condition by considering the behavior of Wilson lines when we embed the
boundary surface Q in the target space namely AdS3=SL(2, R).

Next we impose the Neumann condition in the direction parallel to the “D-brane”
Σ(Q). This can be done by remembering that the variation of Tr[PU−1δU ] should van-
ish (4.8), where the variation δU is given by the variation of (4.27) by shifting the values
of (t̂, ρ̂, φ̂) with the constraint (4.28) satisfied. This is equivalent to the variation in (4.22)
along the surface Q. Thus the Neumann boundary condition is found as

vµTr[P (U−1AµU − Āµ)]
∣∣
Q

= 0, (4.31)

where v is a vector parallel to the surface Q and thus (4.31) is decomposed into two
equations on Q defined by the coordinate (t1, ρ1, φ1 = T√

1−T 2 e
−ρ1):

Tr[P (U−1AtU − Āt)] = 0, (4.32)

Tr[P (U−1AρU − Āρ)]−
T√

1− T 2
e−ρ1 · Tr[P (U−1AφU − Āφ)] = 0. (4.33)

– 13 –

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



J
H
E
P
0
4
(
2
0
2
1
)
1
9
3

These conditions guarantee that the on-shell action (i.e. the expectation value of Wilson
line) is independent from the values of the end point (t1, ρ1) on Q. Indeed these conditions
can be obtained from (4.21) by taking variation of (x+(s1), x−(s1), ρ(s1)) along the surface
Q, with α(s1) and P0 kept fixed.

Now we are in a position to solve the above two Neumann boundary condi-
tions (4.32), (4.33) and one Dirichlet boundary condition (4.30), which totally provide
three constraints we wanted. The two Neumann equations (4.32) and (4.33) fix P0 as
follows

P0 =
√
c2
2

1√
e−2ρ0 + φ2

0

(
−t0 e−2ρ0 + φ2

0 − t20
1 t0

)
, (4.34)

where this is independent of t1 and ρ1.
Finally we would like to solve the Dirichlet boundary condition, which should fix α(s1).

Before that let us note that interestingly, we can show by using (4.25) and (4.34) that (4.26)
is equivalent to

t̂ = t0, φ2
0 + e−2ρ0 = φ̂2 + e−2ρ̂, (4.35)

which shows that (t̂, ρ̂, φ̂) is on the geodesic which connects two boundary points (t0, ρ0, φ0)
and (t0, ρ0,−φ0). Then, our Dirichlet boundary condition, which requires that the point
(t̂, ρ̂, φ̂) is on the surface Q i.e. φ̂ = T√

1−T 2 e
−ρ̂, fixes the value of (t̂, ρ̂, φ̂) to be (t∗, ρ∗, φ∗)

given by

t∗ = t0, e−ρ∗ =
√

(1− T 2)(e−2ρ0 + φ2
0), φ∗ = T

√
e−2ρ0 + φ2

0. (4.36)

This point (t∗, ρ∗, φ∗) actually coincides with the special point on Q which has the minimal
distance to the boundary point (t0, ρ0, φ0) among all points on Q on the time slice t = t0
(refer to figure 2). This is the essential reason why this prescription of calculation the
holographic entanglement entropy via the Wilson line, matches with the standard one in
Einstein gravity reviewed in section 2.2.

After imposing all these conditions, the matrix U(s1) is completely fixed as follows:

U(s1) = e−J0ρ1e−J1x
+
1 · eJ1x

+
∗ e2J0ρ∗eJ−1x

−
∗ · e−J−1x

−
1 e−J0ρ1 . (4.37)

It is important to notice that when (t1, ρ1, φ1) = (t∗, ρ∗, φ∗), we find U(s1) = 1. This
corresponds to the point on the surface Q which minimize the length of the geodesic.

At the same time, the equation (4.26) fixes the value of α(s1) to be

e
√

2c2α(s1) = (
√

1 + φ2
0e

2ρ0 − φ0e
ρ0) ·

√
1 + T

1− T , (4.38)

which leads to the correct geodesic length and the HEE in the limit ρ0 → ∞ (assume
φ0 < 0):

SA = c

6 log (2|φ0|eρ0) + c

6 log
√

1 + T

1− T . (4.39)
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U(s1)
SL(2,R) Group Manifold

U(s0)=1

t,ρ̂^

Figure 3. A sketch of computation of holographic entanglement entropy from the view point of
SL(2,R) group manifold. A trajectory of U(s) in the SL(2,R) group manifold is depicted as a thick
curve with dots at its ends. We impose the initial condition U(s0) = 1 and the Dirichlet-Neumann
boundary condition such that U(s1) is on ΣQ, which is a codimension one subspace of SL(2,R).

This perfectly reproduces the known expression (2.10) by setting ε = e−ρ0 . The boundary
entropy is given by

Sbdy = c

6 log
√

1 + T

1− T , (4.40)

which agrees with the result in [4, 5].
In this way, we obtain the correct prescription of holographic entanglement entropy

for AdS/BCFT via Wilson lines in the CS gravity, such that the results agree with the
earlier prescription [4, 5] in Einstein gravity. In the usual AdS/BCFT for Einstein gravity,
it is given by the length of geodesic which departs from the AdS boundary and ends on
the surface Q and we minimize the length by changing the location of endpoint on Q. In
our new calculation in CS gravity, we consider a trajectory of U(s) from the boundary
point s = s0 to the surface ΣQ in the SL(2,R) group manifold. Note that the result does
not depend on the end point of the Wilson line, as opposed to the standard holographic
entanglement entropy for Einstein gravity. In our CS calculation, the end of the world brane
Q looks like a “D-brane” for a particle moving in the SL(2, R) group manifold as in figure 3.

4.3 Comments on extension to higher spin gravity

It is intriguing to extend the above prescription of computing holographic entanglement
entropy to that for higher spin gravity. In the case of G = SL(3, R) × SL(3, R), the
evaluation of Wilson line is also given by the action [49]

I(U,P )C =
∫
C
ds
(
Tr[PU−1DsU ] + λ2(s)(Tr[P 2]− c2) + λ3(s)(Tr[P 3]− c3)

)
, (4.41)

where we define Tr[P 2] ≡ P aP bδab and Tr[P 3] ≡ P aP bP ctabc, see appendix A.2 for details.
To evaluate (4.41), we use the equation of motion

DsP = 0, U−1DsU + 2λ2(s)P + 3λ3(s)P × P = 0, Tr[P 2] = c2, Tr[P 3] = c3 (4.42)

with the definition
P × P = tabcT

aP bP c. (4.43)
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The on-sell action becomes

I(U,P )C |on−shell = −
∫
C
ds(2c2λ2(s) + 3c3λ3(s)). (4.44)

Note here that we demand c3 = 0 for the purpose of computing entanglement entropy. If
we consider the case of c3 6= 0, we should give the different interpretation for expectation
value of Wilson lines instead of the entanglement entropy in the dual CFTs.8

We also start with the trivial solution

U0 = u0e
−2α2(s)P0−3α3(s)(P0×P0). (4.45)

As in section 4.1, we find that the evaluated on-shell action is given by

I(U,P )C |on−shell = −2c2∆α2 − 3c3∆α3, (4.46)

and obtain the relation

e−2∆α2P0−3∆α3(P0×P0) = (R(si)U−1(si)L(si))(R(sf )U−1(sf )L(sf ))−1, (4.47)

with ∆αN = αN (sf )− αN (si). Using the above two equations, we find

SEE = I(U,P )C |on−shell = Tr
[
P0 log

(
(R(si)U−1(si)L(si))(R(sf )U−1(sf )L(sf ))−1

)]
,

(4.48)
which is the general expression for G = SL(N,R) × SL(N,R) since this is independent of
G, see also [75].

Let us next consider the case with the boundary surface Q. According to the section 4.2,
the boundary condition for U(s) is given by (using (4.37))

U(s0) = 1, U(s1) = e−J0ρ1e−J1x
+
1 · eJ1x

+
∗ e2J0ρ∗eJ−1x

−
∗ · e−J−1x

−
1 e−J0ρ1 , (4.49)

where (ρ∗, x±∗ ) are given by the same values (4.36). Note that this again follows from
the Dirichlet-Neumann boundary condition (4.30), which is embedded into SL(2, R) in an
obvious way. Thus we obtain the following result for AdS/BCFT in higher spin gravity:

SEE = Tr
[
P0 log

(
(R(s0)L(s0))(R(s∗)L(s∗))−1

)]
(4.50)

which reproduce the proper geodesic length and reduces to (4.39) for N = 2.
Since the precise boundary action in CS formalism is not available at present, we do

not know what profiles of the end of the world brane are allowed in the presence of higher
spin fields. Therefore the above analysis is limited to the case where we can embed the
solution to the subgroup SL(2, R). Nevertheless, we may expect to obtain the boundary
condition we need to impose for Wilson lines by a straightforward generalization of the “D-
brane condition” (4.30) from SL(2, R) to SL(n,R). We would like to leave a full analysis of
holographic entanglement entropy for higher spin gravity for an important future problem.

8It means that the entanglement entropy does not carry the higher spin charge, see [49, 75] for extensive
discussion.
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5 Conclusion and discussion

In this paper, we presented a formulation of three dimensional AdS/BCFT in terms of
Chern-Simons (CS) gravity. In the first half part, we gave the correct boundary action
of CS gravity which precisely reproduces the AdS/BCFT in Einstein gravity. For this
we introduce a dynamical vector on the end of the world brane Q and impose boundary
conditions by varying the total action including the boundary terms. In the later half part,
we presented the prescription of computing the holographic entanglement entropy in our
CS gauge theoretic description of AdS/BCFT. By employing the Wilson line calculations,
the holographic entanglement entropy SA for a subsystem A can be obtained from a Wilson
line which connects the AdS boundary point and a point on the end of the world brane Q.
The former coincides with the point ∂A as usual and the latter can be an arbitrary point
on Q. The most non-trivial ingredient is the boundary condition at the point on Q for
the Wilson line calculation. We argue that this boundary condition is given by a mixed
Neumann-Dirichlet boundary condition, where the end of the world brane Q looks like a
“D-brane” in the SL(2, R) group manifold, if we think the Wilson line is analogous to an
open string. We also confirmed that our prescription in CS gravity correctly reproduces the
know result in BCFTs. Moreover, we gave an extension of our prescription of holographic
entanglement entropy to that for higher spin gravity in a simple example.

We expect our results in this paper provide an important first step when we try to
fully generalize the AdS/BCFT in higher spin gravity, where the boundary surface Q can
have higher spin charges. For example, our boundary action (3.8) and our Neumann-
Dirichlet boundary condition: (4.32), (4.33) and (4.30), at a point on Q for the Wilson line
computation, have a straightforward generalization from the SL(2, R) to SL(n,R) group.
Even though we might expect some additional ingredients, these will provide useful clues
to formulate the AdS/BCFT for higher spin gravity. A non-trivial test of correctness of
holographic entanglement entropy in higher spin gravity will be the strong subadditivity
(SSA). This is because in the Wilson line formalism, the derivation of SSA looks difficult as
there is no minimization procedure involved, while in the standard holographic entangle-
ment entropy, the proof of SSA follows directly from the minimal surface property [76, 77].
We would like to come back to these important problems in our future publication.
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A Lie algebra

A.1 sl(2) conventions

We denote the generators of sl(2, R) as Ja, which satisfy

[Ja, Jb] = εabcJ
c. (A.1)

In the case of the fundamental representation of sl(2), the generators are written as

J1 =
(

0 0
−1 0

)
, J0 =

(
1/2 0
0 −1/2

)
, J−1 =

(
0 1
0 0

)
. (A.2)

The metric is defined as
ηab = 2Tr[JaJb]. (A.3)

In our calculations of this paper, the following identity is useful:

eJ−1αe−2ρJ0e−J1βe2ηJ0e−J−1γ =
(
eη−ρ + eη+ραβ e−η+ρα− eη−ργ − eη+ραβγ

eη+ρβ e−η+ρ − eη+ρβγ

)
. (A.4)

A.2 sl(3) conventions

We also denote the generators of sl(3) as Ta = {Li,Wm} with i = −1, 0, 1 and m =
−2, . . . , 2, which satisfies

[Li, Lj ] = (i− j)Li+j ,
[Li,Wm] = (2i−m)Wi+m,

[Wm,Wn] = −1
3(m− n)(2m2 + 2n2 −mn− 8).

(A.5)

In the case of fundamental representation of sl(3), the generators are written as

L1 =

 0 0 0
1 0 0
0 1 0

 , L0 =

 1 0 0
0 0 0
0 0 −1

 , L−1 =

 0 −2 0
0 0 −2
0 0 0

 ,

W2 =

 0 0 0
0 0 0
2 0 0

 , W1 =

 0 0 0
1 0 0
0 −1 0

 , W0 = 2
3

 1 0 0
0 −2 0
0 0 1

 ,

W−1 =

 0 −2 0
0 0 2
0 0 0

 , W−2 =

 0 0 8
0 0 0
0 0 0

 .

(A.6)

The symmetric tensors are defined as

δab = 1
2Tr[TaTb], habc = Tr[T(aTbTc)]. (A.7)
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B Chern-Simons formulation of Einstein gravity

As (2.3) and (2.4), the three dimensional gravity onM is written by the metric formulation:

Itot = IEH + IGH ,

= 1
16πG

∫
M
d3x
√
−g(R− 2Λ) + 1

8πG

∫
∂M

d2x
√
−gK.

(B.1)

Here the Gibbons-Hawking term IGH needs to be added in order to make the variation
principle sensible since the variation of IEH contains δ∂ρgij and this term spoils a variational
principle on ∂M. Thus we find

δItot = 1
16πG

∫
M

√
−g(Kij −Kgij)δgij , (B.2)

and it leads to the two types of conditions

Dirichlet : δgij = 0,
Neumann : Kij −Kgij = 0.

(B.3)

Note here that we chose the following coordinate system

ds2 = gµνdx
µdxν = dρ2 + gijdx

idxj . (B.4)

B.1 Vielbein formalism

We may translate from the metric formalism to the vielbein formalism with the basic
variables, which consists of vielbeins eaµ and spin connections ωaµb. The metric gµν is
written in terms of vielbeins as

gµν = eaµe
b
νηab, (B.5)

and covariant derivative of V a = V µeaµ and V a
b = V µ

ν e
a
µe
ν
b would be

∇µV a = ∂µV
a + ωaµbV

b,

∇µV a
b = ∂µV

a
b + ωaµcV

c
b − ωcµbV a

c .
(B.6)

Then, the Riemann tensor can be written in terms of the spin connections as

R = dω + ω ∧ ω, (B.7)

or alternatively Raµνb = ∂µω
a
νb − ∂νωaµb + [ωµ, ων ]ab .

With above setups, the Einstein-Hilbert action is written as

IEH = 1
16πG

∫
M
εabce

a ∧
(
Rbc − Λ

3 e
b ∧ ec

)
= 1

16πG

∫
M

[
ea ∧

(
2dωa + εabcω

b ∧ ωc
)
− Λ

3 εabce
a ∧ eb ∧ ec

]
,

(B.8)
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where we use the relation

d3x = 1
3!εµνσdx

µ ∧ dxν ∧ dxσ, (B.9)
√
−g = |e| = − 1

3!εabcε
µνσeaµe

b
νe
c
σ, (B.10)

Rab = dωab + ωac ∧ ωcb, (B.11)

ωa = 1
2ε

abcωbc. (B.12)

The the Gibbons-Hawking term is also rewritten

IGH = − 1
8πG

∫
∂M

Pabe
a ∧ ωb − 1

8πG

∫
∂M

εabce
a ∧ nbdnc. (B.13)

Here we use the following relations

K = eia(∂ina + εacbω
c
in

b), (B.14)

d2x = 1
2εijdx

i ∧ dxj , (B.15)
√
−g = 1

2εabcε
ijeai e

b
jn
c, (B.16)

and find
d2x
√
−gK = −εabcea ∧

(
nbεcdeω

dne + nbdnc
)
. (B.17)

Thus the variation of Itot leads to the condition (3.12), (3.13) and (3.14) with T = 0.

B.2 Chern-Simons formalism

The Chern-Simons action with the boundary given in (3.1) and (3.8) is obtained from (B.8)
as

IEH = k

4π

∫
M

Tr
[
A ∧ dA+ 2

3A ∧A ∧A
]
− k

4π

∫
M

Tr
[
Ā ∧ dĀ+ 2

3Ā ∧ Ā ∧ Ā
]

+ k

4π

∫
∂M

Tr
[
A ∧ Ā

] (B.18)

with k = 1/(4G), A = AaJa and

Tr [JaJb] = 1
2δab, Tr [JaJbJc] = 1

4εabc. (B.19)

Here we use the relation

Aa ∧ dAa − Āa ∧ dĀa = 2
`

(ωa ∧ dea + ea ∧ dωa) (B.20)

d(Aa ∧ Āa) = dAa ∧ Āa −Aa ∧ dĀa = 2
`

(−ωa ∧ dea + ea ∧ dωa) . (B.21)

Thus the first term of (B.8) is

ea ∧ dωa = 1
4
(
Aa ∧ dAa − Āa ∧ dĀa + d(Aa ∧ Āa)

)
, (B.22)
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and the second and third ones are

εabce
a ∧

(
ωb ∧ ωc + 1

3e
b ∧ ec

)
= εabc

6
(
Aa ∧Ab ∧Ac − Āa ∧ Āb ∧ Āc

)
. (B.23)

The Gibbons-Hawking term is also rewritten

IGH = − k

2π

∫
∂M

Tr
[
A ∧ Ā

]
+ 1

8πG

∫
∂M

ea ∧ nb (naωb − εabcdnc) , (B.24)

where we use the relation

Pabe
a ∧ ωb = ea ∧ ωa − eana ∧ ωbnb. (B.25)

Thus the variation of Itot leads to the condition

Dirichlet : δ(Aa − Āa) = 0, (B.26)

and (3.12) with T = 0.

C Geodesic length

Consider the metric of global AdS3

ds2 = − cosh2 ρdτ2 + dρ2 + sinh2 ρdθ2, (C.1)

and Poincare AdS3:

ds2 = dz2 − dt2 + dφ2

z2 . (C.2)

The geodesic length D between two bulk points (ρ1, τ1, θ1) and (ρ2, τ2, θ2) in the global
AdS3 is given by

coshD = cosh ρ1 cosh ρ2 cos(τ1 − τ2)− sinh ρ1 sinh ρ2 cos(θ1 − θ2). (C.3)

In the same way the geodesic distance D = cosh σ between two bulk points (z1, φ1, t1) and
(z2, φ2, t2) in the Poincare AdS3 is found as

coshD = z2
1 + z2

2 + (φ1 − φ2)2 − (t1 − t2)2

2z1z2
. (C.4)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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