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Abstract 

A part of the structure of Hilbert spaces is characterized by the parallelogram 
law. In order for us to hold the parallelogram law by the norm, fairly good 
conditions are required for Banach space. In this paper, we propose new type 
parallelogram laws with a bifunction on Banach spaces, and consider alterna-
tive expression of affine combinations. Moreover, we introduce two different 
balanced mappings by using them. 

1 I ntroduction 

In real Hilbert spaces, it holds that 

110:x + (1 -0:)yll2 = 0:llxll2 + (1 -0:) IIYll2 -0:(l -0:) llx -Yll2 

for every two points x, y and every scalar 0: E股． Thisequation is called the paral-

lelogram law. If a real Banach space satisfies this equation, then it space has inner 
product, that is, such a space is a real Hilbert space. 

In Banach spaces, Xu [7] proved inequalities like the parallelogram law by using 

uniform convexity and uniform smoothness. 

Theorem 1.1 (Xu [7]). Let E be a uniformly convex real Banach space. Then, for 
any K > 0, there exists a convex gauge function [J_K such that 

llax + (1 -a)yll2：：：：：゚ llxll2+ (1-a)IIYll2 -a(l -a)[J_K(llx -YII) 

for any x, y EE  and a E [O, 1], where llxll：：：：： Kand||引|：：：：： K. 
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Theorem 1.2 (Xu [7]). Let E be a uniformly smooth real Banach space. Then, for 
any K > 0, there exists a convex gauge function転 suchthat 

llax + (1 -a)yll2 ~ allxll2 + (1-a)IIYll2 -a(l -a)gK(llx -YII) 

for any x, y EE and a E [O, 1], where llxll：：：：： Kand||初|：：：：： K. 

In this paper, we propose new type parallelogram laws in real Banach spaces for a 
bifunction defined with a bounded linear functional and norms. 

2 Prelimi reliminaries 

Let X be a metric space and T a mapping from X into itself. We denote the set of 

fixed points of T by FixT, that is, FixT = {x EX  Ix= Tx}. 
Let S be a nonempty set. Let f: S→]-oo, oo] be a function. We denote the set 
of minimizers off by argminxEsf(x), that is, 

ar悶inf(x)= {y ES I f(y)＝凰f(x)}.

In what follows, we always consider real linear spaces. Let E be a Banach space 

and let SE = { x E E I llxll = 1} its unit sphere. E is said to be strictly convex if 
llx + YII < 2 holds for each x, y E品 withx # y. E is said to be smooth if the limit 

lim 
llx + tyll -llxll 

t→0 t 

exists for each x, y ESE. 
Let E* be a dual space of Banach space E. We denote the value of y* E E* at 
XE Eby〈x,y*〉． Abifunction ¢: E x E*→股 isdefined by 

cp(x, y*) = llxll2 -2〈x,y*〉＋ ||y*ll2 

for each x E E and y* E E*. Also, a bifunctionが： E*XE*＊→股 isdefined by 

が(x*,y**) = llx* 112 -2〈x*,y*＊〉＋ ||y**ll2 

for each x* E E* and y** E E**. Since we can regard as E C E**, ¢(x, y*)＝が(y*'x)

holds for every x E E and y* E E*. The normalized duality mapping J : E→2E* is 
defined by 

Jx = {x* EE* I〈x,x*〉＝ ||xll2 = llx*ll2} 

for each x EE. We know Jx CE* is a nonempty bounded closed convex set for any 

x EE  and JOE= {OE*}-

Let E be a Banach space with its dual E* and let J: E→2E* is the normalized 
duality mapping. Then, we obtain the following results: 
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• E is reflexive if and only if E* is reflexive; 
• if E is reflexive, then E is strictly convex if and only if E* is smooth; 
• E is smooth if and only if J: E→2E* is single-valued; 
• if E is smooth, then E is reflexive if and only if J: E→E* is surjective; 
• if E is smooth, then E is strictly convex if and only if J: E→E* is injective; 
• if E is smooth, strictly convex and reflexive, then the normalized duality map-
ping J*: E*→E** = E coinsides with J-1: E*→E; 

• if E is smooth and strictly convex, then ¢(x, Jy) = 0 if and only if x = y for 
x,y EE. 

For more details about the properties of J and¢ on Banach spaces, see [1, 3, 5]. 
Let E be a smooth Banach space and J: E→E* the normalized duality mapping. 
Let C be a nonempty closed convex subset of E and Ta mapping from C into E. If 

FixT i-0 and ¢(u, JTx) ~ </J(u, Jx) for x EC  and u E FixT, then we say that Tis 
relatively quasinonexpansive. If Fix T i-0 andの(Tx,Ju) ~ </J(x, Ju) for x EC  and 
u E Fix T, then we say that T is generalized quasinonexpansive. For more details, see, 
for instance, [3, 5]. 

3 Parallelogram laws in Banach spaces 

In this section, we prove the parallelogr8Jll laws with the normalized duality map-
ping: 

Theorem 3.1. Let E be a smooth Banach space with its dual E*. Let N E N. Then, 
it holds that 

¢ （言叩k,z*)= f;a砂（咋，z*)-t,位の（吹，J(t,叩k))
for every□ 2,..., XN E E, z* E E* and a1心2,...,°'N E JR such that区f=l位＝ 1,
where J: E→E* is the normalized duality mapping. 

Proof. From the assumptions, it follows that 

言叫(XK,z*）一言a砂（咋，J(言叩k)）
= N0k□||2 -2彎砂K,z*2〉+||z*||2N 2 

一芦1|xK21已＋2苫砂K -J  (〗叩k)

=llt叫 K -2〈芦叩k,Z*〉+||z*ll2= ¢（芦叩k,z*)
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This is the desired result. 口

Theorem 3.2. Let E be a reflexive Banach space with its dual E*. Suppose that E* 
is smooth. Let N E N. Then, it holds that 

cp (z，言口）＝ t崎（噂）一喜kc/J(J*（戸りり
for every z EE, x;', xふ．．．，唸 EE*and a1, a2,..．，叩 E股 suchthat区r=l位＝ 1,
where J*: E*→E is the normalized duality mapping. 

Proof. From the assumptions, we obtain 
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This is the desired result. 口

Consequently, we know the following results: 

Theorem 3.3. Let E be a smooth Banach space with its dual E*. Then, it holds that 

¢(ax+ (1 -a)y, z*) = arp(x, z*) + (1 -a)¢>(y, z*) 

-aの(x,J(ax + (1 -a)y)) -(1 -a)rp(y, J(ax + (1 -a)y)) 

for every x,y EE, z* EE* and a E賊， whereJ: E→E* is the normalized duality 
mapping. 

Theorem 3.4. Let E be a reflexive Banach space with its dual E*. Suppose that E* 

is smooth. Then, it holds that 

¢(z, ax*+ (1 -a)y*) = a¢(z, x*) + (1 -a)ゆ(z,y*) 

-a¢(J*(ax* + (1-a)y*),x*)-(1-a)¢(J*(ax* + (1-a)y*),y*) 

for every z EE, x*, y* EE* and a E股， whereJ*: E*→E is the normalized duality 
mapping. 
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Corollary 3.1. Let E be a smooth Banach space. Then, it holds that 

llax + (1 -a)yll2 = allxll2 + (1-a)IIYll2 

-arp(x, J(ax + (1 -a)y)) -(1 -a)rp(y, J(ax + (1 -a)y)) 

for every x, y EE and a E良， whereJ is the normalized duality mapping. 

If Eis a Hilbert space, then, since¢(・,・) coincides with II・ -・ 112, it follows that 

llax + (1 -a)yll2 = allxll2 + (1-a)IIYll2 

-allx -(ax+ (1 -a)y)ll2 -(1 -a)IIY -(ax+ (1 -a)y)ll2 

for every x, y E E and a E股． Moreover,we can proceed with the following calcula-
tions: 

-allx -(ax+ (1 -a)y)ll2 -(1 -a)IIY -(ax+ (1 -a)y)ll2 

= -(all(l -a)(x -y)ll2 + (1-a)lla(x -y)ll2) 

= -(a(l -a)211x -yll2 + a2(1-a)llx -yll2) 

= -a(l -a) ((1 -a)llx -Yll2 + allx -yll2) 

= -a(l -a)llx -Yll2-

Therefore, it follows that 

llax + (1 -a)yll2 = allxll2 + (1 -a)IIYll2 

-allx -(ax+ (1 -a)y)ll2 -(1 -a)IIY -(ax+ (1 -a)y)ll2 

= allxll2 + (1 -a)IIYll2 -a(l -a)llx -Yll2 

for every x, y E E and a E良
At the end of this section, we consider affine combinations in smooth Banach 
space. Let E be a smooth, strictly convex and reflexive Banach space. Let N E乳

x1,x2,...,XN EE  and a凸 2,・ ・ ・, O!N E股suchthat ~f=1 位＝ 1. Let J: E→E* 
and J*: E*→E be the normalized duality mappings, respectively. Then, it holds 
that 

¢し言位Jxk)＝言叫(y,J叫ー言a砂 (J*（戸位Jxk),Jxk)
for any y E E. Therefore, we have 

N 

arg~inL崎(y,J砂）
yEE 
k=l 
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= ar;鴨ln{¢し鸞→）＋言0砂 (J*(t位 Jxk),Jxk)}
= aryg塁ln¢（心ぼJxk)= J*（言位Jxk)

It implies 

argmin { a<f>(y, Ju)+ (1 -a)<f>(y, Jv)} = J*(aJu + (1 -a)Jv) 
yEE 

for every u, v E E and a E良． Onthe other hand, it holds that 

</>(t,位 Xk,Jy)＝ご叫(xk,Jy) 一言 a砂（⑬， J 信~lYkXk)) 
for any y E E. Therefore, we have 

It implies 

N 

arg~inど崎(xk,Jy) 
yEE 
k=l 

= ari鴨ln｛の（言叩k,Jy)＋芦a砂い（芦叩k))}
N ¥ N 

= aryg悶ln¢ (t,a砂k,Jy) ＝〗叩k

argmin { a¢(u, Jy) + (1 -a)ゆ(v,Jy)} =au+ (1 -a)v 
yEE 

for every u, v E E and a E罠．
Consequently, we can replace the definition of affine combinations by using mini-
mizers of some functions shown as above. 

4 Balanced mapping 

In this section, we consider balanced mappings for a finite family of nonexpansive-
type mappings in Banach space. A concept of the balanced mappings was introduced 
by Hasegawa and Kimura [2] for approximation of common fixed points in Hadamard 
spaces. 

Theorem 4.1 (Hasegawa and Kimura [2]). Let (X, d) be a Hadamard space and NE  

N. Let {Tk I k E {1,..., N}} be a finite family of nonexpansive mappings from X into 
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itself and{位 |kE {1,..., N}} a finite real sequence of ]O, 1[ such that区r=l位＝ 1.
For each x EX, we define a subset Ux of X by 

Then, the following hold: 

N 

ux = argminと叫(y,Tkx)2. 
yEX k=l 

• U x is a singleton for every x E X and therefore U is defined as a single-valued 
mapping from X into itself; 

• U is nonexpansive; 
• if the set n 

N 
k'=1 Fix Tk of 

N 
of common fixed points is nonempty, then nk・=l Fix Tk = 

FixU holds. 

In what follows, we introduce two balanced mappings, and show the properties of 

them like Theorem 4.1. 
Let E be a smooth, strictly convex and reflexive Banach space with its dual E* 
and Ca nonempty closed convex subset of E. Let NE  N and {Tk I k E {1,..., N}} 
a finite family of mappings from C into E. Let{ほ |kE {1,..., N}} be a finite real 
sequence of ]O, 1[ such that区r=l位＝ 1.We define a mapping U: C→E as 

N IN  

ux = ar,』in苔砂(y,JT豆） ＝J*国エ）
for each x E C, where J: E→E* and J*: E*→E are the normalized duality 
mappings. We call such a mapping U the balanced mapping for｛叫 and｛九｝． We
also define a mapping V : C→E as 

N N 

V x = argn:1,in L叫 (T砂，Jy)=L位九x
yEE k=l k=l 

for each x E C, where J: E→E* is the normalized duality mapping. We call such a 
mapping V the dual-balanced mapping for｛位｝ and{Tk}. 
Particularly, if such mappings are relatively quasinonexpansive, we obtain the fol-

lowing theorems: 

Theorem 4.2. Let E be a smooth, strictly convex and reflexive Banach space with 
its dual E* and C a nonempty closed convex subset of E. Let N E N and let 
{n I k E {1,..., N}} be a finite family of relatively quasinonexpansive mappings from 
C into E. Let{位 |kE {1,..., N}} be a finite real sequence of ]O, 1[ such that 

立＝1ak = l. Let U be the balanced mapping from C into E for｛位｝ and｛九｝．
If the set nf=l Fix Tk of common fi 

N 
of common fixed pints is nonempty, then n~·=l Fix Tk = Fix u 

holds. 
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Proof. Let z E nf=l FixTk. Then, it follows that 

N 

U z = arg?,:in L 叫 (y,JT認）
yEE k=l 

N 

= arg?,:in L ak</>(y, Jz) ak</>(y, Jz) = argmin¢(y, Jz) = z. 
y€E k=l y€E 

N 
It implies Uz = z and z E FixU. Therefore, we obtain n~v=l FixTk C FixU. k=l 

N 
Conversely, let z E FixU. From Theorem 3.2, for u En~'=, FixTk, we have k=l 

叫 Jz)~ ¢(u, JUz) ~ ¢N(u言いTKz) N 
=La砂(u,JTkz)-La凶(z,JT炉）
k=l k=l 

N 

::; ¢(u, Jz)一こ叫(z,JTkz), 
k=l 

which implies 

N 

Oさと叫(z,JTkz):::; ¢(u,Jz)-¢(u,Jz) = 0. 
k=l 

Since Clk cf-0 for every k E {1,..., N}, z E n△Fix互 holds.Therefore, we have 
FixU C nf=l FixTk. 

Consequently, we obtain n 
N 
k=l Fix九＝ FixU. ロ

Theorem 4.3. Let E be a smooth, strictly convex and reflexive Banach space with 
its dual E* and C a nonempty closed convex subset of E. Let N E N and let 
{Tk I k E {1,..., N}} be a finite family of relatively quasinonexpansive mappings from 

N 
C into E such that the set n~'=, FixTk of common fixed points is nonempty. Let k=l 
{ ak I k E {1,..., N}} be a finite real sequence of ]O, 1[ such that区f=l位＝ 1.Let U 
be the balanced mapping from C into E for｛ぽ｝ and｛九｝． Then,it holds that 

叫 JUx)+ta砂(Ux,J~肛） :S cp(z, Jx) 
k=l 

for every x E C and z E Fix U, where J: E→E* is the normalized duality mapping. 
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Proof. Let x EC, z E FixU = nf=l FixTk. From Theorem 3.2, we have 

¢(z,Jux) ＝ ¢ N （心エ） N I IN  

= I:叫 (z,JT,砂）ー〉叫 J* 〉ほJT砂，JTぃ
k=l 
N 

k=1 (（k=1) ） 
N 

= I:叫 (z,JT,戸）ー〉a砂(Ux,JTkz), 
k=l k=l 

where J*: E*→E is the nomalized duality mapping. Since Tk is relatively quasi-
nonexpansive for every k E {1,..., N}, we obtain 

N 

叫 JUx)::;¢(z, Jx)ーと叫(Ux,JI]戸）
k=l 

and this is the desired result. 口

As direct consequence of Theorem 4.3, we know that the balanced mapping for 
relatively quasinonexpansive mappings is also relatively quasinonexpansive. 
In the same way as Theorem 4.2 and Theorem 4.3, we obtain the following results 
for generalized quasinonexpansive mappings: 

Theorem 4.4. Let E be a smooth, strictly convex and reflexive Banach space with 
its dual E* and C a nonempty closed convex subset of E. Let N E N and let 
{Tk I k E {1,..., N}} be a finite family of generalized quasinonexpansive mappings 
from C into E. Let{位 |kE {1,..., N}} be a finite real sequence of ]O, 1[ such that 

Lf=l位＝ 1.Let V be the dual-balanced mapping from C into E for { ak} and {Tk}. 

If the set nr=l Fix Tk of common fixed points is nonempty, then nr=l Fix九＝FixV
holds. 

Theorem 4.5. Let E be a smooth, strictly convex and reflexive Banach space with 
its dual E* and C a nonempty closed convex subset of E. Let N E N and let 
{Tk I k E {1,..., N}} be a finite family of generalized quasinonexpansive mappings 

N 
from C into E such that the set n~'=, Fix Tk of common fixed points is nonempty. Let k=l 
{位 |kE {1,..., N}} be a finite real sequence of ]O, 1[ such that区f=1ak = 1. Let V 
be the dual-balanced mapping from C into E for｛位｝ and｛五｝． Then,it holds that 

N 

¢(Vx,Jz)＋区a砂(T砂，JVx):S::¢(x,Jz)
k=l 

for every x E C and z E Fix V, where J: E→E* is the normalized duality mapping. 
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As direct consequence of Theorem 4.5, we know that the dual-balanced mapping 

for generalized quasinonexpansive mappings is also generalized quasinonexpansive. 

In a Hadamard space, it is only defined that a convex combination for two points. 
Balanced mappings enable us to consider combinations for more points. Moreover, 

the set of fixed points of balanced mapping coincides with common fixed point set 

of considered mappings. We can use this fact for common fixed points approxima-

tion. Balanced mappings are also defined in CAT(l) spaces and CAT(-1) spaces, 

respectively, and common fixed points approximation theorems are showed by using 

them. For more details about the balanced mappings in CAT(l) spaces and CAT(-1) 

spaces, see, for instance, [4, 6]. 
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