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Abstract Tissue morphogenesis in multicellular organ-

isms is accompanied by proliferative cell behaviors: cell

division (increase in cell number after each cell cycle)

and cell growth (increase in cell volume during each cell

cycle). These proliferative cell behaviors can be regu-

lated by multicellular dynamics to achieve proper tissue

sizes and shapes in three-dimensional (3D) space. To

analyze multicellular dynamics, a reversible network re-

connection (RNR) model has been suggested, in which

each cell shape is expressed by a single polyhedron. In

this study, to apply the RNR model to simulate tissue

morphogenesis involving proliferative cell behaviors, we

model cell proliferation based on a RNR model frame-

work. In this model, cell division was expressed by di-

viding a polyhedron at a planar surface for which cell

division behaviors were characterized by three quanti-

ties: timing, intracellular position, and normal direction

of the dividing plane. In addition, cell growth was ex-

pressed by volume growth as a function of individual

cell times within their respective cell cycles. Numeri-

cal simulations using the proposed model showed that

tissues grew during successive cell divisions with sev-

eral cell cycle times. During these processes, the cell
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number in tissues increased while maintaining individ-

ual cell size and shape. Furthermore, tissue morphology

dramatically changed based on different regulations of

cell division directions. Thus, the proposed model suc-

cessfully provided a basis for expressing proliferative

cell behaviors during morphogenesis based on a RNR

model framework.
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1 Introduction

During tissue morphogenesis in multicellular organisms,

tissues grow primarily as a result of successive rounds

of cell proliferation. In growing tissues, the cell number

increases after each cell division, and the decrease in

cell size after cell division is recovered by cell growth.

In particular, because the size of each cell is approx-
imately maintained during many developmental pro-

cesses, the size of whole tissue dramatically increases

in three-dimensional (3D) space. Thus, proliferative cell

behaviors are fundamental during tissue morphogene-

sis.

Recent experimental and theoretical studies have

suggested how proliferative cell behaviors mechanically

affect tissue morphogenesis. For example, the rates of

cell divisions can be spatially non-uniform in tissues

(Eiraku et al. 2011, 2012), and this spatial non-uniformity

can enforce an inhomogeneity in tissue shape. More-

over, asymmetric cell divisions (Lechler and Fuchs 2005)

can introduce geometrical differences, such as cell sizes

between daughter cells after cell division, which leads
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to inhomogeneity in cell configurations. Furthermore,

globally aligned directions of cell divisions (Gong and
Fraser 2004; Heisenberg et al. 2000; Reddy, et al.

2004) can induce anisotropic tissue extensions. Such

directionality of cell divisions has been suggested to

be sufficient for tissue morphogenesis of the organs in

Drosophila (Baena-López, et al. 2005). These mechan-

ical effects of proliferative cell behaviors can be regu-

lated to achieve proper tissue morphology.

During these processes of tissue morphogenesis that

are accompanied by proliferative cell behaviors, multi-

cellular dynamics are commonly observed, such as cell

deformation and rearrangement (Davies 2005; Farhad-

ifar et al. 2007; Ingber and Mammoto 2010; Rauzi et

al. 2008; Staple et al. 2010; Weliky and Oster 1990;

Lecuit and Lenne 2007; Lecuit et al. 2010; Friedlander

et al. 1989; Lecuit et al. 2008). These multicellular

dynamics are necessary for the formation of complex

tissues and organs. To obtain a better understanding
of tissue morphogenesis, it is necessary to determine

the mechanical effects of proliferative cell behaviors on

multicellular dynamics.

3D vertex models have been proposed for analyzing

multicellular dynamics (Honda et al. 2004, 2008a,b;

Okuda et al. 2012). In a 3D vertex model, each cell

shape is represented by a single polyhedron, and a mul-

ticellular aggregate is represented by a single network

comprising vertices and edges. In addition, cell defor-

mations are expressed by vertex dynamics, and cell re-

arrangements are expressed by reconnecting local net-

work patterns. A 3D vertex model (Honda et al. 2004)

has been successfully used to analyze the polarization

of early embryos (Honda et al. 2008a) and convergent

extensions of tissues (Honda et al. 2008b). In addition,

to apply 3D vertex models to simulate the complex tis-

sue deformations during dynamic morphogenesis, a re-

versible network reconnection (RNR) model has been

proposed (Okuda et al. 2012). In such vertex model

frameworks, cell division has been modeled and imple-

mented into two-dimensional vertex models (Honda et

al. 1984). It has enabled to analyze mechanical effects

of cell proliferation in flat tissues with monolayer struc-

ture. Thus, to investigate mechanical effects of cell pro-

liferation in tissues curved in 3D space or tissues with

multilayer structure, it is a challenging problem to ex-

press cell proliferation in a 3D vertex model framework.

In this study, to analyze the mechanical effects of

proliferative cell behaviors, we model cell proliferation

based on a RNR model framework. In our proposed

model, cell division is expressed by dividing a poly-

hedron at a planar surface for which cell division be-

haviors are characterized by three quantities: timing;

intracellular position; and normal direction of the di-

viding plane. These are expressed in terms of how to

divide each polyhedron at a single plane. In addition,
cell growth is expressed by potential energy that is a

function of individual cell times within their respective

cell cycles. To establish that proliferative cell behav-

iors are expressed, the cell number in tissues, cell size,

and cell shape were observed. Moreover, the differences

in tissue morphology based on different regulations for

assigning a cell division direction are discussed. Appli-

cation areas and future perspectives of our proposed

model have also been discussed.

2 Modeling cell proliferation based on a RNR

framework

2.1 Dynamics of multicellular aggregates

Tissue is an aggregate consisting of a certain cell num-

ber (Fig. 1a). The RNR model (Okuda et al. 2012)

expresses a single cell shape by a polyhedron (Figs. 1b

and e). The polyhedron includes vertices and edges that

are shared by neighboring polyhedrons. These vertices

and edges comprise a network that represents the entire

shape of the aggregate (Figs. 1a and d). In this network,

each vertex is connected to four edges, no more and no

less. Also, neighboring polyhedrons are compartmental-

ized by these polygonal faces.

To express the multicellular dynamics within aggre-

gates, an equation for the motion of the ith vertex is

introduced by

η
dri
dt

= −∂U
∂ri

. (1)

The left hand side of Eq. (1) indicates a frictional force
exerted on the ith vertex, where η is a friction coeffi-

cient and ri is the position vector of the ith vertex. The

right hand side of Eq. (1) indicates a conservative force

acting on the ith vertex, where U is potential energy

that represents a cell’s potential energy. In addition,
cell rearrangements within an aggregate are expressed

by reconnecting local network patterns (Okuda et al.

2012).

2.2 Proliferative cell behaviors

Proliferative cell behaviors are characterized by cell di-

vision and growth (Figs. 1b and c). In particular, cell

division behaviors are characterized by three quanti-

ties: timing, intracellular position, and normal direction

of the dividing plane. Based on a RNR model frame-

work, these proliferative cell behaviors should be ex-

pressed from two perspectives: topological and physi-

cal. From the topological perspective, because a single
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Fig. 1 Modeling cell proliferation based on a RNR framework. a Cell aggregate in which cells are tightly packed and adhere
at cell–cell boundaries. b Single cell embedded within an aggregate. c Two deforming daughter cells accompanied by cell
growth throughout the cell cycle. d Network representing an aggregate in a RNR model framework. The network comprises
vertices and edges (solid lines). Cells are compartmentalized by polygonal faces (gray area) that represent cell–cell boundaries.
e Single polyhedron representing a single cell. f Two polyhedrons. Cell growth (increase in cell volume during the cell cycle)
is expressed by potential energy that is a function of individual cell times within their respective cell cycles, U(tci). g Two
polyhedrons representing two daughter cells shortly after a single mother cell has divided. Cell division (increase in cell number
after a cell cycle) is represented by dividing a polyhedron at a dividing plane where a new polygonal face is introduced (brown
area). h Dividing plane. The dividing plane of the ith cell is normal to the direction of the vector dcell div

i and passes through
the position of the vector ccell div

i .

cell is represented by a single polyhedron based on the

RNR model framework, a polyhedron is divided into

two polyhedrons. From the physical perspective, cell

growth can be expressed by a potential energy func-

tion. Thus, we have provided separate topological and

physical models of cell division.

First, for topological modeling of the cell division

process, each polyhedron is divided at a single plane,

hereafter called dividing plane (Fig. 1g), and a new

polygonal face is introduced on the dividing plane inside

the polyhedron. The dividing plane is defined as pass-

ing through a position vector, ccell divi , and is normal to
a direction vector, dcell div

i (Fig. 1h). Here, the position

vector ccell divi is defined as being inside of the ith cell

volume and the direction vector dcell div
i is defined as a

unit vector normal to the dividing plane.

Under procedure for dividing a polyhedron, the di-

viding plane intersects the polyhedron at several edges

(Fig. 1g). These edges are sequentially linked as a ring-

like strand on the plane, and compose a single polygon,

which is defined as a new polygonal face. This polygo-

nal face separates the polyhedron into two polyhedrons,

which are defined as daughter cells.

Next, for physical modeling of cell growth, cell time

tci is defined as the time counted since the ith cell was

generated by a cell division. Defining {tci} = {tc0, tc1,

tc2, · · · , tci , · · · , tcn}, the potential energy U({tci}) was

introduced as a function of cell times {tci} within the

particular cell cycle. In addition, to express the timing

of cell division, cell division time is introduced, τ cell divi .

Constant τ cell divi is defined as the time of the ith cell

division that is counted since the ith cell was generated.

Using tci and τ cell divi , potential energy, U , is ex-

pressed by

U({tci}) = U cell + U cell–cell + U cell–ext, (2)

U cell({tci}) =
cell∑
j

ucellj

(
rk, t

c
j

)
δ∗j , (3)

U cell–cell({tci}) =
cell∑
j

cell∑
k

ucell–celljk

(
rl, t

c
j , t

c
k

)
δ∗j δ

∗
k, (4)

U cell–ext({tci}) =
cell∑
j

ucell–extj

(
rk, t

c
j

)
δ∗j , (5)

where δ∗j = δ⌊tcj/τcell div
j ⌋0. The functions δαβ and ⌊...⌋

indicate Kronecker’s delta and floor functions, respec-

tively. In Eqs. (3), (4), and (5),
∑cell

indicates sum-

mations for all cells. Potential energy ucellj represents

some energy of the jth cell, such as volume elasticity,

surface elasticity, apical constriction, and other effects

of intracellular structures and activities. The potential
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energy ucell–celljk indicates some energy between the jth

and kth cells, such as cell-cell adhesions at intercellular
junctions. The potential energy ucell–extj indicates some

energy between the jth cell and extracellular compo-

nents, such as extracellular matrixes, basement mem-

branes, and solvent liquids. Assuming that a cell’s po-

tential energy can be simply expressed by a single-well

potential, a cell’s potential energy depends on mechan-

ical properties and the reference state of this potential.

Hence, cell growth is expressed by time-variations in

these mechanical properties and the reference state.

3 Introducing cell behaviors into our proposed

model

To demonstrate simulations using our proposed model,

the morphodynamics of growing tissues are simulated.

For these simulations, cell division behaviors and the

potential energies of proliferating cells are simply ex-

pressed as follows.

3.1 Cell division behaviors

In our proposed model, cell division behaviors are de-

termined by regulations that provide τ cell divi , ccell divi ,

and dcell div
i .

3.1.1 Timing of cell division

Timing of cell division, τ cell divi , was determined so as to

be cell cycle independent of the cell mechanical state.

Because cell cycles have some time variations, each cell

division time is simply expressed so as to satisfy〈
τ cell divi

〉
= τ cell cycleave , (6)

〈
τ cell divi τ cell divj

〉
=
(
τ cell cyclesd

)2
δij , (7)

where ⟨...⟩ indicates the statistical average. The con-

stants τ cell cycleave and τ cell cyclesd indicate the average and

standard deviation of cell division times, respectively.

Moreover, to express cell growth, the cell cycle was sep-

arated into four states: I, II, III, and IV. The time ratios

of states I, II, III, and IV were denoted by ψI, ψII, ψIII,

and ψIV (≥ 0, ψI + ψII + ψIII + ψIV = 1), respectively.

3.1.2 Intracellular position of cell division

Assuming symmetric cell divisions, the intracellular po-

sition of cell division ccell divi (Fig. 1h) was determined

to be the dividing plane that passes through the cen-

ter of inertia of the ith cell: ccell divi = gc
i . Here, gc

i

indicates the position vector of the center of inertia of

the ith cell, of which definition is given in the previous
study (Okuda et al. 2012) (Fig. 2a).

3.1.3 Direction of cell division

Direction of cell division, dcell div
i (Fig. 1h), depends

on cell polarity. For example, epithelial cells have an

epithelial polarity and many epithelial tissues tend to

maintain their monolayer structures (Davies 2005).

Thus, in the simulations, assuming that cells divide

normal to a tissue surface and to determine a cell’s

polarity, reference surfaces in Fig. 2a were defined as

a part of the cell surface. If the ith cell includes a ref-

erence surface (hereafter called case Ωref surf
i ), the cell

division direction was determined normal to this ref-

erence surface. Here the normal direction at the ith

cell, dref surf
i (Fig. 2b), was defined as follows: dref surf

i =(
rref surfi − gc

i

)
/
∣∣rref surfi − gc

i

∣∣, where vector rref surfi in-
dicates the center point of a reference surface at the ith

cell. The center point of a reference surface, rref surfi , is

determined as the center point of its polygonal face, as

described in a previous study (Okuda et al. 2012). In

contrast, when the ith cell does not include any refer-

ence surface (hereafter called case Ω
ref surf

i ), dref surf
i is

not defined. In this case, the ith cell is not regarded to

have epithelial polarity.

In addition to epithelial cell polarity, the direction

of cell division, dcell div
i , was also determined by chemi-

cal and mechanical factors (Gibson et al. 2011; Siller et

al. 2006; Poulson and Lechler 2010). As characteristic

examples, cell divisions can be adaptively oriented ac-

cording to individual cell shapes (Gibson et al. 2011).

Moreover, these directions can be aligned by globally

polarized distributions of intracellular molecules (Siller

et al. 2006; Poulson and Lechler 2010). To demonstrate

that our proposed model can express the various direc-

tionalities of cell division, dcell div
i , is given according to

the following two regulations.

Local regulation: The directions of cell divisions are lo-

cally determined according to individual cell shapes. As

a typical example, it is determined to be directed to-

ward the longest axis of individual cell shapes. Then,

vector dcell div
i is an eigenvector that corresponds to

the minimum eigenvalue of an inertia tensor of the ith

cell, denoted by T ci
i . To reflect the directionality of cell

shapes into cell division directions, tensor T ci
i is derived

for cases Ωref surf
i and Ω

ref surf

i . For case Ωref surf
i , tensor

T ci
i is directly derived from the ith cell shape. In con-

trast, for case Ω
ref surf

i , tensor T ci
i is derived from the

ith cell shape projected onto a plane normal to dref surf
i .
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Fig. 2 Proliferative cell behaviors during simulations. a Surface of an in silico tissue. Cell–cell boundaries (gray area) are
observed in a cross-section. A reference surface (orange area) of the ith cell is defined on the tissue surface (blue area). b
Dividing plane determined so as to be normal to tissue surfaces. The ith cell (white area) is divided by the ith dividing plane
(brown area). The ith dividing plane passes through the center of inertia of the ith cell volume, denoted by gc

i . In addition, if
the ith cell includes a reference surface (orange area), the ith dividing plane is determined so as to be along vector dref surf

i .
The vector dref surf

i is defined as the vector from gc
i to the center point of the reference surface at the ith cell, denoted by

rref surf
i . c Equilibrium volume of the ith cell as a function of the ith cell time, denoted by vceq i (t

c
i), as described by Eq. (10).

A cell cycle period is separated into four states: I (blue), II (gray), III (light brown), and IV (dark brown). The ith cell divides
when tci is at the ith cell division time, denoted by τcell div

i .

Global regulation: The directions of cell divisions are

determined to be globally aligned within a whole tissue.

Here, the x-axis is set to be the normal direction of

dividing plane, and a unit vector along the x-axis is

denoted by ux. To reflect the global directionality into

cell division directions, vector dcell div
i is given for cases

Ωref surf
i and Ω

ref surf

i . For case Ωref surf
i , vector dcell div

i is

a vector of ux projected onto a plane normal to dref surf
i .

For case Ω
ref surf

i , vector dcell div
i is ux.

3.2 Cell potential energy

To demonstrate simulations using our proposed model,

cell potential energy was simply expressed using the

potential energy by

U total = U cv + U cs + U cc, (8)

where U cv indicates cell volume elasticity, U cs is cell

surface elasticity, and U cc is cell–cell adhesion. Here,

U cv and U cs are categorized by U cell, and U cc is cate-

gorized by U cell–cell in Eq. (2).

3.2.1 Cell volume elasticity

To express cell volume elasticity, the current volume of

the ith cell, vci (t
c
i ), was introduced. Then, cell volume

elasticity, U cv, was expressed by

U cv (vci ) =

cell∑
i

1

2
kcv

(
vci
vceq i

− 1

)2

, (9)

which is similar to that employed in studies of other

vertex models (Farhadifar et al. 2007; Honda et al.

2004, 2008a,b). Here
∑cell
i indicates the summation for

all cells. The constant kcv indicates volume elasticity.

The variable vceq i indicates an equilibrium volume of

the ith cell as a function of the ith cell time tci .

The equilibrium cell volume of the ith cell vceq i in-

creased continuously according to the ith cell time tci
(Fig. 2c):

vceq i (t
c
i )

vc0
=


0.75 + 0.25

tci
ψIτcell div

i

in state I

1.0 in state II

1.0 + 0.5
tci−(ψ

I+ψII)τcell div
i

ψIIIτcell div
i

in state III

1.5 in state IV

.

(10)

Here, the constant vc0 indicates a characteristic cell vol-

ume.

3.2.2 Cell surface elasticity

To express cell surface elasticity, a current surface of

the ith cell, sci (t
c
i ), was introduced. Then, cell surface

elasticity, U cs, was expressed by

U cs (sci ) =

cell∑
i

1

2
kcs

(
sci
sceq i

− 1

)2

, (11)

which is similar to that employed in studies of modeling

cell membranes (Noguchi and Gompper 2005; Ujihara
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et al. 2010). Here, the constant kcs indicates surface

elasticity. The variable sceq i indicates an equilibrium
surface area of the ith cell. Assuming that an equilib-

rium state of cell shape is spherical, variable sceq i is

defined by

sceq i = 4π

(
3vceq i

4π

) 2
3

. (12)

Because Eq. (12) indicates a surface area of an equiva-

lent sphere with the same volume, cell shapes tend to

be spherical because of the force balance between the

cell volume and surface elasticity in Eqs. (9) and (11).

3.2.3 Cell–cell adhesion

To express cell–cell adhesion, the boundary area be-

tween the ith and jth cells sccij was introduced. Then,

cell–cell adhesion, U cc, was expressed by

U cc
(
sccij
)
=

cell∑
i

cell∑
j(>i)

ϵccsccij , (13)

which is similar to that employed in studies of other

vertex models (Farhadifar et al. 2007; Honda et al.

2004, 2008a,b; Okuda et al. 2012). Here the constant

ϵcc indicates the interface energy density between cells.

4 Simulating the morphodynamics of growing

tissues

4.1 Simulation conditions

To establish that our proposed model can be applied to

simulating tissue morphogenesis that involves cell pro-

liferation, we simulated the morphodynamics of grow-

ing tissues. To resolve Eq. (1), parameter values were

normalized by unit length (l), unit time (τ), and unit

energy (kBT ). Here l and τ were set as l = (v0)
1
3 and

τ = η (v0)
2
3 /kBT .

As an initial condition, proliferating cells were lo-

cated as in a monolayer sheet on a spherical shell (Fig.

3). The number of proliferating cells under this initial

condition was set to nc0 = 18. Reference surfaces of

cell divisions (colored in orange in Fig. 3) are defined

as polygonal faces between boundary cells and the ex-

tracellular space outside the spherical tissue. Each cell

time, tci , under the initial condition is randomly deter-

mined to satisfy < tci >0= 0.1τ cell cycleave . Here < ... >0

indicates the statistical average at t = 0. To equilibrate

tissue shapes, tissue dynamics were calculated within a

normalized time period of 1000 without cell division

Cross-section

Reference surfaces
a b

y

z

x

Fig. 3 Initial conditions for simulating tissue growth. a
Shape of the entire growing tissue under the initial conditions.
b Cross-section of the tissue cut at the white line shown in
(a). Reference surfaces (orange areas) are defined as polyg-
onal faces between cells and the extracellular space outside
of the tissue. The tissue is a hollow shell with inner surfaces
(yellow areas) and has a monolayer structure.

and growth. To obtain the statistical behaviors, five

random samples were calculated in these simulations.

To establish that various timings and directional-

ities of cell division could be taken into account in

our proposed model, cell division directions were de-

termined under either the local or global regulation, as

shown in Sect. 3.1, and average cell division times var-

ied by τ cell cycleave = 37.5, 75.0, 150, 300, and 600. The

standard deviation of cell division times τ cell cyclesd was

set at 0.1τ cell cycleave . Time integration of Eq. (1) was nu-

merically performed using the improved Euler method

with a time step of ∆t. Local network patterns were

reconnected when each edge included in a local pattern

became shorter than a threshold value, ∆lth. Trials for

applying the reconnection rule were conducted for each

edge and each trigonal face at each time interval of ∆tr.

All model parameters are shown in Table 1.

4.2 Results

To establish that our proposed model could reflect pro-

liferative cell behaviors during tissue growth, two basic

quantities, cell volume and sphericity, representing cell

size and shape were observed. Figure 4a shows the av-

erage cell volumes during tissue growth. Cell volumes

were maintained at approximately 0.9v0 during tissue

growth under both the local and global regulations. Fig-

ure 4b shows the average cell sphericities during tissue

growth. Cell sphericity is defined as the ratio of the

radius of an equivalent sphere with the cell volume di-

vided by that of the cell surface area. Cell spherici-

ties were maintained at approximately 0.75 during tis-

sue growth under both the local and global regulations.

From these results, it was established that cell size and

shape were maintained during tissue growth.
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Table 1 Model parameters

Symbol Value Description

Physical parameters for cell mechanical properties

η 1.0 Friction coefficient of vertex
kcv 20 Constant of cell volume elasticity
kcs 2.56 Constant of cell surface elasticity
ϵcc −0.01 Interface energy at cell–cell boundaries
v0 1.0 Characteristic cell volume

τcell cycle
ave 37.5− 600 Statistical average of cell cycle
ψI 0.6 Time ratio of state I
ψII 0.2 Time ratio of state II
ψIII 0.1 Time ratio of state III
ψIV 0.1 Time ratio of state IV

Numerical parameters for computational simulations

∆t 0.001 Integration time step
∆tr 0.002 Time interval of network reconnections
∆lth 0.05 Threshold length of network reconnections

C
e
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v
o

lu
m

e

a

b

C
e

ll 
s
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h
e
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c
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y

The number of cells (nc)
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5000 250

1.0

1.0

18 125

0.5

0

5000 250

1

1.5
0
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Local regulation
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0.5
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1.0

0.5

1.0

Fig. 4 Average cell size and shape. a Cell volume as a func-
tion of the number of cells under local (upper) and global
(lower) regulations. b Cell sphericity as a function of the num-
ber of cells under local (upper) and global (lower) regulations.

Line colors indicate the conditions: τcell cycle
ave = 37.5 (brown),

75.0 (orange), 150 (pink), 300 (purple), and 600 (blue). Gray
dashed lines indicate the states: nc = 18 and 250.

Figure 5 shows the morphogenesis of growing tis-

sues induced by successive rounds of cell proliferation.

The graphs in Fig. 5a and b show the cell number as

a function of time under the local and global regula-

tions, respectively. Black lines in these graphs indicate
the theoretical solution

nc (t) = nc0 · 2
t+<tci>0

τ
cell cycle
ave , (14)

where nc0 and < tci >0 indicate the number of cells and

the mean of cell times at t = 0, respectively. Under each

condition of the cell cycle τ cell cycleave , the increases in the

number of cells obeyed the theoretical solution shown

in Eq. (14) within the given standard deviation τ cell divi

shown in Eq. (7).

Tissues grew with time as shown in the whole views

in Fig. 5a and b (see also Movies 1 and 2 in the Sup-

plemental data). Tissue shapes under the local regula-

tion deformed without anisotropy and remained rather

spherical (Fig. 5a). In contrast, tissue shapes under

the global regulation deformed to become cylindrical

(Fig. 5b). Although there were no conditions that con-

strained the layer structures of tissues, tissues under

the local regulation maintained most of their monolayer

structure, as shown in the cross-section view in Fig. 5a.

In contrast, tissues under the global regulation adopted

multilayer structures at several locations, as shown in

the cross-section view in Fig. 5b. Friction forces gener-

ated by cell movements resulted in forming these multi-

layer structures. Because cells move along the direction

of the tissue elongation, these friction forces work as

compressive forces on the tissue. Under the compres-

sive conditions, cells are pushed out of the plane of cell

sheet so as to form multilayer structures.
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Fig. 5 Tissue growth as a result of cell proliferation. (a) Simulation results under the local regulation. (b) Simulation results
under the global regulation. Graphs: Number of cells as a function of time under the local and global regulations. Line
colors indicate the conditions: τcell cycle

ave = 37.5 (brown), 75.0 (orange), 150 (pink), 300 (purple), and 600 (blue). Black lines
indicate theoretical solutions of Eq. (14). Illustrations: Snapshots of whole and cross-section views of growing tissues at
t = 0, 2224, and 2827 (in order from left). These tissues include cell numbers nc = 18, 250, and 500 (gray dashed lines in
Graphs), respectively. While tissues under the local regulation maintained a monolayer structure in (a), those under the global
regulation included some multilayer structures as indicated by black triangles in (b). These morphogenetic processes under
the local and global regulations are also shown in Movies 1 and 2 in the Supplemental data, respectively.
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5 Discussion

5.1 Expression of proliferative cell behaviors based on

a RNR framework

In our simulations, tissues grew with time in which the

numbers of cells increased (Fig. 5) and cell size and

shape were maintained (Fig. 4). Furthermore, tissue

morphology dramatically differed based on the regula-

tion used for providing the cell division direction: spher-

ical shape with a monolayer structure under the local

regulation and a trabecular shape with partially multi-

layer structures under the global regulation. From these

results, our proposed model successfully reflected the

fundamental behaviors of proliferating cells based on a

RNR model framework.

5.2 Anticipated applications of our proposed model

In our simulations, timing (τ cell divi ), intracellular po-

sition (ccell divi ), and direction of cell division (dcell div
i )

described in Sect. 2.2 were provided under the following

assumptions. (1) Timing of cell division was indepen-

dent of a cell mechanical state. (2) Cell division was

symmetric. (3) Direction of cell division was provided

according to either a local or a global regulation. In

general, these assumptions were not always necessary

for our proposed model. We emphasize that τ cell divi ,

ccell divi , and dcell div
i are entirely arbitrary. Therefore,

regulating τ cell divi , ccell divi , and dcell div
i , our proposed

model could be applied to various behaviors of cell divi-

sion. For example, simultaneous cell divisions can be ex-
pressed by giving τ cell divi the same timing among mul-

tiple cells. Asymmetric cell divisions can be expressed

by giving ccell divi a position vector that deviates from

the center of inertia of a cell, denoted by gc
i .

Although the time variances of cell mechanical prop-

erties and reference states were simply expressed in

these simulations (Sect. 3.2), these can be expressed

in more detail based on a different time scale. For ex-

ample, the process of cell division is not a sudden, but

a gradual progression during mitosis: a single cell grad-

ually separates into two daughter cells as a spindle and

contractile ring are produced. During this process, cell

mechanical properties and reference states also gradu-

ally vary with time. These details can be reflected by

choosing proper potential energy functions U({tci}) in

Eq. (8).

Mechanical feedback in proliferative cell behaviors

could have an important role during tissue morphogen-

esis. For example, active stress generated by cell activ-

ities, such as apical constriction in epithelial sheet, is

transferred to surrounding cells. This stress may pro-

vide the surrounding cells with a feedback signal and
regulate cell division (Woolner and Papalopulu 2012;

Shraiman 2005). In our proposed model, a mechanical

feedback system could also be implemented by design-

ing different U({tci}) in Eq. (8) and coupling τ cell divi ,

ccell divi , and dcell div
i described in Sect. 2.2 with bio-

chemical and mechanical quantities.

5.3 Applicable areas of our proposed model

In principle, detailed expressions of proliferative cell be-

haviors at the subcellular scale are limited in our pro-

posed model. For example, during mitosis, cell mechan-

ical properties become inhomogeneous at the subcel-

lular scale because of oriented configurations of stress

fibers and the division spindle. These inhomogeneities

in mechanical properties at the subcellular scale cannot

be expressed. This is because our proposed model can

only express proliferative cell behaviors over a range of

length scales no larger than a polygonal face, which is

the minimum unit comprising cell shapes in the RNR

model. Mechanical forces of the contractile ring that

pinch cell shape during mitosis are possible candidates

to be used in our proposed model. For example, these

effects could be expressed by introducing a potential

energy that decreases a contour length of a dividing

polygonal face similar to actomyosin contraction at api-

cal junctions, as expressed in 2D vertex model (Farhad-

ifar et al. 2007). Thus, when employing the proposed

model to explain how subcellular inhomogeneities af-

fect tissue morphogenesis, one possibility is to borrow

the potential energy such as that given in the 2D vertex
model.

To perform quantitative analysis using our proposed

model, the cell mechanical properties that we assumed

in our simulations need to be validated. In our proposed

model, morphologies of cells and tissues depend on cell

mechanics expressed by U in Eq. (2). For example, if
the cell surface elasticity was decreased or excluded,

cells would be flaccid. Because cell proliferation induces

pushing forces exerted on cells in the plane of tissue

sheet, cells would elongate perpendicular to the plane.

Hence, tissue thickness would be larger. In general, be-

cause cell shape is resulted from the force balance in

total cell mechanics, cell shape can be expressed by ad-

justing cell mechanics, such as elongated cell shapes in

Drosophila wings (Farhadifar et al. 2007). To perform

quantitative analysis, it will be necessary to experimen-

tally measure cell mechanical properties during tissue

morphogenesis, and a function of U and parameter val-

ues should be carefully chosen based on their contribu-

tions.
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5.4 Future perspectives

Our proposed model can be used to simulate multicel-

lular dynamics involving cell proliferation in 3D space
based on the mechanical forces through cell–cell bound-

aries. Our proposed model will be an aid in understand-

ing the mechanics of tissue morphogenesis involving cell

proliferation, and in particular, the relationships be-

tween multicellular dynamics and tissue morphogene-

sis. Using our proposed model, we attempted to ana-

lyze the mechanical functions of characteristic behav-

iors of proliferating cells during tissue morphogenesis.

Understanding these functions of cell proliferation is

necessary to provide a comprehensive understanding

of tissue morphogenesis and will become fundamental

knowledge for controlling tissue morphogenesis in tissue

engineering. Furthermore, general validation of our pro-

posed model warrants certain predictions for the mor-

phogenetic processes of tissues and even organs. Thus,

our proposed model will contribute to exploring the

frontiers of developmental biomechanics.

6 Conclusions

To analyze the mechanical effects of the proliferative

cell behaviors of cell division and growth on tissue mor-

phogenesis, we model cell proliferation based on a RNR

model framework. In our proposed model, cell division

was expressed by dividing a polyhedron at a planar sur-

face for which cell division behaviors were character-

ized by three quantities: timing, intracellular position,

and direction of the dividing plane. In addition, cell

growth was expressed by potential energy as a function

of individual cell times within their respective cell cy-

cles. To establish that proliferative cell behaviors can

be expressed, the morphodynamics of growing tissues

were simulated. Based on these results, tissues grew

with time, wherein the numbers of cells increased and

the average cell size and shape were maintained. Fur-

thermore, tissue morphology was dramatically different

based on the regulations for providing the cell division

direction. From these results, our proposed model suc-

cessfully expressed proliferative cell behaviors based on

a RNR model framework. Using our proposed model,

we attempted to determine the general effects of prolif-

erative cell behaviors on tissue morphogenesis at a scale

of multiple cells.
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