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EXPLORATION AROUND STRONG CONVERGENCE THEOREMS I

BINVREEZH>TI

R IERIE R IFZE AT AT sElE (Yukio Takeuchi)
Takahashi Institute for Nonlinear Analysisl

1. £#

AR CHRINGRE L & RIF T 2 0413 “Banach Z2[H] E D §9 compact IS C _EDIEE
KEOEHETIZOWT, Rl z € F(T) ={y € C: Ty = y} [ZHINKT 2 5 DK
FlE%, EEREMFDO TR TRUZSD” T, £ U T, ARk, T ORI ERIZD
WCTO—FED survey TY. EEVHNIXBEME-VwOT, REET L LE UL

WL DD DRI ERZ 28 CTRRLUET. TN6IE, FHEFMOEE > TOWRWE
H 23 Z2INE, BHZZONBHOHILTY. ZD7=dh, < OFEHE X, Hr L WITEIZ
M2, ZOREREMOIEFERMITIFNLHERED A, UL, EEOKRT~F a7
ik, B2 S B H 0 £97. IR, Hilbert Z2RIZE W T X A, Browder FLDEH (&
B 2.1), Halpern B> E B (7€ 2.2), projection FLDEHL (FEHE 2.3 72 &) DFHH DORfR
X, FAREER SN TOERA. Browder OFEH 2.1 120WTX, fFHZ R T5 2 &
IZ&oT, BEEICSZORMNLMEELZ M TS ET. UL, ZOEHD Banach 224
ANDHEFETH % Reich DEHE 2.4 % Takahashi-Ueda DEHE 2.5 12 DWW T, FFHH % MGt
LTH, 205 Z2EROHBE TIXEETE A, 15 DO T T, GEHHZ imIEmMIz
BOZLIETETH, ZOREHP S, BN DRFEEPHIIZIZZP T ER - TEEEA.
o T, BHEDOREIZIE, ki3 TH, TNSOEIHOMIE D I T & B3
WHOREER, 1 & DSV BEDPE S D OFMEER LI, BEKRTIE RV EBWE T,

ZORRRBUS S DE 1AL LT, RRETI, SRIPCREEEOME, fHHOR#IZD\WT,
ZD—EEFEL 3. BT, Hilbert 22/ T® Browder D 2.1 & projection
DEHOHEBRZEEL 3. FH 2.1 ® Banach ZE[H]ANDHEHE T H % Takahashi-Ueda d
ERL 2.5 1%, HEETRELAVSVWRRSLLEFEZIZEZTWET. L2rL, 2z, 50
IFEBRDOHRELUERFA. 72720, SRICERDPE LNERVWDT, £fI s S50, &k
DIRNZETOMEED WL DT D WTIHEDI L £ 9. Halpern BLDEH 2.2 1% Hilbert
ZERIDOTRTHDICELED ST, ERI N D I ORGP EIH 2.1 TEKRI NS
Browder #4 g% & OEALRIL, ZDIEHD S, B IEE A FHEA. 72720, €22 %218
BIHRD B> THOND 2 iEH D £7. 2P T, ZORBBLROMERR & 5% DY %
AT, —kk Gateaux 4 AT REZ: / IV L % £ —Ffi™h Banach Z2[H]C, Takahashi-Ueda
DOEH 2.5 Z{{7E L T, Shioji-Takahashi DEH 2.6 #E < PIEEZHRKVIKD £7.
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2. WL DD DRI R EE

N ZEDBHITRTOESLS, REEBMIRTOELSL LET. CIFIIEEESE L,
JHH2 DT “FEZE” 2 AMKL £9. REICHAT 255 - BERITDOWTIE, Hi7-d TRE
THIAL £9. #1212, Banach 2] E 55 E OFHMES C O EADEF#/E LT OiEHE
B8 Po WEET 5720I121%, BEIZ—EDEM2EHETIHERH D £,

AEIOFTETIX, Hilbert 22 H OBFREAMNMES C LOFFIEREEFH T IZDOWT,
SR A E T D AL Ip DA el 2 f2 R U, 2Tk, TN o OIERZ R LU £ 7.

Theorem 2.1. Let C' be a bounded closed convex subset of a Hilbert space H and T be a
nonexpansive self-mapping on C. Let {a,} be a sequence in (0, 1) satisfying lim,, a,, = 0.
Let uw € C and define a sequence {w,} in C' by

wy, = ayu+ (1 —a,)w, for each n € N.
Then {w,} converges strongly to z = Pp(ryu.

B 2.1 13, Browder O AR FUEHE [1] LITXNIGRAYICEZETY. EH 2.1 D&M
Jiti 72 9 HEEREL {a,} & b-RE LIPS, EH 21 OFIETER S NS HF {w,} & b-1&
B A{a,} LHEIER u € CI2&2 B-RFIEIERZ LIZUET; a2 nig, Bz B-
MAI LT ET. bREK {a,} X a, € (0,1) & lim, a, = 0 &= HITT. KD
Banach B TH, MAE UFHERSIE, B-SAIXERTE ET. Mo, ne N T
WSy =au+(1—a)yforye C&325L, S, »WC LOMI/NGHRTHSDZ & DHER
138 % TF . Banach OMi/NEBREIR LY, S, OME—DREN T w, € CHBFHELFT.

Theorem 2.2. Let C be a bounded closed convex subset of a Hilbert space H and T be
a nonezxpansive self-mapping on C. Let {a,} be a sequence in (0,1) satisfying

(a) limp,a,=0, (b) Y, a,=00, (c) >, |ant1— ay| < 0.
Let w € C and define a sequence {x,} in C by x; € C' and
Tpy1 = apu+ (1 —a,)Tx, foreach n € N.
Then {x,} converges strongly to z = Pperyu.

AEHE 2.2 1, Wittmann [14] (2 & % Halpern BLORINAEH TS, EBE 2.2 D 5% i
7= SRR {a,} & wARE L IO, EHL 2.2 OFNETHEK I N5 551 {r,} & wAHREK
{a,}, TSR v, R 2 12 & D W-RFI IR Z L2 U 7. invds i g, Bz w-
S LI E T, wARK {an)} K an € (0,1) & (a), (b), (c) &= THHITH. —D
Banach ZEHITH, MHAE UFEE R O I1E, W4 {z,} WEKTESL I LIFHSNTT.

(a), (b) &, RMEAUTIZ, {a,} DELEARER M 0 IR T2 2 L 2 HEK L £97. {a,}
MY 0 IZHER DTSR U BFAIEE 22 51X, (a)—(c) & TR THEZ TN E 9. Wittmann D
ZM () 1, 0 1TREXR TR T B {a,} DPEFRAIEEIMP SEPITTND Z L 2HET D
HDTY. AUMEREEL, (c) LIFBRIELM (THORE) BIREINTVET.

EHL 2.1, 2.2 DAHIZ, hybrid & IEIEN 2 5RPCREROHINE R H D £97; “hybrid” &\
D FEIXBEREETED 5372 & 5 TF. LA L, hybrid B &\ 5 HHEEBUEZ T 1300 1R
T - T, ARETIE, T OMBEIEX 28T TRIZHIHT 5 projection B &\ S Hilg %
BNET. C % Banach [ E OB A, T % C FOHCOES, ue ELUET.

WY RO T T, {Po,ul 33 2 € F(T) IZHINKET 22N ES DK {C,} ©
EHFIEZ R LU7ZH D%, projection BIDRINVKREH L IERZ 212 LET. 272U, C,
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DA {y,} TH D case REEZAHBICHET 2 LHIBWAS RV TEET. 22
T,C,NFT) #0202 EL ZLIZLET; iofliNeZEx o NnEd.

RIZ, HDE2FEITE-oT,ne NTEILESG A, DPERTE Ty, € A, Behdel
£9. 2O {y,} Wz e F(T)IZTHIPURT 5 & &, 2O T & 2 FAHIPH{A,} 2FD
Floe & LIFOE T Takeuchi [12] Z#2MH. A, 0 DERIEX, —MICIE, ¥, & A, ITREFT S
EUNEEA, BE A, HEAH (A} bHARI LT ETOTERL T A0,

Hybrid B ORI K EH DOl & U T, Takahashi-Takeuchi-Kubota [9] 12 & % EEL 2.3
EXEITET. ZOEH 2.31%, AU 7z projection ORI ERL T T

Theorem 2.3 (Takahashi-Takeuchi-Kubota [9]). Let C' be a bounded closed conver
subset of a Hilbert space H and T be a nonexpansive self-mapping on C. Let a € (0, 1)
and {a,} be a sequence satisfying a, € (0,a] for alln € N. Generate {y,}, {Cy}, {z,}
by Cy =C, x1 € C, and yp, = apzy + (1 — an) Ty,

Cop1={2€Cr i lz—wll <llz—aull}, 21 =Fe,,u for each n € N.

Then, {x,} converges strongly to Ppyu.

Reich [4] IZEH 2.1 2 —FRIZIE 5 #2772 Banach 22255k U, Takahashi-Ueda [10] I
EHL 2.1 DRLDIEREMFE Uiz, T old, BRIEARIZDOWTORRDOR L UTHRR
INFE U7, %7z, Shioji-Takahashi [6] IZEH 2.2 % Banach ZZMIZHEHR L £ U 72.

IS DFEREMHA LU ET. 7272 U, Takahashi-Ueda OEEL 2.5 & Shioji-Takahashi
DREHL 2.6 D original DRI R DD D5 WD T, KR TIE, —kF Gateaux 4 7 BE
7 RO —ff Banach ZERIZEIER L TRl L £ 9. HETARELIE, ©H2.4-2.6
TlX, VIV LD ATREMEIZ H B DO —FREPMBNE SN T WS Z 2T, vk, KHEHE
IZE 2L, D RA DN HE D I PN EE R ERE RO Z L 2 RET 2IRETT.

Theorem 2.4 (Reich [4]). Let C be a closed convex subset of a uniformly smooth Banach
space E, and let T : C'— C' be a nonexpansive mapping with a fized point. Lel x belong
to C. Define for each 0 < k < 1 a point wy, in C' by wy, = kTwy, + (1 — k)x. Then the
strong limy_.1 wy, exists and is a fived point of T.

Theorem 2.5 (Takahashi-Ueda [10]). Let E be a uniformly convexr Banach space whose
norm is uniformly Gateaux differentiable. Let C be a bounded closed convez subset of E
and T be a nonexpansive self-mapping on C. Let {a,} be a sequence in (0,1) satisfying
lim, a, = 0. Let u € C and define a sequence {w,} in C by

wy, = apu+ (1 —a,)w, for each n € N.
Then {w,} converges strongly to z € F(T).

Theorem 2.6 (Shioji-Takahashi [6]). Let E be a uniformly convex Banach space whose
norm is uniformly Gateauzr differentiable. Let C' be a bounded closed conver subset of E
and T be a nonexpansive self-mapping on C. Let {a,} be a sequence in (0,1) satisfying

(a) lim,a, =0, (b) Y, a,=00, (¢c) X, |ant1—an| < oo.
Let u € C' and define a sequence {x,} in C by z; € C' and
Tpt1 = agu+ (1 —a,)Tx, foreach n e N.

Then {x,} converges strongly to z € F(T).



3. M

fERIZ M2 U 9. 3412 Hilbert Z2[H] & Banach 22 O MR 2 IE L £ 7.
FE %5 Banach Z2[H], E* % F OAMHKBNZERE LU, inz#dTE # {0} & L%
T. € EXy € E*IZ20VWT y*(x) & (z,y*) LR L, () 2P ET.
[z, v < |lz||lly*|| BERZ L £ 9. E OF#AEK%E By, ORI % Sp L RGLLET.

Clarkson @ M4 ® modulus § IFIRDFFIZEHZ I NE T

6(t) =inf{l — |3 (z+y)| : x.y € Bp, t < |lz —y||} forall te (0,2
E» o B* ~NOESMEGHR J 2 IRORRIZERL 7
Jr={z* € E: (x,z*) = ||z||[|z*], ||[=*]| = ||lz||} for each z € E.
JIE E 25 E* ~OESB G4 (normalized duality mapping) & IFIX £ 9. Hahn—

Banach ODFEH & D Jr # ¢ TS, 7, J(ax) = aJz (a € R) DHERIFEH T
E % Banach & ULET. 2D & & ROFEENKILL £3:

(1) Suppose C'is a closed convex subset of E. Then C' is weakly closed.

T%EDHAELGC O ENDEH{RELETS. TORHREAZ F(T) L RiLL £,
F(T) ={y € C: Ty =y} THIEHK (nonexpansive) &%, RN 5D I & TI:
Tz —Ty|| < ||z —yl for each z,y € C. E DEBRES C 925 R NDELL f Y coercive
L1, C D EH {x,} A, ||2,]| = oo 22T 251X lim, f(x,) =00 £725 T L TY.

E 7 Kadec—Klee property Z D &k, F Dl {x,} 2z € EIZHFIPER L, FHRIZ
laall} 5 ] VIS B 72 5 12, {0} D o 1 HURT 2 = & TF.

E %, AR ARIZE > T, B OWHEEL ALY ET. [, E=E* A
D&, EXRIRH (reflexive) EIHXNE 5 B D55 * fiAH & 596 MHA B 5 72
b, AFETIE “9AAE” OAZFEALET. 20L& E, AHRHMES L5 compact T

(2) Any bounded sequence {z,} in E has a weakly convergent subsequence.
E 38N (strictly convex) &1, || - | B REM AR I L TY;

11— @)z +ayl? < (1 - a)lle>+ally|® forall 2,y € E (x#y), ae (0,1),

E #3—H'Y (uniformly convex) & 1%, IRAIMILS D Z £ T 4(t) > 0 for all ¢ € (0,2].
E W3 —kfi7e 51F, E 133", BRATH Y KadeeKlee property 2 Hi5H £

z,y € Sp T &I, limyo([|a + ty|| — [|z]))/t PEIES B & &, / IV LD Gateaux 857
e, ® 20X B I 52 (smooth) & EWVWE T . /L LD —Fkk Gateaux 7 TTRE & 1,
ye Sp Zeiz, {IHlzly 2y € Sp it oW T—RRITIBRT 5 Z 8 TY

RO T PER B DO W T OEARWZRTEREN S, £  OBEBERFERIEINE T,

Lemma 3.1. Let C be a closed convex subset of a reflexive Banach space E. Let [ be
a lower semi—continuous convex function from C into R. Suppose f is coercive. Then
there is uw € C satisfying f(u) = inf.cc f(x) € R. Suppose further that f is strictly
convez. Then, such u is unique.

C & BN TRIEN 7 Banach Z2[H E OPFMES L LEd. 2O L&, |- || 1& coercive,
55 R ki DOMENTT. o T, Lemma 3.1 &V, uw € EZEIZ, |lu—y =
infyec |lu—yl| 2729 y, € CHMELDFERELET. wue EZLIZ Pou=y, CEKZ
NG P % ED S C DO EANDOREHE R (metric projection) & IFUNE T
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Hilbert ZE[f1X# 5 237 —FF™" Banach ZEfiIT&H 0, #iF 5 27 —Fk™ Banach ZE[fiZ, #
50, BEFEM, IR T KadecKlee property % £52 Banach 22T 9.
E %185 W7 —f"™ Banach 28t C 2 E OFMES, T %2 C LOEIEKEHEEHL
LET. 2o &, FlIE RO (3)-(9) DERMVBELL £T.
3) E* is smooth, strictly convex and reflexive.
4) J is a bijection from E onto E*; we can regard J as a mapping from E onto E*.
) J is norm to weak continuous.
6) The normalized duality mapping J* from E* onto E and J~! coincide.
7) z = Pcou if and only if z € C' and inf cc(z —y, J(u — 2)) > 0.
So, infyec(Pou —y, J(u — Pou)) > 0 holds.
(8) F(T) is closed and convex.
(9) Suppose further that C' is bounded. Then, F(T') # o.
(3)-(9) DIF & A LI S 27BN Banach ZEMTHRAZL, BEIZW L D0E & D
FIWGRMAETHGZ L £9728, FElIC i3l a2 LIz U £d.
FEHN DO HKIZB T 2 IRDOMAEIT R S H SN TWET; Weng [13], Xu [15] &2 S 8.

Lemma 3.2. Let {s,} be a sequence in [0,1] satisfying > -, s, = co. Let {d,} be a
sequence in [0,00) and let {e,} be a sequence in R satisfying limsup,, e, < 0. Let {c,}
be a sequence in [0,00) satisfying Y oo | ¢, < 00. Suppose dpi1 < (1= 8,)d, + Spen + ¢

for each n € N. Then lim, d,, = 0.
RO IE demiclosed principle [2] &I E T

Lemma 3.3. Let E be a uniformly convexr Banach space E. Let C be a bounded,
closed and convex subset of E and T be a nonexpansive self-mapping on C. Suppose
that {xz,} is a sequence in C which converges weakly to some z € C and satisfies
lim, | Tz, — x,|| =0. Then, z € F(T).

Hilbert Z2[ti] T ® Browder D&M % | & & H 78—k Banach 22 & Xftb L DD 4 i
THEELEYT. 20L& AbDAHRDOKEN, O I1XHE S H 72—k Banach 2/ B
DEFAMES, TIEC LOFEREAEHRTY. TIETOHERDPS, (1)-(9) LA
3.2, 332 HHICHATE X9, HIT, L HEH» SIROMEZIEHTE £7.
Lemma 3.4. Let E be a smooth uniformly convexr Banach space. Let C be a bounded
closed convex subset of E and T be a nonexpansive self-mapping on C. Let u € E and
{z,} be a sequence in E satisfying lim,, ||Tx, — z,|| =0 and
(3.1) timsup, Ju — 2. < Ju — Preryul].

Then {x,} converges strongly to Pperyu.

i 3.4 DFEETIX, (8),(9) £ v, F(T) XFEEMMESATH D, (2) &0, {z,} 1FF5
KIDEDINEFRFDET. 2= Ppyu & UET. {z,,} & 2/ IZHINKT 25058 U &
. limy, [Tz, — 2] = 0 LHHRE 3.3 &0, 27 € F(T) 2133, 2= Pogyu &/ VLHC
LT TEER LD, |2 — | < |27 —uf| <liminf; ||z, —ul| T, #>T, (3.1) &b,

[z —ull <27 —ul| <liminf; ||z, —ul| < limsup; ||z, —ul] < ||z —ul|.
ZDZ e, lim ||z, —ul = |z —ul| = |27 —ul| 2BXT. 2 = Ppoyu B —ETH
5t FeF(T)&Y, z=2 TY. EH KadecKlee property 25, {x,, —u}



P —u=z—ulZHPORT 2 2 L 2B @I N, {z,, —u} Yz —w ITHRIPURT 2 Z &8
D0 EI. S, {a,, } IF 2 ITHPERL £9. {2, } DEREDHNHKT HEHD A {2, } A
ZATHRIPUOR S 5 Z L 2 MR L E L. /o T, {n,} BED 2 ITHIPERL £ 9.

—73, 5 fiTl&, Halpern #1® Shioji-Takahashi D EH 2.6 %, —kk Gateaux 7 7T HE
7/ v 1% RO —Hfith Banach 22 C#FI L £ 9.

E #3—Fk Gateaux 5> TTREZR / )V s % £5D Banach 2272 51, IR L £ 9

(10) We can regard J as a mapping from F into E*.

(11) J is norm to weak*, uniformly continuous on each bounded subset of E.
Banach Z2[H] E % (4) 7» (10) OME 2 FTE, IROBIREZL 7

(12)  |lz+yl]* < ||z|* + 2(y, J(x +y)) for each z,y € E.
&I, E D Hilbert 28l H ThH 2 & SITRED, BEHELHFE 1 DAL £3. H Tl
BN GAR J DD THA TS . Ed 212, BONTEAARIIC IR D728, IRPERNL L £3:

(x, Jy) = (z,y) = (y,x) = (y, Juw) foreach z,y € H.

4. B—gi4

AHfiZzi@ L T, C ik Banach 22/ E OB RHMES, T1d C LOIERKAEHE L,
{wy} % bARE {a,} LHIfHIRuec CIZ&D B AFEUET. TIXEFGEHRTT.
ARHiTlE, Browder DEH 2.1 ZFFHL, IRD Z & 2 HEFR L £ 97 Hilbert ZEf T,
(4a) B-m {w, } 1Zu b & UTHEE ||u — Pperyul| OFIBROHIZFEEL £
(4b) Browder DL, FEE {C,} BPIRINTWEEAD, projection BT .
U, BRICEREED LD TIED D FHA. [RFBOFHRETOD B-ridl {w,} DFF
B Z2EBER LML £9. AMOEmZEL T, B4l {w,} 2D o> T, FH
OHlkE & FEDY, HETHERELET 2 Z L 2RV Z T WESWTT. RKiET
IR TEEFHADT, EORRMEIZHIRY D 2 D622 5Z 2130 EHA.

4.1. —fi%® Banach ZZ[E TD B-=73!.
RO (i) 1FFIFEM, (i) BEHTT:
(i) b FRE {a,} DEHEHNL bR DT, {w,} DIEEDHHHE B-HFITT.
(i) limy, |[Tw, — wy,| = 0.
(i) ZHER LU £ T, w, = au+ (1 —a,)Tw, £, ||w, — Tw,|| = a,|ju — Tw,|| TT. C
XEHR DT, lim, a, =0 & D lim, | Tw, — w,|| =0 B E V£ 7.
4.2. &S HR—HRT Banach ZZfE TD B—=731.

E %18 5 D78 —kki'h Banach 2 & U, flOREIFZDEE L LET. D&, (5
&0 JlEnorm to weak continuous T3 . £7z, (8), (9) & v, F(T) IFIEZEAMELATT.
B8 OME TR & b B (ii)-(v) ZHHL £ 7

(iil) [lw, — 2] < (u— 2, J(w, — 2)) foralln € N,z € F(T).

(iv) 0 < (u—wy, J(w, — 2)) forallne N, ze F(T).

FRIZz2e F(T),ne N2EELET. ZOLE AHITREEFET:
llwn — 2|I> = (anu + (1 — an)Tw, — 2, J(w, — 2))
= {a,(u—2)+ (1 —a,)(Tw, — 2), J(w, — 2))
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a0

< an<u =2 J(wn - Z)) ( an)HTwn - ZH”wn - Z”
San<u_z7 J(wn_ )> (1_an)Hwn_Z”2
BHELUT, a,€(0,1) 2FET 2L (i) 25X
an”wn - 2”2 < an<u -z J(wn - )>7 Hwn - Z||2 < <’LL - % J(wn - Z)>
72, IROBEBR®S (iv) MV E T
lwn = 21 < (u = 2, J(wn = 2)) = (u = wn, J(wy = 2)) + [Jwn — 2|
{v,} &2 bR {1, } LHlIfHRue CItisd BRI UET. {w,} 1E bR {a,} &
HRue ClZ&d B-RAITLEZ. ZDLE, ‘{Mi‘ﬁj‘zjb EJER
(v) {wp} & {v,} DY 2, 20 € CITHPURT 27251, 2 = 2" € F(T) TY.
(i) & 0 lim, [|Tw, — w,|]| = 0 TT. {w,} A 2* € CIZHWPEL T IFEiR DT,
|TzY — 2% =0, BB, 2 € F(T) TY. FHKIZ 2 EF( )TY. /o T, (iv) &b,

(U —wp, J(wy, —2%)) >0, (u—vy, J(v, — 2%)) >0 forall ne N.
(u—wy, J(wy, — 2°)) = (u— 2", J(w, — 2°)) + (z¥ — wy, J(w, — 2Y)), {w,} P’ z* € E
WZHERIR U, J 23 norm to weak THEfi& D, (u— 2, J(z¥ —2Y)) > 0. /> T,

(u—2" J(EZY=2") >0, (u—2z"J(="—2"))>0.
TITI( =) = —J(2 — ) BEET DL,
0<(u—2z"J="—=2") 4+ (u—2"J(z"—2"))
= (2" — 2", J(z¥ — 2")) = —|]2¥ — 2*|*.
ZDZehs, =2 F(T) 2B%7.
B, filfH SANE U 2 DD B-RA 2RI S 25 722 51F, W UAE RO L 9.
4.3. Hilbert ZE T B-R7l.

E % Hilbert B H & U, hDFREIFZDOEE L LET. 4R, F(T) FIEEFANMTT.
7z, BOIFREASNRIZ 22 D i@'i}’b (iv) IXIRDERIZZA D £9:
(Vl) 0< <u_wm‘](wn_z)>:<u_wmwn_z>

= (w, —z,u —wy,) = (w, —z,J(u—w,)) forall ne N, z¢€ F(T)
FEEURTWERIZ J 2R LE L. 22T, ne NI &IZ, C, 2IROBRIZERL X T
Co={yeC:{w,—y, J(u—wy)) = (w, —y,u—w,) >0}
DL E w, € C IXHMTT. £/, (vi) &V, 94 F(T)Cc C, foralln € N. FEIZ
S 2ZIEZERMNEA TS, (T) 2FE T DL w, = Po,bu TY. §RXTDneN
IZ2OWT, Prryu € F(T) C Cp & wy, = Po,u RISLL TV 6, IREFET -
sup,, [[u — wn|| < [lu — Preryull

(4a) ZHEZR L % U 7z: Hilbert 22 TI&, B-4l {w, } 1Zu Z2H0 & UTHEE |u— Preryul|
DEABRDHIZFACIAD 5N TWET. /o T, lim, || Tw, —w,| =0 £ ##HE 3.4 X0, {w,}
1E Preryu € F(T) IZBPCER U £97. Browder D EH 2.1 DFEHAE T L L .

(4b) B Z DFEH SHEFR T E % U7z Hilbert 22 Tld, Browder OEH I, M2
1%, B U7z C, PR N TV projection BITT . O, AR U 72212 Po,u D3k
FHWEDPIEE NI, w, DRICRES>TCw, ZHE->TC, ZERLTHET.



5. W—xi4l

Affizi@ LU T, C X Banach 22t E OB FREAMNMES, TIEC LOFFHLKECE /L L,
{z,} & wHRE {a,}, il ue C LWz, e CITED W-RFIELET.

AT, Shioji-Takahashi DEEE 2.6 4% L £ 9. Shioji- Takahashi (%, FEFRITIX
MOFIRZRUE Uz 28i L FAROFIERZ LTV T,

FARST. C % —kk Gateauz T TIRE: / IV I % ¥ D —FK1™ Banach 2ER E OB 5L
RELLET. T C LOFEHRKECEHL L, {2,} 2 wif {a,}, TR ueC L
MRz, e Clt&kd W EHELET. ZOLE, IRVRILLUET

(st) MR u e CITLBTRTD B-EFID 2 € F(T) IR 572 512,
W-ridl {x,} 2 € F(T) IR L 9.

Z D FiRk & Takahashi-Ueda DEM 2.5 02 5FH 2.6 2VEH I N F T T 2.1 05 E
o2 X nE g, wH 2.5 % FE ST D original DFEIHIX, Banach limit Zf#\>, 7>
PORTWVWEIEEAFEEA. 22T, 2010 FEED, FRSTOEEZEDOIIHEZRRAL 7,
fii 3.2 2 E# U Banach limit Z2#HH L TWERA. =720, ZHEHLVEDTIED
D ¥ A TUL7. Chidume-Chidume [3] i&, 2006 £4£12, 1EIX[H URERH % $2/R U, original
DFEA L X B BMELSH 2 L3R L TWET. Ehha Z 12, Shioji H& Y, 1998 4
IZ, Banach limit Z A U7Z2\WEEH 2 BEIZ§éR U T W E U 7z; HEiB% [5]. Shioji $, Banach
limit % # 5 original DFEA %, R RHBANIZE L TV TRV L BRI NE T,
7z, B 51, RSN B RIBIRNAEE S S EATVWS XS IBbnET.

5.1. —f#%® Banach ZZfETD W-=731.
RO (1) DKLU £
(I) limy, |Tx, — x| = 0.
CIFARTINS, K =sup,eo |yl <o & ULET. FRIZne N ZETLXT.

[Znt2 = Tnsall = llans1u + (1 = an1) T g — (anu + (1 = a,)Tay,) ||
< Nangr = anlllull + (1 = an ) 1T 201 — Topl| + [ans1 — an || Tz, ||

< (1 - an+1)||$n+l - xnll + ape1 X 0+ 2K|an+1 - an|~
WFH {0} 1 (b),(c) BT DT, H 3.2 £ 1 Timy, ||zns1— | = 0 £/BEF. E72,

|20 — Toul| < [ Tn1 — Tnl + [|041 — Tn|

= ||Zn1 — wull + anllu — 2| < |20 — 20| + 20, K

o T, lim,a, =0 &Y, lim, |z, — Ta,|| =0 213 £ 7.

Fik ST OFEHZ NS 5 &, (c) IF lim, [z, — Tz,|| = 0 ZRT E EDABLETT.
A€ (0,1), Sy =AM+ (1-NT ELET. S, »C LOEEREGETHD L L F(T) =
F(Sy) ODHERITAEZ TT. Suzuki [7) 1%, T ORDDIZ S, #HEAL, HE (a),(b) 21 %
155E U 7= HlE R A {0, }, TR u € O, ¥R vy, € C 12 &Ko T, EEL 2.2 DFIET 5]
{yn} BHEKLUE L7z, 2L T, limy, |y, — Saval = 023E5N5 Z 2 2R U £ L7, Bk
HWRERTETD, R TIERL, EEPSPRENS 72D, TN LIFEA L EEA.
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5.2. —Fkk Gateaux MO AEEAR / L A% FD—R(™M Banach Z2REITO W-=731.

E % —Fk Gateaux T TTREZR / )V L % ;D —Ffi™ Banach 28 & U, DR EIXZE D
FFELLET. 20L& F(T)IFFEEMAMEATT. BERST Z3EHL £7.

W 51 {x,} DYEE lim,, ||z, — Tx,| =0 £ 0, IROBRIR {b,} C (0,00) PFEL X7

(bs) lim,b, =0, |x, —Tz,|| =02 if ||z, — Tz,| #0
+aKERNn € NIZDWTIED, € (0,1) DT, {b,} & bR L ABREET. ZOkk
1, BRI, {|z, — Ta,||} £ 03 o BRI 0IICPURT 2 bR {b,} EF XD
ZeNTEXET. ZO{b,) eHlflimue CItk2dB-rZE {w,} ELET. IKELD,
{w,} 3B B 29 € F(T) TR L 9. 2 LT, ko (1) OfRE BREL L9

(IT)  limsup,(u — 2o, J (2, — 20)) < 0.

HIRHZRARET. a, € (0,1) ZF LT, (12) BR[|z + y|* < ||lz]]? + 2y, J(z + v))
Ty — 20 = ap(u—20) + (1 — a,) (T, — 20) WHEALE Y. EDn e NIZDWT,
241 = 2oll* < (1 = @n)(Tan — 20)* + 2{an(u — 20), J(@ns1 — 20))

< (1= an)llwn — 20ll” + an(2(u — 20, J(Tn41 — 20)))-

o T, (1) DENLDHER T E NI, wARE {a,} & (b) ZW723 DT, M 32 kD
lim,, ||z, — zo||2 = 0 213 £ $. BB, W1 {z,} 13 20 € F(T) IZBRIUGEL £ 7.

(1) ZFERL £9. b, € (0,1) BTN, w, — 2, = by (u—2z,)+(1=b,)(Tw, —,)
E(12) &0, EEDn € NITDOWT,
(%) [|wy, — InHZ < (1 = b)) (Tw, — In)Hz + 2(b(u — @), J(wy, — )

< (1 =) (| Twn = Ty || + | Tz, — 24]])
+ 2bn<(u —Wy) + (wn, — xp), J (W, — )
< (1= ba)*lwn — a® + 207 |wn, — | + by
+ 20, ||wy, — 20|24 20, (0 — wy, J (w0, — 2)).
BEUT, by € (0,1), K =sup,ec |Jyl| < oo ZFH I
2bn<u — Wn, J(xn - wn)> < bi”wn - xn||2 + Qbi”wn - ‘En” + bi,
(u—wy, J(x, —wy)) < 3b,(4K?) + b, (2K) + $b5.

ZORERL lim, b, =0 X0, IRHBWIZL £

(ITa) limsup,,(u — wy, J(z, —w,)) < 0.
F2, EEDn e NIZOWT, IROBBOKRIIT 2 Z L IZH ST,
(u — zo, J (x5, — 20))

= (= 20, (on — 20)) = = 20, T~ w3))

+ ((u— 20, J(2y, — wy)) — (u— wy, J(xn, — wy))) + (U — Wy, J(x, — wy))

< (u— 20, J (@ — 20) = J (@0 — w)) + ||wn — 20| ||z — wall + (u — wy, (20 — wn)).
ZZETOHEMMPS, CIIFAERTH Y, (Ila), lim, |w, — 2| = 0L LTWET. F
7z, limy, ||(z, — 20) — (@, —wy)|| = 0THH, (11) £, JIFEFRRES LT norm to
weak T—HREHETT. TNohro, REF/ET.

lim sup,,(u — 2o, J (2, — 20)) < 0+ 0+ limsup, (v — w,, J(x, —w,)) <O0.



() MR U U7z, Wb, EiRE ST OFFMHANE T L Uz, O, (11) 2L
TWB DT, E Wk Gateaux O TTRER / IV L&D WS XMEE2EBITEFA.

5.3. Hilbert 2RI T®OH W-=R7l.

E#Hilbert 21 H & U, DZREXZTDEFLLET. ZDEE 52fik £-72<
HUFIET, €M 2.1 025 M 22038 E . 72720, Ridl i?o&ﬁ%@ 9.
FHL 2.1 DFERD S, MR TT D, W51 {2} 1 Prryu (IR L £77,

ZZET, EH 21(25) 5 ER 2.2(2.6) L FIHEMEH L E L. KFHEHRYIK
DET. {z,} & wtREB {a,}, TR ue C LMKz, e CITEDW-FFIE LK LT

12, {o, P ITHRIFE T 2R 7 B8 {w,} ZHEKL E U7z BB, lim, ||z, — T, =0
&0, (bs) Ziii72 9 bARE{b,} PEFEIEL, ZD {b,} LR u e CITLD B %
{fw,} EUE U EH 2156, {w,} ¥ 20 = Preyu [ZEPERL £9. 2D {w,} O
B {z,} LOBED S limsup, (u —w,, J(z, —w,)) <0ZEEZ ZhET 3T {w,} B
29 = Ppopyu (ZHPURT 5 2 & 2m UK Uiz, 72720, limsup, (u — w,, J(z, — w,)) <0
WA T limsup, (u — 20, J(z, — 20)) < OPMEAI N E U7z, £ LT, Banach Z2[H T3
MY DL EITE, BIEDSREZESEIINET 2RMADVPHEICRD £7.

FEER 2.2 13 Hilbert ZEM D FIRTH 5 12 %Eg?bb’ﬁ‘ TR U723 &, W 5 D &AATHY
P AR B O 05 & I A 2 B £ T, I 2.2 REHA SR D EU W
Az, } & B RF {w, } 1EE—D R Prryu lTHIBBRL £ 5, lim, ||z, —w, || = 0 KO
limsup,, ||z, —u|| < ||ju— Pperyu| D382 U %97, Hilbert Z IR WHE 2 KD DT, “#
8172 B 14 {w), } Z3ENE, lim, ||z, —w)|| = 0 72 E limsup,, ||u—z,|| < |lu— Prerul
ZHITRDDIEMNTET, 2O eh o, EH 2.2 ORMIMEZELIT LV S5E D
FEADE SN D TIHRWVWD EEZEZDDIIRERTIEDD EFHA. Lo, ek
LT, ZZETOFERATDBEMBIERTIE, 20 2LV ESH 5 £< L\%i‘d‘/\/

6. HILBERT 72 [ oD j U} o & 1

AR Dk & %3 % & Hilbert 2 F'ﬁf 1E, IRD (#) DAL S DRRICE DN E T

(#) TARTOBNAEEIE, LML, FFPA#IPH % £ projection BT

z € F(T) \Z5UR S % w51 {y, } f)§$?ﬁa’%% (P)lIZ&koTEHEIND L L, e, € (0,00) &
lim, e, =0 &7z 385 {e,} 2LV ET. ne NTLIZA, ={yeC: |ly—v. <en.}
LT, FheE (P) X, BEINICIFAHRID] {AL} 2R DOTFHi & (AP) L AREXT.

53D S EZBELET. {w,} ZEKT 2 FHiE (Pb) &, 4 fioiEiw L 0, BRI
I projection BT U7z, £7z, @HL 2.2 Offiwd S Ik 0 BN, lim, ||z, — wn|| =0TY.
WoT,ne NITLIZA, ={yeC:|ly—w| <||lzn—w,|} &FTHIX, (Pb) & A HiH
{A,} ZFOF#Hi & (APD) L AREET; 2y, w, € A, IFEHHATY. 2720, |z, — w,|

DFM D72\ ND T, AN iR TS, BH, Hllbert ZE[H T 1%, Browder B DI R E
2.1 & Halpern BIOFRINHER 2.2 1, FERIIZ 1L, FFrEHIFH % £FD projection BT,

FARBPHIZOVWTHIEL £, %5?%%&%@%5"@@%%%% 9. ZOEAIT
WH, FhiE Y L7 IC X > TEBICFIZTE R0, BEE 5 (R0 &
MoEDTN, UL IFIOTNETUL L2 FFAOFERERBINET. EEEAET.
ZUTC, 6, stepn TEDFAED FFRELET. ZOLE lim, 5, =027 6,=0
ANRE SURES ﬂifi%:?lbiﬁ/u KO~ po)ﬁ&@ %:hfm\fpbf—g“ %
HZH, PZItkoTE, HEL TR CERESEELEZVRS LNVERA. 20
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&, IR IREAEEED R RDOEZ RN SWH SN TT; TN [11] 22, 72, BfEL
HRMVFIET 2 L &, BT, BRI 2RS0T NREAICER 2 Z WS
NEY. TOHMITHE AT NIE, FEEROTE L IWEPRL Y, B LTS E 2
BRDPH O ET. G L0 FRIFBARDCCHER A I & > TEBEIRS A9

0, %, THEEDNEE UWHRICES 2012, HRRICHFATES 1 20#IE2 525
OBATIHFAOFRLRABELET. ZOL EITE, lim, 6, =022 320 5, =0
EWS ML ARETY. 72720, FA#EIPIIX, EE, S SPRERIZ, 1 DI EERIZ L -
THEAOND LR EA. BB, ERUE (A} AR, FEEED 1 DOflicd &
FHA. BEHEHE WO BRI, R L WO FEOBKE £ 5 Z L ZTHHM T
<, 2O, HBWVIFEBIL 7z, Rt efike AHEIICRZ 2 DIt EAS N E L.
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