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A free-boundary problem for the spherically
symmetric motion of a viscous heat-conducting

and self-gravitating gas

ER RS « T2 gl <18
Morimichi Umehara*
University of Miyazaki

1 Introduction

We consider a system of equations describing a spherically symmetric n-dimensional
(n > 3) movement around a rigid core (sphere), of a viscous and heat-conducting gas.
The gas is bounded by a free-surface, and its motion is driven by both an external body
force and a surface force on the free-boundary from outside of the media. Equations
describing the motion mentioned above are, in the Lagrangian-mass coordinate system,
for (z,t) € Q x (0,00) with £ := (0,1)

Vp = Wy,

u =1""" (*p-i-%) + [, (1.1)

x

2 0
= (—p + %) wy —2(n—1)u (w_> + (m“Z”Q—m) ,
v ™ /). v/,

where w = 7" 'u; p = p(v,0) is the pressure and e = ¢(v, #) is the internal energy par
unit mass; f = f[v] = f(r[v], z) is the external body force per unit mass; r = r(z,t) =

r[v](x,t) is given by
rlv](x,t) = (1 + n/oz v(s,t) ds) 1/”.

Imposed boundary conditions are
(u7 9$)|w:0 = (07 O>7

(fp+ o - p, 990) ‘ = (5,0)
v T

€

+

(1.2)

with given & = &(¢). Unknown quantities are the specific volume v = wv(x,t), the
velocity u = u(z,t) and the absolute temperature 6 = 6(x,t). In this paper we focus
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our discussion only on a typical case:

p(v,0) = Q, e(v,0) = - ﬁ T (1.3)

v Y
fre)=-S9 Gy = oo +2), (1.4
7(t) = —pe, pe = const. > 0, (1.5)

where 7 is the specific heat ratio assumed to be a constant with v > 1; G,, = (n—2)G
and Gy is the gravitational constant (Gy > 0); 5 is a constant meaning the mass of
the central rigid sphere (8 > 0). Equations (1.3)-(1.5) say, respectively, that the gas is
ideal; the external body force is given by the gravitation due to both central rigid core
and the gas itself; the surface force is the external pressure. Here k and p are assumed
to be constants with x > 0 and 0 < p < ﬁ

We seek to find unknown functions (v, u, ) for given initial data

(v, 1, 0)|i=0 = (vo, uo, Oo) (1.6)
satisfying the compatibility conditions

(0, 66)(0) = (0,0),

(= 22 =20 = s, 6) (1) = (010).0)

with py = 0y/ve and wy = ro" 'ug.

Our system of equations (1.1) and (1.2) arises as some stellar models in some
astrophysical arguments (see, for example, [1]). In the paper [2] a large-time behaviour
of the flow of a stellar model closely-similar to ours was discussed. However, it seems as
through some statements and proofs in [2] are with ambiguities: for example, it looks
rather hard to accept that the estimate

t oM
// Ov,2dzdr < C  for any t >0
0Jo

holds with some constant C' > 0 independent of time (Lemma 9 in [2]), by which the
proof of the main theorem of the concerned paper was anchored (In our case, we have
Lemma 3.4). Although the system of equations (1.1)-(1.6) was investigated in [3] by
Ducomet and Necasova under the condition p = 0, the asymptotic behaviour of the
flow was not discussed in that paper. Large-time behaviours of viscous gases have been
investigated, for example, in [4,6] with no external force fields; in [9] with an attractive
force due to a central core in a fixed annulus domain; in [8] with the self-gravitation of
the gas in the framework that the gaseous motion is one-dimensional.

From physical point of view, it is expected that the solution of our problem (1.1)-
(1.6) converges to a steady state as ¢ — oo in some sense, and the steady state be a



certain stationary solution. For some barotropic viscous fluids, Ducomet and Zlotnik
show this story in [10] under a certain restricted condition. In the present paper we
obtain the condition similar to the one in [10] (see (2.5) or (2.7)) guaranteeing unique
existence of the stationary solution of our problem, and by using the stationary solution
one sees that the solution of our problem converges to the stationary solution as t — oo.

2 Statement of theorems

Let Q7 := Qx(0,T). First we note that we already have the following result concerning
temporally global and unique solvability of our problem up to any fixed time 7' (Some
notations are found in, for example, [5]).

Theorem 1 Let a € (0,1). Assume that the initial data in (1.6)
(o, uo, bo) € CF(Q) x (C*7(Q))?

satisfy (1.7) and vy, 0y > 0 on 2. Then there exists a unique solution (v,u,0) of the
initial-boundary value problem (1.1)-(1.6) such that

S AT 240, 1+5
(U, Vg, Vg, U, 9) € (C’a?,t2 (QT))3 X (Cz,ta : (QT))2 (21)
for any positive number T and the following inequalities hold:
0, v, 0|5 4 u, 0T <0, 0, 0>07" in Qr, (2.2)
where C' is a positive constant dependent on the initial data and T.

For the proof of Theorem 1, see [7], in which the case of not only ideal gas, but also
radiative and reactive gas was discussed.

In order to investigate large-time behaviour of the solution, we need to derive some
uniform-in-time estimates of the solution. To this end, consider the function V = V(z)

and the constant © satisfying
S
_ v 5
p(V,0) = -5 +/ (‘TT[H] ds (z€9),

x

(2.3)
e(V,0) =K — Ey[V]

for some constant K. Here
1
BV = [ (-oV - FWV) ds, FIV]=FrIV].2)
0

where the function F (r,z) is arbitrarily chosen in such a way as to satisfy

OF ¢ im Pra) =0 (zeq).

or 700
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From f = —G(z)/r"! we may take
- 1 G(x)

F(r,z) = s e

It is easy to see that (v,u,0) = (V,0,0) becomes a certain stationary solution of the
problem (1.1) and (1.2). The second equation of (2.3) says that it is the sationary
solution “having the total energy K” that we especially seek. Namely, by putting
K = Ej in (2.3) for

71
Ey = / <§U02 + e(vo, 90)) dz + Ex[vo]
0

and noting the equality (see later, Lemma 3.3)

/01 (%zﬂ + e(v, 9)) dz + Ei[v] = Eq, (2.4)

we may say that our stationary solution (if it exists) also have the energy FEj.
Let a := G,(8 + 1/2). The following theorem says that the stationary solution
uniquely exists under some restricted situation:

Theorem 2 Assume that K > E1[0] and that

b > 1+g+2(n_1)gK—7E’1[0].
v-1 Pe Pe  Pe

Then there exists a unique solution (V,©) with V. = V(x) and © = const. of the
problem (2.3) such that V€ C*(Q), V >0 on Q and © > 0. Moreover, the inequality

K > E\[0] holds with

(2.5)

(v = D(K — E1[0])
Pe ’

and the following inequalities hold:
(v = DK = Ey[0))
Pe +a

V() <o (z€Q), K-E[]<O<po  (26)

By using the steady state (V,0,0) obtained as above, we reach the following main
theorem concerning the asymptotic behaviour of the solution (v, u, @).

Theorem 3 Let T be an arbitrary positive number, and o« and the initial data satisfy
the hypotheses of Theorem 1. Assume that
a a EO - El [O]

po— >1+ o +2(n 1)175 o . (2.7)
Then there exists a positive constant C' independent of T' such that the inequalities (2.2)
holds for the solution (v,u,8) of the problem (1.1)-(1.6) in the class (2.1). Moreover,
the solution (v,u,0) converges to a steady state (V,0,0) with V =V (z) and © = const.
ast — oo in the sense of H(Q) N C(Q). Here V and © satisfy the inequalities (2.6)
with K = Ej.




Remark 2.1 For any (admissible) initial data Eq — E;[0] > 0 because of
! ! G(x) a
0= [ crman= [ (-9 ) -t

3 Outline of proofs of theorems

3.1 Sketch of the proof of Theorem 2
Let

)= L H) =gt [ 1 (-:5) a5 10 = (- 0 - Bl

Construct the sequence {v;} (v; = v;(x)) such that
Vo = ]\47
. . (3.1)
vipr = 0(pi0;), pi=Hlvl, 0;=1Iv] (i=01,...),
where the constant M taken arbitrarily as to satisfy

0= 0(5,0) < M < i(p, %) = 0

with .
ﬁZIPeJr/ (—f(1,2))dz = p. +a,
0

0:=1I[v], 0" :=1I[0]=(y—-1) <K+ni2>

Noting that, for the function

1
Er(y) := pey —/ F(z,r(y)dz, r(y):=1+nyx)’", zeq,
0
the positivities of p. and df /or and the negativity of f lead Ey/(y) > 0 and E\"(y) < 0
for any y € Q, we have bounds of v; and ; from both above and below uniformly in .
Lemma 3.1 If the conditions K > E1[0] and

1 1
>1+ﬁ(5+_)
ﬁ/_]- De

are satisfied, then, for any K > E1[0], it holds that § > 0 and

v<y <o, 0<60; <0 (i=0,1,...)
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Next, let (Ag); := gi+1 — ¢;- From (3.1)? we have

(D)t = ——((A6), — u(Ap)). (3.2)

Pi+1

We note that, for any k € N and r; = rfv;| (j =1,2),

Adnre)i= <Lk - Lk) { / (02— vl)ds} B

is a function of r; and 7o, and has the estimate
0< Ak(’f'l,’f'g) <k.

Then we have from (3.2)

P = ~6-1) [ (v | Aualrin )@ g, ) (A0)(5)da

—vallAmhﬂn#hrJ@XXs)(A?Av%@ﬁd§>d&

Estimating the left-hand side of this equality from below and the right-hand side,
from above, with using upper bound of v; obtained in Lemma 3.1, one can get the
convergence of the numerical sequence {J;} for J; = |(Av);|©) (i = 0,1,...) under the
condition (2.5). Thus we obtain

Lemma 3.2 If K > Ei[0] and the condition (2.5) is satisfied, then there exists a
function v* = v*(x) such that v* € C() and v; — v* as i — oo in the sense of C(Q).

Put 6* := I[v*]. And see that §; — 6* in C(Q) (i — o) by virtue of Lemma 3.2.
The conbination of the function v* and the constant 6* becomes the soluion (V,©) in
Theorem 2.

3.2 Outline of the proof of Theorem 3

To prove Theorem 3, first we get the following estimates in suitable Sobolev spaces.
Namely, for some generalized derivatives of the solution

(vxta ’Uth uwwzv umt: Hxxza ext) S <L2(03T7 LQ(Q)))G
we find a constant C' independent of T" such that

sup H(u Vg Ut, Um)(t)” < C’
te[0,T]

T
||U, 0 — 9||£<QT) +/ H(U - {}v Uz — ’[)17 Utt)(t)||2 dt < C7
0

C'<0,0<C, [u/<C inQr



with the norm

ulle@ry = lulley @) + Nualler@ry + tazlles @) + lutller@r)s

1

T 2
lulley@r) = <Sup IIU(t)||2+/ qu(t)||2dt> :
t€[0,T] 0
In addition to these uniform bounds, we will also obtain

[v = Vllm@nc@ + [ 0 = Ollg2qync@ + llue Ol +sup |ug, 0] = 0 (& — o0).

e
Here let us get
Lemma 3.3 The equality (2.4) holds for any t € [0,T].
Proof. One can rewrite (1.1)? as
w W,
= (= 4q- 3.3
(), = (T e-v), 33

with

R w 1 w? X B 1 —f
qg:=4—2(n-— 2),ur—n(17t) —l—/ (n— Q)M ds, ¢:=-0o +/ o ds.
Note that from (1.2) it holds

= 0.

=1

Wy
(5000
v

Wy .
uy ="t (7 +q—p) .

Multiplying this equation by u, adding it to (1.1)* and integrating that over [0, 1], we

have 4 ) .
— “u? 4 —— d:—/AId
at J, (2u +7_1> x : qu, dx,

whose right-hand side becomes

From (3.3) we also have

—% 1 (—51}—15) dx
0

by using (1.1)!, the equation 7, = u and integration by part. This gives (2.4) by the
integration with respect to ¢. O

The next lemma plays an essential roll in deriving estimates in Sobolev spaces.
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Lemma 3.4 If the condition (2.7) is satisfied, then it holds

[ 1w-vimpe<c (3.9

for any t € [0,T], where C is a positive constant independent of T

In order to prove this lemma, focus the following equality got from (3.3) for any differ-
entiable and integrable function g(v)

3 ([ oo 25 [uawas) +ota - pato)

[0 o] i [

Substituting g(v) = v — V into (3.5), noting

v(g—p) =qv=V)—=[0-0—-V(g—p)]

(3.5)

with p := H[V] and integrating it with respect to both x and ¢, one can get (3.4).
Detailed proofs of Theorems 2 and 3 will be found in forthcoming publications by
the present authors.
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