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1 Introduction

In this survey article, we consider the stationary 2D Navier-Stokes flows with finite
generalized Dirichlet integrals and investigate their asymptotic properties. Moreover, we
also consider the stationary 3D axisymmetric Navier-Stokes flows with no swirl with finite
generalized Dirichlet integrals and with some poinwise growth condition for the velocities.
As those applications, we also get Liouville-type theorems, which assure the triviality of
Navier-Stokes flows under a certain condition for the vorticities. This article is a summary
of main results in [10] and [11].

In the rest of this introduction, we explain asymptotic properties for 2D Navier-Stokes
flows with finite generalized Dirichlet integrals and its application to some Liouville-type
theorem. In the second section, we explain the proof of these results. In the third section,
we explain asymptotic properties for 3D axisymmetric Navier-Stokes flows with no swirl
and its application to some Liouville-type theorem without any proof. Since the proof for
3D axisymmetric flows with no swirl is similar to that for 2D flows except some technical
details, we omit it.

We first consider the 2D stationary Navier-Stokes equations

{ —Av+(v-V)o+Vp=0

1.1
dive=0 (1.1)

in R? or an exterior domain B, = {z = (z1,2;) € R*;7 = |z| > o} with some constant
ro > 0. Here, v = v(x) = (v1(), v2(x)) and p = p(x) are the velocity vector and the scalar
pressure, respectively. In the pioneer paper by Leray [12], he constructed a solution v of
(1.1) with

/> |Vu(z)|*dz < oo (1.2)



satisfying the nonhomogenecous boundary condition with zero-flux on r = ry. It had long

been an open question whether, under the condition (1.2), v behaves like
v(r) = vs  as |x] = 00 (1.3)

with some constant vector v, € R?. For this problem, Gilbarg-Weinberger [6] proved
that if the solution v in the class (1.2) satisfies

ve L®(BE) (1.4)

then there is constant vector v,, € R? such that

TILIEO " [v(r,0) — voo|df = 0 (1.5)

with
w(r,0) = o(r=3/%), (1.6)
Vo(r,0) = o(r~*/*(logr)) (1.7)

uniformly in 6 € (0,27) as r — 0o, where w is the vorticity w = 0,,v9 — J,,v1. Later

on Amick [1] and Korobkov—Plieckas-Russo [8] proved that every solution v of (1.1) with

the finite Dirichlet integral (1.2) is bounded as in (1.4), and so necessarily satisfies (1.5)

and (1.6). Recently, Korobkov-Plieckas-Russo [9] succeeded to obtain a remarkable result

which states that every solution v of (1.1) with (1.2) converges uniformly at infinity, i.e.,
lim sup |v(r,0) —vs| =0, (1.8)
70 9e(0,2m)

where v,, € R? is the constant vector as in (1.5). On the other hand, for the small

prescribed constant vector vy, € R?, the existence of solutions v of (1.1) with (1.2) having

the parabolic wake region has been fully investigated by Finn-Smith [5].

In this article, we consider a more generalized class

/ [Vo(r,0)|?de < oo with some 2 < g < 0. (1.9)
>70

We call this a generalized Dirichlet integral, and call a solution in this class a solution
with a finite generalized Dirichlet integral. Since our domain is unbounded and since we
are interested in the asymptotic behavior of solutions v of (1.1), the larger ¢, the weaker
the assumption on the decay of Vv at the spatial infinity.

Our first result is on the following pointwise decay estimates for the vorticity w =

Oy, V2 — Og,v1 and V.
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Theorem 1.1. Let v be a smooth solution of (1.1) in B, = {x € R%r > ro} satisfying
(1.9) with some q € (2,00). Then, we have

w(r,0)| = O(Tf(l/qul/q?)) (r — 00), (1.10)
[Vu(r,0)| 0(7"7(%'%2) logr) (r — o0) (1.11)

uniformly in 6 € [0, 27].

Remark 1.1. From the assumption (1.9) with a density argument, we can see that the

velocity v itself satisfies
lo(r,0)] = o(r'=2/9) (1 — o0) (1.12)
(see Lemma 2.1).

Remark 1.2. The assertion of the above theorem is also true when q = 2. This was
obtained by Gilbarg-Weinberger [6, Theorem 6] and Korobkov-Plieckas—Russo [8], while

they proved estimates for w and Vv:
lw(r, 0)| = o(r=/*), |Vu(r,0)] = o(r—**logr) (r — o).

Theorem 1.1 and the maximum principle immediately give the following Liouville type
theorem.

Corollary 1.2 (Liouville type theorem). Let v be a smooth solution of (1.1) in R? satis-
fying
Vo e LYR?)  (orw € LY(R?))

with some q € (2,00). Then, v must be a constant vector.

2 Proof of Theorem 1.1
2.1 Proof of the estimate of the vorticity and Corollary 1.2

We first prove (1.10). Hereafter, we denote by C' positive constants depending only on
the quantities appearing in parentheses.
The proof of Theorem 1.1 is similar to that of [6, Theorem 5]. Our idea is to control

the quantity

/\Vw|2|w|q_2 dx.

A similar quantity is also used in [2].
We first show the asymptotic behavior for a vector field satisfying (1.9).



Lemma 2.1. If a vector field v = v(z) = (vi,v2) € L]

L (B¢ ) satisfies (1.9) with some
2 < q < oo, then

To

lim 7~ =%9 sup |u(r,0)] = 0. (2.1)

oo 0€(0,27)
Proof. We first take a cut-off function x € C*°(R?) so that x(z) = 0 (|z] < ry) and
x(@) =1 (Jz| > ro +1). Then, we have V(xv) € L4(R?). Therefore, by [7, Lemma
2.1], for any ¢ > 0, there exists v. € C§°(R?) satisfying ||V (xv) — Voe||porz) < €. Let

w, = xv — v.. Then, by the Sobolev embedding, we estimate

limsupr~1=2/9 sup |v(r,0)| < limsupr~ "9 sup |w.(r,8) — w.(0)]

r—00 0€(0,2) r—00 0€(0,27)
+ limsup r~ =D |w_(0)]
T—00

+ limsupr~ %9 sup |u(r,0)|

r—00 0e(0,2m)
< CHVU)EHL«;(]W)
< Ck,

where the constant C' > 0 is independent of €. Since ¢ is arbitrary, we conclude

limsupr~ =29 sup [u(r, )] = 0.
r—00 0€(0,27)

O

Lemma 2.2. Let rg > 0 and assume that v = (vy,ve) is a smooth solution of (1.1) in
r > 19, and there exists ¢ € (2,00) such that

/ [Vo|?dz < cc.
7>70

Then, the vorticity w = Oy, v9 — O, U1 satisfies
/ 1 Vw|?|w|? % dr < oo
T>71

for any r1 > ry.

Proof. Let R > 11 > rg and take &, & € C°°((0,00)) so that

p < oty
a1 F< g =

1 1
(r>mr), 0 (r>2).
We define
() = 11618 () -
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We easily see that
[Vng| < Cr 29 |Ang| < C

hold with some constant C' > 0.
Let h = h(w) be a C' and piecewise C? function, which is determined later. Then,
using the condition divv = 0, we have the following identity [6, p. 385]

div [ngVh — h¥Vng — nrhv] = ngh”|Vw|* — h[Ang +v - Vng] + nerh/ [Aw — v - Vu].

Since w satisfies the vorticity equation Aw — v - Vw = 0 and ng = 0 near r = 1y and
r = 00, integrating the above identity on {r > ro}, we have

/ nrh" (W)|Vw|?* dx = / h(w)(Ang +v - Vi) dx. (2.2)
r>70 r>T0
Taking h(w) = |w|?, we obtain
/ 1| Vw|?|w|? 2 dr < C/ |w|!|Ang + v - Vig| dz.
r1<r<R r>T0

From Lemma 2.1, we see r~'+%/4|y(r, #)| < C and hence,

/ UV w| |w|? 2 dr < C/ |w|? dz.
r1<r<R r>7r0

The right-hand side is finite and so is the left-hand side. Letting R — oo, we complete
the proof. O

From the above lemma, we obtain the following decay estimate of w, which is the
assertion of Theorem 1.1.

Lemma 2.3. Under the assumption of Lemma 2.2, we have
1,
lim re"«® sup |w(r,0)] =0.
o0 0e(0,27)

Proof. We first note that when 2" > rq, the inequality

27L+1 dT 2
—/ w]7 (Pl + P ol ) dB
2n rJo
<C w72 (Jw|* + rl/q|w||Vw|) dx
on<r<ntl
<C ]2 (|lw|* + 79| Vw|?) dz

r>2"n



holds. From the mean value theorem for the integration, there exists a sequence r, €
(27, 2™*1) such that

2n+l
/2

= logQ/ |w (7, 6)]772 (rfl\w(rn, 0)|* + T,ll“/q|w(rn, )| |wo(ry, 9)\) do.
0

/ ol (P2 + ] o) O

Therefore, we have
2
/ | (7, 0)]72 (T,2L|w(7"m¢9)|2 + T}L“/q|w(7’m 6)||w9(rn,9)\) do (2.3)
0
< C’/ ]9 (Jw]* + 74| Vw|?) da
r>2n

On the other hand, integrating the identity

0

a / /

[l O = ol )l = [ et 018
©

with respect to ¢ € [0, 27], we have

2
2rlo(r, 0)]7 — / ()| d < 2 /
0 0

27

T, 0|7 dO’

@\W(
<c/ o, )7 wo (o, )] 6.

1
Multiplying it by 7, and using (2.3) with r,l:r" < r2 which is implied by ¢ > 2, we see
that

2
(i, )| < Cryte / jw(ra, 9)|* dip
0
21
e 0 [t ) el )]0
0

<C |w[772 (|w]* + 79| Vw]?) da

r>2n

By Lemma 2.3, the right-hand side tends to 0 as n — co. Hence, we have

lim r1*Y9 sup  |w(r,0)]7 = 0. (2.4)
n—o0 0€(0,2m)

By noting r,,11 < 47, and the maximum principle, we have for r € (r,,r,41) that

plti/a sup |w(r, 9)|q<r1+1/qmax{ sup |w(rn, 0|4, sup |w(rnpe1,0)]?}

0€(0,27) 0e(0,2m) 0e(0,2m)
< max{4r} Y7 sup |w(rn,9)|q,r,llﬁ/q sup |w(r,i1,0)]7}

0e(0,27) 6e(0,27)

95



96

Combining this with (2.4) yields

lim r'*Y7 sup |w(r, 8)7 =0,

oo 0€(0,2m)
which completes the proof. Since (1.11) is obtained from (1.10) using the Cauchy-Pompeiu
formula analogously with [6], we omit it. We refer to [10] for details of its proof. O

Next, we give the proof of Corollary 1.2.

Proof of Corollary 1.2. We first note that, by the Calderén—-Zygmund inequality, w €
L%(R?) implies Vv € L(R?), and hence, we may assume Vv € L?(R?). Then, by Theorem
1.1, we have w — 0 as || — oo. Since w satisfies the maximum principle, we have
w=0. (|

3 Results on 3D axisymmetric flows with no swirl

We next state results on 3D Navier-Stokes axisymmetric flows with no swirl. We consider
the following 3D stationary Navier-Stokes equations.

{ (v V)o+Vp=Ao, 51)

V-v=0,

where D is outside of a cylinder in R? specified later, and v = v(z) = (vy(z), v2(), v3(2))
and p = p(z) denote the velocity vector field and the scalar pressure at the point z =
(z1, 29, 2z) € D, respectively.

To state our main results, we prepare the following notations. We consider the cylin-
drical domain D = {(r,0,z) € Ry x [0,27) X R;r > ro} with some constant rq > 0, and
let Dy = {(r,z) € Ry x R;r > ro}. For the axisymmetric velocity with no swirl, it holds
that v" and v* are independent of # and v/ = 0. From this, we rewrite the equation (3.1)

as
T z T 2 1 2 1 r
(var—kvaz)v + Op = 87'+;87‘+az_ﬁ v,
1 1
(V" 0, + v°0)0* 4+ Op = | O + ;5; + 0% — = V7, (r,z) € Dy. (3.2)

T

)
ov" + — + 007 =0,
r
Let w? = 0,0" — 0,v%. Then, w’ satisfies the vorticity equation

" 1 1
(V"0 + 070, )w’ — St = (024 -+ 02— = ). (3.3)
T A



Moreover, ) = w’/r satisfies
3
— <a§ + 92 + T&) Q+ (v"0, +0v70.)Q = 0. (3.4)

The equation (3.4) has similar properties as the vorticity equation of the 2-dimensional
Naver-Stokes equations. In particular, the solution to (3.4) satisfies the maximum prin-
ciple.

We suppose that

/ V()| dz < 400 (3.5)
D
for some ¢ € (2,00). We also suppose that there exist & € R and C' > 0 such that

lu(r, 2)| < C(14r)* (3.6)

holds for all (r, z) € Dy.
Under the assumptions (3.5) and (3.6), we have the following asymptotic behavior of
the vorticity 2 and w?.

Theorem 3.1. Let (v,p) be a smooth azisymmetric solution of (3.1) with no swirl satis-
fying (3.5) for some q € [2,00) and (3.6). Then, we have

lim a2 2O gu 1Q(r, 2)| = 0, (3.7)
T—00 ZGR

lim 7~ 2 m{01+k} sup |w’(r, 2)] =0 (3.8)
r—>00 ZER

as r — oQ.

The following are related results to Theorem 3.1. Choe and Jin [4], Weng [15], and
Carrillo, Pan, and Zhang [3] showed that an axisymmetric solution of (3.1) with D = R3,
Voo = 0, where v = lim;|_,0 v(2) and with finite Dirichlet integral satisfies

log r)'/? log r)3/4 ; ; log r)'1/®
o(z) = O <(1"1/3> =0 <(7ﬁ/4)1> W+ et = 0 ((7“9/)8) (3.9)

uniformly in z as r — oo, where w”, w’

by

,w* are the components of the vorticity w defined

1
Wwh=—00" W=0.0" -0, W= -0,(r").
r

Recently, Li and Pan [13] studied a similar asymptotic behavior under the assumption
of 3.5 for some ¢ € (2,00). They first showed

Wz, € R, Jo(r,2) = (0,0,0%)] = O(r'~3/7), q€(2,3),
for any ro > 0 and 7 > ro, [v(r,2) — v(ro,2)| = O (log &), 4 =3, (3.10)
for any ro > 0 and 7 > 7o, |v(r,2) — v(re, 2)| = O(r'=3/9), g€ (3,00)
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as r — oo uniformly in z € R. Then, for the behavior of w, they obtained for any £ > 0,
[w/(r, 2)| = O(r= M) o (r, 2)| + |wi(r, 2)| = O(r M/arVaH3/0) - (3.11)

provided that ¢ € [3, 00) and sup,¢p |u(ro, 2)| < C for some ry > 0 hold, or, ¢ € (2,3) and
vz, = 0 hold. Besides them, they also showed for any € > 0,

WO (r, 2)| = O(r=214), | (r, 2)| + |w?(r, 2)| = O(r’(l/q“/qz)*g), (3.12)

provided that ¢ € (2,3) and vZ, # 0 hold.
Finally we state the following Liouville-type theorem, which might be obtained by mod-
ifying the method of proof of Theorem 3.1.

Theorem 3.2. Let D = R? and let (v,p) be a smooth azisymmetric solution of (3.1) with
no swirl having the finite generalized Dirichlet integral as in (3.5) for some q € [2,00).
Moreover, suppose that v satisfies

v (r,2) > —C(L+7r)F,  (signz)v?(r,z) > —C(1 +7r)* (3.13)

for any (r,z) € Ry x R with some k < ¢+ 1 and C. Here, signz =1 (z > 0),0 (z =
0),—1 (2 < 0). In addition, we assume that Q) is bounded. Then, we have w’ =0 and v

1s a constant vector.

Pan and Li [14] recently showed some Liouville-type theorem for ancient axisymmetric
solutions with no swirl. Their result implies some Liouville-type theorem for stationary
axisymmetric solutions with no swirl. There is no implication between Theorem 3.2 and
their result.
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