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1 Introduction

After the pioneering work by Witten [1], research on the superstring field theory was falling
into a long period of stagnation, except for a few important developments [2-6]. Recently,
however, several important progress has been made one after another [7-25], and several
complete superstring field theories are now established.

Now, there are three complementary formulations, each of which has advantages and
disadvantages: the Wess-Zumino-Witten (WZW) -like formulation, the formulation based
on the homotopy-algebra structure, and the formulation accompanied with an extra free
field. The WZW-like formulation was first proposed for the open superstring by Berkovits
in his ingenious paper [4] and afterward extended to the heterotic string field theory [5, 6].



Although both of them were originally limited to the NS sector, but have recently been
extended to a complete form including the Ramond sector [16, 24]. Attempts to construct
a WZW-like action for the type II superstring field theory are also being made [22, 25]. The
homotopy-algebra-based formulation, the open superstring field theory with an A, struc-
ture [9], and the heterotic and type II superstring field theories with an Lo, structure [10],
was pioneered by the Munich group. Also in this formulation, all the constructions were
initially limited to the NS or NS-NS sector, but soon have been extended to those including
the Ramond sector, and now completed [17, 24, 25]. The formulation accompanied with
an extra free field has been developed by Sen for the heterotic and type Il superstring field
theories [12, 15]. In this formulation, a pair of Ramond string fields are introduced, which
double the degrees of freedom but half of them is cleverly decoupled from the physical
world as a free field. It has been shown that the formulation can also apply to the open
superstring field theory [18].

In this paper, we consider the homotopy-algebra-based superstring field theories and
show that their tree-level physical S-matrices agree with those calculated by the first-
quantized method [26, 27]. In the bosonic string theory, the amplitude for each process
is given by the integration over the moduli space of punctured Riemann surface. The
string field theory provides a triangulation of the moduli space, each region of which is
filled with the contribution from a Feynman diagram. Each contribution is necessary to
be connected smoothly at the boundaries so that the sum is an integral over the entire
moduli space. It is well known that this requirement is essentially equivalent to requiring
the action to be gauge invariant [28-31]. For the superstring field theories, on the other
hand, the amplitudes are given by the integral over the super moduli space, so we must also
take into account the contribution of the odd moduli integration. It can be incorporated
by insertions of the picture changing operator (PCO) [27], which apparently seems to
disturb the smooth connection between contributions from Feynman diagrams. However,
the gauge-invariant action constructed by utilizing the homotopy algebra structure also
includes terms that may fill the gap as contributions from the vertical integration [32]. As
the result, the superstring field theories with homotopy algebra structure reproduce the
S-matrices obtained in the first-quantized formulation, which the purpose of this paper is
to prove.

The study along this direction was previously performed for several tree-level four-
string amplitudes: four-NS string amplitude in the open superstring [9], and arbitrary
four-string amplitudes in the heterotic string field theory [24], and some typical four-string
amplitudes in the type II superstring field theory [25].! In addition to these confirmations
by explicit calculation, a general proof for the tree-level S-matrix was also given based on
the minimal model with the homological perturbation theory (HPT) [35]. This proof is,
however, still restricted to the amplitudes with the external NS(-NS) strings, and the proof
for the complete S-matrix is still lacking. We extend to the proof for the general S-matrix
and complete the proof in the homotopy-algebra-based superstring field theories.

!The explicit confirmations for four-NS [33] and arbitrary four- and five-string amplitudes [34] were also
performed in the WZW-like formulation. These can also be considered as a confirmation of those in the
homotopy-algebra-based formulation since the two theories are related by a simple field redefinition.



The paper is organized as follows. In section 2, we give a general proof for the heterotic
string in detail. We first summarize some basic properties of the heterotic string field theory
with cyclic Lo structure in section 2.1, focusing on what is needed for the proof. Then, in
section 2.2, we give the S-matrix generating function at tree-level in a closed form based on
a general argument given in refs. [36, 37]. The result agrees with that given by using the
argument based on the (almost) minimal model with HPT. Using the S-matrix generating
function, we show that the tree-level physical S-matrix agrees with that calculated using
the first-quantized method in section 2.3. The proof is given by generalizing the method
used in ref. [35]. It is straightforward to extend the proof to the type II superstring field
theory, which is given in section 3. After summarizing the basic properties in section 3.1,
we give a proof for type II superstring field theory in section 3.2. The extension to the open
superstring field theory is also straightforward if we generalize the construction method in
ref. [17] to the one applicable more general A, structure following the way given in ref. [24].
Starting from giving such a generalized open superstring field theory in section 4.1, we prove
the agreement of the S-matrix in section 4.2. Section 5 is devoted to the summary and
discussion. Finally, six appendices are included. Appendix B is devoted to deriving the
final form of the S-matrix generating functional, which is not given in the text since some
technical details are required. In appendix A, we explain how the S-matrix is also obtained
as the (almost) minimal model via HPT. Some proofs to confirm the consistency of the
perturbation are also given. Appendices C and D are devoted to proving some formulas
used in the text. In appendix E, we show that the generalized open superstring field theory
given in section 4 reduces to that in ref. [17] as a special case based on the Witten’s vertex.
A simple proof for the cyclicity of the A, structure in the generalized theory is also given
in appendix F, which was not so simple in the previous construction.

2 Tree-level S-matrix of heterotic string field theory

Let us first take the heterotic string field theory and show that it reproduces the tree-level
S-matrix calculated by the first-quantized method.

2.1 Heterotic string field theory with cyclic L, structure

We start by briefly summarizing how the heterotic string field theory based on the Lo,
structure is constructed. The first-quantized heterotic string theory is obtained by com-
bining the left-moving (holomorphic) superconformal field theory and the right-moving
(anti-holomorphic) bosonic conformal field theory. The former consists of a matter sector
with ¢ = 15, the fermionic (conformal) ghosts (b,c), and the bosonic (superconformal)
ghosts (3,7). The latter consists of a matter sector with ¢ = 26, and the fermionic ghosts
(b,€). It is useful to ‘bosonize’ the bosonic ghosts (3,7) to a pair of fermions (n,£) and
a chiral boson ¢. The Hilbert space of the bosonized ghosts (7n,&; ¢) is called the large
Hilbert space H;. In contrast, the Hilbert space of the bosonic ghosts (3,7) is called the
small Hilbert space Hs, which can be embedded in H; as states ® satisfying n® = 0 with
a fixed picture number.? The subspaces with different picture numbers provide equivalent

2For notational simplicity, the zero-mode of 7-ghost appearing frequently is simply denoted as 7.



representations of Hg, and can be related to each other by one-to-one mapping using PCO.
The heterotic string field takes a value in Hs as described below in detail.
The heterotic string field ® is Grassmann even and satisfying the closed string con-
straints:
bp® = Ly® = 0. (2.1)

It has ghost number 2 and two components
® = Ong+Pr € H' = Hns +HE, (2.2)

where Hns (Hr) is the small Hilbert space of the NS (Ramond) sector with picture number
—1 (—1/2). The Ramond Hilbert space H$® is further restricted by an extra condition:

Hr® = {PreHr | XYPr = Dpr}, (2.3)
where X and Y are defined by
X = —(5(,30)(;0 + 5/(&))[)0 5 Y = —208_(5/(’)/0) . (2.4)

The operator X is the PCO on states with picture number —3/2, and commutative with
the BRST operator ). In the large Hilbert space, it can be written as the BRST exact
form X = {Q, =} with

E = &+ (0(Bo)néo — &o)_3/2 + (§onO(Bo) — &)1 /2 - (2.5)

Here, II,, is the projection operator onto the states with picture number n. The operator

Y acts on states with picture number —1/2 as an inverse of X in the sense that it satisfies
XYX = X, YXY =Y. (2.6)

We can show that XY used to define H™ is a projection operator acting on the sates with
picture number —1/2. The ghost number of the string field is equal to that of the basis
states for the classical string field.

For later use, it is useful to introduce a notation

G =" +Xr, ¢t =a"4+vrl, (2.7)

with the projection operator 7° (7') onto the NS (Ramond) component. Then, the re-
stricted Hilbert space H™ can concisely be written as

H'S = {®eH,=Hns+Hr|GG '@ = }. (2.8)

The restricted Hilbert space H'™® is closed under the action of the BRST operator:
XYQXY = QXY , and any state B € H" can be expanded in the ghost zero-mode as

B

Bns + Br

1
= (sz - CS_BNS) + (bR - 5(’70 + QCSFG)BR> , (2.9)



where G = G + 2v9bg. In particular, we denote the string field & € H™ as

b = (¢NS — Cg_sz) + (¢R — %(’)/0 + QCJG)wR) . (2.10)

We can define three symplectic forms for the large, small and restricted Hilbert space,
wy, ws and € by

wi (1, ®g) = (=1) (@ ]y |®a)s, Dy, Py € Hy, (2.11a)
we(®1, By) = (=) (D) |cg|B2)s, Dy, Py € Hy, (2.11Db)
Q(By, ®g) = (—1) P (By]cg G Do)y, By, By € H™. (2.11c)

For @1, 5 € H"™®, they are related as
Q(@l 5 ‘I)g) = wS(CI)l ,g_1<I>2) = wl(&]fbl, g_lq)g) . (212)
We also use their bilinear map representation defined by

(wi| + Hiy@H,y — C
W w (2.13)
b @ Dy — w (P, D),

and
(ws| = (l&eD, (Q = Wl&eg™). (2.14)

Note that the natural inner product in H"® defined by €2 has the off-diagonal form

Q@1,P2) = (Onsivnse) + (Unsi|onse) + (Ori|YRr2) + (Vri|éR2)) , (2.15)

after integrating out the ghost zero-modes.?
The action of heterotic string field theory with cyclic Lo structure is written as

oo
1
I[®] = —— QP , L D, D)), 2.16
9] = 3 (g A0 L ) (2.16)
- n+1
which is invariant under the gauge transformation
=1
= n! —
Here, L1 = @ and the multi-string products Ly 2(®1, -, ®,12) are graded commutative,

which satisfy the L., relations

DD N

o m=1

)an*mJﬂ (Lm(q)a(l)a T vq)a(m))7 (I)U(m—‘rl)v R <I>(7(7’L)) =0,

(2.18)

3The double bra-ket represents the BPZ inner-product after integrating out the ghost zero-modes [25].



and the cyclicity condition

U1, Ly(P2, -, ®pi1)) = —(=D)IPI QL (D1, -, Dp), Pri1). (2.19)
The symbol o in (2.18) denotes the permutation from {1,--- ,n} to {o(1), -+ ,0(n)} and
the factor e(o) is the sign factor of permutation of string fields from {®;,---,®,} to
{@U(l), ‘e ,<I>U(n)}. The set of the string products satisfying these conditions is called a

cyclic Lo, algebra (H™,Q,{Ly}).

For constructing the string products of the cyclic Ly, algebra, we use the coalgebra
representation, which is, for example, summarized in [24, 38]. The heterotic string prod-
ucts are represented by the (Grassmann) odd coderivation L = @ + Lj,; acting on the
symmetrized tensor algebra SH™ = &5 (H™)\". However, it is not very good idea to
directly construct the cyclic Ly, algebra (H"™,Q, L) since 2 is asymmetric between the NS
and Ramond sectors. Instead, we considered, in [24], a cyclic Lo, algebra (H;,w;, Q—n+B)
first. The coderivation B acting on SH; = &2 (H;)"\" is constructed so that an extended
generating function,

o
B(s,t) = Y. s™"BY, L7, (2.20)
m,n,r=0

related to B as B = B(0, 1), satisfies two differential equations

OB(s,t) = [Q,A(s,1)] + [B(s,t), X(s,t)]' + s [B(s,1), A(s,1)]2, (2.21a)
sB(s,t) = [m,A(s,t)] — t[B(s,t), A(s,1)]%, (2.21Db)

which simultaneously determine another even coderivation

o0

Ast) = S0 smeAlT L (2.22)
m,n,r=0
called the (generating function of) gauge products. Here, the brackets [-,-]! and [-, -]?
are defined from the (graded) commutators by projecting the cyclic Ramond number as
(A, B[*]' = [A], B|*]]2+9, (A, B[*]2 = [A], B|¥]20+-D . (2.23)
For the coderivation B(s,t) constructed to satisfy (2.21), the relations
Q. B(s,1)] + % [B(s. 1), B(s, )] + 5 [B(s, 1), B(s, 0> = 0, (2.24a)
(0, B(s,0)] — 5 [B(s,0), B(s,0)F = 0, (224b)

hold, which reduce at (s,t) = (0,1) to the L relation for the coderivation Q@ — n + B.
We have shown that the coderivation L representing the heterotic string products can be
obtained from B as

L = FQ+mOB)F, (2.252)
771Lint = gﬂ'll, 7I'1l = WlBF. (225b)



Here, m, is the projection operator
Tp @ SH'™ — (H™)M\, (2.26)
The invertible cohomomorphism ﬁ‘il is defined by

mF = ml-ZxlB, (2.27)

1

with 7} = 7lm (7 = 7%), and T € SH'™ is the (multiplicative) identity of the sym-

metrized tensor algebra. Using a property of cohomomorphisms

~ | ~N\ AN
F=m+) — (mF) , (2.28)
n=1
and the relation
mF = ml+2ri, (2.29)

obtained by acting F' from the right of both sides of (2.27), we can rewrite the second
equation in (2.25b) as a self-consistent equation, which we will use later:

o0
1 EPRWACES)
mt = 3 mBuea (g (i =) ). (230

Finally, we note that the bracket [,]! or [,]? can also be defined by projecting the in-
termediate state onto the NS or Ramond state, respectively. For example, for coderivations
A1 and By,11, we find that

[An+1a Bm+1]1 = Ant1 (W?Berl A Hn) - (_1)ABBm+1 (W?AnJrl N Hm) ) (2-31)
[An+1u Bm+1]2 = An-l-l (W%Bm-i-l A ]In) - (_1)ABBm+1(7T}An+1 A Hm) : (2‘32)
In this definition, it is easy to see that [,] = [,]' 4+ [,]? holds. We can rewrite the relations

in egs. (2.21) and (2.24) using this representation as
n—1
0iBpia(s,t) = [Q, Anta(s,t)] + Z (Bm+2(8,t)(W(S)Wl)\n—mH(S,t) A1)
m=0

— >\m+2(8, t) (W(S)Wan_m+1<S, t) A\ ]Im+1)) ,

(2.33&)
n—1
0sBri2(s,t) = [0, Any2(s,t)] — Z (Bm+2(3at) (tﬂ%)‘n—m—&-l(sat) N Hm+1)
m=0
— Amaa(s, ) (¢ Broma1(s,t) A Hm+1)) ,
(2.33b)
and
n—1
[Q7 Bn+2(87 t)] = - Z Bm+2(57 t) (W(S)Wan—m-H (57 t) A ]Im-i-l) ) (2'343‘)
m=0
n—1
[777 Bn+2(87 t)] = Z Bm+2(57 t) (tﬂ-%Bn*erl(S? t) A Herl) ’ (234b)
m=0

with m1 By yo(s,t) = m1B(s,t)Tni2, T1Ant2(s,t) = T1A(s,t)Tua2 and 7(s) = 70+ s7l. We
will use these forms of the relations later.



2.2 S-matrix generating function

In the quantum field theory, a perturbative amplitude is conventionally calculated utilizing
the Feynman’s method: drawing the possible (connected and amputated) Feynman dia-
grams for a specific process, combining the propagators and vertices, and evaluating them
with integrating the loop momentum (momenta) if it is the one at the loop level. Also
for the open [9], heterotic [24], and type II [25] superstring field theories, we have already
calculated various tree-level four-point amplitudes based on the homotopy-algebra-based
formulation.* 1In this section, we discuss all the (tree-level) amplitudes collectively by
considering the S-matrix generating functional at the tree level.

We first quantize the theory following the BV formalism. From the off-diagonal form
of the inner product (2.15) in H"®, we can identify ¢ = ¢ns + ¢r and ¢ = Yns + ¥gr
in (2.10) to the field and anti-field of the BV formalism in the gauge-fixed basis [41]. In
this basis, the classical BV master action has the same form as the classical action (2.16),

0
1
TH)!Q O, Lo |®,- 0], (2.35)

n+1

but ® is now the quantum string field including the states in '™ with all the ghost
numbers.® The Siegel-Ramond (SR) gauge is obtained by simply setting ¢ = 0. We call
the Hilbert space of the quantum field in this gauge Hgr: ® = ¢ € Hgr. Then the gauge
fixed action

1, -1, . _ .
1¢] = 5(lea G Qlo) + X —(@leyltn-t (6"7)), (2.36)
n=3 "
is invariant under the BRST transformation®
0I[P]
SBRSTO = ’ : 2.37
BRST a0 |y (2.37)
From (2.36), we can read off the propagator
b+ 21 _
o= — bO g da e 0Ly (2.38a)
and the n-point vertices
coln—1, (2.38Db)

for the Feynman rules to calculate amplitudes. Here, however, instead of considering each
amplitude independently, we consider the generating functional of S-matrix elements which
can be obtained by evaluating the effective action at its stationary configuration [36]. At

4Several four- and five-point amplitudes have also been calculated by the WZW-like open superstring
field theory [33, 34].

SWe use the same symbol for the classical and quantum string fields and their Hilbert spaces, but it
would not be confused. The ghost number of the quantum field remains two, which is defined by the sum of
two kinds of ghost numbers: the ghost number of basis states and the ghost number of coefficient space-time
fields (space-time ghost number).

This is a schematic expression. See ref. [31] for precise treatment.



the tree-level, in particular, it reduces to the classical action evaluated at the classical
solution and is calculated as follows.
Let us first define the on-shell subspace,

Ho = {® € H'™™ | LT ®ns = GoPgr = 0}, (2.39)
and the BRST invariant projection operator,
Py:H™ —Hy, P2 =P, [QPFR =0. (2.40)

Then, we introduce an operator

1
Qt = L—erﬁ{(l—Po), (2.41)
0
satisfying
QTR+QQT + P =1, (2.42a)
QTP = PQT = QTQ" = 0, (2.42Db)

which defines a Hodge-Kodaira decomposition of H™,
H' = HP +H' +H, (2.43)

with
HP = PyH™®, HY = QQTH™, HY = QTQH™. (2.44)

This QT is called a (contracting) homotopy operator of @, which is compatible with €:
Q(Ho, H") = QH",H") = 0. (2.45)

Under the SR gauge condition ¢ = 0, H' = () and the quantum field ¢ is decomposed to
the on-shell and off-shell subspaces:

¢ € Ho+Ho, (2.46)

with

Ho = HPNHsg = PyHsr, Ho = HNHsr = (1 — Py)Hsr - (2.47)

The classical equation of motion in the SR gauge can now be written in the form of an
integral equation:

¢ = ¢o— Q mLine(e"?),  do€Ho. (2.48)

At the tree level, the S-matrix generating functional is given by evaluating the classical
action at the solution of the equation (2.48). Its explicit expression can be found using the
coalgebra representation as follows.



Define the homotopy, projection and identity operators, H, P, and T by

oo
1

H = = (QT) AL A ATLAPyA--- A Py, (2.49a)
T;O(T—i-s—i-l)! . -

P -y h =Y

P = P, = — BN NPy, (249b)
n=0 n:On!\—n’_/

“ © © 1

I = I, = — LA AT, 2.49

n

which act on the symmetric tensor algebra SHgr and satisfy the relations

P =T1+HQ+QH, (2.50a)
PP =P, [QP] =0, (2.50D)
HP = PH = HH = 0. (2.50¢)

Using Q¢ = 0 and the general property of the coderivation, we can show that eq. (2.48)
is equivalent to
HL(?) = 0. (2.51)

The solution ¢¢ of this equation can be solved for ¢ as’
6A¢C1 = (j — HLint)*ljj(e/W)O)’ (252)

and thus
b = m(I — HLjy) L P(e/?). (2.53)

The S-matrix generating functional is a functional of ¢g obtained by evaluating the gauge
fixed action (2.36) at the classical solution (2.53), and is given by

Slgo] = 1[¢al
> 1
= ngo mg(¢07 STL+1 (¢0 y T 7¢0)) ) (254&)
with
S = QP+ S, S = PLyp(I— HLy) 'P, (2.54D)

as is derived in appendix B. This can also be represented by using the multi-linear map®
(S = 2XnZ0(Sim+s)| with

(S| = (Q|P ® m1Sing Ho® SHo — C, (2.55a)

(Snia| = (Q|Py @ m1SintTni2 : Ho® (Ho) "+ — C. (2.55h)

"The relation (2.52) shows that the map ¢’ = (I — H Lin;) "' P (deformed inclusion map in the language
of HPT) is a cohomomorphism. This was first shown in ref. [39] for the first couple of orders in Lin¢, and
subsequently proven in ref. [40]. We also provide an independent proof in appendix A.

8Note that the quadratic term in S[#o] vanishes due to the on-shell property of ¢o.

~10 -



The amplitude for (n + 3)-string scattering can be obtained as

Snt3(d1, -+, Pnt3) = (Sni3l(d1 @ G2 A=+ A dnys), (2.56)

where ¢; € Hy are the wave functions (the vertex operators in the first-quantized formula-
tion) of external string states. We can discuss various (n + 3)-string scattering amplitudes
together using (S,43| (or all the scattering amplitudes using (S]). As an example, the
various four-string scattering amplitudes are represented by

<S4| = <Q|P0 ® Pymy (L3 - LQ(H A Q+7T1L2))P37T3 . (2.57)

Taking into account the fact that the output of the product 7 L satisfies the closed string
constraints in eq. (2.1) and has off-shell momentum for inputs with generic momenta, we
can rearrange it as

b+
(Sa = (ws|Po @ Pymy (ls + 12 <]I A (25) 7T1l2>> Py, (2.58)

0

from which we can see that the specific amplitude for each process agrees with that calcu-
lated by using the Feynman rules in ref. [24].

The S-matrix considered here is the total S-matrix in the covariant BRST formalism.
The physical S-matrix is obtained by projecting it (or equivalently the external states) onto
the physical subspace Hg C Ho defined by the (relative) BRST cohomology [42-45]:

(P = (S|P, (2.59)

with

P:Hy — Hg, P = va AP (2.60)

Decoupling of unphysical states from the physical S-matrix is guaranteed by

A

Q. Sini] = P(1Q, L) = Ling(I = HLin) '[Q, HLin])(I — HLyyy) ' P
= PLiy(I - HLyy) 'PLyy(I — HLy ) 'P = 0. (2.61)

The last equality follows from the fact that the internal states are generically off-shell.

Here, we have derived the S-matrix generating functional (2.54) following the physical
consideration given in ref. [36]. However, it can also be obtained as an (almost) minimal
model of the cyclic Lo, algebra (H', 2, L) by means of HPT [46, 47]. This alternative
derivation is given in appendix A.

2.3 Evaluation of the S-matrix

Using the multilinear representation (2.55a), we can show that all the tree-level ampli-
tudes of the heterotic string field theory agree with those calculated in the first-quantized
formulation.

Let us define two maps on the symmetrized tensor algebra SH™*:

Al N

i = I-HLw) P, = =10. (2.62)

- 11 -



Here, as shown in appendix A, the first map 3 is the cohomomorphism as a deformed chain
map in the HPT, and thus determined by its component 7r1'2/: SH'™ — H™. Another
map X is related with Sy in (2.54b) and (S| in (2.55a) as

ﬂlsint = gP(ﬂTlE, <S‘ = (wl]§0P0®P07r12. (2.63)

We can deduce a relation,

7r12, = Pm —QT¢gmX, (2.64)
between two maps. Then, from the recursive relation (2.30), we have the classical Dyson-
Schwinger equation

> 1 N
my = ZmBn+2 ((Wli —I-Eﬂ'%E)/\(""'Q))
= (n+2)!
= i T1 B2 ( ! 7 (Pomy — A7T12)/\("+2)) , (2.65)
= (n+2)!
where
_ Ot _=-1
A = QTG -=rt. (2.66)

We extend the ¥ with two parameters ¢ and s counting the picture number and picture
number deficit, respectively, so as to satisfy the generalized Dyson-Schwinger equation

1

7r12(s,t) = ZWIBn+2(37t) ((TL—I—Q)'

n=0

(Pymry — A(s,t)ﬂ12(s,t))A(”+2)> . (2.67)
where
A(s,t) = QTG(s,t) —tEnt, (2.68)

with G(s,t) = 7 + (tX + s)7! is determined to satisfy A(0,1) = A and
[Q, mX(s,t)] = [n,mXE(s,t)] = 0. (2.69)
Then, the derivatives of the extended map X (s, t) satisfy
m0o%(s,t) = [Q,mp(s,1)], m0:s%(s,t) = [n,mp(s,t)], (2.70)

where concrete form of p(s,t) is not relevant for the physical S-matrix. The derivations of
egs. (2.69) and (2.70) are given in appendices C and D, respectively. Combining the two
equations (2.70), we can derive the key relation

7r18t2(3, t) - XO © 7['1052(3, t) = [Qv [777 771T(87 t)” ) (271)
with mT'(s,t) = & o m1p(s,t). Here, for the operator O = &y or Xy, the operation O o on
m Dy, is defined by

1

OomD, — ——
omn ntl

(0D + (~1)/9NPID, (Omy AT,-1)). (2.72)
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We can find from the definition that the extended S-matrix (S(s,t)| defined by

(S(s,t)] = (wi|éoPo @ PomX(s,t) (2.73)
can be expanded as’
(S(s.)] = > (Sns(s: )], (2.74a)
n=0
n+1 m] m] n—m+1 )
<S77»+3(87t>‘ = Zsm<sn+3(t)|7 <Sn+3(t)’ = Z tp<Snﬂ3‘2(nimip+1)v (274b)
m=0 p=0
induced by the expansion
o0
B(s,t) = > Bpya(s,t), (2.75a)
n+1 ] ] n—m+1 ®)
Soio(s,t) = Zsmz,;’;Q Sty = > @xPPmmeeth o (2.75D)
p=0

The superscripts with () and [-] indicate the picture number and the picture number
deficit, respectively. Thus, (Sp+3] = (Sp+3(0,1)] is the sum of the amplitudes of several

processes as
n+1

(Snrsl = D (SP2n=p4D), (2.76)
p=0
For example, (54| is the sum of three amplitudes

(Sa] = (S 4 (ST + (5P (2.77)

The first and third terms are four-R and four-NS string scattering amplitudes, respectively.
The second term is further the sum of two expressions of the two-R-two-NS scattering
amplitude, depending on whether the output (of X) is the NS or R state:

(P = (S + (5B (2.78)

Each amplitude can be calculated by solving the Dyson-Schwinger equation (2.65). We find

bt
(SS14 = (w|¢Py ® Pyrr! (BE,,O)yQ B2 <]I/\ LU 03@%))) Pimy (2.79)
0
1 1 0 bg 1
(' = (wiléoPo © Pom} (Bé 5 - B8 (H A B ’l8>>
0
b+X 0 (0)2
¢
b+
<Sz(12)|8 = <wl|£0P0 X P(]’]Tg) (Bé2)|8 |0 (]I VAN L% |0)>> P37T3 s (279C)
0

9Note that the lower bound of the summation with respect to p is actually restricted by the constraint
that the cyclic Ramond number (= No. of R-inputs + No. of R-outputs) has to be less than the number of
external lines (= No. of inputs + No. of outputs).
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which agree with those calculated in ref. [24], and an alternative expression of the two-NS-
two-R amplitude,

1 1 1 by 0
(V13 = (wiléoPo ® Pomd (Bé 5~ BYIS (ﬂ A B >r%>)
0
X
—B"2 (11 A (2* -~ :) wiBg’)\%))) Pymy. (2.79d)
0

It is not difficult to prove that the physical S-matrix agrees with that calculated in the
first-quantized formulation. From (2.71) we find that the extended S-matrix satisfies the
relation

8t<5(37 t)’ - aS<S(37t)|<X0)CyC = <wl|€0P0 ® Py [Q7 ["77 T(S7 t)]] ) (2'80)
where (S(s,t)[(Xo)ecyc is defined by

[o¢]
(S(5,)|(X0)eye = D (Snr3(s,6)|(Xo @ Lyyo + 1@ L1 A Xo) . (2.81)
n=0
Then, using the expansion in (2.74b), we can find the relation between components with
different picture numbers:

(p+ V(SR P — (m 4 (ST P (Xo)ye = (wiléoPo ® Pomi[Q, [, ]].

(2.82)

The explicit form of the right hand side is not important since it does not contribute to the

physical S-matrix thanks to the fact that Q'f? = 7775 = 0. By using this relation repeatedly,
we can find the physical amplitude can eventually be written as

n+1
(SPRS] = S (I PP (Xo)eye )PP (2.83)
p=0

In this final form, the PCOs in an amplitude are acting on the external states in a way that
is common to all the Feynman diagrams, so each amplitude is written as integral of a smooth
function (section) over the whole moduli space including external states accompanied by
PCOs. If we further note that the differences in PCOs we use and in the states they act

can be written in the form of [Q, [, * ]],!

we can replace Xos with the local ones X (z)s so
that all the external NS and R states have the picture number either —1 or 0 and —1/2 or
—3/2, respectively. Then, we can conclude that the heterotic string field theory reproduces

the tree-level S-matrix calculated in the covariant first-quantized formulation [26].

0For example, if we map the worldsheet to the complex z plane so that the string 1 and 2 are on the
points Z; and Za, respectively, the differences can be written as

(Xo)1 — (Xo) = (@, [n, éo f dex fz 4z, / dwdE(w)]],

27l"iZ1 27ri22

(Xoh = X(z) = Q.1 & § 5o [ asoeCa),

where (Xo)1 and (Xo)2 are Xos acting on the string 1 and 2, respectively.
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3 Extension to the type II superstring field theory

In the previous section, we show that the tree-level physical S-matrix of the heterotic string
field theory agrees with that calculated in the conventional first-quantized formulation.
This proof is easily extended to the type II superstring field theory since it was constructed
by repeating the prescription developed for the heterotic string field theory [25].

3.1 Type II superstring field theory with L., structure

The type II superstring field ® is Grassmann even and has four components with ghost
number 2:

¢ = PngnNs+PrNs+Prnsr+PrRr € H' = Hnens +Hiong +HHNS R+ Hier - (3:1)

The NS-NS component ®yng.ng, R-NS component ®r_ng, NS-R component &ng.r, and
R-R component ®p.pr have picture numbers (—1,-1), (-1/2,-1), (—1,-1/2), and
(—1/2,—1/2), respectively. The Hilbert space H"* is restricted by the closed string con-
straints (2.1) and an extra condition (2.8) with

G =22, X =+Xr, Z =7+X7, (3.2)
G ' = 9w, W = 7%+ yrt, w = 74+ yrt, (3.3)

where 70 and 7! (7Y and 7!) are the projection operators onto the NS and R states in the
holomorphic (anti-holomorphic) sectors, respectively. We take the non-local operators

G — G .
LTJ)F(S(’YO), Yy = —Qﬁfs(%)? (3.4)

Y = -2
satisfying the same relations as those satisfied by ¥ and Y,

XYX =X, VXY =Y, XYX =X, JYIXV=D, (35

as inverse picture changing operators, which is necessary to consistently impose all the
constraints.!’ The constraint (2.8) can now be split into two conditions

XD = T D=0, (3.6)
which we use later. Any sate B € H'* can be expanded in the ghost zero-mode as
B = Bns-ns + Br-Ns + Bys-r + Br-r

1
= (sz - CSBNS_NS) + (bR-NS - 5(% + QCJG)BR_NS>

1 — 1 — __
+ <bNS-R — 5(70 + QCS_G)BNS_R> + (bR-R — 5(’}/0G — 70G -+ QCJGG)BR_R) , (3.7)

"Tn ref. [25], we took these non-local inverse changing operators only for the R-R sector, which is enough
for consistency. The result is the same in both cases if we expand the string field in the ghost zero-modes
as in eq. (3.7).
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so we denote the string field ® € H™ as
¢ = PngNs + PrNs + Prsr + Prr

= (<Z5Ns - Cé)_wNS-NS> + (¢R-Ns - %(’Yo + 2c3fG)1/JR-Ns>

1 — 1 — _
+ (¢NS-R - 5(% + QCSrGWNS-R) + (¢R—R - 5(700 — %G + QCgGG)¢R-R) - (3.8)
The on-shell subspace Hg C H™ is defined by
= {® € 1| L Pnsns = GoProns = Go®rnsr = GoPrr = GoPrr =0}. (3.9)

The natural symplectic forms Q, wy, and w; in the H'™ = HISQHE®, He = (Hs) 1 ® (Hs)Rs
and H; = (H;)r ® (H;)r, respectively, are defined similarly to those in egs. (2.11), and are
related for @1, ®y € H™ as

QP1,P2) = ws(®1,G7102) = wi(&€P1,G D). (3.10)

It is also useful to introduce €2, in the restricted medium Hilbert space Hy® = (H;) L @ HE®
and wy, in the medium Hilbert space H,, = (H;)r, ® (Hs)r, and their counterparts the
holomorphic and anti-holomorphic sectors exchanged Q in HES = Hi™ @ (H;)r and wiy
in Ha = (Hs)r ® (Hi)r, which are defined in an obvious way. They are related with w; as

Qo (P1,P2) = wn(P1, D Do) = wi (&P, Z Pg), By, Dy € HI, (3.11)
Qm(q)l , CI)Q) = wm(®1 ,@(I)Q) = wl(§0®1 7@@2) s P, D5 € /Hres (3.12)

and with () as
Qm(g()CI)l ,@@2) = Qm(a)qﬁ ,@‘1)2) = Q((I)l ,(I)Q) , (1)1, CI)Q € H™S. (313)

The action and the gauge transformation have the same form as those of the heterotic
string field theory,

= >

AP, Lyt (B, -+, D)), (3.14a)

> 1
0P = Zf' a1 (@, @A), (3.14b)

n

except that the symplectic form €2 and the string products L,+; are now those for the
type II superstring field theory.

The string products are constructed by repeating twice the prescription developed for
the heterotic string products. We first apply it to the holomorphic sector and obtain the
heterotic product Ly = Q + LI with

Ly = F {(Q+°B)F, (3.152)
nﬂlL}I}t = Zmly, mly = mBF. (3.15D)
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All the quantities and relations in this first step have the same form as those of the heterotic
string field theory in appearance. Next, in the second step, we repeat the prescription for
the anti-holomorphic sector and construct the type II superstring product as
~—1 N,
L =F (Q+7B)F, (3.16a)
mLin = Zml, ml = mBF. (3.16D)

The product B is obtained from the generating function

o0 . _ oo -
B(s,t) = Y S BY T = S B7(s), (3.17)
m,7,7=0 =0
with the gauge product
S (7+1)
_ — Y (m _
As,t) = Y S Nl (3.18)
71, 7,7=0
by solving the differential equation
0B(s,t) = [Q,X(s,t)] + [B(s,), A(s,)]" + s [B(s, 1), X(s,1)]?, (3.19a)
0sB(s,t) = [, A(s,1)] —75[7(5,t),X(5,t)]§7 (3.19Db)
with the initial condition
— oo
—_ 0 . p— __
BY(s) = L¥(s) = Y " Lm)mern|” (3.20)
1,7 =0
The cohomomorphism f is given by
~—1 i
F = ml-ZmB, (3.21)
where 7 = m7'. Here, the picture and cyclic Ramond numbers are those of the anti-
holomorphic sector, which are made clear by letters with bar. The commutators |-, ]2 are
the analogues of [-,-]1'2 projected by the cyclic Ramond number of the anti-holomorphic

sector. It would be obvious that B(s,t) satisfies the similar relations to egs. (2.24) as

[B(s,t), B(s,t)]* = 0, (3.22a)

(Q,B(s,t)] + % [B(s,t), B(s,t)]' +

~+~ N ®»

M, B(s,t)] — 5 [B(s,t), B(s,t)]* = 0, (3.22b)

which reduce to the Ly relation of the coderivation @ — 1 + B at (s,t) = (0,1). If you
look carefully the differential equation (3.19) and note that the initial heterotic product
has the form of L}}* = 21y, it is found that the final form of B has the form of

7T1§ == %7‘(’15, (323)

and thus m Ly is written as the form in which it is manifest that the products are closed
in H'S:
T Liny = Gml, ml = mbF. (3.24)
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3.2 S-matrix generating function and its evaluation

Since the equation of motion has the same form as that of the heterotic string field theory,
the S-matrix generating function can also be written in the same form as (2.55a) with

Sint = PLjy(I — HLy) ' P, (3.25)

where Ly is the type II superstring product given by (3.24). By repeating the proof for
the heterotic string amplitudes, we can again show that the physical amplitudes of type II
superstring are obtained as integrals of the smooth functions (sections) over the whole
moduli space with appropriate picture changed external states.
Let us briefly summarize the procedure for the type II superstring. If we define
the maps
i = I—HLw) ‘P, mZ = mli, (3.26)

the S-matrix can be represented by X similar to that of the heterotic string field theory as

TSt = Z PmX, (3.27)
<S’ = <Q|P0®7r18mt = <QW|EOP0®P07T1§. (328)

The ¥ is recursively determined by the equation

my = Z 7ran+2< o (P07r1 AmE)/\(’Hz)) , (3.29)
with
A=QTZ - =='. (3.30)
If we define two parameter extension f(s, t) using B(s,t) and
A(s,t) = QT (s,t) —t=Zmt,  Z(s,t) = 7T+ (tX +s)7!, (3.31)
it is easy to see that the relations
03(s,t) = (@ p(s.0)],  0:5(s,1) = [7,5(s.1)], (3.32)

hold similar to the case of the heterotic string field theory. The explicit form of p(s,t) is
not relevant for the physical S-matrix, but obtained similarly to that of the heterotic string
given in appendix D. The relations (3.32) provides the key equation

8t§(5a t) — Xpo asi(sa t) = [Q,[m, T(Sa ], (3.33)

with T(s,t) = £, o p(s,t). Then, the extended S-matrix

n+1 . . n—ﬁ-&-l _ . o
(Surals,t)] = S STL@0], (STL@)] = 3 AEPL PP o (3.34)
m=0 p=0

induced by the expansion

n+1 . n—m-+1
Sa(s,t) Z SIS = S #EPLPe-mr) - (3.35)
p=0
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satisfies the relation
9(S(s,t)] — 0s(S(s, )| X0 = (UnléoPo ® Pom[Q, [7, T (s,1)]] . (3.36)

Hence, for the physical S-matrix, we have

n+1 _
0 n—p: 3 \DT
(STS] = Y A8 (X0 P, (3.37)
p=0

in a similar way to the case of the heterotic string field theory. Here, P is the projection
operator onto the physical Hilbert space satisfying Q’f’ = 1775 = ﬁ’f? = 0. The amplitudes
with no anti-holomorphic picture number <S$23| is nothing but those of the heterotic string
field theory,

0
<57(1423| = ((SH)n+3|, (3.38)
by construction. It is embedded in the type II superstring Hilbert space as
(Sl = QnléoPo@ZmSu = (QmléPo® PomXn, (3.39)

with
Sy = PLI - HLYW™'P. (3.40)

So, now it is easy to see that

n+1
(Sm)nsal = S_(SVL =40 (X7, (3.41)
p=0

without explicitly repeating the procedure again. Substituting this into the first step
result (3.37), the physical S-matrix of the type II superstring field theory can be written as

n+1ln+1 _
(PR = 30 S (80| Glnmp D 20— 0) (X )P (X PP (3.42)
p=0 p=0

From the similar consideration to that in the heterotic string field theory, this agrees with
the tree-level physical (n + 3)-string scattering amplitudes obtained in the covariant first-
quantized formulation.

4 Extension to the open superstring field theory

The proof given for closed superstring theories in the previous sections can also be applied to
the case of the open superstring field theory. In this section, we first extend our construction
method to the open superstring field theory, and then, prove that it reproduces the well-
known tree-level S-matrix.
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4.1 Open superstring field theory with cyclic A, structure

The open superstring field ® is Grassmann odd and has two components with ghost num-
ber 1:
¢ = Ong+Pr € H'® = Hns +HE. (4.1)

The NS component ®ng and R component @z have picture numbers —1 and —1/2, respec-
tively. The Hilbert space H'* is restricted by a constraint (2.8) with

G ="+ Xr', X = —8(8y)Go+ 0 (Bo)bo, (4.2a)
Gt = a'+vat, Y = —cod' () - (4.2b)

The string field ® € H"® is expanded in the ghost zero-modes as

® = (¢ns — coyns) + <¢R - %(70 + COGWJR> : (4.3)

The on-shell subspace Ho C H™ and the projector Py are introduced as
Py: H® — Hy = {(I> e H™ | Lo®Png = GoPr = 0} (44)

The symplectic forms are defined by

wi (P, Dg) = (—1)38®) (&, |Dy),, Dy, Py € Hy, (4.5a)
ws(P1, Ba) = (—1)%E@V) (D1]Dy),, Dy, 0y € Hs, (4.5b)
Q(Dy, Dy) = (—1)48P) (&,|G7 | By)s, By, Py € H™, (4.5¢)

using the BPZ inner product. The degree of generic states ®; o are defined by deg(®;2) =
(|®1,2|+1) mod 2, and thus, in particular, the degree of the open superstring field & is even.
The action and gauge transformation are now given by

> 1
1[®] = Qlo M@, 0|, 1
9 = 3 0 | % M (4.6)
n+1
and
0P = ZZMTH-I (pv'”aq)aAaq)"”?q) ’ (47)

by using the non-commutative open-superstring products, M; = @ and M, 2 (n > 0),
which satisfy the A, relations

n
>
m=0

n—m
(=1)t)

=0

X Mpy—m1(P1,- P, M1 (Pjkr s, Pjgmt1) s Pipmazs - Ppg1) = 0,
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and the cyclicity condition
Q(Mn(q)l PR (I)n)7 q)n+1) = (_l)deg(¢1)e(27n+l)Q(Mn((I)2 Ty q)n+1)7 (I)l) ) (49)

where €(i, ) = i:i deg(Pyg).

Our construction method of the string products of the heterotic string field theory
is also applicable to those of the open superstring field theory. It is achieved by simply
replacing the coderivation B(s,t) acting on the symmetrized tensor algebra SH; with the
coderivation -

Als,t) = > s™m AW 1 (4.10)
n,m,r=0
acting on the tensor algebra TH'™ = @2 ((H™)®". If A(s,t) satisfies the differential

equations

0A(s,t) = [Q, (s )] +[A(s, ), (s, )] + 5 [A(s, 1), (s, )], (4.11a)
0sA(s,t) = [0, p(s,t)] — t[A(s, ), u(s, 1)), (4.11b)

with the (even) coderivation of the open superstring gauge products

o0
1
p(s,t) = S smerplrtl (4.12)
m,n,r=0

it satisfies the similar relations to egs. (2.24),
(Q Al )]+ 5 [Al5,0), AGs )] + 5 [A(s,0), A, = 0, (4138)
mA(s,0] - £ [A(s,0), A5, 0 = 0. (4.13b)

At (s,t) = (0,1), they reduce to the Ay, relations of the coderivation Q — n + A(0,1).
All the open superstring products, and simultaneously the gauge products, are determined
in the same way as those of the heterotic string field theory by solving the differential
equations in (4.11) starting from the initial condition

oo
0 0 T
A(s,0) = MS(s) = S "MW, L1 (4.14)
m,r=0
Here, M 7(22 are the open string products without PCO-insertions, which we call the open
bosonic string products. The cyclic A algebra M = Q 4+ My is constructed from

A= A(0,1) as

M = FH(Q+rA)F, (4.152)
771Mint = Qa, ma = 7T1AF, (415b)
using the cohomomorphism
A1
mF = ml-ZniA. (4.16)
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This construction is an extension of that in ref. [9] proposed for the products in the NS
sector. If we restrict our construction to the NS sector, the cohomomorphism F' becomes
trivial, W?F = 791, and the differential equations (4.11) reduce to those in ref. [9] for the
string product
oo
A, t) = >0 s AT 0. (4.17)
n,m=0

It is also a generalization of that in ref. [17], in which a complete action of the open
superstring field theory based on the A, algebra was first constructed. The string products
with Ay structure (4.15) completely agree with those constructed in ref. [17] if we take the
associative bosonic product, M }g)(s) = my|” + smy|?, as an initial condition,'? which is
explicitly in appendix E. Our construction method, however, allows us to take more general
initial bosonic products, and provides more general superstring products which were not
constructed before. This degree of freedom allows for the various open string field theories
realizing different triangulations of the moduli space, which will be useful in analyzing
specific problems. The proof of cyclicity becomes easier in our construction, which we give
in appendix F.

4.2 S-matrix generating function and its evaluation

The tree-level S-matrix generating functional is obtained in a similar way to the heterotic
string field theory:

(S| = (QPy @ mSint : Ho® THo — C, (4.18)
with
St = PMiy (I — HM ) ' P. (4.19)
Here, all the quantities are those acting on 7H'™, which are similarly defined for the open
superstring,
(0.9] . o0 R (o.9)
H= )Y 1e(-Q"Her®, P=>F" I1=)>1I, (4.20)
r,5=0 n=0 n=0

using the open string homotopy operator
n 1
QT = —b(l-F), (4.21)
Lo

and satisfy the same relation as (2.50). If we introduce two maps
i = I-HMy)'P, ¥ = ai, (4.22)
the map X is related to Siy; as

TSt = GPmXE, (S| = (wléPo® Pym 3, (4.23)

12The associative product mg can, for example, be defined by using the Witten’s star product as
m2(<I>1, ‘1)2) = (_1)deg(4>1)(1>1 * <I)2.
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and satisfies the Dyson-Schwinger equation

oo
mY = Z T Anto ((P07r1 — A7r12)®(”+2)) , (4.24)
n=0
where A = QTG — Zx!. These basic relations and the differential equations (4.11) have
the same form as those of the heterotic string field theory, and therefore it is easy to
show that if we suppose that the two-parameter extension X(s,t) follows the extended
Dyson-Schwinger equation

7'('12(8, t) = Z 7T1An+2(s, t) ((P()ﬂ'l - A(S, t)mE(s, t))®(n+2)) 5 (4.25)
n=0
with
A(s,t) = QTG(s,t) —t=rt,  G(s,t) = 7+ (tX + s)7!, (4.26)

3i(s,t) commutes with @ and n,
Q,X(s,t)] = 0, n,%(s, )] = 0, (4.27a)
and satisfies

atz(sat) = [va(sat)]a 852(8,t) = [nap(sat)]> (4'27b)

with certain p(s,t) determined in a manner similar to that for the heterotic string given
in appendix D. The relations (4.27b) lead to the same equation as (2.71), from which we
find that (S(s,t)| = (wi|§oPo ® PomX(s,t) satisfies the equation

0,(S (s, 1) — 05(S(5,1)| X0 = 0, (4.28)
with
00 n+1
(S(s,t)|Xo = Z<Sn+3(8, )] <X0 Q4o +1I® Z I ® Xo® Hn_r+1> , (4.29)
n=0 r=0

except for the terms which vanish when acting on physical states. Consequently, the
physical S-matrix at the tree level can be rewritten as

oo n+l

(SPvs) = 3N (SO R (X P (4.30)

n=0 p=0

and agrees with that in the first-quantized formulation since it has the form of integral of
smooth functions (sections) with picture changed external states over the whole open-string
moduli spaces.

5 Summary and discussion

In this paper, we have shown that the tree-level physical S-matrices derived from the
homotopy-algebra-based superstring field theories reproduce those obtained in the first-
quantized formulation. For the heterotic string field theory, the differential equations (2.21)
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for the (basic building blocks of) the string products B(s, t) play a key role. Utilizing these
differential equations we can eventually derive a sequence of decent equations (2.82) for
the amplitudes. They allow us to rewrite the physical S-matrix in such a way that the
equivalence to the one obtained in the first-quantized formulation is transparent. The
extension to the type II and open superstring field theories has been straightforward since
the key differential equations have essentially the same form. The open superstring field
theory considered in this paper is a generalization of the previously constructed one and
provides various theories realizing different triangulations of the moduli space.

It is interesting to extend the proof to the S-matrix at the loop level. In order to
consider it, however, we need to extend the discussion to the one based on the quantum
(or loop) homotopy algebras [31, 48, 49]. For closed superstring field theories, it is related
to the problem of how to avoid the unphysical spurious singularities [32, 50]. A consistent
superstring field theory needs to be constructed to provide an algorithm that calculates
the scattering amplitude as an integral over the moduli space that smoothly connects the
contributions from various Feynman diagrams without hitting spurious singularities [51].
Some recent achievements [52-56] will help further progress.

There are many other interesting issues that can only be performed by means of the
string field theories [57], and further studies are expected to be done.
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A S-matrix via HPT

In this appendix, we derive the tree-level S-matrix of the heterotic string field theory (2.54)
as the almost minimal model of the L, algebra (4,2, L) by means of HPT.!3
Consider two chain complexes (H"*,d = Q) and (Ho, D = QPy) with chain maps

p = Py : eres_»fHO’ 1 = Py Ho‘—)HreS, (Al)
satisfying
pi = Iy, = Py, ip = Iypes +hd+dh = T—QTQ —QQ™. (A.2)

The chain complex (Ho, QPp), with the gauge conditions, defines the relative BRST coho-
mology [59-61]. In order to obtain the S-matrix (2.54b) we first lift these equivalence data

13The minimal model usually considered [46, 47] is the S-matrix naturally appeared in the light-cone
gauge, in which all the unphysical model is gauged away [58].
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to those acting on the corresponding symmetrized tensor algebra defined by egs. (2.49):

(SH™,d = Q) and (SHy, D = QP) with
p =P :SHS »SHy, 1= P:SHy— SH™, (A.3)

satisfying

=P, p=I1+HQ+QH. (A.4)

Then, if we perturb @ by Liy so that (Q+ Ly )? = 0, the homological perturbation lemma
tells us that the equivalence data are deformed as

d = Q+Lw = L.

(A.5)
i = (I—HLy) 'P, (A.6)
p = P(I-LinH) ", (A7)
(A.8)
(A.9)

<
I

QP + PLine(I - HLi) 'P = QP + Sin,
h = HI-LywH) ' = I-HL))H.
We confirm below that the almost minimal model (SHg, D’) is actually Loo-quasi-isomor-
phic to (SH*,d’ = L) by showing that the deformed maps 3 and P’ are cohomomorphisms,
and D’ is a coderivation.
Note that coderivation D and cohomomorphism F satisfy

AD = (D®l+1® D)A, (A.10)
AF = (Fo F)A, (A.11)

with respect to the coproduct A. On the other hand, the homotopy operator H defined
by (2.49a) itself does not have any good property under the coproduct A. We have

> r+t\ [(s+u
AH:T&%O( r >< u )

X {(—Q*) AT AP @ TN A PR+ TV AP @ (—QT) ATM A Pé\“}A.
(A.12)

However, the complicated factor in front of the A in the right hand side becomes simple
if it actson (P® A+ A® P) or (H® I —1® H) with any map A on SH™, and we
find that

i <T+t> <S+u>
r,s,t,u=0 r u

X ((—QOAI AR GIMARN TV AR @ (—~QH)AIM AP ) (PR A+ A2 P)
= PRHA+HAQP, (A.13)
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or

i <r+t> <s+u>
r,8,t,u=0 r u

X ((—QHATI AP @IM AR TV AR (~Q ATV AP ) (HeT-T0H )
= —HoH. (A.14)

The first relation (A.13) is shown by using the formula

i(r—f—t—u) <s+u> _ (r—l—s—:t—i—l)) (A.15)
= r s

which can be proven by mathematical induction with respect to t as follows. For t = 0
(and t = 1), eq. (A.15) is clearly true. Suppose that it holds for ¢ = ¢y, then we have

“f <r+to+1—u> (s—i—u) B <r+t0+1>+§: <r+to+1—u> <s+U> +<8+t0+1>
r s B T r 5 s
u=0 u=1
_ yh rHotlou (rifomu) (st
= to+1 r S
to+1

stu (r+to+1— +u—1
S (r 0 u) (s u )
—t to+1 T S
_ rstto 2 tzo r+to—u\ [s+u
N to+1 r s

u=0

[ rtsttot2 (A.16)
N to+1 ’ ’

using the assumption of the induction in the last equality. We used simple relations of the
binomial coefficients

t(t;1> — (t—r) (;) — (r+1) (TL), (A17)

for 0 < r <t € Z, and the relation

r+to+1—u stu\  r4+totl—ur+to—u s+ u
r s N to+ 1 r S

L stu <r+t0+1—u> (s—i—u—l), (A18)

to+1 T s

for 1 < w < tp, which can easily be confirmed using (A.17). Since eq. (A.16) shows that
eq. (A.15) is true for t =ty + 1, eq. (A.15) is true by mathematical induction.
The second relation (A.14) follows from the relation

1 1 t+u 1 t
U 2 : (t+u—a a 2 : —a AN uta)
t! (]I/\t A PO/\ ) (t + U + 1)' a=0 <H/\ t | " PO/\ ) B (t - 1)' a=0 <]I/\(t | " PO ) ’

(A.19)

— 96 —



and the formula

Eu: r+t—s—a+1) (s+a« +§S: r+t—u—a+1) (ut+a _ r+t+2 ’

= r—s s =0 t—u U r+1
(A.20)

for r > s and ¢t > u. In order to show the relation (A.19), we first prove the formula

L fu) Etu—a—B) (a+B)!  (t+u+1)
ﬂZO<’8> (t—a)! al T (1) (A.21)

by mathematical induction with respect to u as follows. For u = 0, it clearly holds. Suppose
that it holds for u = ug, then

“Oil <u0+1> (t+up+1—a—pB)(a+pB)

o\ P (t—a)! al

_ (H?fj;)y_ )! +§°:1 <u0;1> (t+u0(—t|—_1;)!oz—ﬁ)!(a ;,@)! N (a+1;(;+1)!

— ;2(1;0) (t+u0(;L_1a—)!a—ﬁ) a+'6 +uoz+:1< o > t—i—uo(:—_l;)!a—ﬁ)!(a;—!ﬁ)!
= (t+u0+2);zoo (z;o) Gru—ap)at )

B W (A.22)

by using the relation

ug + 1 (U0 Uo
( 5 ) - (5)*(5—1)’ (423

for 1 < 8 < wg. This shows that (A.21) holds for u = up + 1, and hence the formula (A.21)
is proven by mathematical induction. Using this formula (A.21), the left hand side of the
relation (A.19) can be calculated by noting that 51" is the identity on (H™)":

t+u

o (VAR Gy & (0 AR
= Zu: f:g (“) (tru—o) ol jars-a) \ phlutas)
(t+u+ (t+ 8- a)l (a-p) ’
t u
S
_ # i [AE—a) A PA(u+Oc) ) (A~24)
(t+ 1! = "
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The proof of the formula (A.20) is the following. We assume that s > u, which is possible
without loss of generality since the formula is symmetric with respect to s and u, and use
the mathematical induction with respect to u. First, rewrite the formula as

z“: r+t—s—a+l) [s+a +§: r+t—s—uta+l\ [stu—a _ r+t+2 . (A.25)
r—s s r—s+a+1 s—a r+1

a=0 a=0

For u = 0, the left hand side is calculated as

r+t—s+1 r+t—s+a-+1
( r—s >+Z< r—s+a+1 )

a=0

r+t—s—+1 r+t—s+1 r+t—s+a+1
= + E
r—s r—s+1 r—s+a+l

_ (r+t—s+k+1 N r+t—s+k+1 N ZS: r+t—s+a+l
r—s+k r—s+k+1 achia \ Tmstatl

t+1 t+1 t+2

T r+1 r+1
by using the relation (A.23) repeatedly. Then, suppose that it is true for u = ug. The left
hand side of (A.25) for u = ug + 1 can be calculated as

wf:l <r+t—s—a+1> <s+a>+§: <r+t—s—u0+a> <5+u0—a+1>
=0 r—S§ s =0 r—s+a+1 s—a
B i <r+t—s—a+1> <3+a>+<r+t—s—uo> <8+u0+1>
= r—s s r—s S
n r4+t—s—ug s+ug+1 +§S: r+t—s—upta\ [stug—a+1
r—s+1 s = r—s+a+1 s—«
B i <r+t—s—a+1> <3+a>
a=0 r
n r4+t—s—ug+1 s+u0+1 S r+t—s—up+a\ [ s+ug—a+1
r—s+1 _1 r—s+a+1 S—a
B Z <r+t 5— a+1> <3+a>
a=0
r4+t—s—ug+1 s+ug r4+t—s—ug+1 s+ug
_l’_
r—s+1 r—s+1 s—1

n r+t—s—up+1 s+u0 S r+t—s—upg+o st+ug—a+1
r—s+2 72 r—s+a-+1 sS—o
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_ i <7’+t—s—a+1> <s+a>+<r+t—s—uo+1> (s—i—uO)
= r—s s r—s+1 s
r+t—s—ug+2\ [ s+ug
+
r—s+2 s—1
S
r+t—s—ug+o stug—a+1
) r—s+a+ s—«
- i <r+t—s—a+1> <s+a>+<r+t—s—uo—|—1> <8+u0>
=0 r—s+1 s
r4+t—s—ug+2 s+u0 1 r+t—s—ug+2 stug—1
_|_
r—s+2 r—s+2 s—2

n r4+t—s—ug+2 s+u0 1 S r+t—s—up+a\ [ s+up—a+1
r—s+3 = 3 r—s+a+1 s—«

- Z (r—i—t s—a+1 <s+a> <r—|—t S— u0+a+1> <s+u0—a>
= r—s+a+1 s—a
. r4+t—s—uo+k\ [s+ug—Fk+2

r—s+k s—k+1
*. [r+t—s—ug+o stug—a+1
JrZ( r—s+a+1 sS—«

a=k

_ i <r+t—s—a+1) <s+a>+sz_l <r+t—s—uo+a+1> <s+ug—a>
= r—s 5 = r—s+a+l 5—a
r+t—u r+t—u
r r—+1
_ i r+t—s—a+1\ (s+a +zs: r+t—s—up+a+l) [s+up—a
B = r—s s = r—st+a+l s—a

_ <r+t+2> ' (A.27)

r+1

The last equality follows from the assumption of the induction. Hence, the formula (A.20)
is true for Yu by mathematical induction.

Using these properties of H, we can show, order by order in the power of H, that the
linear map on SHy,

[o.¢]
i = (I - HLiy) Z HLy)"P, (A.28)
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satisfies the property of the cohomomorphism
Al

AP = (i ®1)A. (A.29)

At O((H)?), eq. (A.29) reduces to AP = (P ® P)A, which follows from the defini-

tion (2.49b) of P. For O((H)™) with n > 1, we use the mathematical induction. If
we note that

ALiyP = (P® LineP + Li P @ P)A, (A.30)

and the factor in the right hand side has the form mentioned above, we can see that O(H)
of eq. (A.29),

A(HLiP) = (P® HLjwP + HL;, P ® P)A, (A.31)
also holds thanks to the relation (A.13). If we suppose that O((H)™) of (A.29),
no
A((HLw)™P) = (Z ((HLin)™ ™™ P @ (H Lin)" )) A, (A.32)
m=0

holds, then from
A Lin (H Lint)" P

= (P @ Lt (H Ling )™ P + Lint(H Ly )" P ® P

no—1
+HI-ToH) > (Lint(HLint)nO_m_lp ® Lint(HLint)mP)> A,

m=0
(A.33)
the relation at O((H)"0*1),
no+1
A ((HLyw)™ ' P) = (Z (HLy) "' P& (HLint)mP)> A, (A.34)
m=0

holds again thanks to the relations (A.13) and (A.14). Hence, eq. (A.29) holds at any
order, O((H)") with Yn, due to the mathematical 1nduct10n and thus, the map i is a
cohomomorphism. Note that the cohomomorphism i s cyclic with respect to €2 in the

sense that it satisfies
Qmi ®@mi = (QPy®P. (A.35)

This follows from eqgs. (2.42b), and the fact that the symplectic form (€| compatible with
the decomposition (2.43) satisfies

QIeQT = (QQTeI, (IR = QP ®I. (A.36)

We can also show that p’ is a cohomomorphism using the similar relations to (A.13)

and (A.14),

(PeAtAnP) Y (Tj’f) <SZ“>
r,s,t,u=0

x ((—Q*)AI[N‘APOAS®]I“/\P0A“+]IA7"APOAS®(—Q*)AHMAPOA“)
= PRAH+AH®P, (A.37)
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and

(H@i-i@ﬂ) i (”t) <S+“>

r u
r,s,t,u=0
X ((—Q+)/\]I/\TAP()A‘S@]IAt/\P({\“—FH/\T/\P[)AS@(—Q+)/\]I/\t/\POA”>
— H&H, (A.38)

respectively, obtained by reversing the order of the factors. We omit the explicit proof
Al
since it is parallel to that for 7 .

B Derivation of (2.54a)

Note that the action (2.35) can also be written as a WZW-like form
1
I[®] = / dt Q(0,®(t), m L(e"®®))) (B.1)
0

where ®(t) is a one-parameter, t € [0, 1], extension of the string field ® satisfying ®(1) = @
and ®(0) = 0. This can easily be seen as follows. First, note that the action (B.1) agrees
with the action (2.35) if we take ®(t) = t®. On the other hand, it is easy to show that an
arbitrary variation of the integrand becomes total t-derivative,

88, ®(t), m L(e"*®)) = 9,Q(6®(¢t), m L(e"®®)). (B.2)

Thus, the action (2.35) is not changed by deforming the t-dependence of ®(¢) as long
as keeping the boundary condition: 6®(0) = 0®(1) = 0. Then, we extend the classical
solution (2.52) as

A

pa(t) = m (I — HLj) ' P(eMM0), (B.3)
and evaluate the action as
1 A A A A
I¢a] = / dt Q(my (I — HLiy) L P(¢g A eMN?0), 1 L(I — H Ly )t P(e190))
0

- /1 dt (9 go ® m S(e"%0), (B.4)
0

using the bilinear map representation and the relation

A A

(I - HLj)L(I — HLyy )™t = Q+ PLjy (I — HLy,), (B.5)

that follows from (2.50a), (A.35), and L? = (Q + Liy)? = 0. The S-matrix generating
functional (2.54a) is obtained by explicitly carrying out the ¢-integration.
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C Proof of (2.69)

In order to explicitly investigate X (s, t), it is necessary to expand it in the number of inputs
as (2.75a). The generalized Dyson-Schwinger equation (2.67) is then written as

I n—rm—1 A(m+2)
1
7T12n+2(87t) = E 7T1Bm+2(8,t) ( <P07T1—A(S,t) E 7T12[+2(S7t)> ) Tn+2,

m=0 (m+2)' =0
= Y mBumia(s,t) (Dmya(s,t) Tz, (C.1)
m=0

where we defined

Dys(s,t) = L(P07T1 —A(s,t)mE(s,t))AM

A , (C.2)

for notational simplicity. Note that eq. (C.1) is a recurrence relation whose right hand side
includes only X;,9(s,t) with [ < n. It determines all the X,,12(s,t) (n > 0) recursively
from the relation for n = 0: m139(s,t) = m1 Ba(s,t)Py. Then, eq. (2.69) can be proved by
complete induction with respect to the number of external strings. For n = 0, we have

[Q,ﬂ'lzg(s,t)] = [Q,?TlBQ(S,t)PQ] = 0, (03)
[7},71’122(8,15)] = [’I’],ﬂ'lBQ(S,t)PQ] = 0, (04)

which follow from the relations for By(s,t) in egs. (2.34). Next, suppose that
[Q mZipa(s,t)] = [n,mTiga(s,t)] = 0, (C.5)
for 0 <1 <n —1. Then, we find from eq. (C.1) that
[Q M1 30 12(s,1)]

n—1 n—[—1
= — Z m1Bi1a(s,t) <Dl+1(s,t) A m(s)m Z B12(s,t) (Dm+2(s,t))> Tn+2

=0 m=0
n—1
+ Z T1Bmt2(8,t) (Dms1(s,t) Am(s)mXE(s, 1)) mpi2
m=0
-0, (C.6)

using the relation (2.34a) and
QA1) = 7ls) — PoGls,1). (1)

It was also used the fact that the internal states are generically off-shell. Hence, from the
principle of mathematical induction, we can conclude that [Q,m13(s,t)] = 0.
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Similarly, we find from eq. (C.1) that
[0, T1 %0 42(s, 1)]

n—1 n—Il—1
= = mBiya(s,t) (Dl+1(87t) Atmi D Bmya(s,t) (Dm+2(37t))> Tn42

=0 m=0
n—1
+ " mBumya(s,t) (Dmga(s,) AtriS(s,1)) mnpo
m=0
=0, (C8)

using the relation (2.34b) and
[U’A(S’t)] = _tﬂ-l ) (Cg)

with the off-shell-ness of the internal states. Hence, it can also be concluded that
[, m1X(s,t)] = 0 from the principle of mathematical induction.

D Proof of (2.70)

The proof of (2.70) is given by complete induction with respect to the number of inputs.
For ¥y(s,t) = Ba(s,t) P, we have

Trlatz?(sﬂt) = [Q7W1p2(87t)]7 (Dl)

with m1p5(s,t) = w1 A2(s,t) Py using (2.33a) with n = 0:

0Bs(s,t) = [Q,Xa(s,1)]. (D.2)
Next, for
Sy(s,t) = Biy(s,t)Ps — Bo(s,t) (A(s, t)m Ba(s,t) A Pymy) , (D.3)
we can find that
mOEs(s,t) = [Q mps(s,t)], (D.4)

with
m1p3(s,t) = mAs(s, t)Ps — miAa(s, 1) (A(s, )mi (s, 1) A Py )
— mBa(s, 1) ([A(s, )mipa(s,t) + Q*EmiDa(s, )] A Poym ), (D.5)
using (2.33a) with n = 1,
O Bs(s,t) = [Q,As(s,1)]
+ Ba(s,1)(m(s)mAa(s,) AT ) = Xo(s,1) (w(s)mBa(s, ) A1), (D.6)

and
KA(s,t) = —[Q,QTEr"] — =Pyt (D.7)
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It was also used the off-shell-ness of the internal state. Next, suppose that

7T1(9t2l+2(3,t) = [Qaﬂ-llerZ(sat)]a (DS)
!
T1P142(s,1) = Z7T1)\m+2(37t)(Dm+2(3,t))7Tl+2

m=0
-1
— 3" mBiia(s,t) (Dm+1(s,t) A le(s,t))erg, (D.9)
m=0
with
E(s,t) = A(s,t)p(s,t) + QTEr'S(s,1), (D.10)
for 0 <1 <mn — 1."* Then, we can find that
W18t2n+2(8,t) = [Q77T1pn+2(87t)] ) (Dll)

with p, o(s,t) obtained by setting I = n in eq. (D.9). Hence, from the principle of
mathematical induction we conclude that 9,X(s,t) = [Q, p(s,t)] with p(s,t) recursively
determined by the equation

o0
mp(s,t) = Z T1 Am+2(8, 1) (Dm42(8, 1)) Poyomngo

m=0
oo
— Z Wle+2(S, t) (Dm+1(8, t) A 7T1E(S, t))Pn+27rn+2 . (D.12)
m=0
Similarly, for 3a(s,t) and X3(s,t), we have
71—18522(571;) = [n’WIPZ(Svt)] ) 7['18323(S,t) = [77a771P3(57t)] . (Dlg)
If we assume that

m0sXi42(s,t) = [, mpa(s,t)], for 0<I<n—1, (D.14)

then, we can show that

F1832n+2(5,t) = [77,7T1Pn+2(5,t)]- (D15)

Hence, it is proven from the principle of mathematical induction that m0:%(s,t) =
[n, m1p(s,t)].

E Relation to the Erler-Okawa-Takezaki open superstring field theory

When starting from the cubic theory, Mg])(s) = my|” 4+ smy|?, it is easy to see that the

generating functions A(s,t) and p(s,t) of the open superstring product and gauge product
have the restricted form

A(s,t) = A(t) + sA(t)
— APL@) + AR() + s AP@), (E.1)
p(s,t) = plo@), (E.2)

“Note that the right hand side of (D.9) includes only Xy 42(s,t) and p,_,(s,t) with 0 <k < I.
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where

oo [e.9]

A1) = ST AlEYe AP = YAl 2,
n=0 n=0

AL = S AT, (E.3)
n=0

p0) = S eplriipe. (E.4)
n=0

Then, [A(s, ), u(s,t)]? = 0 since the gauge product p(s,t) is only nonvanishing in the NS
sector. The differential equations (4.11) are now simplified and decomposed to the four

equations
AL = [Q.ul )] + [AI(t), u° ()], (E.5a)
0. A1) = [AP®), ()], (E.5b)
0AL () = [A°(), ul’(1)], (E-5¢)
. ul’®)] = A°®), (E.5d)

satisfying the initial conditions A(0) = my|?> and A(0) = ms|?. These equations are
slight modification of those proposed in ref. [17]. In the previous method, almost the same
equations that respect the Ramond number, instead of the cyclic Ramond number, directly
provide (the generating function of) the products with A, structure. In our method, on
the other hand, egs. (E.5) provide an intermediate products, which have to be transformed
to the final form by the cohomomorphism. It can be seen, however, that the final products
are the same.

In the present construction, we have an intermediate cyclic A structure Q —n+ A(t)
which split into two (anti-)commutative Ao, structures

D(t) = Q+ Aly(t) + Af3(t), (E.6)
C(t) = n—A[(t).

Using the fact that A(¢) satisfies the differential equations (E.5), they can be rewritten as
D(t) = §(t)"(Q +mal2)g(t), (E.8)
C(t) = g(t)""(n —malo)g(t), (E.9)

where the cohomomorphism g(t) is given by the path-ordered exponential of p|®(t):

. t
(1) = Pexp [ / dt’,u]o(t’)} . (E.10)
0
A relation
atmg(t)~" = n—my|°, (E.11)
follows from the eq. (E.5d) are also used. The cohomomorphism 71 F(t)~' = mI—Zx} A(t)

transforming D(t) to the final Ay, structure M (t), is similarly written as

A _ N _ N A —1 —
Ft)™ = gt)"'(F Hg(t), mF = ml-Emmalg, (E.12)
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and thus, we find that

M(t) = F(t)"'D@)F(t) = (Fg(1)"1(Q +mal2) Fg(1), (E.13)
n = F@)"'COF{t) = (Fg(t)~(n —malo)Fg(t). (E.14)

It was proven in ref. [23] that the A structure M = M(1) agrees with that given in
ref. [17].

F Cyclicity of generalized A, structure

In this appendix, we show that the A, algebra (4.15) is cyclic with respect to Q. First,
we note that A is cyclic with respect to w; by construction [9]:

<wl|(7T1A®7T1+771®7T1A) = 0. (Fl)
Then, we can show that a is also cyclic with respect to w; as

(w|(ma@m+m@ma) = (w|(m AF@m +m0m AF)
= (w|(m AF®(m F— _7T1AF) (m F—Eri AF)@m AF)
= <wl\((7r1A®7T1+7T1®7T1A)( ﬁ)
+(IRE—ER1)(m AFem AF))
=0, (F.2)

where we used the relation
ml = mF —ZnlAF, (F.3)

following from the definition of P (4.16), and the fact that = is a BPZ even:
(wlIe=-21I) = 0. (F.4)
If we note that [n,a] = 0 it is easy to see that a is also cyclic with respect to ws:

(wsl(ma@l+Iema) = (Ww|(§@D)(maxl+1® ma)

= Zo<wz|<£o @T)(ma@T+10 ma)mis([n, ] © i)
n—
= - i (Wil(ma @ 1+1® ma)mni3(§o @ Lnta)
n=0
=0, (F.5)
on H,. Since the BRST operator satisfies
QQeI+IeQ) = 0, (F.6)
on H™* we find that
QM I+ITmM) = (ws|(ma®@lI+I1®ma) = 0, (F.7)

on HI‘QS
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