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1 Introduction 

We consider the global well-posedness of the compressible viscous恥 idmodel of Korteweg 

type which describes two phase flow with phase transition between liquid and vapor as 

diffuse interface models. More precisely, we investigate the following system in the N 

dimensional Euclidean space酎， 3：：：：： N ：：：：： 7, 

に十二ごlo五Rm)＝Div (S(p―'m) + K(p) -l'(p)I), 

(p, m)lt=O = (p. + Po, mo). 
(1.1) 

Here, Ot = 8／況， tis the time variable, p = p(x, t), x = (x1,...，砂） E 記 and

m=（四（x,t),...'叩 (x,t)f are respective unknown density and momentum, where 

MT denotes the transposed M. P(p) is the pressure field satisfying a 000 function de-

fined on p > 0, where p. is a positive constant. Moreover, S(u) is the viscous stress tensor 

and K(p) is the Korteweg stress tensor read as 

S(u) = 2μD(u) + (v -μ) divul, 
k 

K(p) =-（△p2 _ 1▽Pl2)1 -K,▽pR▽P, 
2 

D(u) denotes the deformation tensor whose (j, k) components are Djk(u) =（切四十
厄）／2withむ＝ 0／仇； inaddition, div u = I:f=1 OjUj. For any N x N matrix field 

L with (j, k)th components Ljk, the quantity Div L is an N-vector with lh component 
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区：＝立鯰 Iis the N x N identity matrix and a 0 b denotes an N x N matrix with 
(j, k)th component a丸 forany two N-vectors a= (a1,..., aN汀andb = (b1,...，加）T・

We assume that the viscosity coefficients μ, v, the capillary coefficient K, and the mass 

density p. of the reference body satisfy the conditions: 

μ > 0, 2μ + v > 0, and K > 0. (1.2) 

Furthermore, we assume that the pressure P(p) satisfies 

P'(p』=0. (1.3) 

Models describing two phase flow with phase transition are classified into two different 

types: sharp interface models and diffuse interface models. In sharp interface models, two 

fluids are separated by a phase boundary of zero thickness and physical quantities, such 

as density or pressure, allow for discontinuities across the interface. On the other hand, 

in diffuse interface models, the phase boundary is regarded as a narrow layers, which 

are called transition layer. In this region, physical quantities vary smoothly across the 

interface. Therefore, it is enough to consider a single system in a single spatial domain. 

To consider liquid-vapor flows as diffuse interface models, Korteweg [13] proposed the 

stress tensor including▽pR▽p based on Van der Waals's approach [21], later, Dunn and 
Serrin [7] derived the system (1.1). 

An important aspect of diffuse interface models is that the pressure is non-monotone 

in general because we assume that the Helmholtz free energy is a double-well potential 

(cf. [6]). Solving the linearized problem around the equilibrium, we can expect the case 

P'(p.) < 0 is unstable; hence we mention mathematical results for P'(p.) ~ 0 below. 
There are many results on global strong solutions for P'(pリ＞〇． Bresch,Desjardins, 

and Lin [2] proved the existence of a global weak solution, later, Haspot improved their 
result in [8]. Hattori and Li [9, 10] first showed the local and global well-posedness in 

Sobolev space. They assumed that the initial data (p0, u0) belong to Hs+l（股州xHs（記）N

(s ~ [N/2] + 3). Hou, Peng, and Zhu [11] improved the results [9, 10] for small total 
energy cases. Wang and Tan [22], Tan and Wang [18], Tan, Wang, and Xu [19], and 

Tan and Zhang [20] established the optimal decay rates of the global solutions in Sobolev 

space. Li [14] and Chen and Zhao [3] considered the Navier-Stokes-Korteweg system with 

external force. Bian, Yao, and Zhu [1] obtained the vanishing capillarity limit of the 

smooth solution. We also refer to the existence and uniqueness results in critical Besov 

space proved by Danchin and Desjardins in [5]. Their initial data (p0, u0) are assumed to 

belong to i3f {2(IR州nB討2-1（囮い） x B昇2-1（囮:N)N.Recently, Murata and Shibata [15] 

proved the global well-posedness in the maximal L砂 qregularity class. 

In contrast, only a few results are available for P'(p』=0. Kobayashi and Tsuda 

[12] proved the existence of global L2 solutions and the decay estimates. Chik:ami and 

Kobayashi [4] improved the result [5]. In particular, for P'(p.) = 0, they proved the 

global estimates under an additional low frequency assumption to control a pressure term. 

Furthermore, they showed the optimal decay rates of the global solutions in the L2― 

framework. 

In this paper, we discuss the global existence and uniqueness of strong solutions to 

(1.1) for small initial data under the assumption (1.3). Consequently, we also prove the 

decay estimates of the solutions to (1.1). The main tools are the maximal Lp-Lq regularity 

and L砂 qdecay properties of the linearized equations. 
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1.1 Notations 

We summarize several symbols and functional spaces used throughout the paper. N, 
股 andC denote the sets of all natural, real, and complex numbers, respectively. We set 
N。=NU{O}.Let q'be the dual exponent of q defined by q'= q/(q-1) for 1 < qく oo.For 

any multi-index a= (a1,...，知） EN岱wewrite lal = a1＋・・・＋叩 and況＝叩・・ • 8翌
with x = (x1,..., XN). For scalar function f and N-vector of functions g, we set 

a:J = (aiJ I lal = k), a:g = (c汀giI lal = k, j = 1,..., N), 

叩＝幻，迅g=蒻．

For any 1 :::; p, q:::; oo,ら（記）， w;i（酎）， andB;,P（記） denotethe us叫 Lebesguespace, 

Sobolev space, and Besov space; respectively, II ・ IILq(IRN), II ・ llw:炉（か）， andII・ IIB和(JRN)

denote their norms. We set W,加（酎） ＝ら（記） and w;（酎） ＝叩（酎） ifsE股 N.
C00（記） denotes the set of all C°° functions defined on酎． ForBanach spaces X ind 

Y,ら（（a,b), X) and W;'((a, b), X) denote the usual Lebesgue space and Sobolev space 
of X-valued functions defined on an interval (a, b), respectively. The d-product space of 
X is defined by炉＝ ｛f = (f,..., id) I f; EX  (i = 1,..., d)}; for simplicity, its norm is 

denoted by II ・ llx instead of II・ llxd-We set 

w;i,'（酎）＝｛（f,g)If E w,?（酎）， gEW[（記）勺，

||（f,g)||W炉'£⑱)=||f||wず(JRN)+ llgllwJ(IRN)・

Let瓦＝ F and F;1 = F-1 
E 

f = F-1 denote the Fourier transform and the Fourier inverse 

transform, respectively, which are defined by setting 

1 
殴）＝左fl([)=1N e―2勺 (x)dx, Fi1[g](x) = ~ 1N□g（[) d[. 

The letter C denotes generic constants and the constant Ca,b,… depends on a, b,.... The 

values of constants C, and Ca,b,... may change from line to line. We use small boldface 
letters, e.g., u, to denote vector-valued functions and capital boldface letters, e.g., H, to 
denote matrix-valued functions, respectively. To state our main theorem, we introduce a 
solution space and several norms: 

Dq,p(JR.州＝ Bi,;2/p（JR.N)X B悶―1/p)（囮州凡

Xp,q,t = {(p, m) Ip E Lp((O, t), w;（罠N))n w;((o, t), w;（股N)),

mElヶ,((0,t), w:（股N)N)n w;((o, t), Lq（JR.N)N), p./4さp.+ p(t,x)さ4p*｝，

[u]q,C,(a,t) = sup <s>£11u(•, s) IILq（政N)(a= 0, 2), [u]q,£,t = [u]q,£,(o,t), 
a:<;s:<;t 

1 2 

N(p, m)(t)＝区と｛［（叩，況m)]oo，貸＋ふt
j=O i=l 

(1.4) 

＋［（辺p，辺m)]q,，母＋ ½,t +［（況p，辺m）］似羹＋1＋る，t

+II〈s〉f,(p, m) 11Lp((O,t),wf;2（囮:N))+II〈S〉f;(0s P, a.m) IILp((O,t),W:』;O(JRN))},

where〈s〉=（l+s), £1 = N/2q1 -T, £2 = N/2q戸 1-T;Tis given in Theorem 1.1 below. 
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1.2 Main theorem 

Setting p =几＋ 0,we can rewrite (1.1) to the following formulation: 

where 

｛二d:：二m) —ゅ叫＝ g(0,m) : ::, ::: : : ;:: ;; 

(0, m)lt=D = (Po, m。)in罠
N 

1 
g(0, m) = -Div［f+--em R m-S ((f+--e ― t) 吋— K(0)

+ j1 P"(p. + T0)(1 -T) d所 I].
゜

］ 
We now state our main theorem. 

(1.5) 

Theorem 1.1. Assume that conditions (1.2) and (l.3) hold and that 3さNさ7.Let qぃ
q2, and p be numbers such that 

1 1 1 2 N 
2 < p < oo, q1 < N < q2, 2 < q1 s; 4, _:__ =—+ -—+ -＜ 1. (1.6) 

q1 ゅ N'p'q2

Let T be a number such that 
l N l 
-<T< —+ -． 
p q2 p 

(1.7) 

Then, there exists a small number E > 0 such that for any initial data (Po, m。)E 

nにDqi,P（記） nWq店（記） satisfying

I :=Lll(Po,m。)||Dq,,p(か)+||（Po,m。)||W評（か） ＋llnollL努偉N)< E 
i=l ナ

with m。=Oxno,problem (1.5) admits a solution (0, m) with 

(0,m) EnにXp,q,,oo,

satisfying the estimate 
N(0,m)((X)）S L€ 

with some constant L independent of E. 

Remark 1.2. (1) In Theorem 1.1, the constant L is defined from several constants 
appearing in the estimates for the linearized equations and the constant E will be chosen 
in such a way that L2E < 1. 
(2) We only consider the dimension 3 s N s 7. For N = 2, q1 < 2, and so qi/2 < 1. In 
this case, our argument does not work. Furthermore, we need a restriction N < 8 by the 
condition q1 S 4. 
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2 Analysis for the linear problem 

In this section, we consider the maximal Lp-Lq regularity and decay properties of solutions, 

which are the key tools for the proof of Theorem 1.1. 

2.1 Maximal LP―伝 regularity

In this subsection, we state the maximal L砂 qregularity for the linear problem: 

｛二＿dfごs:m)一邸＊▽△0=g : :: ：:: : : ；口：
(0, m)lt=O = (Po, m。)in記

(2.1) 

If we extend g by zero outside of (0, T), by Theorem 2.6 in [16] and the uniquness of 

solutions, we have the following result. 

Theorem 2.1. Let T, R > 0 and l < p, q < oo. Then, there exists a constant tJ。2':1 
such that the following assertion holds: For any initial data (p0, m。)EDq,p（町） with

ll(Po,m。)||Dq,p（即）さ Rsatisfying the range condition: 

p,/2 < p. + Po(x) < 2p, (x E酎），（2.2)

and right member g E ら((0,T), L国）N),problem (2.1) admits a unique solution 

(0, m) E Xp,q,T possessing the estimate 

Ep,q(0, m)(t) ::; Cp,q,N,oo,Re8t (II (Po, m。)||Dq,p(JRN)+ llgllLp((O,t),Lq(JRNJNJ) (2.3) 

for any t E (0, T] and 5 2". 5。.Here,we set 

加 (0,m)(t) = ll8s0||ら((0,t),WJ(的)） + ||0||ら((0,t),W:急（か）

+ll8sm||ら((o,t),Lq(JRNJNJ+ llm||ら((0,t),W:f(JRN)外

Constant Cp,q,N,oo,R is independent of 5 and t. 

Remark 2.2. Using Theorem 2.1 and employing the same argument as in the proof of 
Theorem 3.1 in [15], we also have the local well-posedness for (1.1). 

2.2 Decay property of solutions 

In this subsection, we consider the following linearized problem: 

｛ご〗：二゜(3*▽ divm ー仰＊▽△0= 0 

(0,m)lt=D = (f,g) 

in酎 fortE (0, T), 

in酎 fortE (0, T), 

in股凡
(2.4) 

where a. = μ/ p. and(3* ＝v / p.. Then, by taking Fourier transform of (2.4) and solving 
the ordinary differential equation with respect to t, 

S1(t)(f,g) := 0, S2(t)(f,g) := m 

satisfy the following formula 

(2.5) 
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(i) If 8. :=(a.+ /3.)2 /4 -P•"'=J 0, we have 

入＿e入十t_い -t^ e入十t_e入＿t.N 

0=-F-1 t[ 入十―入＿ f]―□ ［ハ入+—入＿ t這k]'
N 入十t_e入＿t

m= 庁［e-a,1~12tg] _ tFz-1 [e-<>•I叫翫］—巧 1 [代|＜|2e入十―入＿心］

N 

＿こ左 ［貼＋広）1tド＋入＿｝e心t-｛（m ＋広）庁＋入＋｝e入＿t

k=1 知（入＋ー入＿） C這］，

where 

心＝ ｛ー：口：•に 1旦ぷIt|2
2 

_ ＊ 1吋土八バ瓦「ltl2

ふ＞ 0,
(2.6) 

r5. < 0. 

(ii) Ifふ＝ 0,we have 

N 

0 ＝左［巴(1 —入。t)J] ーと左 [te入oti疇］，
k=l 

N 

m= 庁［e―… l€12t匂ーと町 [e―叫€12t色^ -F-1 入ot_
t入2

k=1 |（|2 gk] € ［e IC|：叫 (2.7)

N 

＋こ左［砂°t1+t入。 ＾ 
k=l 

|C|2 芯 gk]'

where 

入。＝一
a.+(3 

2 
* |（| 2. 

To state decay estimates of 0 and m, we divide the solution formula into the low and 

high frequency parts. For this purpose, we introduce a cut off function r.p(() E 000（政州，
which equals 1 for IllさEand O for Ill 2': 2E. Here, E is a suitably small positive constant. 

Let <[>。 and似 beoperators acting on (!, g) E W:ド（記）； theyare defined as 

<[>o(f,g) = Fi1[r.p(()(i((),g(())], cpoo(f,g) = FE-門(1-r.p(（））（j(C)，g(＜)）］． 

Theorem 2.3. Let S;(t) (i = 1, 2) be the solution operators of (2.4) given by (2.5) and let 
S0(t)(f, g) = (S州(t)(f,g), S8(t)(f, g)) and S00(t)(f, g) = (Sf(t)(f, g), S:f(t)(f, g)) with 

Sf(t)(f, g) = S;(t)<[>。(!,g) and Sf(t)(f, g) = S;(t)<[>00(j, g). Then, S0(t) and S00(t) have 

the following decay properties 

(i) 

II況S0(t)(J,g)||ら（訟） ：：：： Ct舟(¼-~)-打 |(J,h)|| ら（訟） （2.8) 

with g = 8xh, j E N。,andsome constant C depending on j, p, q, a, and /3., where 

{1< q豆：：：： OOand (p,q)ヂ(OO,OO）が0< t ：：：：1, 
1 < q：：：： 2 ：：：： p ：：：： oo andゆ,q)-/-(00,0<吋サt：：：：： L 

(2.9) 
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(ii) 

詞s00(t)(f,g)II""炉(Rり::;Ct―芽（i-点）ーもII(f, g) llwJ•"(JRN) (2.10) 

with j EN。andsome constant C depending on j, p, q, a,, and (J., where 

1 < q s; p s; oo and (p, q) =J (oo, oo). (2.11) 

Proof. First, we consider the caseふヂ 0.The difference between the cases P'(p.) = 0 
and P'(p.) > 0 is that入土 satisfies(2.6) not only for the high frequency part, but also for 
the low frequency part. Owing to this difference, the second term of S1(t) given by (2.5) 

is troublesome because 入＋—入＿ = C.1~12, where C, = 2⑳:forふ＞ 0and C. = 2i-j1冗
forふく 0.Due to the condition g = Oxh, the second term of S1(t) satisfies 

シ［パ＋：□：入~i(叫＝ t町［ハe入＋｀〗入t （心）（氏）a加］，
k=1 k=1 

so that we can employ the same calculation as in the proof of Theorem 4.1 in [15]. 

Next, we consider the caseふ,= 0. By using the condition g = Oxh and the estimate 
(1(1tl/2)j e-Gol(12tさCe―(Go/2)1(12tfor j E N。withsome constant C,。dependingon °'• and 
/3*,the solution formula (2.7) can be estimated in the same manner as in the proof of 
Theorem 4.1 in [15]. This completes the proof of Theorem 2.3. ロ

3 A proof of Theorem 1.1 

We prove Theorem 1.1 by the Banach fixed point argument. Let p, q1, andゅbeexponents 
given in Theorem 1.1. Let E be a small positive number and let N(0, m) be the norm 
defined in (1.4). We define the underlying space Ie as 

Ie = {(0,m) EX四 1,00n Xp,q2,oo I (0, m)lt=O = (Po, m。)， N(0,m)(oo):S Le}, (3.1) 

where L is a constant that will be determined later. Given (0, m) E Ie, let (w, w) be a 
solution to the equation: 
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in酎 fortE (0, T), 

in酎 fortE (0, T), 

in股パ

N(w, w)(t)::; C(I + N(0, m)(t)り，

(3.2) 

(3.3) 

where I is defined in Theorem 1. 1. Throughout the following steps, we use the estimate 

門こハ＋0(t,X):::; 4p., 

which is obtained by (0, m) E Xp,qi,oo n Xp,q2,00. 

(3.4) 
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3.1 Estimates of (8砂辺w)for j = 0, 1 

3.1.1 Case: t > 2 

In order to estimate (w, w) fort> 2, we write (w, w) by Duhamel's principle as follows: 

(w, w) = S(t)(Po, m。)＋1tS(t-s)(D,g(s))ds. (3.5) 

゜Because S(t)(p0, m。)canbe estimated directly by Theorem 2.3, we only estimate the 
second term for low and high frequencies below. For t > 2, we divide the second term 
into three parts as follows: 

1t1|謬 (t-s)(O, g(s))IILx ds = (1t/2 + 1;:1 + l~J 118翌(t-s)(0, g(s)) IILx ds 

3 

＝：LI翌 (3.6) 
k=l 

where d = 0, oo and X = oo, q1, q2. 
Estimates for the low frequency part in L= 

Using (3.4) and Theorem 2.3 (i) with (p, q) = (oo, qi/2) and Holder's ineq叫 ityunder 
the condition qi/2 ~ 2, we have 

心゚さ C1t/2 (t -s)―奇ー合llhllLoi/2（か）ds~ C 1t/2 (t -s)―舟ーも凶＋Bりds, (3.7) 
0 - JO 

where 

A1 = 11(0,m)lli釘（股N)+ II (0, m) IIL01 (JRN) II (8x0, Oxm) IIL01 (JRN) + ll8x0IIL1（艮N）’

B1 = 110||伍（砂）1|虎0||%（か）・

A1 and B1 satisfy: 
_.!'!_ 

A1~ 〈s 〉 *[(0,m)は，母，t ＋〈s〉-（奇＋ ½)[(0,m)]ql,斎闊鱈m)]q羞＋ふt

+〈s〉-（奇＋1隣0]2 N 1 
q1，芍づ，t

こ〈パ([(0,m)］：崎，t+[(0,m)］吐母，t[(ax鱈 m)］釘，母＋ら，t+は0]い崎＋ふJ (3.8) 

N 

B1~ 〈s〉-（石―T) ［O] N 〈〉--
N 

q1,可 ,t(s紐1T||0||wが砂. (3.9) 

Because 1 -N加 <0and 1 -(N/q1 -T)p'< 0, which follow from q1 < N and T < 
N/ゅ＋ 1/p,using (3.7), (3.8) and (3.9), we obtain 

, rt/2 
I1,° < Ct 

_.!'!_＿i,-,-.,_Ji 

~ - q1 2 J 〈s〉言 ds([(0,m)]~1,~ 

゜
q1,~,t 

+ ［（0,m)］ N [（如虞m)]q1芍 't
N,  1 q1，町互，t＋ ［虹l2N 1 q1，芍十1,t） 

+Ct―舟— i (Jt/2 〈s〉-（舟—T)p’ds) 1/P' ［O]m，母 ，t1| 〈 s〉羞—TO|| 伝(（0,t) ，W右 (Rり）
゜~ Ct―奇一噂(t), (3.10) 
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where 

響）＝ ［（0,m)］三，t+ [(0, m)]q,憂隅鱈m)]q崎＋½,t + [CJ尻，母＋ふt

+ [0]卯，2羞，tI|〈S〉母ーTO||Lp((O,t)，鴨（応）・

Similarly, we have 

応゚ :s;Ct―奇—合闊 (t). (3.11) 

We now estimate I:翌． Using(3.4) and Theorem 2.3 (i) with (p, q) = (oo位）， weobtain 

応゚：：：：： Cl-1(t -s)―迄—合 11h11 伍（砂）心：：：：： Cl-1(t -s)―迄—合凶＋ B2) ds, (3.12) 

where 

A2 = 11(0, m)ll1ン=(RN)(ll(0,m)IILq2(RN) + ll(8x0, Oxm)ll1ンq2(JRN))+ ll8x0IIL=(JRN) ll8x0IILq2(JRN), 

B2 = 11011£叫 (JRN)I|洸0||伍 (R州・

A2 and B2 satisfy: 

A2 ~〈s〉-（奇＋羞＋l)[(0, m)]00，バ（0,m)]q1, q2羞＋1,t

ー(!:!..＋立—＋約+〈s〉釘知 2[(0, m)］OO,!:!..t[(8』，佑m）］ N 3 q1, q2, 2q2 +2,t 

＋〈s〉-噂＋ふ＋2)［邸loo,!:!..tt[ (a』,8xm)]q2,~+*q1 +2, q2,2q2 +2,t9 
N 

B2 さ〈s〉—噂＋羹＋1-T)[0]00，奇，t〈s〉勾十l-TIIBllwl（訟）・q2 

、1
,

、1
,

3

4

 

1

1

 

．

．

 

3

3

 

,
＇
ー
＇
，
ー
、

Because 1 -(N/2q2 + j/2) > 0, 1 -(N/2の＋j/2)p'>0, and N/2q2 + 1 -T > j/2 as 
follows from N < q2, 2 / p + N /の <1and T < N/q2 + 1/p, using (3.12), (3.13) and (3.14), 
we obtain 

I翌:SCt―（奇＋羞＋1）J(t-s)―（羞＋合）ds[(0,m)]00,£f,t[(0, m)] 
t-1 

疇，tl~u, lll)Jq玉＋1,t

ぴ＋ N ＋3) (N口）
+Ct— if+-!f;;,+~) 1~, (t _ s)― 2q2 2 ds[（0,m)］ ［は0,Oxm)]q2,-/f;;,+~ 

t-1 
疇，t q2可；＋互，t

ぴ＋ N ＋2) 
+Ct―可応 J (t -s)―（羞＋合）ds[ox0loo，ぃ闊鱈m)]q2,-/f;;,+!

t-1 q1 2, q2, 2q2 + 2,t 

+Ct―（奇＋命＋1-T)(1:1 (t -S)―(2羹＋る）p'ds
1/p' 

N 

t-1 
- )  [O]OO，奇，tI|〈s〉叩+l-T0||伍（（0,t),W:も(Rり）

:S Ct―貸一噂(t), (3.15) 

where 

麿(t)= [(0, m)]00，脊t{[(0,m)］疇＋1,t+［（邸凸m)]q2羞＋~,t}

+ [ox0loo噂＋；，t［は0,Oxm)]q2,2羞＋ャ＋ ［0]00，嘉，tI|〈s〉羞＋1-TO||伍((O,t),W:も(Rり）・
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Using (3.10), (3.11) and (3.15), we obtain 

1t II撃 (t-s)(0, g(s)) II Loo ds :=; Ct―奇ー合(Eg(t)＋麿(t)).

゜
(3.16) 

Estimates for the low frequency part in L釦

Using (3.4) and Theorem 2.3 (i) with (p, q) = (q1, qi/2) and employing the same 
calculation as in the estimate in L00, we obtain 

I心゚＋I孟゚::::;Ct―母ー合闊(t). (3.17) 

Using Theorem 2.3 (i) with (p, q) = (q1, q1) and employing the same calculation as in the 
estimate in L00 under the conditions 1 -(j /2)p'> 0, and 3N /2q1 -T > N /2q1 + j /2, 
which follow from p > 2 and T < N /ゅ＋ 1/p,we obtain 

I孟゚<:::Ct―母ー合E『(t)' (3.18) 

where 

E~(t) = [(0, m)]00，舟，t{[(0,m)］吐母，t+ [(8泣凸m)]q疇＋ふt}

+[a』loo舟＋½,t[(8』むm)]ql母＋½,t + [0]00，奇，tI| 〈 s〉悶—TO|| ら（（0,t),WJ1 （か））・

Using (3.17) and (3.18), we obtain 

1t ll8{S0(t -s)(O, g(s))IILei ds ~ Ct―羞—噂(t) + E『(t)).

゜
(3.19) 

Estimates for the low frequency part in L卯

Using (3.4) and Theorem 2.3 (i) with (p, q) = (q2, qi/2) and (p, q) = (q2, q2), we obtain 

t J 11況S0(t-s)(0, g(s)) 11Lq2 ds ::=:: Ct―2い噂(t)+ Eg(t)). 

゜
(3.20) 

Estimates for the high frequency part 
Employing the same calculation for the low frequencies, we have estimates for the high 

frequencies under the conditions (1.6) and (1. 7) as follows: 

1t II況S00(t-s) (0, g(s)) 11£= ds ::; Ct―奇ーも(E念(t)+ Ef(t)), 

jt 11辺S°°(t-s)（0,g(s)）||Lql ds < Ct―産—も (E,°;"(l) + E;"(l)), 

jt 11況S°°(t-s)（0,g(s)）||Lq2 ds 5 Ct―羞—1- る (E丁 (t) ＋麿(t)),

゜

(3.21) 
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where 

Eg"(t) = [(0, m)la,.--1"--.t[(8辺，acm)］ N 1 
叫 ql'm,2q1+2,t 

＋叩l四奇＋ら，t[m]：ぃ母，t+叩 ]q崎＋も，謁m]q,裔＋ふt

+ [0]q,，母，tI| 〈 s 〉 ¾,-T(0,m)||ら ((0,t),W:訳（か））

+([m]q崎，t+ [8x0]q1羞＋ふt)||〈s〉母ーT0IILp((O,t),WJ1困）） 9

靡 (t)= [(0, m)］~，ぃ訊鱈m)］ N 1 q1, q1,2q1 +2,t 

+ [8x0]q崎＋½,t[m]~噂,t+ ［虹]=，奇＋ら，謁m]q,，命＋ふt
N 

+ [0]芯奇t||〈s〉2q1-T(0,m)||ら（（0,t),W:訳（か））

+([m]~，奇，t ＋［叩］疇＋ふt)|| 〈 s〉命—Te|| ら（（O,t),WJ1 （砂）），
麿 (t)= [(0, m)］三，奇，t[(a』むm)］⑫羹＋ ~,t

＋ ［虹]q2,迄＋~,t[m]~裔，t+ ［虹l疇＋ら，謁m]四羹＋ふt

+ [0]~塁,t||〈s〉斎1-T(0,m)IIq1 Lp((O,t),W:訂（か）

+([mL，奇，t+[8の0]疇＋ふt)||〈s〉ふ＋1-TO||ら（（0,t),W:む（か））・

Using (3.5), (3.16), (3.19), (3.20) and (3.21), we obtain 

1 

凶（他W，況w)]oo，奇＋か（2,t):a::;C(ll(Po, mo)llw~ + lln三＋Eo(t)＋恥(t)),
j=O 

文［（叩，辺w)］贅＋ふ(2,t):a::; C(ll(Po,m。)||w韮o+||n。三＋E0(t)+ E1(t)), (3.22) 
j=O 
1 

L[（厚，辺w)］四迄＋1＋合，（2,t):a::;C(ll(Po, m。)||W五゚+||n。||L努+E0(t)＋恥(t))'
j=O 

where E;(t) = Ef(t) + E戸(t)with i = 0, 1, 2. 

3.1.2 Case: 0 < t < 2 
． 

Estimates in Ln for i = 1. 2 qi,  

Using Theorem 2.1 and the following estimate 

Ilg||ら((O,t),Lq;(RN)):::;CE':j'°(t), 

which is calculated in 3.1.1, we obtain 

ll(w, w)IILv((o,2),w;ど（正） ＋11(8糾，08W)||ら((0,2),w;訳（応）

:S: C{ll(Po,m。)||尻,p(RN)+ E;(2)} (3.23) 
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for i = 1, 2. 
Estimates in L00 

Using Lemma 1 in [17] and Lemma 3.3 in [15], we obtain 

ll(w, w)IIL=((o,2J,wi（沢N))：：：：： C{ll(Po,m。)||Dq2,P(JRN)+ E2(2)}. (3.24) 

3.1.3 Conclusion 

Combining (3.22), (3.23) and (3.24), we obtain 

1 

L[（叩，況w)]oo，貸＋ ½,t ::'.: C(I + E。(t)＋恥(t))'
j=O 
1 

区（辺喜w)]q1羞＋合，tさC(I+E。(t)+ E1(t)), (3.25) 
j=O 

図＠喜w)]q羞＋1＋ ½,t ::'.: C（エ＋ Ea(t)＋恥(t)).
j=O 

3.2 Estimates of the weighted norm 

In order to estimate the weighted norm in the maximal LP―伝 regularitycl邸 s,we con-

sider the following time shifted equations, which is equivalent to the first and the second 

equations of (3.2): 

叫〈S〉f'w)+ 6。〈s〉t'W+ P* div (〈s〉f'w)

= 60〈s〉“w+ （8s〈s〉£'）w

os(〈s〉£‘W)+%〈s〉f'w-a＊△（〈s〉£'W)一瓜▽(div〈s〉f'w)+ Kp＊▽△〈s〉£’W

=〈S〉£'g(0,m) + 60〈s〉£'w+は〈s〉£')w,

where i = 1, 2,釘＝ N/2q1-T and £2 = N/2ゅ＋ 1-T. By Theorem 2.1, we have 

II〈s〉c'(w,w)ll1や((0,t),Wi/(RN))+||〈s〉£,(8.w, Os w) IILp((o,t),W:よ゚(RN))

:<::; C(II (Po, m。)||Dq;,p(RN)+ II〈s〉c'g(0,m) IILp((O,t),L., (RN)) 

+ ||〈s〉£'(w,w)IILp((O,t),wJ/（民N))+ 11(0s〈s〉£')(w,w)IILp((O,t),W:よ゚(RN)). (3.26) 

We can estimate the left-hand sides of (3.26) by the same calculation邸 in[15], we have 

||〈s〉£'(w,w)IILp((O,t),wf,2（民N))+ II〈s〉｛し。S

:<::; C(I + E0(t) + E;(t)). (3.27) 

3.3 Conclusion 

Combining (3.25) and (3.27), we have (3.3). Recalling thatエ<€, for (0, m) E 1€, we 
have 

N(w, w)(oo) S C(I +N(0, m)(oo）り sCc+ CL望 (3.28)
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Choosing E so small that L2E :S 1 and setting L = 2C in (3.28), we have 

N(w, w)(oo) :S LE. (3.29) 

We define a map <P acting on (0, m) E I, by <P(0, m) = (w, w), and then it follows 

from (3.29) that <P is the map fromエintoitself. Considering the difference <P(01, mリー
<P(02, m2) for (ei, m』EI, (i = 1, 2), employing the same argument as in the proof of 
(3.28) and choosing E > 0 samller if necessary, we see that <P is a consraction map on工，
and therefore there exists a fixed point (w, w) EI, which solves the equation (1.5). Since 

the existence of solutions to (1.5) is proved by the contraction mapping principle, the 

uniqueness of solutions belonging to エ~ follows immediately, which completes the proof of 

Theorem 1.1. 
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