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1 Introduction

This article is a summary of [8] on large time behavior of solutions of the
following system:

Op + div(pv) =0, (1.1)
p(Ow +v - Vo) — vAv — (v + V)Vdiv + VP(p) = B2div(pF 'F),  (1.2)
O,F +v-VF = (Vo)F

in R%. Here p = p(z,t),v = T (v'(z,t),v*(z,t),v*(x, 1)), and F = (F*(2,t))1<j k<3
denote the unknown density, the velocity field, and the deformation tensor,
respectively, at position x € R® and time t > 0; P = P(p) is the given
pressure; v and v/ are the viscosity coefficients satisfying

v>0,2v+3/ >0

B > 0 is the propergation speed of elastic wave. We assume that P’(1) > 0,
and we set v = /P'(1).

The system (1.1)—(1.3) is considered under the initial condition

(0,0, F)|i=0 = (po, vo, Fp). (1.4)

We also impose the following conditions for pg and Fj:

podetF() = ].7 (15)
3
SN (0, B — Fto,, 1) =0, jk1=1,2,3, (1.6)
m=1

div(po 'Fy) = 0. (1.7)



It follows from [5, Appendix A] and [13, Proposition.1] that the quantities
(1.5)—(1.7) are invariant for ¢t > 0:

pdetF =1, (1.8)
3
> (F™M,, PR — PR, Y =0, jk1=1,2,3. (1.9)
m=1
div(p'F) = 0. (1.10)

The purpose of this article is to the large time behavior of solutions of the
problem (1.1)—(1.7) around a motionless state (1,0, /), where [ is the 3 x 3
identity matrix.

The system (1.1)—(1.3) is treated as a basic model for compressible fluid
with clastic effect in macroscopic scale. In fact, the elastic effect appear in
the last term of the right-hand side of (1.2) (See [10, 15] for more detail of its
physical background). We note that by setting 5 = 0 formally, the system
becomes the usual compressible Navier-Stokes equations.

In the case = 0, Hoff and Zumbrun [2] derived the following L? (1 <
p < o0) decay estimates in R, n > 2:

where m = pv; L(t) = log(l +t) when n = 2, and L(t) = 1 when n > 3.
Furthermore, the authors of [2] showed the following asymptotic property:

n—1

| (0t m) - (0.7 (e Pieying) ) )| < c1+ 472052 0)

for 2 < p < co. Here P(€) = I — %5, ¢ € R". The above estimates and

asymptotic properties indicate the hyperbolic aspect of the system due to the

diffusion wave property caused by interaction between viscous diffusion and
n—1

sound wave. In fact, the obtained rate (1 + t)_g(l_%)_T(l_z%)L(t) of its LP
norm are slower than the heat kernel when 1 < p < 2. Moreover, if 2 < p <

oo, the convergence rate is improved by cutting off (0, Fi (e—”|€‘2t75(5)m0>> ,
which provides the pure diffusion phenomena.
We next mention the related works in the case § > 0. The existence of

the strong solution around the motionless state was proved by Hu and Wang
[4, 5]. It was proved by Hu and Wu [6] and Li, Wei and Yao [9] that the
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solution satisfies the following LP decay estimates for the case 2 < p < o0
and the L? decay estimates of its higher order derivatives:

lu()]l e < (1 +1)72075),

IVFu(t)|e < C(L+ )53, k=0,1,...,N 1,

provided that uy = (pg — 1, v, Fy — I) belongs to HY, N > 3, and is small
in L' N H3. Here u(t) = (é(t),w(t),G(t)) = (p(t) — Lo(t),F(t) — I) is
the perturbation. The above LP estimates imply the diffusive aspect of the
system (1.1)—(1.3). However, in expectation of the diffusion wave phenomena
of the system (1.1)—(1.3) due to tripartite interaction of sound wave, viscous
diffusion and elastic wave, the obtained LP decay estimate had room for
improvement. Motivated by the work [2], the author of [7] improved and
generalized the results of [6, 9] by showing the following estimates for 1 <
p < o0

()| < C(1+4)"2073)730-3) 1< p< oo,

provided that wy = (pg — 1,09, Fy — I) is small in L' N H3. This gives the
hyperbolic aspect of the system which does not appear in the results in [6, 9]
and the work [2] of the case § = 0 due to elastic wave. We also refer to
[3, 11, 16] in recent progresses.

We point out that the case p = 1 was not discussed. In [7], the material
coordinate transform and the non-local operator were used to get over the
obstruction of applying the semigroup theory to the nonlinear problem. In
fact, we made use of the following function to reformulate the nonlinear
problem for w:

Uz, t) = V(. t), Pz, t) = (z,t) — (—A) ' divT (oY + (1 + ¢) (V).

Here (z,t) = x — X (z,t) is the displacement vector; X = X (z,1) is the
inverse of the material coordinate x = (X, t) satisfying the flow map:

((ij_f =v(z(X,1),1),
z(X,0) = X;

(=A)~" denotes (—A)~" = F~1¢|72F; h(V4)) is a function determined from
F — I =V + h(Ve) =. We then obtained the linear condition ¢ + tr¥ = 0
which eliminates non-decaying and L' unbounded terms in the expression
of the semigroup e U, where Uy = (o, wo, Vy), o = ¥(0). Therefore we



investigated the problem for U(t) = (4(t), w(t), ¥(t)) and derived the desired
estimate from the following integral equation:

¢
U(t) = e U, + / e~ =ILN(U(s))ds,

0

where L is a linearized operator around the motionless state; N(U(s)) =
(N1 (U(s)), No(U(s)), N3(U(s))) is a nonlinear term satisfying the linear con-
dition Ny(U(s))+trNs(U(s)) = 0. However, we cannot conclude that the L
norm of u(t) is controlled by U(t) due to the L' unboundness of the Liesz

operater appearing in the definition of W.

In this article, we solve the above difficulty by changing the reformulation,
and show that the following L! estimate hold for ¢+ > 0 uniformly:

lu(t)]| < C(1+1)z,

provided that wg is small in L' N H* and belongs to W%!. Moreover, the
obtained (1 + t)% is sharp under some low frequency assumption considered
in [6].

We give an outline of the proof of the main result. We first notice that
the constraint (1.9) is read as p = detF’~!. Then we see from the definition
of the determinant that ¢ is handled by —dive)

¢ = —divg + O(IVOP), V¥l < 1.

For simplicity, we omit the tilde * of ) here. We confirm that the L' norm
of u = (¢, w,G) is estimated by U = (—divep, w, Vip). Therefore we arrive
at the problem for U = (¢, w, G) = (—=divep, w, Vi)):

QU + LU = N(U),
o+ t:G =0, G =V, (1.11)
U|t:0 = U07

where N(U) = (Ny(U), N2(U), N3(U)) is the nonlinearity such that Ny(U)+
trN3(U) = 0. We point out that since U and N(U) hold the same linear con-

straint as in [7], the semigroup e **Uj and the Duammel term fot e~ =L N(U(s))ds

do not have terms which are time-independent and unbounded in L!. Con-
sequently, the desired L' estimate follows the following integral equation of

U:
t
Ut) = e LU, + / e ILN(U(s))ds.
0

This article is organized as follows. In Section 2 we state the main result
of this article. In Section 3 we give the outline of the proof of the main result.
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2 Main Result

In this section we summerize the results in [8].

To state the main result, we first introduce the problem for the pertur-
bation u(t) = (¢(t), w(t), G(t)) = (p(t) — 1,v(t), F(t) — I):
(0,0 + divw = g1(u),
dyw — vAw — oV divw + 12V — B2divG = go(u),
G — Vuw = g3(u), (2.1)
V¢ +div'G = g4(6,G),

U|t:0 = Uy = (Gbo, Wy, Go)-

Here 7 = v + /5 g;(u),j = 1,2,3, g4(¢,G) denote the nonlinear terms;
g1(u) = —div(gw),
1
go(u) = —w - Vw + L(—VAw — pVdivw + 1*V¢) — ——VQ(9)

1+¢ 1+¢
- B¢ divG + s div(¢G + G'G + ¢G'G)
1+ ¢ 1

+¢
g3(u) = —w - VG + (Vw)G,
94(¢, G) = —div(¢'G),

Y

where )
Qo) = [ P+ s)ds.
0
The main result of this article is stated as follows.

Theorem 2.1. (i) Assume that ¢y and Gy satisfy Vo +div'Gy = g4(do, Go)
and (I + Go)™' = V Xy for some vector field Xy. There is a positive number
€ such that if ug = (¢o, wo, Go) satisfies ||uo| gs + ||uollpr < € and ug € W21,
then there exists a unique solution u(t) € C([0,00); H*) of the problem (2.1)
satisfying

1
[l < L+ )2 (lluollw2r + lluoll )

uniformly fort > 0. Here C' is a positive constant.

(11)In addition, if there exists a positive number r > 0 such that the following
low frequency condition holds for 0 < || < r:

166(€)] = co, o ()] + 1Go(€) — TGo(&)] < erl€|™, (2.2)



where (mg, Go) = (povo, poFo — I); co, c1 and 1y are positive numbers in-
dependent of t, u(t) satisfies the following lower L? estimate uniformly for
t> R:

()]l > e(1+ )3, (2:3)

Here R is a large positive number, and c is a positive number independent of
t.

Remark 2.2. In a similar manner to the following proof and the previous
result [7], we can generalize the above L! estimates as

Ju(®) e < €1+ 1720727300 (lug 1 + [Juoll ), # 2 0
lu(llze > e(1+ ) 307273070 ¢ > .

for 1 < p < oo. We also note that the condition Vg — div'(I + Gy)~! =0
imposed in [7] is not necessary.

3 Outline of the proof of Theorem 2.1

In this section, we briefly explain the outline of the proof of Theorem 2.1.

We only show the upper L' estimate (i). The lower L' estimate (ii) im-
mediately follows from the interpolation inequality and the lower L? estimate

a2 > c(14)75, t > M,

provided that the low frequency condition (2.2) holds (See [6] for the proof).
We obtain the following integral equation from (2.1) by using the Duammel’s
principle:

¢
u(t) = e uyg —i—/ e~ 9L g(u(s))ds.
0

Here L is a linearized operator defined as

0 div 0,
L=\ +*V —vA—-pVdiv —p4div
0 -V 0

The first term of the right hand side is formally estimated as

le P uollu < O+ 1) Hluollzr + Ceflugllws .t > 0,
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provided that the conditions ¢y + trGy = 0 and Gy = V1)y hold. Here v,
is some vector field. On the other hand. since we cannot determine whether
the nonlinear terms g;(u) and gs(u) satisfy these same conditions for ¢y and
Gy or not, the estimate of the Duammel term fg e~ (=)L g(u(s))ds becomes
difficult. Therefore, inspired from the idea of [14, 15], we rewrite the problem
into the suitable form by using the material coordinate transform to enable
the application of the linear semigroup theory.

We define X = X (x,t) as the inverse of x = x(X,¢) which is the solution
of the following flow map:

— (X, t) = v(x(X,1),1),
2(X,0) = X € R?,

According to the continuum theory, the deformation tensor F' and its inverse

F~1 are given by F = g—; and =1 = %—)j = VX, respectively. We next set

the displacement vector ¢ (z,t) := x — X(z,t). We see that ¢(z,t) satisfies
the following properties:

Op —v=—v- Vi,
G=F—-I=(I-V¢)' 1

In addition, since the constraint (1.8) is rewritten as p = detF'~!, we have
p=p—1=det F7' —1=—dive) + (tr(Ve)? — (tr(V))?) + det (V).
These impliy that the behavior of ¢ and G are confirmed from the first order

derivatives of 1.

We next set 19 = ]i—o, ¢ = —divip, G = Vb, and U(t) := T(p(t), w(t), G(t)) =
T(=divep(t), w(t), Vip(t)). We then see from the following lemma that [|u(t)]| .1
is estimated by ||U(t)||p:-

Lemma 3.1. There exists e; < 1 such that if ||G||lc(o,00),m8) < €1, then the
following estimates hold uniformly for t > 0:
() CTHIVY )l < NGOl < CIVH(E)[|11,
ClIVG@)lre, k=1,
(i) [V (0)]le < 4 CUVGO[7 + IV2G(@)]|12). k=2,
CUVGO IV Gl + (VG ()]2), k=3,
(i1d) [|[V** o]0 < O VFGollr, k=1,2,
(0i) lo(®)llr < [[divep(t)[lr + CUVDE) | + VOO [Z) [V ()] 11



The proof can be found inn [7, §].

Remark 3.2. We note that the non-local operator (—A)~! does not appear
in this reformulation. Therefore we do not face the difficulty caused by the
Liesz operator.

In view of Lemma 3.1, we focus on the problem for U(¢) instead of u(t):
oU+ LU =N(U),
¢ +trG =0, G =V, (3.1)
Uli—o = Uy = (0. wo, Gy), do +trGo =0, Gy = V.
Here N(U) = T(N.(U), No(U), N5(U)) is the nonlinear term given by:
N(U) = div(w - V),
Na(U) = ga(u) = L (T4 — (6(V36)2) = 4 eet(V)
+B2div{(I — V)™t — T — V},
N3(U) = =V(w - V).
We obtain the following integral equation from (3.1) by using the Duammel’s

principle:

Ut) = e "U, + /t e ILN(U(s))ds. (3.2)

By direct calculation, N;(U) and N3(U) also hold the same linear condition
as ¢ and G-

Ni(U) + trN3(U) = 0, (3.3)

Therefore we see from the condition (3.3) that the right-hand side of (3.2) is
estimated as follows.

Lemma 3.3. The following estimates hold uniformly fort > 0:

_ 1 .
le™ Upllzr < C(1+1)2]|Ugl| 11 + Ce™||Uglwa,

t

S CA (1 +1 - 8)% HN(U(S))HleS + O/O e_C(t_S)||N(U(S))HW2,1CL9,

/t "IN (U (s))ds

0

Rt
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The proof can be found in [7, 8]. It remains to estimate Uy and N(U(s))
in L' and W?!. Thanks to Lemma 3.1 and the results in [6, 9], we have

1Tollr + [[Tollwar < C(lluollw2s + lluoll4),
INOU ()l < CO+ ) (luollzr + uollm2),
IN(U(s)llw21 < Clluol| s

These inequalities and Lemma 3.3 yield
lu()llzr < CIHU®I2 < CO+6)2 ([[uollwar + [[uols).

This completes the proof of Theorem 2.1 (i).
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