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1 Introduction 

This article is a review of our recent paper [10]. There we have formulated the elliptic quantum 

toroidal algebra Uq,t,p(g(1,tor) associated with the toroidal algebra g(l,tor in the same scheme 

as the elliptic quantum group Uq,p(g) associated with the affine Lie algebra g [9]. The algebra 

Uq,t,p(g(1,tor) is an elliptic analogue of the quantum toroidal algebra Uq,t(g(1,tor) introduced by 

Miki as a deformation of the Wl+oo algebra [11]. 

As for the trigonometric algebra Uq,t(g(1,tor), various representations have been studied by 

many papers such as [1-3, 11] and applied to the 5d and 6d lifts of the 4d N = 2 SUSY gauge 

theories, which are the gauge theories associated with the linear quivers. 

In [10], we have shown that the elliptic algebra Uq,t,p(g(1,tor) is a relevant quantum group 

structure to treat the 5d and 6d lifts of the the 4d N = 2* SUSY gauge theories associated 

with the Jordan quiver. The key to this is that Uq,t,p(g(1,tor) gives a realization of the Jordan 

quiver W-algebra Wq,t(I'（ふ）） proposedin [6]. In particular, our realization of the generating 

function T(u) of Wq,t(I'（ふ）） asa composition of the vertex operators<I>(u) and酎 (u)leads 

to an identification of it with a refined topological vertex depicted in Fig.6.1. This vertex is a 

basic object in calculating Nekrasov instanton partition functions of the 5d and 6d lifts of the 4d 

N = 2* U(M) theories, whose instanton moduli spaces are given by the Jordan quiver varieties. 

Notations 

For Pl,P公p3E IC with IPil < 1 (i = 1, 2, 3), we set 

00 00 

(z;p1)00 = IJ (1 -zp~り，（z;p1,P心＝ II (1 -zp『lp閃），
n1=0 n1,n2=0 
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00 

(z;p1,P2,P心＝ II (1-zpf'p匹庁），
n1,n2,na=O 

and 

Bp,(z) = (z;p1悩(pi/z;p1)00, r(z;p1,P2) = 
(P1P2/ z; Pl, P2)00 

(z;p1,P2)00' 

几(z;p1,P2,p3)= (z;p1,P2,p3悩(p1p2p3/z; P1,P2,P3)oo・

2 Elliptic Quantum Toroidal Algebra Uq,t,p(gC1,tor) 

2.1 Definition of Uq,t,p(f1[1,tor) 

Let p, q, t be generic complex numbers satisfying IPI, lql, ltl < 1. 

Definition 2.1. The elliptic quantum toroidal algebra Uq,t,p = Uq,t,p(gl1,tor) is a IC伽]]-algebra

generated by a加 x!,(m E Z¥{O},n E Z) and invertible elements吋，11/2. We set而＝

（吋）ー1.The defining relations can be conveniently expressed in terms of the generating June-

tions, which we call the elliptic currents, 

丑(z)= I:叶z―n,
nEZ 

釘（z)=吋 exp(—こ 1 /mpma-m(7―1/2zr) exp(区 1-1炉叩（ァ―1/2z)―m),
m>0 m>O 

心― (z) ＝巧 exp(— :1-lpmam(？1/2エ） exp （互 ~am('Yl/2z)-m)
The defining relations are 

%，7 + ~1/2. : central (2.1) 

c+(w/z;p*)G-(w/z;p),+/¥,+1., c+(z/w;p*)G-(z/w;p) 
ゅ士(z)ゆ士(w)＝ ゆ士(w)ゆ士(z), (2.2) 

G一(w/z;p*)G+(w/z;p)T nT,-i  G一(z/w;p*)G+(z/w;p)

G+（p*T―1w/z;p*)G-（祁W/z;p) C(pT―1z/w;p)G+(v/w;p*) 
炉(z)訳 (w)= 

G一(p*"'f―1w/z;p*)G+（祁W/z;p) G+(pT―1z/w;p*)G一("Yz/w;p*)
厨 (w)釘(z),

(2.3) 

3か (1―1w/z;p*）か(rz/w;p*)
z 
G一(p*,―1w/z;p*)

ゅ＋（z）戸(w)＝一1―3w3 式 (w)炉(z),
G一(p*1z/w;p*)

3 G+（w/z;p*） 3 G+(z/w;p*） 
z 
G一(p*w/z;p*)

訳 (z)式(w)= -w 町（W)訳 (z),
G一(p*z/w;p*)

‘
‘
j
)
 

4

5

 

．

．

 

2

2

 

‘
、
し
(
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_3G―(pw/z;p) al.+ 
ゆ (z)―(）

-3 a-(pz/w;p) 
z-::s~7/J+(z)x-(w) = -w-::s~x-(w)炉(z),
G+（w/z;p) G+（z/w;p) 

_3G-(n―1w/z;p) 
z 

3__3G-(nz/w;p) 

G+b―1w/z;p) 
立 (z)x―(W)＝ 1 W X―(w)ゆ―(z),

G+bz/w;p) 

［正(z),X―(w)] = 
(1 -q)（1 -1/t) 1 

(1 -q/t) 
(8(1―1z/w)ゅ＋（w)-8bz/w)ゆ―(1―w))'

3 a+(w/z;p*) _+ 
z x (z)記 (w)= -w 

3 c+(z/w;p*) -+ 

G-(p*w/z;p*） G-(p*z/w;p*） 
x+(w)x+(z), 

z 
3G―(w/z;p) ＿ 

x-(z)x―(w) = -w 
3 c-(z/w;p) 

G+（pw/z;p) G+（pz/w;p) 
X―(w)x―(z), 

G+(p＊竺；p＊)に(p＊翡；p＊)G+(p*9;p*） (w w z u 
＋ 

G一（p＊詈；p*)G一(p＊岳；p*)G一 (p＊~;p*) ¥ u'z w w 
- -----）式(z)式(w)式(u)

+ permutations in z, w, u = 0, 

G―(P詈；p）G―(P舟；p）G麗；p）(w w z u 
G+(p巴；p）G+(p翡；p)c+(p~;p) ¥u'z w w 

—+ -----)正(z)x―(w)x―(u)

+ permutations in z, w, u = 0, 

where we set p* = p1―2 and 

炉 (z;p)= (q土1z;p)00(t王；P)oo((t/q)士1z;p)oo, 

G打z;p*)= G打z;p) lpc-+p•. 

、
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(2.11) 

(2.12) 

We treat these relations as formal Laurent series in z, w and u. The coefficients such as 

炉 (W/z;p*）炉(w/z;p)
G'f(w/z;p*)'G'f(w/z;p) should be expanded in w/z. All the coefficients in z,w,u are well defined 

in the p--adic topology. 

Note that the relations (2.2)-(2.7) are equivalent to 

Km 
[am叫＝ー― 1m_1-m片―m

1 -Pm 
m ( 1-p*m6m+n,o, 

的nl-pm 
［知ご(z)]＝ -- T―3ml2zmx+(z) (mi= 0). 

m 1 -p*m 

四，x―(z)］＝竺1-m/2zm町 (z) (mi= 0), 
m 

、
ー
、
、
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where we set 

励m= (1 -q門(1-rm)(l -(t/q匹）．

It i t is sometimes convenient to set 

I 
1-p*m 

a ＝ 
m 

m 1-pm 
"(ml¥m (m E Zヂo)
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which satisfy 

km  1 *m 
[a'a'l -- -m _ -m,_m1 -p m9 n = （1 1)1 6m+n,0・ 
m"'"  1-pm 

(2.16) 

Remark. On Uq,t,p-modules, the central element 11/2 takes a complex value. Then assuming 

IPI < 1, IP*I = IP,-21 < 1, one can rewrite (2.2)-(2.7), (2.9)-(2.10) as follows. 

臼(z)炉(w)＝瓜竺とだ） ± 
g(w/z;p) ゆ（叫臼(z),

炉(z)直 (w)= ~—1w/z;p* ) ＿ 
g(ryw/z;p) 心(w)¢+(z),

ゅ＋（z)x+(w)= g(,―1w/z;p*)x+(w)ゅ＋（z),

心―(z)x+(w)= g(w/z;p*)x+(w)心―(z),

¢+(z)x―(w) = g(z/w;p)x-(w)ゅ＋（z),

ゆ―(z)x―(w)= g(1z/w;p)x―(w)少―(z),

町(z)町(w)= g(w/z;p*)x+(w)町(z),

X―(z)か (w)= g(z/w;p)x―(w)か (z),

where 

g(z;p) = 
0p(q―1 z)0p((q/t)z)0p(tz) 

似qz)0p((q/t)一1z)0p(t-1z)'

g(z;p*) = g(z;p)lp>--+p•· 

、
1
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2.2 Hopf algebroid structure 

For F(z,p) E <C[[z, z―1]］［訓］， letR denote a tensor product with the following extra condition 

F(z;p*)aRb = a@F(z;p)b. 

Define two moment maps μz, μr : <C[[z, z―1]]［例］→Uq,t,p[[z, z―1]] by 

叫F(z,p))= F(z,p), μr(F(z,p)) = F(z,p*). 

(2.19) 
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Let,(I)＝最1汀(2)= 1恥． Wealso define two algebra homomorphisms△ :Uq,t,p→ 
Uq,t,p @ Uq,t,p and s : Uq,t,p→C by 

△(1土1/2)= 1士1/2函土1/2,

△（釘（z))＝計（危凸）＠炉（疇｝／2z),

△(x+(z)) = 1箪（元戸）＋町(1炉）鱈(1(l}/2z)，

△(x―(z))=x―(1[2}／2z)る1＋釘（1［2}/2z)麗（叶炉），

△(μz(F(z,p))) = μz(F(z,p））R1，△(μr(F(z,p))) = lRμr(F(z,p)), 

E(rl/2) = E（心す） ＝1, E（心士(z))= 1, E(x±(z)) = 0, 

E(μz(F(z,p))) = E(μr(F(z,p))) = F(z,p). 

The map△is the so-called Drinfeld comultiplication. We have 

Proposition 2.2. The maps E and△satisfy 

（△Rid) o△ = （idる△） o△， 

（函id)o△ =id= (id函） o △． 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

One also has an algebra anti-homomorphism S: Uq,t,p→ %，t,p and makes (Uq,t,p，△，E,μz,μr, S) 
an Hopf algebroid. See [9, 10] for details. 

3 Representations of Uq,t,p(gl1,tor) 

．． 
Definition 3.1. Let V be a Uq,t,p-module. For (k, l) E訊 wesay that V has level (k, l), if the 

central elements,112 and吋 actas 

,1;2v = (t/qlf4v, 対V= (t/q)―lf2v Vv EV. 

Hence on the level (k, l) module, p* = p(q/t?. We assume IP*I = lp(q/t)り<1.
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3.1 Level (1, N) representation of Uq,t,p(gl1,tor) 

For u E (C*, let瓦
(1,N) 
= C[a:_m (m > 0)]1 (N) }:'1 be a Fack space on which the Heisenberg algebra 

｛知 (mE Z10)} and the central elements 11/2，心ciact as 

11/2. 1SN) = (t/ q)l/41SN)，心ci.1SN) = (t/q)-N/21SNJ, O:m. 1SN) = 0, 

O:_m ・ ~ = 0:-m~, 

伽 l-pm
O:m ・ ~ = -~(1 -(q/t匹）

-pm {) 
~(1- (q/t)"')~~~ 

for m > 0, ~ E F. Note that p* = pq/t on瓦・(1,N) 

Theorem 3.2. The following assignment gives a level (1, N) representation of Uq,t,p on瓦．
(1,N) 

x+(z) = uz-N (t/q)3N/4 exp{—と l（りこい-nZn} exp ｛と l(t-信〗1：訊nz―n},

X―(z) = u―1 ZN (t/q)―3N/4exp ｛こ閃~a~nzn}exp{—こ 1(tー信〗1)4naしz―n},

ゅ＋（z)= (t/q)-N/2 exp ｛ーと炉~CT-nZn} exp{こ陀；;CTnZ-n},
炉 (z)= (t/q)Nf2exp{—と尺；：a二｝ exp{〗炉it/＿q:-nn/4%Z―n}

(3.1) 

‘
~
、
、
’
ー
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(3.4) 

3.2 Vector representation and the q-Fock space represenattion 

We next consider the elliptic analogue of the level (0,1) representation of Uq,t(91i,tor) ([3], 

Corollary 4.4). We call it the q-Fock space representation. 

For u E (C*, let V(u) be a vector space spanned by the symbols [u]1 (j E Z). 

p roposition 3.3. By the following action, V(u) is a level (0, 0) Uq,t,p-module. We call V(u) a 

vector representation. 

x+(z,p)[uし＝ a+(p)8(q1u/z)[u]j+I, 

x―(z,p)［叫＝ a―(p)8(qj-lu/ z) [u]j-1, 

臼(z,p)[uし＝
0p(qj戸 u/z)0p(qj-ltu/ z) 

約(qju/z)0p(qj-1u/ z) 
[u]か
士

吋[uレ＝［u]j, 
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where we set 

a+(p) 

a―(p) 

(1 -t) 
(pt/ q;p)oo(p/t;p)oo 

(p;p)oo(p/q;p)oo' 

(1 -t 
-1, (pq/t;p)oo(pt;p)oo 
） 
(p;p)oo(pq;p)oo ・ 

）
｀
ヽ
j

5

6

 

．

．

 

3

3

 

‘、,_‘

Let us consider a tensor product of the vector representations. Define 

v(N)(u) = V(u)@V(u(t/q)―1)るV(u(t/q)-2)R・ ・ ・ RV(u(t/q)-N+l). 

Set 

p(N)=｛入＝ （ふ，極・•.， AN)E ゲ|入1 2':入22':..．乏枯｝，

1入〉SN)=[u]ふ蕊[u(t/q)―1]入2-l蕊[u(t/q)―2]入3-2蕊・・・蕊[u(t/q)-N+l]入N-N+l

and define w(Nl(u) be a subspace of v(Nl(u) spanned by {I入〉SN)I入Ep(Nl}. The action of 

如，Ponw(Nl(u) can be constructed by using the comultiplication△repeatedly. 

We then take the inductive limit N→oo in the same way as in the trigonometric case [3]. 
Let 

p(N),+=｛入 EP(N)I入N2". 0 }. 

and define w(N)，十(u)be the subspace of w(Nl(u) spanned by {I入〉SN),入Ep(N)，十｝． Letus 

define TN : p(N)，十→ p(N+l),+by 

TN（入） ＝ （ふ，極・・・，枯，0).

This induces the embedding w(N)，十→ w(N+1)，十． Wethen define a semi-infinite tensor product 

space :Fu by the inductive limit 

瓦＝ Fmw(N)，十(u).
N→OO 

The space瓦 isspanned by the vectors|入ル（入 Ep+), where 

p+=｛入＝ （ふ，極...)I入i2".入i+l,入iE Z,,¥z = 0 for sufficiently large l }. (3.7) 

We denote by C（入） thelength of入EP+i.e.入｛（入） ＞Oand入｛（入）＋1= 0. We also set|入|＝区i:".1入t

and denote by入'theconjugate of入． Theaction of Uq,t,p on瓦 isdefined inductively as follows. 
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Define 

x+INl(z) = (q/t)1／凸（q―1t-N+1u/z)□(z),
似t-Nujz)

1 / 2 f!.E!:J_―1t-N+1u/z) 
ゅ＋［Nl(z)= (q/t) 匂(z),

似tNujz)

Then we have 

x―[Nl(z) = x―(z), 

ゆ―[Nl(z)= (q/t)― 
1/20p(qtN-1z/U) + 

0p(t-N z/u) 
心 (z).

Lemma 3.4. For x = x主賣， wehave 

TN(xlNl(z)|、＼〉SN))=xlN+l](z)TN(|〉りSN)).

Thanks to this Lemma, one can define the action of Uq,t,p on凡 by

x(z)|.X)u = Jim xlNl(z)|（心極・・・，ぷ）〉（N）・
N→00 

Theorem 3.5. The following action gives a level {0,1) representation of如，Pon瓦． We

denote this representation by :F:,,,v,・1. (0,1) 

勺1/2心＝叫
£（入）（＋1)

x+(z)叫＝釘(p)と見(p)8(udz)I入＋ 1心
i=l 

、
~
、
‘
,
'
‘
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［（入）

x―(z)叫＝ （q／t)1/2a―(p)区A:(p）8(q―1妬／z）|入-1心 (3.10)
i=l 

ゅ＋（z）|入)u= (q/t)lf2Bt(u/z;p)I入〉U’

ゆ―(z)|入入'=(q/t)―1;2B;-(z/u;p)I入〉u・

where 

A芯(p)

応(p)

£（入） t（入）＋1II °p(t糾／1L])II °p(q糾／叫）
J;!itl Bp(qu凸））＝吐10p(u凸）＇

i-1 II °p(tu]加）％（qu]/tut)
j=l 
似qu]伍）0p(u]加）．

(3.11) 

(3.12) 

(3.13) 

(3.14) 

Remark 1. For a representation with 11/2 = 1, there is an opposite comultiplication [10] and it 

yields the same level (0,1) representation as Theorem 3.5 except for replacing the coefficients 
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A土＇
入，i(p) with the non-primed ones given by 

Aぶ(p)

A~,;(P) 

c伯(p)c入＋1h)

叫p)ぺ＋1，（p)
応(p)

c~(p)c入ー1,(p)

叫p)ぺ＿1，(p)
知(p),

、
1
,

、
1
,

5

6
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where c入(p),c~ (p) are given by 

似 (p)= II似qa（口）t£（口）＋1)= II I'(qAi-Aj+ltj-i+1; q,p) 
□€入 1:S:i:S:j:S:R（入）

r(q入，内tj-i+1;q,p), 
(3.17) 

c~(p) = II似qa（口）＋ltf(D))= II r(qルい＋1tj-i;q,p) ・ 
□€入 1:S:i:S:j:S:R（入）

r(q心入1+ltj-i;q,p) 
(3.18) 

Here a（口） ＝叫口） ＝入i-j, e（口） ＝瓜口） ＝衿ー ifor□ = （i,j) E入． Theresultant 
representation is a direct elliptic analogue of the one in [3]. 

These two level (0, 1) representations are related by the gauge transformation 

心＝四恥y
ど入(p) u• 

(3.19) 

Namely, changing the basis from { I見｝ to{|入凶｝ inTheorem 3.5, one gets the 2nd representa-

tion. 

Note also that c入(p),c';_ (p) are elliptic analogues of the combinatorial factors c入， c~, respec-

tively, appearing in the inner product of the Macdonald symmetric functions as 

I 

〈P入，P山，t＝ -， 
C入

(3.20) 
C入

似＝II(1―qa（口）t[（口）＋1)= II (q入t―入3tjー叶1;q)00 
ロ豆 l'.'oi'.'oj'.'oR（入）

(q入，ー入3+ltj-i+1;q)00 9 

c~ = IT (1 -qa（口）＋1t[（口）） ＝ II (q入，ー入叶ltj-i;q)oo 
口€入 l'.'oi'.'oj'.'of（入）

(q入，ーふ＋1＋1炉ーi;q)oo. (3.21) 

Remark 2. In the trigonometric case, the level (0,1) representation of Uq,t(91i,tor) with u = 1 

is identified with the geometric representation of the same algebra on④N応 (HilbN(Cり）， the

T = (['.* x (['.* equivariant K-theory of the Hilbert scheme of N points on C2 [3]. There the basis 

{I入〉1}in F1 is identified with the fixed point classes{［入］｝ inKr(HilbN(C2)). We conjecture that 

the same is true in the elliptic case. Namely, if one could properly formulate a geometric action 
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of Uq,t,p on the equivariant elliptic cohomology 〶N応(HilbN(Cり）， it should be identified with 

the level (0,1) representation in Theorem 3.5 by identifying|入〉1with the fixed point class［入］ in

④N巧 (Hil恥 (Cり） inthe similar way to the case on the equivariant elliptic cohomology of the 

partial flag variety [8]. 

4 The Vertex Operators 

We summarize a construction of the type I vertex operator qi (u) and its shifted inverse qi* (u). 

These vertex operators are used to realize the affine quiver W algebra and to calculate instanton 

partition functions. 

4.1 The type I vertex operator 

The type I vertex operator is the intertwining operator 

<P(u):F臼;:+1)→礼O,l)@FJl,N)

satisfying 

△(x沖（u)= i[>(u)x Vx E Uq,t,p• (4.1) 

We define the components of <I>(u) by 

<I>(u)I~〉＝と叫砂(u)|（〉 VI~〉 EF立t+1). (4.2) 
入EP+

Lemma 4.1. The intertwining relation (4.1) reads 

①入(u)心打(t/q)1l4z)= (q/t)112Bt(u/z;p)ゆ打(t/q)lf4z)①入(u), (4.3) 

①入(u)心―((t/q)―1/4z)= (q/t)―1!2B,¥(z/u;p)心―((t/q)―1/4z)①入(u), (4.4) 

q入(u):z寸((t/q)―1/4z)= :z寸((t/q)―1/4Z)<I>入(u)
[（入）＋1

+qf(l;p)―1年 ((t/q)―1/4z)La―(p)A-¥,i(p)8(q―1ui/Z)虹 1,(u), (4.5) 
i=l 

¢,入(u)x―((t/q)1l4z)= (q/t)112Bt(u/z;p)x―((t/q)lf4z)<I'入(u)
£（入）＋1

+q―1 f(l;p)(q/t)l/2 L 贔）Aぶ(p)8(u;/z)外 I;(u). (4.6) 
i=l 
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By using the representations in Theorem 3.2 and 3.5, one can solve these relations, and 

obtain the following result. 

Theorem 4.2. 

-_ -

知 u)=
qn（入’）芯(p)t*（入，u,v,N)

恥(u),
C入

£（入）入2

ふ(u)=: <I>0(u) II II町 ((t/q)l/4が―lt―i+lu):, 
i=l j=l 

<I>0(u) = exp{—:亡a'_m((t/q)1f2ur} exp｛旱心((t/q)lf2u)-m}
where x―(z) = u―lzN(t/q)-3N/4子 (z)on Fil,N) and 

叫）＝I:(i-1)入い
i2'1 

叫＇）＝ L(i-1)入：＝区 2'
ふ（入i-1) 

i>l i:,.1 

t*（入，u,v,N)= (q―lv)―|入|（-u)N|入|f入(q,t)凡

f入(q,t)=(-1)|入|qn(>.')＋|入|/2t―n（入）―|A|／2.

、~
‘
‘
j
)
7

8

9

 

．

．

．

 

4

4

4

 

‘、,_＼

The factor t*（入，u,v, N) was introduced in [1]. We also need new factors凡 (p)and NHp) 

characterized by凡 (0)= 1 = N~(O) and 

凡 (p)
i-1 
(p ／）  

t（入）
（）  

£（入）＋1
= II 巧 tuiP)OO(ptu]／qu心POO IIpqu。/UJ,pOOII(pu。/UJ,p)OO

N入＋i;(p) f=1 (puj/qu;;p)00(puj/u;;p)00 j;!itl (ptu;/uj;p)00 j;!itl (pqu;jtuj;p)00' 

(4.10) 

N~(p) 
t-1 / /,  I I ,  £（入） £(入）＋1
(pu;juj;P)oo(pqu;juj;P)oo TT (puj/tu;;p)oo ~,TT~ (ptuj/qu;;p)oo 

叫（p)月(pqut/tuJ,p)OO(ptuJuJ,p)OO且(pu]／qut,p)OO且 (pu]/ut,p)OO
(4.11) 

In later sections the following formula is useful. 

Proposition 4.3. 

ふ(U)＝exp（互1；mt`入m叫((t/q)1/2U)m), (4.12) 

where we set 

1 
£（入）

叫＝ 1-tm + E(q―m入i-l)tm(j-l) (m E Zヂo)．
j=l 
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4.2 The shifted inverse <I>*(u) of <I>(u) 

Let us consider the linear map 

が(u):F~゜，l)iz>FJl,N) → rりぇ＋1), (4.13) 

whose components are defined by 

酎 (u)(I 入〉U蕊 I~〉） ＝児（＇U） I~ 〉 ,VI~〉 E F~l,N), (4.14) 

呪(u)= 
qn（入＇）NHp)t（入，v,up―1,N) ～ -1 -1 

¢ 
: <I>入(p-J.u)-J.:. (4.15) 

入

Proposition 4.4. The ve廿exoperator <I>>,(u) satisfies the following relations. 

ゅ＋（（t/q)1l4z)<I>t(u)= (t/q)―1/2 Bf (p―1u/z;p)<I>t(u)ゅ＋（（t/q)1f4z), (4.16) 

ゆ―((t/q)―1l4z)<I>>,(u)= (t/q)112n;:-(pz/u;p)<I>>,(u)ゆ―((t/q)―1l4z), (4.17) 

x+((t/q)―1l4z)<I>>,(u) = <I>>,(u)x+((t/q)―1/4z) 
t（入）＋1

+(t/q)-1／知（p)区 At,';(p)o(p―1tuifqz)<I>>.+1/u冒 ((t/q)1f4qz/t),(4.18) 
i=l 

x―((t/q)1l4z)<I>;(u) = (t/q)―1/2 Bt(P―1u/z;p)<I>;(u)x―((t/q)lf4z) 
£(.X) 

+(t/q)a―(p)と応(p)8(p―lq―国／z)<1>;_1.(u).
i=l 

(4.19) 

These relations are quite similar to those derived from a naively expected intertwining rela-

tion given by 

<P*(u)△(x)＝訳1.>*(u) Vx E Uq,t,p• 

But they are not exactly the same. This discrepancy is probably due to a lack of understanding 
(0,1) 

the dual representation to :F;t•·1. In this sense we have not yet found a representation theoretical 
meaning of <l>* (u). 

5 Jordan quiver W-algebra WP,P*（「（Ao))

One of the import feature of the elliptic quantum group is that it gives a realization of the 

deformed W algebras and provides an algebraic structure i.e. a co-algebra structure, which 

enables us to construct vertex operators as intertwining operators [9]. In this section, we realize 

the deformed W algebra Wp,p*(「（Ao))associated with the Jordan quiver A。[6]by using the level 
(1, N) representation of Uq,t,p given in §3.1 in the same way as Uq,p(g) realizes Wp,p• (g) [7, 9]. 
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5.1 Screening currents 

Let us set 

(t/ qr12 
s ＋ m = 1-（t/q)m叩，

_ （t/q)m/2 
s = ＇  m 1 -(t/q)m am• 

Then from (2.13) and (2.16), one obtains the following commutation relations 

m 

[st,st] = 
1 1 - Pm  -m 

m 1 -p•m 
(1 -qm)(l -cm)Dm+n,O, 

1 1 *-m 
[s五，％］＝

-P m 

m 1-p-m 
(1 -qm)(l -戸）Dm+n,O・

Moreover one can rewrite the elliptic currents正(z)in Theorem 3.2 as 

丑((t/q)1/4z)＝ （（t/q)N/2u／竺）士1: exp ｛士五点 z―m}：．

Hence one of x±((t/q)114z) coincides with the screening currents of Wp,p•(I'(A~)) [6ドwiththe 

SU(4) n-deformation parameters p, p*, q, t [12] satisfying 

p/p* = t/q. 

5.2 Generating function 

To obtain the generating function of WP,P江（ふ））， weapply the same scheme as used in [7]. 

Namely we compose the vertex operators <I.>位） and<I.>* (u) constructed in § 4 as follows. 

T(u) = <I.>*（噂(u)= L呪(u)む(U) ： r[1~t+1) →rミぐ＋1).
入EP+

Note that v E <C* and N E Z can be chosen arbitrarily. In the summand, taking the normal 

ordering one obtains 

•、. ~ 

<I>Hu)<I>入（u) = C入(q,t,p):<I>入(u)<I>Hu):.

The operator part turns out to be given by 

：也(uふ(u):=: IT Y(u／石） ITY((q/t)u/q.戸： （5.1) 
□EA(入) ■ER（入）

1In [6] only one type of screening current is given. However it is natural for the (deformed) W algebras that 

there are two types of screening currents. In this sense our realization completes the construction. 
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with 

Y(U) ＝: exp {互YmU―m}：． (5.2) 

1-pm 
Here we set q口三 ti-lq-j+lfor□ = （i, j) E 入etc.,and Ym = ~(t/q)-ml2a伍． The

％ 

symbols R（入） andA（入） denotethe set of removable and addable boxes in the Young diagram 

入， respectively.The combinatorial structure of (5.1) is due to Proposition 4.3, which yields 

和u)ふ(U)＝ exp （五（1-tm:：1-P叫ふm叫((t/q)'i'u)-m),, (5.3) 

and the following formula. 

Proposition 5.1. 

E入m= 1 -1 tm (;戸-（t/q)m ̀入）ー） (5.4) 

Moreover from (2.16) with "'/ = (t/ q)1/2 one finds the following commutation relation. 

[Ym,Yn] 
1 (1-p*m)(l-p―m) 

Ym,yn = - -6  
m (1-q門(1-t-m) m+n,O・ 

This agrees with the one in [6]. 

The coefficient part in <l>! (u)む(u)can be calculated by combining the normalization factors 

of the vertex operators and the OPE coefficient. The calculation of the latter coefficient is 

essentially due to the following formula. 

Proposition 5.2. 

1-tm 

l-qm 氏ふ，m
tm 

= (1 -q門(1-t叫＋ ~-qma入に） tm(£,. （口）＋1)+ ~q―m(aµ （■）＋l)t―叫（■）． （5.5) 
□Eµ ■€入

Then one finds 

ら(q,t,p) = Cql>-12や(t,q―1,p)， 
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where 

q = p*-lpN-l(t/q)l/2, 

zや(t,q―1,p)=rr 
(1 -pqa（口）＋ltf（口））（l-pq―a（口）戸（口）ー1)

□E入
(l -qa（口）＋ltf（口））（1―q-a（口）戸（口）ー1))

C= 
(p―1t; q, t,p)00 

(q; q, t,P)oo. 

)

）

)

 

6

7

8

 

．

．

．

 

5

5

5

 

‘

、

し

（

（

Note that the sum区叫＝n叶(t,q―1, p) coincides with the equivariant Xy-genus of the Hilbert 
scheme of n points on <C〗 Hilbn(<Cり with y = p. The space Hilbn(<Cりisisomorphic to the 

moduli space of the rank 1 instantons with charge n. 

Note also that one can rewrite (5.7) as 

zfo(t,q―1,p) ＝ 
N入入(pq/t)

N叫q/t)

in terms of the 5d analogue of the Nekrasov function given by 

(5.9) 

知 (x)= IJ (1 -xq―aμ（口）ー1戸(□))IJ (1 -xqa;.（■）tfμ（■）＋1). (5.10) 

口€入 ■Eµ

Hence the whole operator 

T(u) = C区qi.XI叶(t,q―1,p): IT Y(u/q0) IT Y((q/t)u/q.戸： （5.11) 
□EA（入） ■ER（入）

agrees with the generating function of Wp,p* (I'（ふ）） in[6] up to an over all constant factor. 

5.3 The higher rank extension 

To extend Wp,p* (r（ふ）） tothe one associated with the higher rank instantons, one needs to take 

a composition ofT(u)'s. By using (5.3) and Propositions 5.1 and 5.2, one obtains the following 

express10n. 

T(u1)・・・T(uM) 

oo M 
c心心と II凡(9）入い(pqu9,J/t)
k=O 入(1)，・・・ ，入(M)i,j=l N入(i)入UJ(qui,j /t) 

~j 団） l~k

M 

x: II II Y(uz／炉） II Y((q/t)叫q.戸:，（5.12)
l=l□EA（入（1)) ■ER（入（!))



40

where we set Uj,i = uj/u;, and 

卯＝ qp―(M-1)= p*-lpM+N (t/q)l/2, (5.13) 

CM=(~—1t;q,t,p)00 
M 

(p―1叫；q,t)oo(pquj,i; q, t)oo 

(q; q,t,p)00) 区ogこM(t巧，9；q,t)00(q巧，~- (5.14) 

In fact, the sum 

Xp（畑k,M) = 
M こ I1唸叫(J)（pqui,J/t)

入(1),…，入(M)i,j=l 入（i)入(j)(q附，j/t)
(5.15) 

こJI入(j)l=k

coincides with the equivariant Xy (y = p) genus of the moduli space of rank M instantons with 

charge k. 

Note that T(u) gives a non-commutative 5d-analogue of N ekrasov's qq-character of the N = 

2* U(l) theory [6]. We expect that T(u1) ・ ・ -T(uM) gives a non-commutative 5d-analogue of 

Nekrasov's qq-character of the N = 2* U(M) theory. 

6 Instanton calculus in the Jordan quiver gauge theories 

By using the generating function T(u) of Wp,p• (r（ふ）），onecan derive various instanton partition 

functions of the 5d and 6d lifts of the 4d N = 2* SUSY gauge theories. 

6.1 The 5d and 6d lifts of the N = 2* U(l) theory 

From (5.11) it is immediate to obtain the rank 1 instanton partition function of the 5d lift of 

the 4d N = 2* theory [4] by taking the vacuum expectation value : 

〈OIT(u)IO〉=CL炉zや(t,q―1,p)． (6.1) 
入

For further calculation, it is important to recognize that T(u) can be identified with a basic 

refined topological vertex depicted in Fig.6.1, which was introduced in [4,5]. This is due to the 

result (6.1) and our realization T(u)＝区入①＼（U）①入(u).Then one can apply T(u) to various 

instanton calculus. 

An immediate application is to take a trace of T(u). Let d be the degree counting operator 

satisfying 

[d,a伝］ ＝ma伍 mE Z#0• 
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F 
(1,N+l) 
―UV 

}u 
(0,1) ヽ^

瓦
(1,N) 

｝ 
(l,N+l) 
-uv 

Figure 6.1: Graphical expression of江 <I>Mu)む(u).The two horizontal lines with 11 are glued 

together. 

Then the following trace yields the 6d version of the partition function of the rank 1 instantions. 

tr.Fり岱＋1)Q仔 (u)= CQ区ql>-12や(t,q―1,p;Q), 
入

(6.2) 

where 

CQ = 
I (p―1t; q, t,p)oo (p―1tQ; q, t, Q)00(pqQ; q, t, Q)oo 

(Q;Q)oo (q;q,t,P)oo (tQ;q,t,Q)oo(qQ;q,t,Q)oo' 
(6.3) 

叶（t,q-1,p; Q) = Nぶ(pq/t;Q) 
Nぶ(q/t;Q). 

(6.4) 

Here立（x;Q) denotes the theta function analogue of the Nekrasov function given by 

立(x;Q) = IJ 0Q(xq―aμ,（口）ー1戸（口））II妬(xq似（■）ttμ（■）＋1). (6.5) 

□E入 ■Eμ, 

In fact the sumこ ZA°(t,q―1,p;Q)
入,|入|＝n 入 gives the equivariant elliptic genus of Hilbn(IC礼
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6.2 The 5d and 6d lifts of the N = 2* U(M) theory 

The higher rank instanton partition functions can be obtained from the composition T(u1) ・ ・ ・ T(UM) 

in (5.12). The vacuum expectation value gives the instanton partition function of the 5d lift of 

the 4d N = 2* U(M) theory. 

00 

〈OIT(u1)・ ・ ・T(uM)IO〉 CML吐Xp（皿，M), (6.6) 

k=O 

where Xp（皿k,M)is given by (5.15). 

Furthermore taking the trace of (5.12), one obtains 

00 

tr F(l,N+l) Qサ (u1)..・T(uM) = CQ,ML心ら，Q(皿，M), (6.7) 
-u1v1 

k=O 

where u1 v1 = u匹2='''=UM四 witharbitrary v1, ・ ・ ・, v M E C*. We here also set 

恥（叫M)= L II M N!（9)入(Jl(pqui,j/t; Q) 
砂，・・・，入(M)i~!-1 N点以(j)(qui,j/t;Q)' 

(6.8) 

~j I入(j)1=K

M 

CQ,M= 
1 (（t; q,t)00応(P―1t;q,t,Q)）い(P―1tuJ,2;q,t, Q)几(pquJ,2;q,t,Q) 
(Q; Q)oo ¥,_(p―1t; q, t)oo几(t;q, t, Q) II 

1：：：に応M
応(tuj,iiq, t, Q)几(quj,iiq, t, Q) 

(6.9) 

The sumら叫皿，M)gives the equivariant elliptic genus of the moduli space of rank M in-

stantons with charge k. Hence (6.7) gives the instanton partition function of the 6d lift of the 

N = 2* U(M) theory. 
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