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Abstract 

In this paper, we define a quadrilateral inequality and an iterative of Xu-Ori 
type in CAT(l) spaces. Furthermore, we prove a convergence theorem of the 
Xu-Ori type method in the same space by using the quadrilateral inequality. 

1 I ntroduction 

Fixed point theory has been investigated by many mathematicians in recent years. 

In particular, approximating a common fixed point of a nonlinear mapping is one of 

the major topics in this theory. We have been researching some types of approximating 

iteration for finding a fixed point in Banach spaces, Hilbert spaces and geodesic spaces. 

For example, there are some implicit type methods such as Browder type [7] and Xu-

Ori type [8]. 

Recently, Kimura [3] proved the following convergence theorem with multiple an-

chor points in a complete CAT(O) space. It was inspired by the idea of the sequence 
of Browder's theorem. 

Theorem 1.1 (Kimura [3]). Let X be a Hadamard space, T: X →X be a nonex-

pansive mapping such that F(T)=I-0 and u1墨2,...，叫 EX.Suppose {an} C ]O, 1[ 

is a real sequence such that O:n→0. For k = l, 2,..., r, let｛虎｝ c[O, 1] such that 
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江＝1虎＝ land閃→屈 E[O, l]. Define {xn} c X by 

Xn = a~累in (O:n苔閤d(y,Uk戸＋ （1 -O:n)d(y, Txn)2) 

for n E N. Then, {xn} converges to a unique minimizer of a function g on F(T), 

where g: X→ 尺 isdefined by 

r 

g(y) = L虎d(y，狐）汽
k=l 

for y EX. 

On the other hand, in the following△-convergence theorem with an implicit itera— 

tive scheme for a finite family of nonexpansive mappings proved by Kimura [4] took 

in the idea of Xu and Ori's iterative method. 

Theorem 1.2 (Kimura [4]). Let X be a Hadamard space and Tk: X→X a nonex-

pansive mapping fork= 1, 2, 
N ..., N such that n~v=l F(T,砂=I-0. Suppose｛心｝ C]0, 1[ 

is a real sequence fork= 0, 1,..., N such that江。aな＝ 1.For given x1 E X, gen-
erate a sequence { Xn} C X satisfying that 

Xn+I = aryg~閃in （心（Xn，研＋苫心(T戸n+I, Y)2) 
for n E N. Then, { Xn} is well-defined and△-convergent to some Xo E nf=l F(T,砂

In this paper, we propose a quadrilateral inequality in a CAT(l) space and prove 
an implicit iterative method for some nonexpansive mappings in this space. 

2 Prelimi reliminaries 

Let X be a metric space. For x, y EX, a mapping c: [O, 1]→X is called a geodesic 

with endpoints x,y EX  if it satisfies c(O) = x,c(l) = y, and d(c(t),c(s)) = It-sl for 
every t, s E [O, 1]. If a geodesic with endpoints y and z exists for any y, z E X, we 
call X is a geodesic space. In this work, we suppose X has a unique geodesic for any 

y, z EX. Then, we denote the image of the geodesic with y, z EX  by [y, z], which is 
well defined. 

For x, y, z E X, a geodesic triangle△(x, y, z) is define~ as the union of three 
segments [y, z], [z, x], and [x, y]. Its comparison triangle△（元，fl,芝） withd(fl,芝） ＋ 
d(z，元）＋ d（元，fl)く 21ris defined as the triangle in the 2-dimensional unit sphere §2 
whose length of each corresponding edge is identical with that of the original triangle; 

d(y,z) = d§2(y,z), d(z,x) = d§2(z,元）， d(x,y) = d§2（元，ク）．
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If for any geodesic triangle△(x, y, z) with d(y, :) + d(z, x) + d(x, y) < 2n and 
p,q E△(x, y, z) and their comparison points p, ij E△（元，y,z), the inequality 

d(p, q) ::;如(p,ii) 

holds, then we call X a CAT(l) space. Moreover, X is called admissible if for any 

u,v EX, d(u,v) < l 
For x, y E X with d(x, y) < n and t E [O, 1], there exists a unique point z E [x, y] 

such that d(x, z) = (1-t)d(x, y) and d(z, y) = td(x, y). We denote it by tx① (1-t)y. 
In an admissible CAT(l) space X, the following inequality holds; 

cos d(z, tx 〶 (1 -t)y) sin d(x, y) 2: cos d(z, x) sin td(x, y) + cos d(z, y) sin(l -t)d(x, y), 

for every x, y, z EX  and t E [O, 1]. 
A mapping U : X→X is a contraction if there exists(3E [O, 1[ such that 

d(Ux, Uy)::;(3d(x,y) 

for every x, y EX. The famous Banach contraction principle guarantees the existence 
and uniqueness of a fixed point of U. Furthermore, a mapping T : X→Xis called 
nonexpansive if 

d(Tx, Ty) ::; d(x, y) 

for every x, y E X. We know the set F(T) = { z E X : z = Tz} of all fixed points of 
nonexpansive T is closed and convex. 

Let { Xn} C X be a bounded sequence. Put r(x, { Xn}) = lim supn→00 d(x, Xn) for 
x E X. Then, the asymptotic radius r({ Xn}) of { Xn} is defined by 

r({xn}) = inf,r(x,{xn}). 
xEX 

The asymptotic center AC({ Xn}) of { Xn} is a set of point p E X satisfying 

r(p,{xn}) =r({xn}). 

We say {xn} is△-convergent to q E X if q is the unique asymptotic center of any 
subsequence of {xn}-In an admissible CAT(l) space, we know that an asymptotic 
center of { xn} is always singleton. 

The following theorem is helpful to show the well-defineness of some mappings in 
this paper. 

Theorem 2.1 (Sasaki [6]). Let X be a complete admissible CAT(l) space and C a 
nonempty closed convex subset of X. For u1,u2,...,uN EX  and針，厖．．．，恥 E

[O, 1] with ~f=1 煤＝ 1, define a function g : X→ ]0, 1] by 

N 

g(x) = I:麻 cosd(uk, x) 
k=l 

for all x E X. Then, g has a unique maximizer on C. 
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3 Main results 

To prove our main result, we first show the following lemmas. These lemmas are 
proved in Kimura and Torii [5]. For the sake of completeness, we show the proofs. 

Lemma 3.1. Let X be an admissible CAT(l) space and x, y, z, w E X. Then, the 
following inequality holds: 

cosd(x,y) + cosd(y,z) + cosd(z,w) + cosd(w,x) ::=; 4cos~cos~. 
d(x,z) __ d(y,w) 

2 2 

Proof. Let m1 = ½Y ① ½w，叩＝柘①½z. Then we have 

cosd(mぃ匹）cos~cos 
d(x,z) d(y,W) 

2 2 
l d(y,W) 1 

> -cosd(m口）cos~+ ~cosd(m1,z)cos 
d(y, w) 

-2 2 2 2 

= ~ cosd (~y ①い） cos¥+~cosd (~y ① ;w,z)cos¥ 

~ ~ (~ cosd(y, x) + ~ cosd(w, x)) + ~ (~ cosd(y, z) + ~ cosd(w, z)) 
1 

= ~ (cosd(x,y) +cosd(y,z) +cosd(z,w) +cosd(w,x)). 
4 

Since 1 ~ cosd(m1，四）， weget 

cosd(x,y) +cosd(y,z) +cosd(z,w) +cosd(w,x)~4cos~cos 
d(x,z) d(y,W) 

2 2'  

the desired result. 口

Lemma 3.2 (The quadrilateral inequality in CAT(l) spaces). Let X be an admissible 

CAT(l) space and x, y, z, w EX. Then, the following inequality holds: 

(1 -cosd(x, z)) + (1 -cos d(y, w)) 

::=:; (1 -cos d(x, y)) + (1 -cos d(y, z)) + (1 -cos d(z, w)) + (1 -cos d(w, x)). 

Proof. From Lemma 3.1, we get 

1 
~ (cos d(x, y) + cos d(y, z) + cos d(z, w) + cos d(w, x)) 
4 

d(x,z) d(y,W) d(x,z) d(y,W) 
< cos ~ cos 2 

2 2 (COS 2 cos22 

::=:; ~ (cos2¥+cos2¥) 
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= ； （1+ co:d(x,z) + 1 + cos2d(y,W)） 
1 

= ~(cos d(x, z) + cos d(y, w) + 2). 
4 

Therefore, we get 

(1 -cosd(x, z)) + (1 -cos d(y, w)) 

::::; (1 -cos d(x, y)) + (1 -cos d(y, z)) + (1 -cos d(z, w)) + (1 -cos d(w, x)). 

This is the desired result. 口

Lemma 3.3. Let X be a metric space with d(u, v) :S:: i for any u, v E X and U : 
X →X a mapping. Suppose(3E [O, l[. If for any x, y EX, 

1-cosd(Ux, Uy)こ(3(1-cosd(x,y)), 

then U is a contraction. 

Proof. Since 

we have 

1-cosd(Ux, Uy)(3（1-cosd(x,y)) 

2 
ご

2 

• 2 d(Ux, uy) 
sm 

2 

＜・ 2d(x, y) 
_ gsm 2.  

Since sin(•) is a concave function on [O,引， weget 

d(Ux, Uy) 
sin ~ :S ~ si 

d(x, y) 喜 d(x,y)
sin ~ < sin 

2 2 ― 2.  

Since sin(・) is increasing on [O, ~], we get 

Therefore, we have 

d(Ux, Uy) 嘉 d(x,y)

2 
こ

2 

d(Ux, Uy)さ..fed(x,y) 

Since fJ E [O, 1 [, this implies U is a contraction. 

By using above lemmas, we can show the following theorem. 

口

Theorem 3.4. Let X be a complete CAT(l) space with d(u, v) < i for any u, v E X 

and Ti: X→X nonexpansive mappings for i = l, 2,..., k. Let u EX  and a E] 1 ½, 1[. 
For i = l, 2,..., k, let比E]O, 1[ such that区いが＝ l.Define U: X→X by 

k 

Ux=ar累'.1x{ acosd(z,u) + (1 -a)ご(3icosd(z, T.江）｝

for every x E X. Then U is well-defined and a contraction. 
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Proof. U is well-defined as a single-valued mapping on X by Theorem 2.1. Let 
x, y E X. If d(Ux, Uy) = 0, then it is obvious that d(Ux, Uy) S /Jd(x, y) for any 
/3 E [O, l[. Thus, we consider the case of d(Ux, Uy)=I-0. Fort E ]O, 1[, we have 

(acosd(Ux,u) + (1-a)文げcosd(Ux,T.心） sind(Ux,Uy) 

2 acosd(tux 〶 (1 - i=1 )sind(Ux,Uy)) 

+ (1 -0:)とげcosd(tUx① (1-t)Uy, T.心）sind(Ux,Uy) 
i=l 

2 a(cosd(Ux, u) sintd(Ux, Uy)+ cosd(Uy, u) sin(l -t)d(Ux, Uy)) 

k 

+ (1 -0:)区が（cosd(Ux,Tix) sintd(Ux, Uy)+ cosd(Uy, Tix) sin(l -t)d(Ux, Uy)) 

i=l 

= (acosd(Ux,u) + (1-0:) t,げcosd(Ux,Tix)) sintd(Ux, Uy) 

+ (acosd(Uy,u) + (1-0:)言げcosd(Uy,T,心）） sin(l-t)d(Ux, Uy) 

Thus, we get 

(acosd(Ux,u) + (1-0:) t,げcosd(Ux,T.心）） ~,Uy)
i=l 

sin(l -t)d(U x, Uy) 

k 

2 acosd(Uy,u) + (1-a)とげcosd(Uy,T.心）．
i=l 

Letting t→1, we have 

(acosd(Ux,u) + (1 -a)喜(3icosd(Ux, Tix)) cosd(Ux, Uy) 

k 

：：：：： acosd(Uy,u) + (1-a)と(3icos d(Uy, T,心）．
i=l 

Similarly, we get 

(acosd(Uy,u) + (1-a) t,げcosd(Uy,Tiy)) cosd(Ux, Uy) 
i=l 

k 

2". acosd(Ux,u) + (1-a)こげcosd(Ux,Tiy).
i=l 
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Therefore, we get 

(acosd(Ux,u) + (1-a)文(3icos d(U x, T,心）
i=l 

k 

+ acosd(Uy,u) + (1-a)と(3icosd(Uy, Tiy)) cosd(Ux, Uy) 
i=l 

k 

2 acosd(Uy,u) + (1-a)と(3'cosd(Uy, T,心）
i=l 

k 

+ acosd(Ux,u) + (1-a)と(3icosd(Ux,Tiy),
i=l 

Therefore, we get 

(acosd(Ux,u) + (1-a)文(3icos d(Uy, T.心）
i=l 

+ acosd(Uy,u) + (1-a) t,(3i cosd(Ux, Tiy)) (1 -cos d(Ux, Uy)) 

::S; (1-a) cosd(Ux, Uy)言(3'((1-cosd(Uy, Tix))+ (1 -cosd(Ux, Tiy)) 

-(1-cosd(Ux,T.心））ー (1-cos d(Uy, Tiy))). 

By Lemma 3.2, we obtain 

(acosd(Ux,u) + (1-a) t,(3兄osd(Uy,T.心）
i=l 

+acosd(Uy,u) + (1-a) t,(3i cosd(Ux, Tiy)) (1-cosd(Ux, Uy)) 

::::; (1-a) cosd(Ux, Uy) t,(3i((l -cosd(Ux, Uy))+ (1-cosd(T.心，Tiy)))

::::; (1 -a)((l -cosd(Ux, Uy))+ (1 -cosd(x, y))). 
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Thus, we get 

(acosd(Ux,u) + (1-a)文げcosd(Uy,T,心）
i=l 

+acosd(Uy,u) + (1-a)言げcosd(Uy,Tiy) -(1-a)) (1-cosd(Ux, Uy)) 

~ (1-a)(l -cosd(x,y)). 

Since½< cosd(u,v) ~ 1 for any u,v EX, we get 

k 

acosd(Ux,u) + (1-a)区げcosd(Ux,Tx)
i=l 

+ acosd(Uy,u) + (1-a) t,/3i cosd(Uy, Ty) -(1 -a) 

1 1 
>2(~a+~(l-a))-l+a=a, 

that is, we get 

and thus 

a(I-cosd(Ux,Uy)）:::; (I -a)(l -cosd(x,y)). 

1-a 
1-cosd(Ux, Uy)::; -=------::---=(1 -cosd(x,y)). 

a 

Since ¾ < a < 1. we have O < 1-a 
2 

。<1.Hence U is a contraction by Lemma 3.3. ロ

In Theorem 3.4, U has a unique fixed point x E X. That is, it satisfies that 

k 

x = Ux = arグ悶ax{ acosd(z,u) +(I-a)苫(3tcosd(z,T心）｝．

Thus we can define a sequence { Xn} by 

k 

Xn = ar~悶ax { O:n cos d(z, u) + (1 一％）苫 /3~ cos d(z, Tix→｝ 
where an E ]½, 1 [ and(3;E ]O, 1[ for i = 1, 2,..., kin a CAT(l) space. However, since 
{ an} cannot tend to 0, we cannot show the Browder's type convergence theorem 
in CAT(l) spaces for this mapping. On the other hand, we can show the following 
convergence theorem. 
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Theorem 3.5. Let X be a complete CAT(l) space with d(u, v) < j for any u, v E X. 

For i = 1, 2,..., k, let Ti : X -+ X b 
k → e nonexpansive mappings with n7=1 F(Ti) # 0. 

Suppose { an} C股 anda E良 suchthat ½ < anさa< 1 for n E N. Let {/3;｝C ]O, 1[ 
k 

for i = 1, 2,..., k such that区7=1/3;＝1. Let x1 E X and generate { Xn} as follows: 
For n E N and given Xn E X, let Xn+ 1 be a unique point in X satisfying that 

叫＋1= ar累?'x{ an cos d(zふ） ＋ （1-an) t,(3；cos d(z, T,凸＋1)}

Then, { Xn} is well-defined and△-convergent to some Xo E nいF(T』.

Proof. Define a mapping Vn : X→Xby 

V詞＝ ar累'.'1-x{ an cos d(z, Xn) + (1 -％）言況cosd(z, T.心）｝

for every x E X. Then, Vn is well-defined as a single-valued mapping on X by 
Theorem 2.1. We can show that Vn is a contraction in the same way as the proof of 
Theorem 3.4 and thus it has a unique fixed point Xn+1 E X. That is, it satisfies that 

Xn+l = V,紅 n+l= arf~ax { an cosd(z, Xn) + (1 -an) t,(3註osd(z, TiXn+1)}. 
zEX i=l 

This implies that Xn+l satisfying this equation exists uniquely, and hence { Xn} is 

well-defined. Next, we show {xn} is△-convergent to some Xo E n~=1 F(T,』.Leti=l 
pEnいF(Ti)and t E ]O, l[. Then, we have 

（知cosd(xn, Xn+l) + (1ー％）喜(3;cosd(TiXn+1,Xn+1))sind(xn+1,P) 

＝ （ancosd(xn, V,砂 n+1)+ (1 -an) t,(3;cosd(TiXn+l, VnXn+1)) sind(xn+1,P) 

~ an cosd(xn, txn+l E8 (1-t)p) sind(xn+1,P) 

k 

+ (1-%)と(3;cosd(TiXn+i,txn+l CD (1 -t)p) sind(xn+1,P) 
i=l 

~ an(cos d(xn, Xn+1) sin td(xn+1,P) + cos d(xn,P) sin(l -t)d(xn+1,P)) 

k 

+ (1-いと(3;(cosd(T,心n+l,Xn+1) sin td(xn+1,P) 
i=l 

+ cosd(T,心n+1,P)sind(l -t)(xn+1,P)) 
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= (O:n cos d(xか％＋1)+ (1 -い喜芯cosd(T,心n+l,Xn+l)) sin td(Xn+1,P) 

＋ （叩cosd(xn,P)+ (1一％）苫尻cosd(TiXn+1,P))sin(l -t)d(xn+1,P) 

Thus, we get 

(O:n cos d(xn心＋1)+ (1 -い言乳cosd(T,心n+1,Xn+1))

sind(xn+1,P) -sintd(xn+1,P) 
X 

sin(l -t)d(xn+1,P) 

2'. O:n cosd(xn,P) + (1 -an) cosd(Txn+1,p). 

Letting t→1, we have 

cosd(xn+1,P) 

2: (O:ncosd(xn心＋1)+ (1 -O:n) t,芯cosd(T,心n+l,Xn+1)) COS d(xn+l,p) 
i=l 

2'. O:ncosd(xn,P) + (1-O:n)cosd(Xn+1,P)-

Therefore, since {an} C ]½,a], we obtain 

cosd(xn+1,P) 2: cosd(xn,P)-

This implies d(xn,P) 2'. d(xn+l,p). Since the real sequence { d(xn,P)} is nonincreasing, 
there exists 

Then, we have 

T 
lim d (xn,P)=cpE [o,う［．
n→OO 

k 

12: O:ncosd(xn心n+l)+ (1一％）と芯 COSd(TiXn+l, Xn+l) 
i=l 

1 
2'. (an cos d(xn,P) + (1 -an) cos d(xn+l,P)) 

cosd(xn+1,P) 

2 
叫 cosd(xn,P)-cosd(xn+1,P)) 

+1 
cos d(xn+1,P) 

→ 1 

as n→oo. This implies 

n圏 (O:ncosd(xn心n+l)+ (1一％）t況cosd(T,凸＋1,Xn+1))=1  
i=l 
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Then we obtain 

lim cosd(％心＋1)= lim cosd(TiXn+l, Xn+i) = 1 
n→oo n→OO 

for i = 1, 2,..., k. In fact, assume {cosd(xn心n+1)}does not converges to lt. Then, 
there exist s > 0 and a subsequence { cos d(x叩叫＋1)}of {cosd(xn心n+1)}such that 

cosd(x巧 ,x巧＋1)~ 1-s for j EN. Furthermore, since { an;} C ]½, a], we may assume 
an3 →a0 E [½, a] without loss of generality. Then we have 

k 

1 = h匹門p(an, cosd(x朽， X巧＋1）＋ （1 - K ）苫(3;,cosd('r心n3'x巧＋1）)

さ 叩 limsup cos d(x巧 ,xゲ 1)+ (1 -ao)区(3;jlim sup cos d(~凸＋1，叫＋1)
j→OO j→OO i=l 

~ ao(l -s) + (1 -ao) = 1 -a。e< 1. 

This is a contradiction. Thus we have limn→00 cos d(xn心n+1)= 1, and similarly we 
get limn→00 COS d(TiXn十1心n+i)= 1 for i = 1, 2,..., k. Hence we obtain 

lim d(％心＋1)= lim d(TiXn+i心n+1)= 0 
n→oo n→OO 

for i = 1, 2,..., k. Let x0 EX  be a unique asymptotic center of a sequence {xn} and 
let u E X be an asymptotic center of any subsequence { Xnj} of { Xn}. We will show 
u = x0. From the definition of asymptotic center, we have 

r({xnJ) = limsupd(x巧 'u)
j→OO 

さlimsupd(x朽， T辺）
j→OO 

さlimsup(d(x巧， T凸） ＋ d（T江n3,T氾））
j→OO 

= lim sup d(T,江nj,T氾）
j→OO 

:::; limsupd(x朽 ,u)= r(｛Xni}). 
j→OO 

for i = 1, 2,..., k. This implies Tiu E AC(｛尻｝） fori = 1,2,...,k. From the 
uniqueness of an asymptotic center, we get u = Tiu for i = 1, 2,..., k, that is, 

uEnいF(Ti)-It follows that {d(xn,u)} is convergent to Cu. Therefore, we obtain 

r({ Xn}) = lim sup d(xn, xo) 
n→OO 

:s; limsupd(xn,u) =Cu=)iIIJ._ d(x巧， u)
n→00 J→OO 

さlimsupd(x巧,Xo) 
j→OO 



97

~ limsupd(xn,xo) = r({xn}). 
n→OO 

Thus u E AC({xn}). From the uniqueness of an asymptotic center, we get u = x0. 
k 

Hence, { Xn} is△-convergent to xo E n7=1 F(Ti)-This is the desired result. ロ

We get the next proposition from Theorem 3.5. This is proved in [5]. 

Corollary 3.1. Let X be a complete CAT(l) space with d(u, v) < ¥ for any u, v EX  
and T: X →X nonexpansive with F(T) i-0. Suppose {an} C 股 anda E股 such

that½ < an Sa< 1 for n EN. Let x1 EX  and generate {xn} as follows: 
For n EN and given Xn EX, let Xn+l be a unique point in X satisfying that 

Xn+i = argmax{ O:n cos d(z, Xn) + (1 -an) cos d(z, Txn+1)} 
zEX 

Then, { Xn} is well-defined and△-convergent to some x0 E F(T). 
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