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Hamiltonian circuit 
Let r = (V, E) be a graph, where V (resp. E) is the set of vertices (resp. 
edges). 
Let cp : {1, 2,…, |V|｝→ V be a bijection. 
We call cp a Hamiltonian circuit of r if 

{<p(i),<p(i + 1)} EE  (1 :Si :S IEI -1) 

and {<p(IEI), <p(l)} EE. 

In a very beautiful and easy way, 
J.H. Conway, N.J.A. Sloane and Allan R. Wilks, (Gray codes for reflection 
groups, Graphs and Combinatorics 5 (1989) 315-325) showed an existence 
of a Hamiltonian circuit of the Caley graph of every finite Coxeter group 

W=〈siliE J〉.
Example 1: Caley graph of Weyl group W(A3) of type A3 

3
 

3
 

W(A3) =〈s1,s2,s砂
s; = e, s1的＝ S砕1,S1S吟1= s焚1的， S吟3的＝ S砕吟3・
Example 2-process 0: Caley graph of Weyl group W(B3) of type B3 
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W(B砂＝〈s1,s2,s砂
s; = e, s因＝攣1,(s1S2戸＝ （s和）2,s吟3的＝ S砕吟3・
Example 2-process 1: Caley graph of Weyl group W(B3) of type B3 

W(B3) =〈s1,s2,s砂
s; = e, s内＝攣1,(s1研＝ （S吟1)2,S焚3的＝ S3攣 3・
Example 2-process 2: Caley graph of Weyl group W(B3) of type B3 
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W(B砂＝〈s1,s2,s砂
s; = e, s因＝攣1,(s1S2戸＝ （s和）2,s吟3的＝ S砕吟3・
Example 2-process 3: Caley graph of Weyl group W(B3) of type B3 

W(B3) =〈s1,s2,s砂
s; = e, s内＝攣1,(s1研＝ （S吟1)2,S焚3的＝ S3攣 3・
Example 2-process 4: Caley graph of Weyl group W(B3) of type B3 
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W(B砂＝〈s1,s2,s砂
s; = e, s因＝攣1,(s1S2戸＝ （s和）2,s吟3的＝ S砕吟3・
Example 2-process 5-completed: Caley graph of Weyl group W(B3) 
of type B3 

W(B3) =〈s1,s2,s砂
s; = e, s因＝攣1,(s1S2戸＝ （s年）2,s吟西＝ s3s2s3.In a similar but non-
easy way, the speaker showed an existence of a Hamiltonian circuit of the 
Caley graph of the Weyl groupiods associated to the generalized quantum 
groups by [Hiroyuki Yamane, Hamilton circuits of Cayley graphs of Weyl 
groupoids of generalized quantum groups, arXiv.2103.16126]. 
In rank 3 and 4 cases, he exactly obtained Hamilton circuits. 
Weyl groupoid of the Lie superalgebra D(2, l; a) 
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a -1 ←→ 0—笠—O

三 3ーニ：ar:）一1三 □ ー 1

a2 a1 a3 

IIb 

a2 a3 a1 

砂＝｛a1,0:2心3心＋ a2匹＋叩，0:1+ 0:2 +叩，0:1+如＋ 0:3}. R圧＝
{0:1,0:2心3心＋ a2匹＋叩心＋叩，a1+ 0:2 +叩｝．
Example 3: Caley graph of Weyl groupoid W(D(2, l; a)) of the Lie 

superalgebra D(2, 1; a) 

C 2 C 

W = W(D(2, l; 0:)) = 
〈O,ex,s『,Sぢ，s3(xE {a, b, c, d}）〉
is the semigroup with 

Ow = wO = 0 (w E W), 

：［闘直：菜］：：喜2二'̀eg□,（:]tg]い，
s冒＝沙， s~sぢ＝ eb, S髯＝ e尺
s図＝ ec,s芦＝ ec,s3s3 = e尺
s髯＝砂， s髯＝ e叫s3s1= e叫

s1s2s1 = sぢsiS2, S~S~S2 = s1s名S3,S1S3S1 = s1s1 S3, 
s1s乞st= S2S1st S~S3S~ = S3Sぢsts~st = st s~, 
si S2 s'f = S2 s'f S2, S3 S2 = S2 S3, sf S3 s'f = S3 s'f S3, 

s~sf = sf s名， s2s1s~ = s~s2s1, s1s1sf = s3s1s1 

Generalized quantum group Uq(G(3)) of Lie superalgebra G(3) 

a := [Xi2'7l] 

-1 q―l q q -3 q3 

゜ ゜
C 

b :＝ ［xi2,7)］ 

-1 q -1 q―3 q3 

C := [X~2,7)] o[｝悶］
q-2 

q~-l 

a1 a2 a3 a1 a2 a3 a1 a2 a3 

d :＝ ［xi2,7)］ 

q3 q―3 -1 q2 -q―1 

゜ ゜
C (q E恥又q2=I 1ヂが）

a2 a3 a1 
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Generalized r~ot system 
Let n EN. Letお bethe set of all the Z-bases of Z匹
Let R be a nonempty s~bset of Z匹
Letおbethe subset of~ formed by all II E ~ with R = R~ U (-R~), where 
閃：＝RnSpan笙OIJ.
We call R a finite generalized root system if 

(RO) IRI < oo and~ ヂ 0.
(Rl) vrr E ~, ITC R 
(R2) vrr Eお， Vo:E IT, Zo: n R =｛土a}
(R3) vrr E ~, Vo: E rr,ョrr(a)E ~, R戸n(-R~) = {-o:} 

Namely rr(a) = {-o:} U {/3＋N悶Ba|BE I1¥ {a}｝, 
where N,比＝ max{kE Z2ol/3＋ Ka E R!}．Let N此：＝ー2.Then rr(a) = 
{/3＋N悶{3o:l/3E IT}. 
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Rank-2-Hec-9 

Let rr(f3i,…森） denoteII⑮)(if k = 1) and (IIげ1,…，f3k-1))（森） （if k ~ 2). 

There exist bijections 1rrr : {1, 2,..., n}→II (II E 12,) such that for 1 :S i :S 
n, 7r IIけ(II)(i))(j) = 7rrr (j) + N~II)(i),1r(II)(j) 7rrr(i) ・ 

In particular, if IIげ1,…，森） ＝II happens, 

then列（釘，．．叩＝町1as a map, 
that is, 7rrr固森）（i)=町（i)for all 1 :S i :S n. Let炉：＝ ｛1rrr III E 12,}. 
For 1 :S i :S n, define the map巧：おt→炉 by冗（叫：＝ 7rIIけ(II)(i)）・
Then Tl = id. Moreover 

后乃..・（加） ＝ T乃乃..•（町I ），、、
m;J m9J 

where叫＝碍：＝ l(Z2:01rrr(i)EB Z2:01rrr(j)) n RI < oo,for 1 :S: i # jさn.

The Cayley graph of the Weyl groupoid W(R) (defined by the next slide) is 

the graph I'(R) = (V(R), E(R)) with V(R) := 11,~ and E(R) := { {1r, Ti(1「)｝|7f€ 

姐 1:S: i :S: n}. The (universal) Weyl groupoid W(R) is the groupoid 
'formed'by the base change matrices 

s;,T;(1r) E GLn(Z) (1さi'.Sn, 1r Eおり
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defined by 

h(1r)(l), • • • l Ti(1r)(n)] = [1r(l),... l 1r(n)]S7'7―,（7)． 

We have s7,r;(1r) = (S7,r;(1r)戸＝ s?(1r),1r,s;,Ti（1r) s;;(1r),1r = E and 

S戸，（1r)s;;(1r)，巧T;(1r)• • •己(1r)s?(1r)，巧 (1r)
J 

= s;•,'j\") s;j¥"),'i'j¥")... (iヂj).
J 

mtJ miJ 

These are exactly the defining relations of W(R) (I. Heckenberger, H. Ya-
mane, A generalization of Coxeter groups, root systems, and Matsumoto's 
theorem, Math. Z, 259 (2008), 255-276, see also H. Yamane, Generalized root 
systems and the affine Lie superalgebra G(ll(3), Sao Paulo J. Math. Sci. 10 
(2016), no. 1, 9-19.). Cuntz-Heckenberger classified Weyl groupoids. (M. 
Cuntz and I. Heckenberger, Finite Weyl groupoids, J. Reine Angew. Math. 
702 (2015) 77-108.) (M. Cuntz and I. Heckenberger, Finite Weyl groupoids 
of rank three, Trans. Amer. Math. Soc. 364 (2012), 1369-1393) In Rank=3, 
55-cases exists; among them, 3-cases are associated with simple complex Lie 
algebras, 3-cases are associated with simple complex Lie superalgebras of 
type A -G, and 18-cases are associated with irreducible generalized quan-
tum groups. 

Quite recently, I found Hamiltonian circuits for some of their classification 
of Rank=3 using Wolfram Mathemathica 12.3. 
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This is made by Wolfram Mathemathica 12.3. The 15-thgeneralized root system 

of the list of the Cuntz-Heckenberger's paper. 

Generalized Quantum Group U(x) 
Let ex := C¥ {O}. Let I be a nonempty set. Let ZIT be a free Z-module with 
a base II=｛叫iEI}. Then the rank of ZIT is III. Let X: ZIT x ZIT→恥X
be a map with 

x（入＋μ,v) = X（入，v)x(μ,v), x（入，μ+ v) = X（入，μ)x（入，v) （入，μ,VEZIT). 

If x(aゎ叫＝ qaij,it is usual quatum groups. 
If x(ai, ai) = (-l)P(i)p(j)qaij, it is usual quatum supergroups. 
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To such X, we can associate an associative応 algebra(with 1) defined by the 
following axioms (U1)-(U6). 

(Ul) Uhas generators Kふム(=almostK＿入（入 EZIT), Ei, Fi (i EI). 

(U2) The following equations hold. K,。=L。=1,K入的＝ KA+μ,L入ら＝
L入十μ,K入ら＝らk入， K入且＝x（入，叫Eふ，
k入Fi=X（入，ー0:i)FiK入， L入且＝ x(-0:i,).)EiL入， L入Fi=x(ai,).)FiL入， EiF';]―
FjEi = bij(-Ka; + LaJ-

(U3) We have an injection c;1 : ZIT x ZIT→ u,（入，μ）→応Lμ,,and 
叫ZITx ZIT) is an linearly independent set. 

(U 4) Let U0 := Span岱1(ZITxZIT).Let u+ (resp. u-) be the底-subalgebra

(with 1) of U generated by Ei (resp. Fi)-Then we have the応 linearisomor-
phism c;2 : u-R u0 Rい→ Udefined by叫YRZRX):=YZX. 

(U5) We have the応 linearsubspacesい（入 EZIT) of U. U0 c [Ji。,EiE Ua;, 
Fi E U -a; (i E I), U= 〶入EZII仏，仇Uv C Uμ,+v (μ, V E ZIT). 

(U6) Let Uf:＝広 nu士（入 EZIT). Let ZIT+：＝①iEI Z:::,:oai (C ZIT). Then 
for any入EZIT+ ¥ {O}, we have {X E UtlVi E I, XFi = FiX} = {O} 
and {Y E u.=-,xlVi E I, y凡＝且Y}= {O}. (We have dim Uj = dim U.:=-,x 
（入 EZIT+)) 

Let q入：＝ x（入，入） （入 EZIT). Define the map ord : ZIT→ Nu {oo} by 
ord(入)：= |｛とし。q訃kE Z:::,:o}I. Let u+,I :=（こ入EZII+¥{O}ut) ¥ {O}. Define 
the map deg : U+,'→ ZIT+ ¥ {O} by deg(X)：＝入 (XEut nu+，'，入 E
ZIT+¥ {O}). 

Kharchenko-PBW Theorem (1999) There exist a nonempty subset S of 
u+,1 and a total order ::s satisfying: 
{xr1x;2.. -x;りXtE S, 0'.S nt < ord(deg(Xリ）（1 :S t'.S k), X1 < X2 < 
．．．くふ｝ forma応 basisof u+. Note that a:i ER; (i EI). 

Moreover the set R; := deg(S)(c zrr+ ¥ {O}) is independent from S. 
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恥omnow on, we assume IRい＜ oo.Then deg18 is injective. 

Weyl-Kac-type typical irreducible character formulas of U(x) 

Assume that伽：＝ x(/3，/3）#1 for all/3E Rx, where this condition is not 
essential since Char(C) = 0. Let ord(/3） ：＝ min{k E Nll+q13+・・・+qり＝ O};
if ord(/3）can not be defined, let ord(/3） ：= OO. 

Let J匁'fin:={/3E R;lord(/3） ＜ oo }. Let Jば'inf:={/3ERいord(/3）＝ oo}． 
Then R+ = R+，fin U R+，inf. 

For/3E R;,inf and入EZIT, we have kf E Z with x(/3，入）x（入9/3）＝厖・
炉

For/3€ R+,inf define the Z-module s13 : ZIT→ZIT by s13（入） ：＝入— kf/3
（入 EZIT). 
Let W :=〈sB1/3E炭，inf〉.Infact, W is a Weyl group. We have the group 
homomorphism sgn : W→ ｛士l}(cZ) with sgn(s13) = -1. 
Define the Z-module homomorphism p: ZIT→応xby p(ai) := q°'i (i EI). 
For/3E R;,inf, we have r13 E Z with p(/3） ＝ q;9. 

Let A: U0→(C be a C-algebra homomorphism. 

Let £(A) be a left irreducible U-module for which we have VA E £(A) ¥ {O} 
with EivA = 0 (i E I), ZvA = A(Z)vA (Z E U0) and letting £(A)入：＝ U>,.VA
（入 EZIT), we also have £(A) = EE)入EZrr+£(A)＿入・

From now on. assume dim dim £(A) < oo. 

For/3E R;,inf, we haven~ E Z:::o with A(KfJL-fJ) = q~(3 . 

Then W has another action ・ on ZIT defined by SfJ ・入：＝ Sf]（入）一 (rfJ+ n仙）f3
(/3E R;,inf,入EZIT). 

Theorem (H. Yamane, J. Algebra Appl. 20(1) (2021) 2140014) Assume that 
p(/3）A(KfJL-fJ) ff-{心|1さtE ord(/3） -1} for all /3 E R~,fin. Then we have 

X 

dim£(A)入＝区 sgn(w)dim u;:_w・O・ 
wEW 

for入EZIT. 
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Classification of finite dimensional £,(A) 

Let ex := C ¥ {O}. Let C~00 :=｛〈 ECx|2 <ヨk< oo, (k = 1} and 
Cこ：＝ ｛q E C汀Vk<EN, qk =/ 1}. Let Rt•fin := {a E Rtlx(a, a) ECこoo}
and Rt,inf := {a E Rtlx(a,a) EC~}- Let q E C~00. 
(1) Let U be the one associated with the Lie superalgbra A(m -1, n -1). 

Then II = {ai := Ei -Ei+1ll ::::; i ::::; _n + m -1}, Rt•fin = {Ei —叫 1 ::::; 
i ::::; n,n + 1 ::::; jさn+ m} and Rt・inf = {Ei―Ejll ::::; i < jさn}.Then 
dimC(A) < oo if and only if the following conditions (al)-(a2) is satisfied. 
(al) 1 ::::; Vi::::; n -1,ヨkiE Z::"'.o, A(Ka;L-aJ = q―k; 
(a2) n + 1 ::::; Vi ::::; n + m -1,ヨkiE Z::"'.o, A(Ka;L-aJ = qk; 

q -1 q -1 q 
0 0ー・・・

q q―1 q 
...----0 0 

a1 a2 O'.n-1 O'.n O'.n+l O'.n+m-2 O'.n+m-1 

Generalized Dynkin diagram of A(m -1, n -1) 

(2) Let U be the one associated with the Lie superalgbra B(m, n). Then 

II= {ai := Ei-EH1ll::::; i::::; n+m-l}U{an+m := En+m}, R~,fin = {Ei士叫1さ
i ::::; n, n + 1 ::::; j ::; n + m} and R~,inf = { Ei I 1 ::::; i ::::; n + m} U { Ei土叫1::::;i < 
jさn}LJ { Ei士叫n+l::;i<jさn+m}.Then dim.C(A) < oo if and only if 
the following conditions (bl)-(b5) is satisfied. Let f3 := an+an+l十・・・十O'.m+n・
(bl) 1 ::::; Vi ::::; n -1,ヨkiE Zミo,A(Ka;L-aJ = q―2k; 
(b2) n + 1 ::::; Viさn+m-1,ヨkiE Z20, A(Ka;L-aJ = q2k; 
(b3)ヨkE Z20, A(K知＋nL＿知＋n)= qk 
(b4) A(K13L~り E {q―2kl0さ： Kさm-1} U { (-q)-t-2mlt E Z20} 
(b5) If A(K13冒）＝ q―2kfor some O ::::; k ::; m -1, then A(Ka;L-;;n = 1 for 
alln+k+l::::;iさn+m.

-2 -
q 2 q 2 -2 2 q 2 -1 
q ^ q 

0 0ー・・・
^ q 
-2 q q2 q―2尻q-2q 

a1 a2 an-1 an an+1 an+m-2知＋m-1CYn+m 

Generalized Dynkin diagram of B(m, n) 

If t of (b4) is an odd integer, we cannot take q→1. In that case A is typical. 
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rr。
q -2 2 -1 --2 q2 -2 q q q q 

。〉O←
a1 a2 a3 a4 

II1 

-1 q-2 -1 q2 -1 q―2 q 
⑳--R―一こ〉O
a1 a2 a3 a4 

II2 t T3 
-1 q-2 q2 q-2 -1 q2 -q-1 

®>•
a1 a2 a3 a4 

Bo Bo Bo Bo Bo B1恥 B2凡 BoBo B1応 B2凡 Bo
Wo = S3 ~ S4 ~ S3 ~ S4 釘 S2"83-s4-S3"82 釘 S2"S3 -S4 -S3 "S2 
(3) Let U be the one associated with the Lie superalgbra C(n). Then 

II = { D'.i : = Ei -Ei+ 1 11 :S iさn-l}U{o:n:= 2伍｝， Rt,fin= { E1土Ejl2:S jさn}
and Rt,inf = { Ei土Ejl2:Si< j :Sn} U {2Eil2 :Si :Sn}. Then dim£(A) < oo 
if and only if the following conditions (al)-(a2) is satisfied. 

(cl) 2 :S Vi :Sn -1,ヨkiE Z::,o, A(Ka;L-aJ = q位
(c2)ヨ似 EZ::,o, A(KanL-aJ = q2k凡

-1 q -1 q 
0 0ー・・・

q q―1 ~ q-2 q2 

a1 a2 ai-1 ai ai+1 an-2 an-1 an 

Generalized Dynkin diagram of C (n) 

(4) Let Ube the one associated with the Lie superalgbra D(m,n). Then 

II = { O:i : = Ei -Ei+ 1 I 1 ::; i ::; n + m -1} U { D:n+m : = En+m-1 + En+m}, 
腐fin= { Ei士引1::; i ::; n, n + 1さj::; n + m} and R~,inf = { Ei士叫1::;i<
jこn}u{€。土叫n+ 1こi< j三n+m}．Thendim£[A) ＜ oo if and only if 
the following conditions (dl)-(d5) is satisfied. Let(3 ：＝ 2ah + 2an+1 + •・・十

2a:n+m-2 + D:n+m-1 + D:m+n and 1 := D:n + D:n+l + ・ ・ ・ + D:n+m-1・
(dl) 1さVi::; n -1,ヨkiE Z20, A(Ka;L-aJ = q―k; 
(d2) n+ 1::; Vi::; n+m,ヨkiE Z20, A(Ka;L-aJ = q柘
(d3)ヨkEZ拉， A(K(3L_(3）＝ q―2k 
(d4) If A(K(3L~り＝ q―2k for some O::; k ::; m -2, then A(K1L；り＝ q―k and 
A(Ka;Lよ＝ 1for all n + k + 1 ::; i ::; n + m. 
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(d5) If A(K/3L-;il) = q―2(m-1l, then A(K'YL--:;1) = q―(m-1). 

q -1 q -1 q 
0 0ー・・・

a1 a2 an-l an an+1 lYn+m-2 lYn+m-l 

Generalized Dynkin diagram of D(m, n) 

Assume k ~ m for (d3). Then A(KanL-aれ） ＝士q―rfor some r E N. 
If A(K知 Lり＝ーq―r, we cannot take q→1, and A is typical. Let 
k E N and u E {O, l}. Assume A(Ka;L-aJ = q―d; (1 :S i :S N -m -1, 

試 EZ2".o)-Assume A(K°'N-m+i L噸 N-m+l)= ・ ・ ・ = A(KaNL噸 N)= qk. As-
sume A(K°'N-mL_°'N-m) = (-l)uq―m(k+l)_ 

Let入：＝ 0:N-m+ 0:N-m+l +... + 0:N-2 + 0:N-1 + 0:N・

If u = 0, then £(A) is NOT typical and dim £(A)->.. < dimM(A)＿入． If
u = 1, then £(A) is typical and dim £(A)→ ＝dimM(A)->..- (5) Let U 
be the one associated with the Lie superalgbra D(2, 1; a). Let q EC~. Let 
伽：＝ x(fJ,fJ). Let A13 := A(K13L~り．
(i) r E (C~ and qr E C~. 
(ii) r E (C~ and qr E C~00 ・
(iii) r E C~00 and qr E C~. 

1 1 Let a。:＝ 0'.1+砂＋叩． Thenq°'。=q―r―,q°'l = q, q°'2 = -1,恥＝ r,
Then dim£(A)く (X)ifand only if the following conditions (dal)-(da3) is 
satisfied. 

(dal) For i E {O, 1, 3}, if q°'i EC~, then A°'i＝吹 forsome ki E Z::,:o. 
(da2) If q°'i E (C~ and k。=0,then位＝ 1for j E {1,2,3}. 
(da3) If q°'i E (C~ and k。=1,then Aa2 = 1 or Aa1+a2 = q―1. 
q q -1 -1 T―1 r 

a1 a2 a3 

Generalized Dynkin diagram of D(2, l; a) 

The following a shape of a finite-dimensio叫 typicalirreducible module of U 
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of D(2, 1; a).. 

(6) Let Ube the one associated with the Lie superalgbra G(3). 

-1 Let a。:＝ 0:1+2a叶 a3.Then qa。=-q-1, qa1 = -1,知＝ q,qa3 = q3. Then 
dim£(A) < oo if and only if the following conditions (gl)-(g3) is satisfied. 
(gl) For i E {O, 2, 3}, then Aai = q点forsome ki E Z::>:o. 
(g2) k。E{0,4}ork。2:6. 
(g3) If k。=0,then A巧＝ 1for j E {1,2,3}. 
(g4) If k。=4,then Aa2 = 1. 

al a2 a3 

Generalized Dynkin diagram of G(3) 

(7) Let Ube the one associated with the Lie superalgbra F(4). 

Let a。:＝ 2a1+知＋ 2a3+ a4. Then q°'。=q―3, q°'l = -1, q°'2 = q, 
q°'3 = q°'4 = q2. Then dim,C(A) < oo if and only if the following conditions 
(fl)-(14) is satisfied. 

(fl) For i E {O, 2, 3, 4}, then Aa;＝点 forsome ki E Z2:o. 
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(!2) k。E{O, 2, 3} or k。2:6. 
(!3) If k。=0,then A°'J = 1 for j E {1,2,3,4}. 
(!4) If k。=2,then Aa2 = Aa4 = 1 and Aa1 +a3 = q―3. 
(!4) If k。=3,then Aa1 +a2+2a4 = q―6 and Aa2 = qAロ・
-1 q―1 ~ q―2 t q―2 q2 
a1 a2 a3 a4 

Generalized Dynkin diagram of F(4) 

(8) Let Ube the one associated with the Nichols algebra Hec-14. 

Let a0 := 0:1 + 2位＋3叩十a4.Then q"'。=-q―1, q°'l = q°'2 = q, qa3 = -l, 
似＝一q―1. Then dim £,(A) < oo if and only if the following conditions 
(hl)-(h4) is satisfied. 

(hl) For i E {O, 1, 2, 4}, then Aa; = q点forsome ki E Z;:,o. 
(h2) If k。=0,then A"'J = 1 for j E {1, 2, 3, 4}. 
(h3) If k。=1,then Aa2 = Aa3 = 1. 
(h4) If k。=1,then Aa3 = 1 or Aa1＋心＋°'4= 1 
q q―1 g__ q―1 ̂ 1 _q―q―1 

a1 a2 a3 a4 

Generalized Dynkin diagram of Hec-14 

(9) Let U be the one associated with the Nichols algebra Z/3Z-Quantum 
Group. 

Let (E ccx be such that (2 + (+ 1 = 0. 
Let a。:＝ 2a2+ a1. Then q°'。=(q―1,qa。=q.Then dim£(A) < oo if and 
only if the following conditions (zl)-(z2) is satisfied. 

(zl) For i E {O, 2}, then A°'i＝吹 forsome ki E Z;::o. 
(z2) k。ヂ 1.
(z2) If k。=0,then A°'j = 1 for j E {1, 2}. 
＜ q -1 q 
0 0 ぐ＋(+1=0
al a2 

Generalized Dynkin diagram of Z/3Z-Quantum Group 
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Theorem (Angiano-Y. 2015) Explicit construction of the universal R-
matrix R E U R U. (R△(X)R-1＝凶（X)(XE U),（△R I)(R) = R13穴23,
(IR△)（R) =R訊12• R訊 13饂＝ R訊 13闘．） ‘‘R= (TI~=l expq(Ek R 
凡））exp(ht0)"

Shapovalov determinants (Heckenberger-Y. 2010) 
Best ressult from Weyl groupoids In 2010, Heckenberger and I gave a 
factorization formula of the Shapovalov determinants of the Lusztig's small 
quantum groups at ANY root of unity, and the quantum superalgebras, the 
generalized quantum groups. 

_'identity'TT TT-_ TTn _ TT+'projection' 
S: u+RU U=  U羹 U賢 u+

projection 
→ → uo 

Let S入：＝ S 1ut0u_―ぶ

00 

detlmふ＝ z・ II II (-p(a)x(a, a)―ta厄＋La)凡(a,ta),
aER+ ta=l 

where p = px,II : ZIT→ex be the group homomorphism defined by p(ai) := 
x(aぃ叫 (iEI). 
Example for入＝ 2a1+ a2 Denote'projection'by n. Let Ki := Ka, 
and Li := Lai・ S(E1 @凡） ＝D(E出） ＝D(F心ー凡＋ L1)= -K1 + 
L1. S(E1@凡） ＝D(E1凡）＝ D(F2凡） ＝0. D(E1恥F1凡） ＝D((-K1 + 
ム）恥F2)= (-K1+ム)（-K2＋ら）． D(E1恥F2凡） ＝D(E1(-K2＋ら）凡） ＝ 
D(E出 (-qi11応＋q12L2))= (-K1 + L1)(-q2/的＋q12ら）．

O(E1E2凡 F叫 O(E1E2四 F1)

Q(E2凡 F心） Q（E年 Fm)| 
(-Ki+ Lリ(-K戸 L2) (-Ki 十ム）（—似K戸 q12L2)

＝ 
(-K2 ＋ら）（—嶺K1 + q21Lリ (-K□L2)(-K1＋い）
=(-Ki+ム)（-K2+ら）―応＋ L2

-1 
-q21 k2 + q12ら

-q図K1+ Q21L1 -K1 + L1 

=(-Ki+ Lリ(-K2＋ら）（（1-耀似）K1応＋ （1―q12知）L1ら）

= (1 -q12知）（ー柏＋い）（ー応＋ら）（一q昆鉗K1応＋L山）．
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Skew center (Batra-Y. 2018) 

Let匂： ZII →恥xbe a Z-module homomorphism. Define the応 subspace

品＝ふ(x,II) of~。 by

3-w＝品（X,II) := { Z E Uo I Va E ZIT, VX E Ua, ZX＝w(a)XZ}, 

where U =①入EZIIU入 isthe ZIT-grading with K入， Lμ € U。,EiE Ua; and 
Fi E U-a;・ Let 

球玉＝球翌：品(x,II)→uo =印，μEZII恥k山・

be the Barish-Chandra map, which is injective. 

I呵 ltwis formed by the elements 

とい）応Lμ
（入，μ)EZIIxZII

with aい） E応 satisfyingthe following equations (el)-(e4). 

Let qa := x(a, a)，吋，μ;(3：＝匂((3)・霊闊 for(3，入，μ E ZIT. Let 

噸）：＝ { ~in{x E Nlq芦＝ 1｝ ifヨyE N, qり＝ 1， 
0 if Vz EN, qi# 1. 

(el) For（入，μ)E ZIT x ZIT,(3E R+ and t E Z ¥ { 0}, if q(3# 1, K,(q(3） ＝0 and 
W>.,μ;/3 = q1, then the equation a（入十t(3，μ-t(3）=p((3）t. aい） holds. 

(e2) For（入，μ)E ZIT x ZIT, if there exists(3E R+ satisfying the condition 
that心(q(3）＝0 and口入，μ;(3＃q1 for all t E Z, then the equation aい） ＝ 0 
holds. 

(e3) For（入，μ)E ZIT x ZIT,(3ER+ and 1さtさK,(q13)-1, if K,(q(3)~ 2 and 
匂入，μ;/3= q1, then the equation 

+oo 

とい＋（~(q/3 ） x+t)(3，µ-（ん (q/3 ）x+t)(3)p((3)―（氏（q/3）x十t)
x=-oo 

= f=い＋疇）y/3,μ―ん(q13)yf3)P((3）玉(q13)y
y=-oo 

holds. 
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(e4) For（入，μ)E ZIT x ZIT and /3 ER+, if /'i,(q叫ミ 2and W>.,μ;(3ヂq閃forall 
0::; m::; /'i,(q(3） -1, then the /'i,(q(3） -1 equations 

+oo 

ど叩＋（噸）x十t)/3，μ-（疇）x十t)/3）P((3）―(K(q(3)X十t)
x=-oo 
+oo 

＝ど a（い（q13)y(3，μーfi,(q13)y(3）p(/3）―fi,(q砂Y (l~t~t,,(q(3) -1) 
y=-oo 

hold. 

For（入，μ)E ZIT x ZIT, define Aに口 EHomい lg(U0，恥） by

A},μ;w(K入’加） ：＝ x（入，μりx(a,μ)ァ(X) （x,μI E ZII)． 

Let Fin~ :=｛（入，μ)E ZIT x ZITldim.C(A{μ;w) < oo }. For（入，μ)E Finぶ
there exists a unique Z{tmu；WE品 (x,IT) such that 

球 w(Z{tmu;』＝こ炉'II(v)加 K入十vLμ-v,
咋 Z::,oII

where 加：＝ dim£(A~,µ;w)-v ・
Conjecture: (Batra-Y. 2019) The elements Z{tmu；元€品(x,II) with（入，μ)E 
Fin~ form a応 basisof品 (x,II). 
This fits into: 
A. Sergeev, A. Veselov, Grothendieck rings of basic classical Lie superalge-
bras, Ann. Math. 173 (2011), 663-703. 
The conjecture might be proved via Radford-Schneider theory for the cor-
respondece between bicharacters and irreducible modules of the generalized 
quantum groups. 
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