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Bilinear estimates for functions with the Dirichlet boundary
condition and an application to SQG
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ABsTRACT. We discuss the validity of the bilinear estimate of functions satisfying the
Dirichlet boundary condition on the two dimensional half space. For two functions f, g,
we compare two nonlinearity of the standard product fg and the gradient of f and the
perpendicular component of the gradient of g, and we show that the first case needs a
restriction for the regularity index, while the second case does not. We also introduce an
application to the surface quasi-geostrophic equation with the critical dissipation. This
paper is a survey of these results.

1. INTRODUCTION

Let us consider problems on the half space,
R% = {z € (z1,22) € R*| 25 > 0},

and we consider the Dirichlet Laplacian —Ap,
D(=Ap) ={f € Hy(Q |Af € L*(R3)},

2
—Apf=-Af ==Y f feD-Ap)

j=1
We also write Ap the square root of —Ap,
AD = —AD.

The aim of this paper is to discuss a simple problem of partial differential equations on
domains with the boundary. To this end, we start by the bilinear estimates in Besov
spaces for product of two functions and for the nonlinear term appearing in the surface
quasi-geostrophic equation.

When the domain is the whole space R?, then it is well-known that

179llg;, < C(1 s, Nollosa + 17w Il ).

where 1 1 1 1 1
S>07 1§p7pj,q§00(j:1,27374), — ==t —=—+—
p pP1 P2 P3 DP4
As for the nonlinearity for the surface quasi-geostrophic equattion, this kind of estimates
for (V+(—=A)~Y2f.V)g is known, since the Riesz transform is bounded in the homogeneous
Besov spaces, where V4 = (—0,,,0,,). We discuss the validity of such inequalities on the
half space with regularity number s measured by the Dirichlet Laplacian, and we will find

possible range of s.
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We introduce Besov spaces associated with the Dirichlet Laplacian along [10,16]. It is
known that —Ap is a self-adjoint operator and we can apply the spectral theorem. We
then have a partition of identity {F(\)} er such that

;= / TAEONf i IPR), fe IR,

~Apf = /OO MEN)f in L*(RY), f € D(-Ap).
Moreover, for every measurab[éxfunction ¢ : R — C, we can define ¢(—Ap) by
D(el-a) = {7 € 22 | [T 1ePAIEWIE: < o0},
P-an)f = [T oNABWS, f € D(el-ap)
We next introduce a partition of unity {¢;};cz C C5°(R) such that
supp¢o C [271,2],  ¢;(\) = ¢o(277N) for A € R, Z(bj()\) =1 for A > 0.

€z
It is known in [21] (see also [15]) that the functions of the square root of the Dirichlet
Laplacian is uniformly bounded.

sup [|¢;(Ap)|lprorr < 00, 1<p<o0.
jEL
We can then define the test function spaces of non-homogeneous type and homogeneous

type.
X:={feLl'NnL? pu(f) <occforall M =12...1},

pu(f) = 1 flloe + IAD o,
Z={fe 'L qu(f) <ooforal M=12,..1},

qu(f) = pu(f) + sup 2MUN AT 65 (Ap) fl| 11

It can be checked that X, Z arc Frechét spaces, and we denote by X7, Z’ their topological
duals. We then define Besov spaces as follows.

Definition. For s € R and 1 < p,q < 0o, we define

17, = { 3 (2105 o)l )} < o0,

JEZ

B, ={fez

The following is our result for the bilinear estimates.

Theorem 1.1. ([13,14]) Let 1 < p,pj,q¢ < o0 (j = 1,2,3,4) satisfy the condition of the
Holder inequality.
1 1 1 1 1

p pr P2 Pz P4
(1) Let 0 < s <2+ 1/p. Then

1£gllz;, < (I

a5, Nallzes + 11l ]

B;i%:‘l)

A



72

for all f € B’;hqﬁlﬁf’3 and g € LP? ﬂBfM’q‘ ifs=2+4+1/pand1 < q < oo, or
s> 2+ 1/p, then it does not hold.
(2) Let s > 0. Then
1(V-8540) - Vallas, < (115, Nallsy,, + 17 lolse,)

p.q po,1

forall f € BS N 303,1 and g € B;z,l N Bstl

P19 P Pa,q”

We give some comments about the optimality of s = 24 1/p in Theorem 1.1 (1). For
the sake of the simplicity, let us discuss the case when p = 2. For every smooth f, g such
that (—=Ap)™f, (—=Ap)™g € L? for all m = 0,1,2,. .., we easily see that the product fg
is also in the domain of the Dirichlet Laplacian, since the value of fg on the boundary is
zero and

(=A)(fg) = (=Af)g —2V[-Vg+ f(-Ag),

and each term in the right hand side is justified in L}, at least. If we consider derivatives of
higher order, we need to consider whether or not (—A)(fg) again belongs to the domain of
the Dirichlet Laplacian. On the boundary value of (—A)(fg), it is easy to see that (—Af)g
and f(—Ag) have the boundary value zero, however, V f - Vg does not necessarily satisfy
such condition on the boundary. Therefore, we would not be able to justfy (—=Ap)%(fg)
in general. On the other hand, it is still possible to apply the fractional Laplacian of small
order close to zero. When 0 < a < 1/2 = 1/p, the multiplication by the sign function with
respect to g is bounded operator in the Sovolev spaces on the entire space (Lemma 2.2),
which allows us to approximate the function (—A)(fg) by some functions with the zero
boundary value. We can then deduce that s = 2+« < 24 1/p should be the threshold to
assure the bilinear estimate. In contrast, no restriction appears for the regularity number
in Theorem 1.1 (2), since the derivative d,,, othogonal to the boundary, changes the
boundary condition. In fact, we explain the Dirichlet condition by the odd extention with
respect to x5 and the Neumann condition by the even extention with respect to x5 in this
paper, and the derivative by x5 changes the two conditions each other, which allows us to
obtain that for instance f0,,¢ satisfies the Dirichlet boundary condition (see Lemma 2.3
for more detail). We also refer to [11] for the relation between boundary value and the
derivative of the orthogonal direction to the boundary.

We next apply Theorem 1.1 (2) to the surface quasi-geostrophic equation on the two
dimensional half space.

0,0 + (V*Aph) - VO + Apb = 0, t>0,2 €R%,
9|(’9]R3r :Oa H(O,l') :90(3?)

The equations are known as an important model in geophysical fluid dynamics, which is
derived from general quasi-geostrophic equations in the special case of constant potential
vorticity and buoyancy frequency (see [18,19]).

If the domain is the entire space R?, there are plenty of literature which studies the
existence of global solutions with the fractional Laplacian (—A)*/2, 0 < a: < 2. The global
regularity for any smooth data is known in the subcritical case, o« > 1, and let us focus on
the critical case, @ = 1. The global regularity with small data was proved by Constantin,
Cordoba and Wu [2] (see also Constantin and Wu [8]). The poroblem for large data case
was solved by Caffarelli and Vasseur [1], Kiselev, Nazarov and Volberg [17]. As another
approach, Constantin and Vicol [7] established the nonlinear maximum pronciple to prove



the global regularity. On the other hand, in the super-critical case, the regularity only for
small data is known (see [9]), and blow-up for smooth solutions is an open problem. On the
bounded domains with the smooth boundary, local exitence of strong solutions and small
data global solutions are known, and was shown by by Constantin and Nguyen [6]. Related
to weak solutions, we refer to the papers by Constantin and Ignatova [3] and Constantin
and Nguyen [5]. The global solvability for large data is an important problem, but it has
not been settled, and let us refer several recent papers by Constantin and Ignatova [4],
Stokols and Vasseur [20].

In this paper, the purpose of our application is to give a simple example with the
boundary, and by the help of the odd extention, we can handle the boundary value of
functions with the Dirichlet boundary condition appropriately to obtain the existence of
global solutions with arbitrary smooth data.

The following is our result for the surface quasi geostrophic equation.

Theorem 1.2. ([14]) Let 6y € Bgo,l' Then the integral equation

t
O(t) = e~*A2g, — / e (u-V)6) dr, = VAL
0

posseses a unique global solution 0 such that
6 € C([0,00), B% ) N L'(0, 005 BL ;).

Furthermore, 6 = 0(t,x) is continuous for t > 0 and x in the closure of R% and 0 is
identically zero on the boundary.

Let us give few remarks to prove Theorem 1.2. The local solvability follows from
an analogous argument to [22] throught the odd extention and the bilinear estimate in
Theorem 1.1 (2). We there need maximal regularity estimate proved in [10]. To extend
the local solution, we can apply the nonlinear maximum principle by [7] to guarantee
the uniform boundedness of the Holder space with the order a sufficiently smaller than
1/]|60|| ., which allows us to solve the equation in a certain length of the time interval
any number of times. We refer to the paper [14] for the proof of Theorem 1.2. We give a
comment that the half space case is settled naturally by the argument above and moreover
the analyticity in spacetime is obtained in [12, 14].

In the next section, we give proof outline of Theorem 1.1. We refer to the paper [13]
for the detail of the bilinear estimate of the standard product, fg, the paper [14] for
(VLAB1 /) - Vg with the application to the critical surface quasi-geostrophic equation.

Notation. We denote by LP the Lebesgue spaces, Hg the Sovolev spaces associated
with the Dirichlet Laplacian, and B;,q the Besov spaces associated with the Dirichlet
Laplacian. When the domain is the entire space R?, we clarify the domain of the function
spaces to write explicitly, LP(R?), H;(]Rz)7 B;(I(R2). We also write —Ap the Dirichlet
Laplacian, Ap its square root on the half space, —Ag2 the Laplacian and Ap its square
root on the entire space as an operators on &'(R?).

13
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2. PROOF OURLINE OF THEOREM 1.1

We investigate the behavior of functions with the Dirichlet boundary condition throught
the odd extention with respect to xs.

f(z1,22) for x5 > 0,
—f(x1,29) for zy < 0.

fodd(xla 962) = {

We write the Laplacian on R?, —Age, and its square root,

AIR2 =\ *ARQ.

Let us focus on the case when 2 < s < 2+ 1/p. We will argue as follows. To consider the
norm of the product fg with the regularity number s, we write A% (fg) as

(odd extention of ASD(fg)) =A32(f9)oda = A%ZQ(—AR;)(sign Ty - foddgodd).
If f, g satisfy the Dirichlet boundary condition, then we can suppose that

foddGodd: V foaaGoda = 0 on ORZ,
which implies that

A&ZZ(*ARZ) (sign Ty - foddgodd) = A;g;2 ( sign 75(—Age) (foddgodd)) .

Here it will be proved in Lemma 2.2 below that the multiplication by sign 5 is a bounded
operator in H5 ?(R?), where the norm is defined by

/]
We can then apply the standart bilinear estimate to obtain the first inequality. In what
follows, we introduce two lemmas on the relation of the Laplacian between the entire
space and the half space with the Dirichlet condition, and finally we explain our idea of
the proof of Theorem 1.1.

Lemma 2.1. Let s > 0 and 1 < p < co. Then Ay f € LP(R2) if and only if (—Age)*/?f €
LP(R%). We also have that

20 | A flloez) = I(—Are)*? fll o (se)
provided that A, f € LP(R2).

Proof outline. We write the kernle of the semigroup generated by the fractional Lapla-
cian on R?,

H;_Q(]Rd) = ||Aﬂs§;2f||L7’(R2)

P,(t) = Py(t,z) = F e ¥ )(z), t>0,2 R

We write
et f(z) = /2 (ps(t, x—y) — Ptz — yp, 20 + yz)> fy)dy
R+
= [ Ptz = ) oty dy
RQ
:Ps(t) * fodd(x), S Ri,
and
e o f— f Py(t) * foddlrz — f
s 1 e _(_ s/2
Apf =i ————= = lim e e



if the limit exists in LP(IR3). This allows us to have the equivalency of A, f € LF(R%)
and (—Ag2)*/2f € LP(R?). The norm relation follows from

1
||A fHLp R2) -5

S 1 S
2||(ADf)odd||I£p(R2) = QHAR?Jcodrl”Izp(wy

Lemma 2.2. Let 0 < s < 1/p and 1 < p < co. Then on the entire space
< Ol Nl g ey

[[(sign 22)
for all f € H3(R?).

Proof outline. We introduce ¢. an approximation of the sign function with respect to
x defined by for an odd function ¢ € Cg°(R) with ¢(z2) = 1 (22 > 1),

0e(2) = (e ), 29 €R,e>0.
We start by proving that
e F ey < IS

By the decomposition of the frequency of ¢, and f,

F=( + 3 ) (selre)en) (rAs) ) = (9 s + (e

k<I4+3  k>I+3

iy (B2) for all € > 0.

The first term is handled by the standard bilinear estimate,

1(pef)r]

since the frequency of f is higher than that of £. On the other hand, we apply the bilinear
estimate for x5 variable for the second term. Let 1/p = 1/p; + 1/p2, s = 1/p, from which
we have s = 1/p— 1/ps. It follows from the bilinear estimate and the Sobolev embedding
that

Hy(R?) = C||<Pe||Loo(R2 ||f| H3(R2) = Hj(R?)

(e f)11l

i) SO0l | 1F 12y

LP(Ryy )

<Clleel o [ 155

<C||<P1H )||]: &l

l

LP(Ray)

By applying the Fourier multiplier theorem to a multiplier |&;]%/|£]%, we have
1F &l F fll g ey < CIUFHEPF Fll gy a2y < CIIS]

HS(RQ)v

which proves the inequality.
By considering the limit as e — 0 with taking a subsequence if necessary, we conclude
that

< Cllf|

| (sign ) 5 ey < limin [0

H5(R2)"

13



Proof of Theorem 1.1 (1) when 2 <s<2+1/p, 1 <p,p; <oo. Lemmas 2.1 ,2.2
imply that

2¢ |AL(f9)ll o (r2) ZHA]EZQ ( sign $2(—AD)(foddgodd))
§CHA1§2 (foddGodd) ||LP(]R2)~

It follows from the bilinear estimate on the entire space R? that

Lp(R?)

||AS (fg)HLP (R2) < C(HA 2foddHL”1 (R2)||Qodd||L"2(R2) + ||fodd||L1’3(IR2)||Afzzgodd\|LP4(R2))’
and by Lemma 2.1

1AL Dl oz < C(IAD L @) gl + 1 Al racez) )

For the proof of the inequality in Besov spaces, we apply the Bony paraproduct formula
and the above inequality in the Sobolev spaces to obtain the bilinear estimates in Besov
spaces. O

Optimality of s = 2+ 1/p in Theorem 1.1 (1). We can see that the optimality
is independent of dimensions and let us focus on the case when the space dimension is
one. The reason is due to the boundary value of the function, and the crucial point is the
boundary value of the function with the xy direction orthogonal to the boundary.

Let us consider the half line R, and we construct f,g such that

fr9,A5f, Ahg € LP(Ry) for all s > 0, but A% (fg) € LP(R,).
Let ¢ be such that

—_

1 for0<ax<—,
0 forz>1,

[\3

QOGCSO([O,OO)), 0<ep<1, SD(I):

and we define
f(x) = g(x) = vp(x).
We notice that f, g, A% f, A%g € LP(R,) for all s > 0,
02(f9) = (92f)g +20.f - Bpg + fO2g,
and
(921)9, f029 € C5°((0,00)).
On the other hand,
0uf  Oug = ¢* + 2w + ()7, 2w’ +2%(¢)* € CF°((0,00)),
and we need to investigate %, and will prove that Al/p( %) € LP(R,). We write

2
v el Poddy)
ADSOQ( )= R%dd C/ ddl ‘H_(id dy
x—y|

By a direct calculation, there exist ¢, > 0 such that

1

Aﬂé@zdd(fb) >

- for 0 <z < ¢,
|x5

1
Aﬁg@idd(:p) < — for —d<x <0,

1
x|p
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1 1
which imply that ALp?,, € LP(R) and Aj¢* € LP(R,). We then conclude that
Ap(9:f0:9) & LP(Ry4),
1
and therefore, A?—p (fg) € LP(R,). O

To prove Theorem 1.1 (2), we need the following lemma.

Lemma 2.3. ([14]) Let f € nglﬂB;o#l. Then f,V f are regarded as continuous functions
and we have the following relation between the odd extention and the even extention.

(azlf)odd - azlfodda (azzf)even = azzfoddv

where

feven(21,12) == {f(xhx?) for zo > 0,

fxy, —z3)  forzs <.
Proof of Theorem 1.1 (2). We have
(VEADS V)9 = (@A 5 )00 + (DA )y
By Lemma 2.3, we write the first term,
(02A5 1)) =00 A5 Peven (Do 9)oaa

odd
Dy (AD' f)oda) (Oy Goda)
(8962 Aﬂggfodd) (axl godd)

and the second term

((awlABIf)aﬂwg) :(8x1ABIf)odd(axgg)even

odd
:(8$1 (ABIf)odd) (aacg gadd)
=(0y, Aﬂgalfodd) (O2290dd)-

We here notice that there does not appear the sign function with respect to x, the bilinear
estimate in the entire space is possible to be applied, and we then deduce from the bilinear
estimate that

[7485' - Vo], <07 Azt fow) - Vi

Bg ,(R2)
SC<Hfodd| ngq(RQ)||godd||Brl)2yl(]R2) + ||foddHBgB,1(R2>HgoddHBzﬁz
<C(IF s ollsy, , + g Nallag).

where we have applied the relation similarly to Lemma 2.1, between the Besov spaces
associated with the Dirichlet Laplacian and the Besov spaces on the entire space through
the odd extention. ]
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