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We perform digital quantum simulation, using a classical simulator, to study screening and confinement
in a gauge theory with a topological term, focusing on (1 4 1)-dimensional quantum electrodynamics
(Schwinger model) with a theta term. We compute the ground state energy in the presence of probe charges
to estimate the potential between them, via adiabatic state preparation. We compare our simulation results
and analytical predictions for a finite volume, finding good agreements. In particular our result in the
massive case shows a linear behavior for noninteger charges and a nonlinear behavior for integer charges,
consistently with the expected confinement (screening) behavior for noninteger (integer) charges.
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I. INTRODUCTION

A historical milestone of the classical lattice simulation
of quantum chromodynamics (QCD) was the derivation
of the confinement potential from the first principles [1-3].
The potential energy V(R) between a quark and an
antiquark was obtained, via the relation (W(R,T)) ~
e V®T for large T, by calculating the expectation value
of the rectangular Wilson loop W(R,T) with spatial
distance R and temporal separation 7. The resulting
potential V(R) can be fitted well [4] by a function of
the form 6R — a/R with ¢ and a constants [5]. The linear
growth of V(R) for large R is evidence, or the definition, of
quark confinement, whose strength is quantified by the
string tension o.
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The conventional lattice QCD is based on the Lagrangian
formalism and the path integral is usually computed by
the Markov chain Monte Carlo algorithm, where the
Euclidean action S defines the probability e~ assigned
to a field configuration on discretized spacetime. While
very successful for real S, the conventional lattice simu-
lation becomes practically intractable when S is complex
and the integrand is highly oscillatory. This is called the
sign problem and arises, for example, when we turn on the
topological (theta) term in the action, introduce quark
chemical potentials, or consider the real-time dynamics
of QCD. These situations occur in many important subjects
such as the strong CP problem, neutron stars, the early
universe and collider experiments. Various alternative
methods have been proposed within the path integral
formalism. See, for example, [6].

In digital quantum simulation, where the Hamiltonian
formalism is favored and quantum operations over the
exponentially large Hilbert space are expected to be
efficiently processed, the sign problem tied to the path
integral is absent from the beginning. We still need to
formulate the theory on a finite lattice and regularize the
infinite-dimensional Hilbert space. While the small number
of qubits and high error rates severely limit the capability of
current quantum computers, it is hoped that quantum
hardware with sufficient (supreme) abilities will be built

Published by the American Physical Society
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in the near (far) future to allow digital simulation of
quantum field theories. Before such machines are realized,
it is important to develop simulation methods and demon-
strate their usefulness. Even now we can use a simulator on
a classical computer to perform quantum simulations with a
moderate number of qubits (up to 20 or 30 qubits depend-
ing on tasks) and without quantum noise.

In this work we perform digital quantum simulation on a
classical simulator to study screening and confinement in a
gauge theory with a topological term. We focus on (1 + 1)-
dimensional quantum electrodynamics (Schwinger model
[7]), whose Lagrangian with a theta term [8] is given by1

Lp w4 9o puw
Tl +E€W

+ iyt (0, + igA, )y — myny. (1)

ﬁcon =

Here y is the Dirac fermion, g the gauge coupling, and m
the fermion mass. The model provides a good testing
ground for quantum algorithms as it is one of the simplest
nontrivial gauge theories that share some features with
QCD. With two probe particles of charges +¢, the model is
known to exhibit qualitatively different behaviors depend-
ing on the values of ¢ and m (for 8 = 0): with m = 0 the
two probe charges are screened for any value of ¢ [9], while
with m # 0 they are confined for noninteger ¢ and screened
for integer ¢ [8].

To study the screening versus confinement problem, we
compute the ground state energy in the presence of probe
charges and estimate the potential between them. We
put the Schwinger model on a lattice and introduce two
probe charges +¢ using a position-dependent theta angle.
Then we adiabatically prepare the ground state of the
Hamiltonian and compute its energy as a function of a
distance between the probes.” This is an analog of the
quark-antiquark potential while our computational
scheme should be contrasted with the one in the conven-
tional lattice QCD. Our simulation results in the massless
case agree well with the analytic results for a finite volume
in the continuum limit. In the massive case, our result
shows a linear behavior for noninteger ¢ just like the
confining potential in the infinite-volume limit does. The
present work envisions what the investigation will look
like when one studies screening and confinement on a real
quantum computer in the future. We believe that our work
will serve as a guide for the simulation of many-body
physics in the noisy intermediate-scale quantum (NISQ)

'Our convention: N = diag(l,=1),e; = 1, F,, = 0,A,—
aqu YO = 0y, },l = in, }/5 =0, W= l//‘yo'

One can use an adiabatic process to prepare the ground state
accurately for finite-gap systems by taking a sufficiently large
adiabatic time. In the fault-tolerant era it is anticipated to be more
useful than variational methods.

[10)/early fault-tolerant era, when the number of qubits
will be limited.’

II. QUBIT DESCRIPTION OF THE SCHWINGER
MODEL

We begin by rewriting the Hamiltonian of the Schwinger
model in terms of spin operators acting on qubits, following
[11,71,72] but with a theta angle [16]. The Hamiltonian of
the continuum theory in the gauge Ay =0 is*

1 goN> ._ . _

/dx [— (H ——> — iy (0) +igA))y + mypy |,
2 2r

where IT = 9yA! + g0/2x is the canonical momentum

conjugate to A' and physical states are subject to the

Gauss law 0,11+ gy'y = 0.

We regularize the theory by putting it on a one-
dimensional spatial lattice with N sites, lattice spacing a
and open boundaries. We replace the Dirac fermion y/(x) =
(w.(x),w4(x))T by a pair of neighboring staggered fer-
mions [73] according to

Zn {wu(x) n: even, )

Va we(x) n:odd,

where n = 0, ..., N — 1 label the lattice sites x = na. The
lattice counterparts of the gauge field operators are U,
(<> e7149A'()) and L, (<> —TI(x)/g) such that U} = U;",
Ll = L, defined on the link between the nth and (n + 1)th

sites. These operators satisfy the canonical commutation
relations

{Z;ﬂxm}zémn’ {)(n’)(m}:(L {UmLm]:éann'

Let us introduce the probe charges +¢ and —g on the

Zoth and (30 + 2)th sites, respectively. We realize this by
making the theta angle position dependent as

8n:{27[q+90, 20S}’l<20+l?, (3)

0o, otherwise.

We place the probe charges equally separated from the

center of the lattice by setting 7, = (N — 1 — #)/2. The
lattice Hamiltonian with the probe charges is

*Previous works that study digital quantum simulation of the
Schwinger model include [11-19]. See also [20,21] for analog
simulations of the Schwinger model, [22-54] for digital simu-
lations of other quantum field theories, and [55-67] for their
analog simulations. Algorithms specific to the simulation of
gauge theories were developed in [48,68-70].

In contrast to [16], we do not absorb the theta angle by a chiral
rotation of the mass term.
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N=-2 9 2 N=-2
H=17) <Ln + ﬂ> —iw > Uit = xh 1 Unn)
=0 n=0

=

N-1
+my (=)t (4)
n=0

where w = 1/(2a) and J = g’a/2. The physical states
must satisfy the lattice version of the Gauss law

1 - (=1)"

Ln_Ln—l :Z;rl)(n_#' (5)

We solve this with the boundary condition L_; = 0 and fix
the gauge U, = 1 to eliminate (L,, U,).

To rewrite the theory in terms of a spin system, we apply
the Jordan-Wigner transformation [74]

X Y n—1
" 1”H —iz,) (6)

where (X,,.Y,,Z,) denote the Pauli matrices (o,, oy, 6,)
acting on the qublt on site n, then the lattice Hamiltonian
becomes [73]

H= JN 2 {Z bl +&r
n=0 Li=0 2z
o V=2 -
+EHZXXn+1+YnYn+1 E; (7)

up to an irrelevant constant. In this form, it is manifest that
we can directly apply quantum algorithms in qubit form to
the lattice Schwinger model.

1
1), = 2 X2mX2m+1 + Yo Yomi1)s Hgﬂ)/
JN—3 N-2 JN=24 +
HZ*E (N—m—l)Zan-i-E
n=0 m=n+1 n=0

=

III. SIMULATION PROTOCOL

Our main target is the energy

E(60.9.¢) = (GS|H|GS) = (H) (8)
of the ground state |GS) in the presence of probes, where
the parameters (6, ¢, £ = Za) enter the setup as described
above. We will refer to Vi(6y.q.¢) = E(0y,q.0) -

E(0,0,0) as the potential.” We use the adiabatic state
preparation and the Suzuki-Trotter decomposition to obtain
an approximation to the ground state |GS).

Set Hy = H|,_09,-0.g—0.m=m, for some mqy > 0. Its
ground state is |GSy) = [1010...) with Z|0) = +|0) and
Z|1) = —|1), and can be constructed easily. Fix 7 >0
and choose a one-parameter family of slowly varying
Hamiltonians H4(7)(0 < ¢ < T) such that

Hu(0) =Hy.  Hy(T)=H. 9)
By the adiabatic theorem, if H,(¢) has a unique gapped
ground state for any ¢, then the exact ground state |GS) is
given by

GS) = Tli_gloTexp(—i A TdtHA(t)>|GSO>, (10)

where 7" denotes time ordering. In practice, we take T to be
sufficiently large but finite, which induces a systematic
error in the preparation of the ground state (see, e.g.,
[75,76] and Appendix A).

To apply the Suzuki-Trotter decomposition, we decom-
pose the Hamiltonian as

H=HY +H)) +H,+C. (11)

Each term is given as

N-1
2
(Xom—1Xom + You1You),
m=1
Zo+o-1
Zz +qJ Z (Zo+¢—m)Z

1+(2—1)N> + <292)2J(N— - (12)

>The /-dependent part is free from UV divergence and therefore the potential has a well-defined continuum limit.
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for odd N, on which we focus in this work.® Here C is a
classical number where we have kept only the terms that
depend on 6, g, 2. All the terms commute within each of
HY) H\). and H,.

Let Hg?}ﬁs, Hg(lf,,s, and H, ; denote the modifications of
the corresponding operators in (12) by the replacements

sot 0 0 sot sot
w—=>w-——, - —— - I——
T 0= Yoy 7
sOt sOt
1—— —. 13

We approximate (10) by the second-order Suzuki-Trotter
decomposition as

M
sr7(0) 5 (1) 5 .
|GSA> = H(e_lHXY.J/e_ley.y%e—le,.ﬁf

<3)|GSy). (14)

g s g0
—iHy, Fa—iHy

==

where M := T/t and the product is ordered from right to
left with increasing s. For fixed 7, this approximation
results in the error of O(6¢) for the whole operator [77,78].
Then we compute (GS,|H|GS,), which approximates the
ground state energy. This involves separate measurements
of the mutually noncommuting terms in the Hamiltonian

(11):H §?§ H ;‘} and H ;. We denote the number of times the
circuit for each term is executed by ng,,,, Which determines
the statistical uncertainties in the simulation. Details on the
above protocol are explained in Appendix B.

Let us comment on a property of the state |GS,). The
time evolution in (14) preserves the U(l) symmetry
generated by Q==Y N17Z and the state |GS,) approx-
imates the ground state within the Q = —1 sector. In
principle, there may be states with lower energies with
different charges. See Appendixes A and C for details.

IV. SIMULATION RESULTS

We present the results of our quantum simulations on a
classical simulator (QasmSimulator in IBM’s open source
SDK Qiskit). In this section we fix a=04¢"",
6t=03g7!, T=99g7! and my = 0.5g. Therefore the
physical volume L = a(N — 1) is simply specified by N.
In Appendix A we show that the systematic errors are
comparable to the statistical uncertainties in the whole
parameter region we study while the systematic errors
become larger when we expect a larger effect of a phase
transition,7 i.e., for larger 6, m, g, and . Analytical results

°In these expressions, only X,, Y,, Z, are quantum operators
and all the other quantities are c-numbers.

The continuum Schwinger model in the infinite volume
undergoes a first-order phase transition at ;) = z and for m larger
than a critical mass m,. [79], with value m./g = 0.3335(2) [80].

in a finite volume compared here are derived in
Appendix D 2.

We begin with the 6, = 0 case. In Fig. 1, we show the
simulation results for the potential V, with ¢ =1 as a
representative of the integer g case where the theory is
known to exhibit a screening behavior. For m = 0 (left
panel), we compare the simulation results with the potential
in the infinite volume [81]

VO (£) = \/_ﬂqug (1 - 6_7) (15)

and the one in a finite volume

9 _u(L=0)
_VrgPg(l—e VE)(14+e” F)

gL
2 1 +e 7

(16)

For m/g=0.2 (right panel),
VECO) + VJ(}), where stl) is the O(m) mass perturbation
given in (D10). The simulation results agree rather well
with the analytical predictions with the same volumes. We
cannot see a clear plateau although the results for a larger
volume (N = 21) have a more slowly varying region in
which the values of the potential are close to that of the
plateau for a very large volume (N = 101, Lg = 40).® The
value of the plateau for a large volume depends on m and
this is a result of nontrivial dynamics. The absence of a
clear plateau in the simulation is reasonable because the
simulation setup does not have a parameter region that
satisfies the condition 1 <« g¢ < gL necessary to have a
plateau. The small discrepancy between the simulation data
and the corresponding curves indicates a correction due to
finite @ and/or systematic errors.

In the left panel of Fig. 2, we depict the simulation results
for g = 0.25 as a representative of noninteger charge where
the confinement (screening) behavior is expected for
massive (massless) case. We first observe a qualitative
difference between the simulation data for the massive and
massless cases: the m/g = 0.2 case exhibits an almost
linear behavior in the region g = 3 while the massless case
does not. This is in contrast to the integer g case
demonstrated in Fig. 1, where the screening behavior is
expected for any m. Thus our simulation results are
consistent with the above expectations although a larger
volume is needed for unambiguous demonstrations. More
quantitatively, we compare the simulation results with the
analytical results on a finite volume. For m =0 the
simulation results agree well with the analytical prediction

V}O)(f ) as can be seen in the left panel of Fig. 1. The data
for m/g = 0.2 has moderate discrepancies from the O(m)

the curves represent

"With Lg = 12 (N = 31), the function V| + V") exhibits a
plateau of the height within 3.5 percent of the height for Lg = 40

(N =101).
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FIG. 1. Results for V(£) with ngs = 10°. The statistical uncertainties are smaller than the markers. The curves (in colors similar to

and lighter than the data markers) represent V'

(0)

(Z) on the left and V;O) (%) + V}U (Z) on the right with the corresponding volumes. The

dashed curve (purple) on the right panel depicts V;O)(f )+ V}l )(f ) for N = 101, Lg = 40.

q¢=025 N=15

0.15
..... viO(0)/g %
V20 + vV ) /g §
014 & m=o0
= F m/g=02 % {, §
005 - % “I“. .....
0 T T T T T
0 1 2 3 4 5

0129 ... 0(1)/g2 //
_—— UCOUIOmb/gz //
0-107 0) | (D, 2 /
(d/de)(vy” + Vi) /g / I
0084 I simulation /'
= ,'/ I I
& 0.06 e
/’.-""
0.04 1 A I
-)":E I
0.02 - R5ie
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0.00 4= : : . .
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q

FIG. 2. Left: results for V(£) with ng,s = 4 x 10°. The error bars represent the statistical uncertainties. The solid (cyan) and dotted

(magenta) curves represent V}O) and V}O)

+ V(l), respectively. Right: the finite-volume analog 6 of the string tension for m/g = 0.2.

The error bars represent the standard uncertainties from the fit. The dashed (green) and dotted (magenta) curves represent 6coiomb/. 9>
and 6" /g%, respectively. The band region represents the finite-volume counterpart of o(!)/g?.

analytical prediction V}O) &)+ Vj(f] ) (¢). In Appendix E, we
study the mass dependence of the potential and argue that
their origin is likely due to the inadequacy of the O(m)
approximation.

In the right panel of Fig. 2, we plot of the string tension a
finite-L (o) for various values of g, where 6 is defined as
the slope given by a linear fit for the energy E(¢) as a
function of #. Specifically the linear fit has been done by
least squares weighted by the statistical uncertainties in the
region 2.4 < g£ < 4.8 (Z = 6, 8, 10, 12).” We first observe
that our simulation data clearly deviate from the string

°To estimate the true string tension, we should take a larger
volume and choose a fit range away from ¢gZ = 0 and ¢gL.

tension Geoyomy = ¢-9°/2 of the classical Coulomb poten-

tial (corresponding to infinite mass), implying that our
simulation result exhibits confinement by nontrivial
dynamics. More quantitatively, we again compare the result
with the O(m) analytical results both on the infinite and
finite volumes. The string tension in the infinite volume is

e’'mg

() (q) = ™9
o'(q) =537

[1 —cos(27q)],

(17)

with y being the Euler constant [9]. We depict its finite-
volume counterpart as the band region surrounded by the

maximum and minimum of the derivative (d/d¢ )(V}O) +

V}l)) /g% in the range 2.4 < g < 4.8 used for the linear

014504-5
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5 12 e O 2m) g2 g
g 1.0 4 = mass perturbation B8

Co{ b ¢=01¢/a=0 a =
%1 F g=1¢a=6 g N
L?U'G' g=1,4/a=10 EB A
< f ¢g=1¢/a=14 s

Y ! B A

S 0.4 1

<

=

FIG. 3. Results for [E(6y,q,¢)— E(0,0,0)]/¢°L with N =
15,m/g=0.2,ag = 0.4 and ng = 10°. The statistical uncer-
tainties are much smaller than the markers. The solid (black) and
dashed (magenta) curves represent the results of the mass
perturbation theory with ¢ = 0 and ¢'!)(6,/27)/ g%, respectively.

fit.'"” While the simulation result is roughly consistent with
both, it is somewhat closer to the finite-volume result
for g 2 0.4.

Let us turn to nonzero 6,, which is inaccessible by the
conventional Monte Carlo approach unless 6 is small. In
Fig. 3, we plot the simulation results for [E(0y,q,¢) —
E(0,0,0)]/¢*L against 6, for various values of #. One can
read off the /-dependence of the potential from the
simulation data at fixed 6,. The simulation result for ¢ =
0 agrees well with the O(m) analytical result on a finite
volume given explicitly by (D5) and (D8). For 6, close to
zero, the analytic formula ¢(!) (6, /27) viewed as the energy
density is also roughly consistent with the simulation result.

Note that the simulation results do not show the
periodicity 0, ~ 0, + 2z. This is expected for the open
boundary condition because the theory with the theta angle
0y + 27k(k € Z) is equivalent to the one with 6, in the
presence of extra probe charges +k on the boundaries.
Indeed in Fig. 3, the blue squares in the range —1 <
0y/27 < 0 coincide with the red circles in the range 0 <
6y/27 < 1 up to a horizontal shift.

V. DISCUSSION

We used the classical simulator to test and demonstrate
our protocol. Let us estimate the resources needed to
implement the algorithm on real quantum devices expected
to be available in the near and far futures. (For more details,
see Appendix B 3.) In the near future, only NISQ devices
will be available. On such devices, single-qubit gates will
be implemented more accurately and with higher speed

"In Appendix D3 we show that N = 35 is enough to have

good agreement between (d/ df)(V;m + V}l) )/g* and (1) for

m/g=0.2 and ga = 0.4.

than two-qubit gates, which will be the dominant cause of
the quantum error. In our algorithm the only two-qubit
gates are the CNOT gates, and we need O(MN?) of them to
perform the discrete time evolution of M Suzuki-Trotter
steps in (14) for N lattice sites. Thus our simulation with
N =15 and M = 330 would require roughly a hundred
thousand CNOT gates. This makes the NISQ implementa-
tion of our simulation implausible.

In the far future, quantum devices with many qubits and
less noise will be able to implement quantum error
correction. In most approaches to fault-tolerance [82],
the 7-gate will consume the most computational cost
among the Clifford + 7" universal gate set. Our algorithm
demands O(N?log(N?/8)) T-gates to implement one
Suzuki-Trotter step within an accuracy 6.

We have introduced two probe charges using a position-
dependent theta angle. In an Abelian gauge theory, this
method is equivalent to the one based on a change of the
Gauss law [83]. In non-Abelian gauge theories, an
approach similar to ours is to introduce probes as heavy
fermions and measure the energy [84,85]. In higher
dimensions the quark-antiquark potential can also be
estimated by Wilson loops along spatial directions as in
the conventional lattice QCD. The approach based on the
inclusion of probes as part of the Hamiltonian is in contrast
with the conventional method based on Wilson loops,
where one suffers from a large signal-to-noise ratio in
extracting the string tension, although several smearing
techniques have been applied to reduce statistical uncer-
tainties. It would be important to implement this approach
in quantum simulation.
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APPENDIX A: SYSTEMATIC ERRORS

The expectation value of an operator O in the true ground
state |GS) is defined as

(0) = (GS|O|GS). (A1)
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TABLEIL Numerical results for £(¢)/g obtained by exact diagonalization and quantum simulation without statistical uncertainties for
N =15,ag=04,m =0, g = 0.5, and 6, = 0. Systematic errors 8, E = 5, (H) and statistical uncertainties S E for ngq = 10° are

sys sys

also shown.

4 Exact diagonalization Quantum simulation Systematic error Statistical uncertainty
0.0 —16.2954 —-16.2897 5.7E-003 (0.03%) 1.00E-002 (0.06%)
0.8 —-16.2128 -16.2072 5.6E-003 (0.03%) 1.00E-002 (0.06%)
1.6 —16.1506 —16.1448 5.8E-003 (0.04%) 0.99E-002 (0.06%)
2.4 -16.1057 —16.0986 7.1E-003 (0.04%) 0.99E-002 (0.06%)
3.2 —16.0590 —16.0533 5.8E-003 (0.04%) 0.98E-002 (0.06%)
4.0 —16.0255 —-16.0198 5.8E-003 (0.04%) 0.97E-002 (0.06%)
4.8 —15.9692 —15.9619 7.3E-003 (0.05%) 0.97E-002 (0.06%)
5.6 —15.9248 —-15.9172 7.6E-003 (0.05%) 0.97E-002 (0.06%)
TABLEII. Numerical results for E(¢)/g obtained for N = 15, ag = 0.4, m/g = 0.2, ¢ = 0.5, and §, = 0. Statistical uncertainties for

Mghots = 10° are also shown.

gt Exact diagonalization Quantum simulation Systematic error Statistical uncertainty
0.0 —16.6458 —16.6347 1.10E-002 (0.07%) 1.05E-002 (0.06%)
0.8 —16.5562 —16.5757 1.96E-002 (0.12%) 1.04E-002 (0.06%)
1.6 —-16.4770 —-16.4710 0.60E-002 (0.04%) 1.04E-002 (0.06%)
2.4 —16.4052 —16.4080 0.28E-002 (0.02%) 1.03E-002 (0.06%)
32 —-16.3327 —16.3030 2.97E-002 (0.18%) 1.00E-002 (0.06%)
4.0 —16.2669 —16.2532 1.37E-002 (0.08%) 1.00E-002 (0.06%)
4.8 —16.1905 —16.1692 2.13E-002 (0.13%) 0.98E-002 (0.06%)
5.6 —16.1228 —16.0990 2.38E-002 (0.15%) 0.99E-002 (0.06%)

In our simulation we calculate From the numerical results shown in Table I for m = 0,

we see that the systematic errors are smaller than the

(0), = (GS4|0|GS,), (A2) statistical uncertainties for ng,,, = 10° estimated by (B12).

where |GS,) is the approximate ground state defined in
(14). Here we study the systematic error

=(0) = (O, (A3)

where (O) and (O), are calculated by exact diagonaliza-
tion and quantum simulation without statistical uncertain-
ties,"! respectively. For exact diagonalization we use the
Python package QuSpin. For quantum simulation without
statistical uncertainties we use the “snapshot” functionality
of Qiskit.

Besides the physical parameters of the lattice Schwinger
model, adiabatic preparation requires three extra parame-
ters: the initial mass m,, the Trotter time step &¢, and the
adiabatic time 7. As in Section IV we fix them to
5t=03g7", T =99¢™" and take my/g~0.5."

""This enables us to obtain the actual values of systematic
errors rather than estimate systematic uncertainties.
We fix m /g = 0.5 for all the simulations in this paper except
for the right panel of Fig. 5 (my/g = 0.55) and the left panel of
Fig. 6 (my/g = 0.7).

Table I shows numerical results for the particular value
m/g=0.2 of mass. Systematic errors are larger than
statistical uncertainties, though they are still of the same
order of magnitude. We also see the tendency that the
systematic error gets larger for larger gZ."

There is a known bound on the adiabatic error (see, for
example, [75,76,86]). Let us define adiabatic error € as

e +=[|(1-GS)(GS|)|GSA)I. (A4)

where |G~S 4) is the state adiabatically prepared in finite
time 7 and continuously, rather than in infinite time as in
(10) or discretely as in (14). If the mixing between the
ground state and the first excited state is the dominant
source of the adiabatic error ¢, then it can be bounded as

H
o N ]

~ 1 Az ’ (AS)

BA more detailed analysis shows that the (nonmonotonic)
dependence of the systematic error on gZ cannot be understood
purely in terms of the adiabatic error, and that we need to take into
account the Trotter error.
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where A denotes the energy gap between the ground state
and the first excited state. We note that dH,/dt < 1/T
when H, depends on ¢ only through ¢/T. Generically, we
expect that larger values of (w, J, m, ¢, 6y, ) lead to a
larger value of ||dH 4 /dt||, and that a larger value of L and a
smaller value of a lead to a smaller value of A.

The density plots in Fig. 4 show the energy difference
between the ground state and the first excited state. The
energies are taken from the spectrum of the adiabatic
Hamiltonian H,(¢), which depends on ¢ through the
following t-dependent parameters (0 <t < T7): fermion
mass my(1 —t/T) + mt/T, inverse lattice spacing wt/T,
and probe charge ¢t/T. Each horizontal path with increas-
ing ¢ corresponds to an adiabatic variation of the parameters
(13) with the probe charge g of the target Hamiltonian
fixed. For the adiabatic process along the horizontal path
passing the region with small excitation energy (blue), a
longer adiabatic time is likely to be required in order to
prepare the corresponding target state with a given pre-
cision. In general, however, higher excited states, whose

effects cannot be read off from Fig. 4, also contribute to the
error in the adiabatic approximation and correct the
inequality (AS). The region with small excitation energy
appears for a larger value of ¢ and the region tends to
spread as 7/ a increases. This suggests that larger £ requires
longer adiabatic time 7'

Indeed in the left panel of Fig. 5, we find (for a fixed
mass m/g = 0.25) that a larger value of #/a(z14) requires
a longer adiabatic time to achieve desired precision. The
quantum simulation results obtained by adiabatic prepara-
tion approach the exact diagonalization results for large 7',
linearly in 1/7. This is likely due to a small energy-gap we
expect for moderately large g7.

In the right panel of Fig. 5, we depict the energy density
as a function of €. For 6t = 0.3g7! and 0.2¢g~! the quantum
simulation results are clearly not invariant under 6, — —6,,
while the data obtained for 5 = 0.1g~! are almost invariant
and reproduce the exact diagonalization results. Exact
diagonalization results shown there are for states within
the same U(1) charge (Q =), Z, = —1) sector as the

l/a=2 l/a=6 {/a =10
1.0 / X 1.0 / 1.0 / 1.2
0.8 0.8 0.8
1.0
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2 0.6
0.0 0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.0 0.2 0.4 0.6 0.8 1.0
t/T t/T T

FIG. 4. Density plots of the eigenenergy of H,(t)/g for the first excited state relative to the ground state (both states in the Q = —1
sector) computed for N = 15, my/g = 0.5, m/g = 0.15, ag = 0.4, 8, = 0, and ¢ = 1. Each panel shows the result for the indicated

value of 7.

3 T T T
A 1/a=20
¢ 1/a=18 |
= l/a=16
55| @ Va=14 A
A A
o0 B . |
= ant
NG L . .
> - i~
2 ." .
| |
- _:':rl. —_——— _; __________
15z Y ge@& - - ----=--=-===4
) ] ) ] ) ] ) ] ) ]
0 02 04 0.6 0.8 1
99/(gT)

ozl ' T |— quspin ]
I ‘T o Qiskit (5t=0.1/g) |
Doz = L | B Qiskit@=02lg) |
&0 o x  Qiskit (8t=0.3/g) |

% 0.1 a *
®O B o -
a oF 5 ]
! i 8 o o H§
0.1 x m
[ x
T2 * X -
N T B R B

04 0.2 0 0.2 04
8,/(2m)

FIG.5. Left: dependence of the quantum simulation result for V ;(#) on the adiabatic time T for N = 21,m/g = 0.25,q = 1,6, = 0,
and for the fixed value 6¢ = 0.3¢g™". The dashed lines represent the results calculated by exact diagonalization. Right: dependence of the
quantum simulation result for E(6,)/g*L = E(6y,q = 0,7 = 0)/¢’L on 0, and 6t for N = 15, m/g = 0.05, my/g = 0.55, T = 9947
and for a small value @ = 0.1g7". The exact diagonalization (QuSpin) result is represented by the solid curve.

014504-8



CLASSICALLY EMULATED DIGITAL QUANTUM SIMULATION ...

PHYS. REV. D 105, 014504 (2022)

initial state [1010...) for adiabatic preparation. We con-
firmed that for 6,/2z < —0.4, there are states with a
different value of Q and with energies lower than the
values shown in the figure, while for —0.35 < 6,/27 <
+0.5 there are no such states.

APPENDIX B: QUANTUM CIRCUIT

1. Quantum operations for state preparation

All the quantum operations used in the main text consist
of the following three elementary gates.
(i) Hadamard gate.

1 (1 1
- (1) e
(i1) Phase (Z-rotation) gate.
0 e_ig 0
Rz(0) :e—12Z2< 0 eig> (B2)
(iii) CNOT (CX) gate.
1000
e 0100 (B3)
—d— o001
0010

Given a 2-qubit state on lattice sites labeled by n €
{0, 1} we decompose e *XoX1+¥oY1) and e719%71 in terms
of the elementary gates defined above.

efia(XOX1+YOY1)
HE T B
S & Rz(—2a) - SP
e—iaZozl — BS
— &R — (B

Here the top and bottom lines correspond to n = 0 and
n = 1 respectively, and a is a real parameter.

The initial state |GSy) = |1010...) in the adiabatic time
evolution can be simply constructed as

145

GSg) = ] X2100...). (B6)
j=0

Here |x| denotes the largest integer smaller than or equal
to x.

2. Measurements of Hg)%, Hgfll),, H,

We spell out the measurement protocol used to compute
the Hamiltonian expectation value and its statistical uncer-
tainty for a quantum state of interest. We consider the case
where the state is a 4-qubit state for the sake of concrete-

ness. The corresponding lattice sites are labeled
by n €{0,1,2,3}.
The term H§?} consists of the operators
{XoX1, Y0¥, X, X3, Y, Y5}, (B7)

Noting that'*

HICXIJ(XIXJ)CleHl - HI(XII]>H1 - Zin’

HICXIJ(YZYJ)CXUHZ - _HI<XIZJ)HI - _ZiZj’

the expectation values that we wish to measure can be
expressed as

(X;X;) = (CX;;H,(Z,1;)H;CX;),

(YY;) = —(CX;;H,(Z;,Z;)H,CX,;),

(B8)

where /; stands for the identity operator acting on ith site.
These quantities can be read off by the following circuit.

(B9)

nes — 7]

The four operations at the right end are the classical
measurements in the Z basis. Having obtained the counts
of the bit strings “byb,b,b3” with b; € {0,1} from the
measurements, we calculate the expectation values from
these samples as

"“We employ the following identities repeatedly:
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COllrltSh bybyb
(XoX1), = D (1= 2bg) —— 1272,

b, Rshots

t
(YY), == (1 —2by)(1 - 2b,) b0 bsbs

b, Nshots

Countsb bbb,
(XaX3), = Y (1 = 2by) ———22222,

by, Nshots

(YaY3), = —Z(l —2by)(1 —2b3)

n
b, shots

Countshob]b2b3

Here ng,. denotes the number of times the circuit is
executed,” and countsy, p, 5,5, denotes the number of times
the bit string “byb;b,b;” is observed. The brackets (*),
stand for the expectation values from samples measured by
the circuits (B9).
The term Hyy consists of the operators
{X1X,, Y, Y5}, (B10)
Hence, the following measurement will do for the compu-
tation of their expectation values.

(B11)

Given the counts of the bit strings “byb;b,b3”, we evaluate
expectation values from samples as

counts
(X1 X,)y = Z(l _ Zbl)w,

b, Nghots

(YY) = =D (1—-2b;)(1 - 2b,)

b, Nshots

Countsbobl babs

Here the brakets (*); stand for the expectation values from
samples measured by the circuits (B11).

For H,, the measurements in the computational basis
allow us to compute

Counts,, bybyb
(Zohy =D (1= 2bg) —— =212,

b, Mshots

t
(ZoZ)), = 3 (1 = 2bg) (1 = 2b;) S ubabebs

b, Nshots

where brackets (), denote the expectation values from
samples measured in the computational basis. Combining

15 : N
Shots of microwave pulses execute quantum circuits on a real
superconducting quantum computer.

these results leads to the expectation value of the total
Hamiltonian (11).

We can also evaluate statistical uncertainties from the data
obtained for computing the vacuum expectation value of the
Hamiltonian as follows. First, we compute the expectation
values of the squares of each term in the Hamiltonian from
those data. For example, the term (H§?})2 contains the term
XoXX,X5 and its expectation value is given by

counts
(XoX1X2X3), = > (1 =2bg)(1 - 2, ) XSk babs

b, Mshots

Other terms in ((H\y)2)ys (H$)?)s ((HY))?), can be
evaluated in a similar manner. We then obtain the statistical
uncertainty dg, £ from these quantities as

(5statE)2: (3E)2 N (B12)
Nghots — 1
where'®
(BE)? = (H)?), + {(H))y + (HY)2),
— (H)? = (HY ) = ((Hy))% (B13)

3. Resource estimation

Let us estimate the computational resource required for
our simulation, closely following [87]. The circuit (B4) has
four CNOT gates and two R -gates, while the circuit (B5)
has two CNOT gates and one Rz-gate. Each step
in the Suzuki-Trotter decomposition (14) has 2(N — 1)

subcircuits of the form (B4) and 1(N—1)(N-2)

"Let us consider more general cases first. Suppose that we
want to evaluate the sum of noncommutative operators A, B, and
we measure two operators independently. Then, the variance of
A + B is evaluated as

Az;f(A)g(B)(A LY - (ZAJ‘ (A)>2
. () (ue)) - (Sotm )
= zAjf(AMz -3
~(Srwa) ~(Syomn)”

where f(A), g(B) are the distribution functions for A and B. So

we do not need to consider cross terms. In our protocol, we

independently measure the expectation values of Hg?;, HQ} and

Hg)), thus the statistical uncertainty of the total energy can be
evaluated as (B12) and (B13) without cross terms.
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subcircuits of the form (B5), and N R-gates besides. Thus,
for odd N, we need (N —1)(N+6) CNOT gates and
1(N? + 7N — 6)R,-gates for each step.

As mentioned in Sec. V, CNOT gates are the main source
of errors in NISQ devices. Thus the number (N — 1)(N +
6) of CNOT gates is crucial for implementation on NISQ
devices. On the other hand, in most approaches to fault-
tolerance [88,89], the most costly components are non-
Clifford operations such as 7-gates, where T = diag(1, e?)
in a matrix representation. In our algorithm 7-gates appear
only in implementing R -gates. They can be implemented
by using the repeat-until-success method [90,91] with
1.1510g,(2/8) T-gates within an accuracy &:

Rz = Rzl| <o, (B14)
where R, approximates R ,-gates in a fault-tolerant manner
and ||-|| stands for the spectral norm. Thus we need
0.575(N? + 7N — 6)log,((N> + 7N — 6)/8) T-gates to
implement each step in the Suzuki-Trotter decomposi-
tion (14).

In our simulations, the computation of the potential V',
within the O(10%) accuracy requires ngqs = 4 x 10°
measurements for a noninteger probe charge. In our
quantum simulation on a classical simulator, it takes about
3 hours for N =21 to obtain the potential in the range
0<7#/a<20 (11 data points) with ng., =10’ on a
typical personal computer (such as iMac).

APPENDIX C: COMMENTS ON SYMMETRIES

We comment on discrete symmetries in the lattice theory.
In the continuum theory, the net effect of the parity (or
charge conjugation) transformation is to flip the sign of 6,
because it acts as Fy; — —F;. Therefore, the continuum
theory in the absence of probes is manifestly parity
invariant at 6, = 0. On a space without boundary, the
theory at 8, = x also has parity invariance because of the
periodicity 8, ~ 6, + 2z while in the case with boundaries,
the theories at 8, = 7 and — differ by boundary terms in
the action.

The situation in the lattice theory is more intricate. An
analog of the parity transformation on the lattice is

Xn — i(_l)n)(N—l—n’ Un - U]T]l_z_ni

Ln - _LN—Z—n' (Cl)
For the periodic boundary condition, in which N is always
even, the periodic analog of the lattice Hamiltonian (4) is
invariant under this transformation for , = 0 and 7." With
the open boundary condition, the situation is different for
odd N and even N. For odd N, the net effect of the

""The (=1)"/2 term in the Gauss law constraint (5) violates the
invariance under (C1) for even N.

transformation (C1) is to flip the sign of the theta angle as in
the case of the continuum theory: it is parity invariant for
0y = 0, and the cases with 6, = z and —x differ only by
boundary terms. However, for even N, the transformation
(C1) flips not only the theta angle but also the mass m. This
implies that the lattice theory with even N and nonzero
mass does not have parity symmetry for any value of 6.
Thus we take N to be odd in this work. In the presence of
symmetrically located probe charges in (3), the net effect of
the parity transformation (C1) is to flip the signs of both 6,
and g¢.

With the choice of the decomposition (11), the time
evolution in (14) respects the U(1) symmetry generated by
0 =>Y"17," while it violates the parity symmetry,
which is only approximately restored for small 7. Whether
itis U(1) or parity, a symmetry can be a useful property for
simulation (see, e.g., [92]). In general an adiabatic process
prepares a state within the same charge sector as the initial
state. We checked by exact diagonalization that the lowest-
energy states among all charge sectors do have Q = —1 for
the parameters discussed in Figs. 1 and 2, and in Tables I
and II in Appendix A. But for some of the parameters
considered in Figs. 3 and 5, we found that the lowest-
energy states have different values of Q.

APPENDIX D: CONTINUUM SCHWINGER
MODEL

1. Summary of results

We summarize some analytic results for two probe
charges +¢ separated by distance ¢ in the continuum
Schwinger model. Some of the results are new.

We begin with the theory in the infinite-volume limit. In
this case, there are some results by mass perturbation theory
in the literature [9,81,93]. The potential in the massless
(m = 0) theory is given by [81]

2.2
VO (£) = 9 (1—e#),

o (D1)

where y = g/+/. The O(m) correction to the potential for
¢ > 1/u is given by

VW(£) = mE(1 = cos(27q))¢ + c,m + o(1/¢),  (D2)

where T = e”g/(27%/?). The first term giving the string
tension has been known in the literature (see e.g., [9]) while
the second term has not. In Appendix D 2, we find that the
constant ¢, is given by

18See [17] for another decomposition that preserves U(1).
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cyg= %cos(@o + nq)[cos(zq)Cin(zq)
— sin(7q)Si(zq)], (D3)
where  Cin(z) == [ ds[l —cos(s)]/s and  Si(z):=

J§ dssin(s)/s are known as the cosine and sine integral
functions, respectlvely ? Note that ¢4 s nonzero even when
q is an integer. This implies that the potennal for large 7 in
integer g case approaches a nonzero constant which is
given by ¢,m up to an O(m?) correction. Therefore the
value of the screening potential on the plateau in the
massive case differs from the one in the massless case, as
can be confirmed for the analytic curves on the right panel
of Fig. 1.*° The O(m?) correction for # > 1/u is [93]

@(£) = m? {7[ (2392> 2u35+(1 —cos(4rq))gt + O(1)],

(D4)

where p3€, ~—8.9139. *! This formula is consistent with
the expectation that the string tension vanishes exactly
when ¢ is an integer [8].

Next let us consider the Schwinger model on the finite
interval [0, L]. As explained in Appendix D 2, we take an
appropriate boundary condition, which corresponds to the
continuum limit of the lattice model studied in the main
text. For this boundary condition, we derive the following
results for the probe charges +¢ placed at x = (L F £)/2.
For m = 0, the ground state energy is

) 212
(0) Ly” ky  (a)va
E.(0y,q,7) = ——(0,")", D5
P00.0)=> b @R (09
where
(q) ] - (_])n 290 n—1 ﬂ'l’lf
0, =—|(— 1)74
n T +(=1)T4gsin 2L
1+ (=1)"
LDt (D6)
n
For 6, =0, the potential V(O)(f) = E(.O)(O £)—
0 s f f 1Qs

E;m (0, g, 0) simplifies to

“The function Cin(z) is related to a more common function
CI(ZZ i= — [®dscos(s)/s as Cin(z) = y + log z — Ci(z).

%For m/g =02, ¢ 4—1m/g=0.37, which is the difference
between the hmmng Values (for large g2) of the dashed curves in
green and purple in Fig. 1.

The precise deﬁnltlon is given by Eq. (64) in [93] as ,uoé'+ =
27 [ drr(e”>(0() — 1) with the modified Bessel function K (r)
of the second klnd

g*g’ (1 —e")(1 +e#70)

)
V() =
p (@) 2u 1 +e+l

(D7)

One can easily see that this reproduces (D1) in the infinite-
volume limit L — oo with 1 <« puZ < ulL. The O(m)
correction to the energy is given by

(1 t
E;(00.q.0) = —mX | dxA(x)

0

0 2:a(9)
X COS {2\/7:470— 2 ﬁk%sm(k x)]
(D8)
where k, = nn/L,
[LA/7] )
A 2 k
A(x) = lim exp [sinh" <—) - Z —ﬂw} . (DY)
A—oco H =1 L /,{2+k%

Ais a UV cutoff sent to infinity, and | x| denotes the largest

integer smaller than or equal to x. The O(m) correction to

the potential for 8, = 0 is by definition

=EV(0.9.¢) - E(0.4.0).  (D10)
f k] qa f k] qa .

We also show in Appendix D 2 that for m/g > 1 and for
6y = 0, the potential V ;(£) becomes

TN - s oty

The leading term is the Coulomb potential of the pure U(1)
gauge theory as expected.

(D11)

2. Bosonized Schwinger model on an interval

Here we study the bosonized Schwinger model on an
interval and derive some of the analytic results used in the
main text and summarized Appendix D 1. Let us consider
the Schwinger model on the spacetime R x [0,L]. We
parametrize the time by ¢ = x° and the interval [0, L] by
x = x!. After bosonization the theory with a position-
dependent theta angle ®(x) is described by the Lagrangian
density

L,=——F,F"+ i@(x)e’“’Fm, + \/i_eﬁ”’Aﬂayqﬁ
+= 0 O + m92 cos(2\/_¢) (D12)

We first specify the boundary conditions for the fields.
For ¢, we impose
Pl = Vaw,,

Pl = Vaw, (D13)
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where wy and w; are real (not necessarily integral) con-
stants specifying the boundary conditions. In the main text
we set these constants to the specific values wy = 1/4 and
w; = —1/4 for the reasons we explain below (D23).
Regarding the gauge field, it must be consistent with the
Gauss law constraint §( [ d®xL,)/5A, = 0, which reads

o, (Fm +2 (© +2\/"¢)> (D14)
This is solved by
For =5-(©+2Vap) + /(). (DIS)

where f(x°) is x-independent. As in Section II we work in
the temporal gauge Ay =0. We choose the boundary
condition on A; such that f(x°) = 0.
Denoting the canonical momentum conjugate to ¢ by
I1,, we get the Hamiltonian density
0(x))?
N

and the Hamiltonian H;, = [ dxH,,(x). We note that the
numerical coefficient e’ /273/2 for the cosine terms in (D12)
and (D16) is appropriate only if “cos(2/z¢)” in (D16) is
interpreted as normal-ordered with mass y = g/+/7 on an
infinite spatial line. This will be important below.

We now set m = 0 to compute the energy by the mass

perturbation theory. Let us define ¢ (x) and ¢(x) by

¢o(x) = Vawy + Vr(w, — W0>%7
P(x) = p(x) — o(x).

We also define

) = 3113+ 3 07+

- mg%;zcos(Z\/f?cﬁ) (D16)

O(x) = O(x) + 27y (x).

We expand the operators in terms of the Fourier coefficients
¢, 11, O, as

= ¢usin(k,x),
n=lI

x) = O,sin(k,x).
n=1

Here we extended O(x) to a (possibly discontinuous)
odd periodic function with period 2L. We have the
canonical commutation relations [¢,,IL,] = (2i/L)§,, .
The Hamiltonian can be written as

(D17)

x) =Y T,sin(k,x),
n=1

(D18)

Lu? k2

1
Hb—(ziLw()nLZ[wn(anan—k >+ 16 o

@g]

(D19)

i L
) +§\/w:nnn. (D20)

We have [a,l,ajl,] =6, The ground state |0) satisfies
a,|0) = 0, and its energy is

Vi + k2 and

V.Lw, ’Q,
= <¢n + a 5
2\/nw;

where @, =

Cawi—w)? N (w, Ltk
(0]H;/0) =57 +Z< T onar O (D21)

n=1

The sum of the first term in the bracket is the (L-dependent)
Casimir energy. It is UV-divergent but independent
of ®. Therefore we focus on the sum of the second term.
We take

Oy +2 forlzt < x < LtZ
O(x) = { bt 2ng forfsf <x<h (D22)
6o otherw1se.
The Fourier coefficients for © are then
1 - (—1) 290 n—1 . ﬂfllxﬂ
®,=—" 1)74 —_—
= 2 Caagsin ()
—(=1)"
+4w. (D23)

n

We claim that the lattice Schwinger model described in
Sec. II corresponds, in the continuum limit, to the choice
wo = 1/4 and w; = (1/2)Q + 1/4, where Q ==Y N1 Z,.
To see this, let us compare the Gauss law constraints
L,-L,,=1Z,4+(-1)"]/2 and (D14) in the spin and
bosonized formulations, respectively. The correspondence
L, < (1/9)Fq — (1/27)0© suggests that ¢(x)//7 is the
mean field (spatial average) for (1/2) > ([Z; + (=1)].
By the symmetry under Z; - —Z; present for
g = 0, the mean value of Z; on sites near (compared with
1/g) the boundary must vanish. The mean value of
(1/2) > ,(=1)" is 1/4. This leads to our claim, which
can be explicitly confirmed by comparing the results for the
charge density computed by DMRG and by bosoniza-
tion [94].

We now restrict to odd N and Q = —1, so that
wy; = —1/4. Substituting the values of wy, and w; to
(D23) gives (D6). The g-dependent part of the ground
state energy (D21) for 8, =0
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49°q> Zsm (ka2j17/2)

2
L j=0 a)2j+1

(D24)

can be rewritten as the potential (D7) in the massless case.?

To derive the O(m) correction to the ground state energy,
we now compute the chiral condensate in the massless
theory. Upon bosonization it is given as

() = =503 0]: cos(2yAb(x))cl0). (D25)

where the normal ordering : ¢ : is taken with respect to
the creation and annihilation operators on an infinite line,
while |0) is the ground state on the interval. Let us denote
the normal ordering with respect to a,, in (D20) by : « :. We
find formally

) ) oo dk
e FAVIP) ;= eF2VEd() exp < / —) D26
0 R +k ( )
o0 )
L EAVAH() 1= VD) exp ZZ_H sin” (k,,x) . (D27)
n=1 L /"2 + k%l

The right-hand sides of (D26) and (D27) involve UV
divergent expressions. By introducing a cutoff, we obtain
the well-defined relation

e P2VE() s = A(x):

eF2ivad(x) (D28)

where A(x) is defined in (D9). Then (D25) gives™

(p(0)) = =5 os [2v/ro= S-Sl

n—1 n

(D29)

With this, perturbation theory gives the correction (D8) to
the ground state energy.
For a single probe defined by

6 for x <0,

(D30)
6y +2nq for x > 0,

Oprobe (x) = {

we find, either from the general formula (D29) or by
repeating the derivation,

*Let a be real and b € Z satisfy b <a < b+ 1. A useful

e2riali+1/2) 1y p sinh[(142b—2a)A]
formula ZjEZ A2 H27 ( 1) Acosh(A)

by the residue theorem and contour deformation.
With the special values wy = 1/4 and w; = —1/4, the chiral
condensate (py(x)) is finite near the boundaries.

can be proved

_ ¢’y
<Wl//(x)>probe == 27[3/2 COS[90 + g

+ sgn(x)zq(1 — e #F)]. (D31)

Integrating, over x € (—o0, 0] for example, the difference
between (D31) and its asymptotic value gives

0 _ e}'g
/ dx (<l//l//(x)>probe +>=75 ' 3/2 cos 90)

y
Zen [cos 8,Cin(rq) + sin 6,Si(zq)],

(D32)
where  Cin(z) = [§ds[l —cos(s)]/s and  Si(z) =
foz dssin(s)/s. By con51der1ng two well-separated probes,
it follows that the constant ¢, in (D2) is given by (D3).
Finally we consider the large mass limit m/g > 1 of

forces ¢ to be localized near ¢p = 0 in the bulk. Expanding
the cosine in ¢, we can write the potential part of H,, as

Ci(¢p+C @)2+g—2 1+ 9 _l®2+0(¢3)
! : 87 2/zm ’
where C; = O(m/g) and C, = O(g/m) are constants.

Substituting (D22) and repeating the analysis leading to
(D21), we obtain the result (D11) for the potential V (¢).

3. Volume dependence of the slope of the potential

The results in Fig. 2 include finite-size corrections. We
wish to estimate the number of qubits for which such
corrections become negligible. Using our analytic formulas
for V;) + V( ), we look for the values of volume L where
the slope (the first derivative) at an appropriate point
accurately reproduces the string tension ¢(!) in the infinite
volume. For m/g = 0.2 and ga = 0.4, we find that with
L = 13.6 (N = 35), the slope at # = L/2 reproduces ¢(!)
within 5 percent as can be seen from Fig. 7, where

(d/dz,”)( 0y V( ))/92 at £ = L/2 is plotted for several

values of N. We thus expect that an ideal quantum
simulation with N = 35 or larger will exhibit reasonable
agreement with the true (infinite-volume) string tension.

APPENDIX E: MASS DEPENDENCE OF THE
POTENTIAL

Here we study the dependence of the potential V() on
the fermion mass m. We depict quantum simulation results
and O(m) analytic predictions for V /() in Fig. 6.** As in
Sec. IV we take a = 0.4¢7", 6t = 0.3¢7!, T = 99¢™" and
mqy = 0.5g. We use the “snapshot” functionality of Qiskit to
obtain quantum simulation results without statistical

2*These simulation results include adiabatic errors. See Tables I
and II for the systematic errors in similar settings.
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FIG. 6. Potential V() for several values of m/g, and for N = 15, ¢ = 0.25, 6, = 0. The blue crosses represent the results of quantum

simulation without statistical uncertainties. The black solid curves represent the O(m) analytic prediction V;O)(f )+ V}l)(f ).

0.10
— (1) 2 K
a .
0.08 /9
------- N =15
gy
ay, 0.06 N =21
= —- N=35
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0.02 4
0.00 . . . .
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q

FIG. 7. The values of (d/df)(V;w + V;l))/g2 at £ = L/2 for
L= (N-1)a, m/g=0.2, and ga = 0.4, with the indicated
values of N. We also plot o)) /¢? given in (17).

uncertainties. As we increase the mass within the range
m/g < 0.15, the analytic results become less curved. At
m/g = 0.2 and 0.25, the curves are almost straight lines.

In the small mass range 0 < m/g < 0.15, the simulation
results match well the analytic predictions. For
0.2 <m/g <0.25, the differences between the simulation
results and the O(m) analytic predictions are larger. If the

systematic errors in our results are small, then this
discrepancy should be due to finite a effect or/and breaking
of the approximation by the mass perturbation in this
regime.

We expect that the latter is a dominant source of the
discrepancy as follows. There is another numerical study
[95] of the lattice Schwinger model by the density matrix
renormalization group (DMRG) method, which takes the
both continuum and infinite-volume limits. In [95],
analogous deviations of the numerical results from the
analytic O(m) results were found for similar values of
m/g. Since the continuum limit is taken in [95], this
implies that the mass perturbation theory in the regime
0.2 <m/g <0.25 is no longer reliable at least for large
volume. Although it is nontrivial whether this is still true
for the value of our volume, we regard this as indirect
evidence of our expectation. Then our results in Fig. 6
likely give a prediction for the middle range of mass
between small mass and massive limit. It would be
important to check the consistency of the results between
the quantum computing and the DMRG in such a non-
perturbative mass regime in the future.
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