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Abstract 

We consider three pairs of quadratic optimization problems from a view point 
of identical duality. An identity 

n-1 

(CI) 区[(Xk-1 一牧）限＋咋（限— µk+i)] + (Xn-1 -Xn)μn + X叫 ＝ xoμ1
k=l 

is called complementary. We show that a complementary identity via conditional 
complementarity produces a pair of conditional minimization (primal) problem and 
conditional maximization (dual) problem, together with an equality condition. It is 
shown that both the problems have an identical optimal solution (point and value). 
Moreover, we show that a primal and its d叫 satisfyFibonacci Identical Duality. 

1 Introduction 

Bellman and others [1-12, 26] have analyzed a wide class of quadratic optimization prob-

lems. Dynamic programming has solved its partial class [2, 17, 18, 29]. Further a dual 

approach has been discussed through convex-concavity [14, 16, 28]. 

Recently some dual approaches - (1) extended Lagrangean method, (2) plus-minus 

method, (3) ineqlualty method, (4) complementary method and others - have been 

proposed in [18, 20-25]. 

In this paper, we show an identical duality for three pairs of minimization (primal) 

problems and maximization (dual) problems - (Pi) vs (Di), (P2) vs (D2) and (PD vs 

(D;)―.These three are the respective identical versions of (P1) vs (D1), (P2) vs (D2) 

and (P3) vs (D3), which have analyzed the complementary duality [23]. 

It is shown that each pair is dual to each other. It turns out that the duality is based 

upon the complementary identity and an elementary inequality with equality 

2xy :S炉＋炉 onR2; x = y. (1) 

2 Identical Duality 

Let x =｛収｝もμ=｛肛｝『 beany two sequences of real number with x。=C.
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2.1 (Pi) vs (Di) 

Then a complementary identity 

(C1) 叩 1= ~[(Xk-1 一咋）限＋叫µk-µい）］ ＋ （xn-1 - ％）島＋ X叫 n

holds true. 

Let us define two sequences y = {Yk}や， l/=｛株｝秤 fromx =｛咋｝~,µ =｛限｝『
through 

Y1 = c -x1, Y2 = x1, Ya = x1 - x公 Y4= X2, 妨＝ X2- X3 

・ ・ ・, Y2n-2 = Xn-l, Y2n-l = Xn-l - Xn, Y2n = Xn 

巧＝ μぃ乃＝ μ1- μ2, 乃＝ μ2, 1/4 = μ2 - μふ玲＝ μ3

• • •, V2n-2 = μn-1 - μか V2n-l= μか V2n= μn 

, respectively. Then an identity 

2n 

(C~) c乃＝ LYkllk

k=l 

holds under a constraint -a linear system of 4n-variable (y, v) on 2n-equation -: 

C = Y1 + Y2 乃＝乃十 l/3

Y2 = Y3 + Y4 巧＝ l/4+玲
(C門

Y2n-4 =ぬn-3+リ2n-2 ll2n-3 = ll2n-2 + ll2n-l 
Y2n-2 = Y2n-l + Y2n ll2n-l = V2n• 

(2) 

(3) 

(4) 

An equality (3) with constraint (4) is called a 2n-variable conditional complementarity. 

This is simply written as (Ci) under (C門
Now let y = {Yk}や， l/=｛乃」｝や satisfy(C『)． Thenan elementary inequality (1) yields 

2n 

2cv1 :=; L（』＋心
k=l 

Thus we have an inequality 

2n 2n 

砂—区叶ご区y; ．
k=l k=l 

The sign of equality holds iff 

(ECり似＝ 1/k lさk::::;2n. (5) 
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Hence we have a pair of conditional minimization problem: 

mm1m1ze 
2, _ 2,,  _ 2 

防＋恥＋・・・十 y2n-1+yぶ
subject to (1) Y1 + Y2 = c 

(2)仰＋釦＝ Y2

(Pり

(n -1) Y2n-3 + Y2n-2 = Y2n-4 

(n) Y2n-l + Y2n = Y2n-2 

(n + 1) y E R2n 

and conditional maximization problem: 

(Dn 

M邸 imize 2c乃ー (v
2, _ 2 
1 + v 

2,  _ 2 
~ + ・ ・ ・ + V~n-l +知）

subject to [1] v2 +乃＝巧

[2]四＋玲 ＝ V3

[n -1] !l2n-2 + ll2n-l = ll2n-3 

[n] ll2n = ll2n-l 

[n + 1] 11 E R四

Let (ACリbean augmentation of the system (Cr) with the additinal equality condition 

(EC~): 

C = Yl + Y2 

仰＝約＋ Y4

乃＝ゅ＋乃

乃＝囚＋咋

(AC1) Y2n-4 = Y2n-3 + Y2n-2 V2n-3 = V2n-2 + V2n-l 

Y2n-2 = Y2n-l + Y2n 防2n-l= V2n 

似＝ vk l ~ k ~ 2n. 

The linear system (ACリisof 4n-variable on 4n-equation. Let (y, v) satisfy (AC1). Then 

both sides become a common value with five expressions. 

yf ＋砂＋・・・十 Y~n

= CY1 

(5V1) = 2c巧ー（叶＋碕＋・・・十心）

＝ 叶＋砂＋・・・＋心

= CV1・



125

The system (ACリhasindeed a unique common solution: 

Y = (Y1, Y公•.．， Yk, ・ ・ ・, Y2n-1, Y2n) 
C 

= ~(F2n, F2n-l, • • •, F2n-k+l, • • •, F2, Fふ
F2n+1 

1/ =（乃，乃，．．．， Vk,,,,,V2n-l,知）
C 

= ~(F2n, F2n-l, • • •, F2n-k+l, • • •, F2,凡）
F2n+1 

where { Fn} is the Fibonacci sequence [13, 15, 27, 30]. This is defined as the solution to the 

second-order linear difference equation 

Xn+2 -Xn+l -Xn = 0, X1 = 1, Xo = 0. 

;n 1:．． □: ]l g ] ： 2 : : : 173 2 8 1 394 悶品

Table 1 Fib ibonacci sequence {Fn} 

The primal (Pi) has a minimum val 
F2n 

as a mm1mum vame m1 = 
F 

召ata path 
2n+l 

g = （い，釦，．．．，如，．．．， Y2n-1,如）
C 

= ~(F2n, F2n-l,,, •, F2n-k+l,,,,, F2, Fサ
F2n+1 

The d叫 (D*）h 1 邸 amaximum value M1 = 
F2n 

F 
役ata path 

2n+l 

v* =（元巧，．．．，咋，．．．， v;n-1,Vふ）
C 

= ~(F2n, F2n-l,, •,, F2n-k+l, • • •, F2, Fリ．
F2n+1 

Both optimal solutions (point and value) are identical: 

x = μ*, m1 = M1. 

Further both are Fibonacci: 

C 
X = μ* = ~(F2n, F2n-l, • • •, F2n-k+l, • • •, F2,凡），

F2n+l 

F2n 
m1 = M1 = ~c~. 2 

F2n+l 

(6) 

Thus Fibonacci Identical Duality (FID) [18-20, 22, 24, 25] holds between (Pi) and (Di). 
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We remark that the 2n-variable pair is a transliteration from n-variable one 

n-1 

minimize L [(xk-1 -Xk戸＋x月＋（Xn-1 -Xn)2 + x;, 

(Pリ
k=l 

subject to (i) x E R叫 (ii) Xo = C 

n-1 

Maximize 2cµ1 ― L[µ%+ （限一 µK+1戸］ー瓜一µ~

(Dリ
k=l 

subject to (i) μ E Rn. 

2.2 (P2) vs (Dり

On the other hand, we assume that μn = 0. Then an identity 

n-1 

(Cり叫＝区(Xk-l-咋）肛＋叫μk-μk+1)] + (Xn-l -Xn)μn 
k=l 

holds true. 

Let us define two sequences y =｛糾｝12n-1.. r.. l 2n-1 
, V = {vふ fromx =｛狐｝o,μ =｛限｝『

through 

狛＝ C- X1, Y2 = X1,仰＝ X1-X2, Y4 = X2,仰＝ X2-Xぁ...

, Y2n-4 = Xn-2, Y2n-3 = Xn-2 -Xn-1, Y2n-2 = Xn-1, Y2n-l = Xn-1 -Xn 
(7) 

乃＝ μ1,屹!= μ1 -μ公 V3= μ2, V4 = μ2 -μ3,巧 ＝ μふ...

, V2n-4 = μn-2 -μn-1, V2n-3 = μn-1, V2n-2 = μn-1 -μn, V2n-l = μn 

, respectively. Then an identity 

2n-l 

(Cり図＝ど叩k

k=l 

holds under a constraint -a linear system of (4n -2)-variable on (2n -1)-equation -: 

(C吹）

c=狛＋ Y2

Y2 = Y3 + Y4 

Y2n-6 = Y2n-5 + Y2n-4 

巧＝乃＋乃

l/3 =直＋玲

砂n-5= V2n-4 + V2n-3 

Y2n-4 = Y2n-3 + Y2n-2 V2n-3 = V2n-2 + V2n-l 

V2n-l -=.__Q. 

Thus we have a (2n -1)-variable conditional complementarity (C2) under (Cr). 
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Let y =｛肌｝『n-1,1/ =｛vdin-l satisfy (C誓）． Thenthe elementary inequality (1) 
yields 

2n-l 

2cv1 :S L (y~ +叶）．
k=l 

Thus we have an inequality 

2n-1 2n-1 

2c乃ーと l/；三ど』
k=l k=l 

The sign of equality holds iff 

(ECり加＝ vk 1 ~ k ~ 2n -1. 

Hence we have a pair of conditional minimization problem: 

mm1m1ze 2,.. 2 
y1 + 2 約＋・・・十 yぃ＋ Y~n-l

(P;) 

subject to (1) Y1 +仰＝ C 

(2) Ya + Y4 = Y2 

(n -2) Y2n-5 + Y2n-4 = Y2n-6 

(n -1) Y2n-3 + Y2n-2 = Y2n-4 
(n) y E R2n-l 

and conditional maximization problem: 

Maximize 2c乃ー (v
2, _.2 
1 + U2十．．．十 U

2,  _.2 
~n-2 + V~n-1) 

subject to [1]乃＋乃＝巧

[2]以＋玲＝乃

(Dり
[ n -l] l/2n-2 + l/2n-l = l/2n-3 

[n] V2n-l = 0 

[n + 1] I/ E R2n-l_ 

(8) 

Let (AC2) be an augmentation of the system (C訂 withthe additinal equality condi-
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tion (EC砂

C = YI+ Y2 

仰＝ Y3+y4 

乃＝乃＋玲

乃＝凶＋玲

(AC2) Y2n-6 = Y2n-5 + Y2n-4 V2n-5 = V2n-4 + V2n-3 

Y2n-4 = Y2n-3 + Y2n-2 V2n-3 = V2n-2 + V2n-l 

V2n-1 = 0 

似＝ Vk 1三K三2n-1. 

The linear system (AC2) is of (4n -2)-variable on (4n -2)-equation. Let (y, v) satisfy 

(AC2). Then both sides become a common value with five expressions. 

2, _ 2 
y1 ＋恥＋

2 
・ ・ ・ + Y2n-l 

= CY1 

(5V砂 ＝2c乃ー（叶＋碕十・・・十 v?n-1)

＝ 叶＋碕＋・・・十 ugn-1

= CV1・

The system (AC2) h邸 indeeda unique common solution: 

Y = (Yi, Y2, ・ ・ ・, Yk, ・ ・ ・, Y2n-2, Y2n-1) 
C 

= ~(F2n-2, F2n-3, • • •, F2n-k-l, • • •, Fi, Fi。)，
2n-1 

V=（乃，互．．．，株，．．．， V2n-2,V2n-1) 

C 

= ~(F2n-2, F2n-3, • • •, F2n-k-l, • • •, Fi, Fi。)．
2n-1 

The primal (P;) h 邸 aminimum value匹＝
F2n-2 _2 c~ at a path 
F2n-l 

The d叫 (D;)h 

〇＝（か，釦，．．．，如，．．．， Y2n-2,Y2n-1) 
C 

= ~(F2n-2, F2n-3, • • •, F2n-k-l, • • •, Fi, Fi。)．
2n-1 

邸 amaximum value M2 = 
F2n-2 _2 c~ at a path 
F2n-l 

ゾ＝ （巧，冴，
＊ 

• • •, vZ, ・ ・ ・, v;n-2, v;n-1) 

C 

= ~(F2n-2, F2n-3, • • •, F2n-k-l, • • •, Fi, Fi。)．
2n-1 

Both optimal solutions (point and value) are identical: 

企＝μ*, m2 = M2. 
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Further both are Fibonacci: 

C 
X = μ* = ~(F2n-2, F2n-3, • • •, F2n-k-l, • • •, Fi, Fa), 

F2n-l 

F加ー2_2 
m2 = M2 = ~c~. 

F2n-l 

Thus FID holds between (P;) and (D;). 

Note that the (2n -1)-variable pair is a transliteration from n-variable one 

n-l 

minimize と[(Xk-l-Xk戸＋x月＋ （x正 1-Xn)2 

(P2) 
k=l 

subject to (i) x E R叫 (ii) Xo = C 

n-1 

Maximize 2叩—〉尻＋ （限一 μk+1)2]ーμ;,

（恥）
k=l 

subject to (i) μ E R尺 (ii) μn = 0. 

2.3 (P3) vs (D3) 

On the other hand, we assume that Xn = 0. Then an identity 

(C砂 Cfl,1 = ~[(xk-1 -Xk加 ＋叫l松ーμい）］ ＋ （Xn-1 -Xn)fLn 

holds true. 

Let us define two sequences y = {Yk}in-I, v = {vdin-l from X =｛狐｝o,μ =｛四｝『
through 

Y1 = C -X1, Y2 = X1,仰＝ X1-X2, Y4 = X2,約＝ X2-X3, ・ ・ ・ 

, Y2n-4 = Xn-2, Y2n-3 = Xn-2 -Xn-1, Y2n-2 = Xn-1, Y2n-1 = Xn-1 -Xn 
(9) 

巧＝ μ1,l/2 = μ1 -μ2,乃＝ μ2,直＝ μ2-μふ玲＝ μふ...

, V2n-4 = μn-2 -μn-1, V2n-3 = μn-1, V2n-2 = μn-1―μn,屹切ー1= μn 

, respectively. Then an identity 

2n-1 

(C;) C乃＝ LYkVk (10) 
k=l 
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holds under a constraint -a linear system of (4n -2)-variable on (2n -1)-equation -: 

(C『)

C = YI+ Y2 

仰＝仰＋ Y4

Y2n-4 = Y2n-3 + Y2n-2 

Y2n-2 = Y2n-l・

巧＝ V2+ V3 

V3 =り．十玲

V2n-3 = V2n-2 + V2n-l 

Thus we have a (2n -1)-variable conditional complementarity (CD under (C誓）．

(11) 

Let y =｛Yk}in-1, V =｛叫戸 satisfy(Cり）． Thenthe elementary inequality (1) yields 

2n-1 

2cv1 ::; L (y~ +吟）．
k=l 

Thus we have an inequality 

2n-1 2n-1 

2c乃ーとllk~区蒻．
k=l k=l 

The sign of equality holds iff 

(EC;）狐＝牧 1:::;k:::; 2n -1. 

Hence we have a pair of conditional minimization problem: 

mm1m1ze 2, ~ 2 
y + + ＋ 

2 2 
1 約・ ・ ・ + Y2n-2 + Y2n-l 

subject to (1) Y1 + Y2 = c 

(2)仰＋的＝ Y2

(P;) 

(n -1) Y2n-3 + Y2n-2 = Y2n-4 

(n) Y2n-l = Y2n-2 

(n + 1) y E R2n 

and conditional maximization problem: 

Maximize 2c乃ー (v2 2 
1 + U2 ＋・・・十

2 
＋ 

2 
V~n-2 + V~n-1) 

(Dり

subject to [1] v2 + 乃 ＝ 巧

[2] 以＋ V5= V3 

[n -1] V2n-2 + V2n-l = V2n-3 

[n] v E R2n-l_ 

(12) 
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Let (AC3) be an augmentation of the system (C『)withthe additinal equality condi-

tion (EC;): 

C = Yl + Y2 
Y2 = Y3 + Y4 

乃＝ V2+ V3 
乃＝り．＋咋

(AC砂 Y2n-4= Y2n-3 + Y2n-2 V2n-3 = V2n-2 + V2n-l 
Y2n-2 = Y2n-1 

似＝ 1/k 1 ~ kさ2n-1. 

The linear system (AC砂isof (4n -2)-variable on (4n -2)-equation. Let (y, v) satisfy 

(AC3). Then both sides become a common value with five expressions. 

2 2 
約＋恥＋・・・十

2 
y2n-1 

= CY1 

(5V3) = 2c巧ー（吋＋碕＋・・・十碕n-1)

＝叶＋碕＋・・・十碕n-l

= C!/1・

The system (AC3) has indeed a unique common solution: 

Y = (Yi, Y2, ・ ・ ・, Yk, ・ ・ ・, Y2n-2, Y2n-1) 
C 

= ~(F2n-l, F2n-2, • • •, F2n-k, • • •, F':ぁ凡），
F2n 

l/ =（乃，互．．．，殊，．．．， V2n-2,V2n-1) 
C 

= ~(F2n-l, F2n-2, • • •, F2n-k, • • •, F2, Fサ
F2n 

The primal (P;) h as a minimum value叫＝
F2n-l _2 

;) has a minimum value m3 = ~c~ at a path 
F2n 

The dual (DD h 

g =（か，如，．．． ,'!Jk, ・ ・ ・,'!12n-2,'Y2n-1) 
C 

= ~(F2n-l, F2n-2, • • •, F2n-k, • • •, F2,凡）．
F2n 

as a maximum value M3 = F2n-l _2 c~ at a path 
F2n 

v* = (vt, v;, ...'v;'...'v;n-2, v;n-1) 
C 

= ~(F2n-l, F2n-2, • • •, F2n-k, • • •, F2, F1)-
F2n 

Both optimal solutions (point and value) are identical: 

企＝μ*, m3 = M3. 
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Further both are Fibonacci: 

C 
X = μ* = ---i-(F2n-l, F2n-2, • • •, F2n-k, • • •, F2,凡），

F2n 

F2n-l _2 
m3 = M3 = ~c~. 

F2n 

Thus FID holds between (P3) and (D3). 

Note that the (2n -1)-variable pair is a transliteration from n-variable one 

n-1 

minimize 区 [(xk-1-Xkげ十 x~] + (xn-1 -Xn)2 

(P3) 
k=l 

subject to (i) x E R叫 (ii)X。=C,Xn = 0 

n-1 

Maximize 2叩—〉尻＋ （限一限＋1げ］ーμ;

(D3) 
k=l 

subject to (i) μ E Rn. 
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