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Representation theory of generalized quantum algebras using Weyl groupoids

Hiroyuki Yamane
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Hamiltonian circuit

Let I' = (V, E) be a graph, where V' (resp. E) is the set of vertices (resp.
edges).

Let ¢ : {1,2,....]V|} — V be a bijection.

We call ¢ a Hamiltonian circuit of I' if

{e(@),p(i+ 1)} e E(1<i<|E|-1)
and {p(|E]),p(1)} € E.

In a very beautiful and easy way,

J.H. Conway, N.J.A. Sloane and Allan R. Wilks, (Gray codes for reflection
groups, Graphs and Combinatorics 5 (1989) 315-325) showed an existence
of a Hamiltonian circuit of the Caley graph of every finite Coxeter group
W = (s;li € I).

Example 1: Caley graph of Weyl group W (A3) of type Aj

W (A3) = (s1, 52, 53)
S? = €, 5153 = 5351, 515281 = S251852, 525352 = 535253
Example 2-process 0: Caley graph of Weyl group W(Bs) of type Bs
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W (B3) = (s1, 52, 53)
s7 = e, 5183 = 5351, (5152)” = (5281)7, 528382 = 535053
Example 2-process 1: Caley graph of Weyl group W(Bs) of type Bs

W(Bs3) = (s1, 52, 53)
512 =€, 5153 = S351, (5152)2 = (3281)2, 528352 = 535253
Example 2-process 2: Caley graph of Weyl group W(Bs) of type Bs
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W (B3) = (s1, 52, 53)
Sf = €, 5153 = S351, (5152)2 = (5281>2, 528382 = S535253.
Example 2-process 3: Caley graph of Weyl group W(Bs) of type Bs

W(Bs3) = (s1, 52, 53)
S? =€, 5153 = S351, (5152)2 = (3281)2, 525352 = 535253.
Example 2-process 4: Caley graph of Weyl group W(Bs) of type Bs



W(B&) == <81, S9, 83>

SZ2 =€, S1S3 = S351, (8152)2 = (8281>2, §98389 — S359S53.

Example 2-process 5-completed: Caley graph of Weyl group W (Bs)
of type Bj

W(Bg) = <81, S92, 53>
s? =e, 5153 = 5351, (5159)% = (5251)%, 528352 = $35283. In a similar but non-
easy way, the speaker showed an existence of a Hamiltonian circuit of the
Caley graph of the Weyl groupiods associated to the generalized quantum
groups by [Hiroyuki Yamane, Hamilton circuits of Cayley graphs of Weyl
groupoids of generalized quantum groups, arXiv.2103.16126].

In rank 3 and 4 cases, he exactly obtained Hamilton circuits.

Weyl groupoid of the Lie superalgebra D(2,1;«)
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Rl = {a1, a0, 03,00 + o, 00 + 3,01 + a2 + ag, a1 + 200 + a3}, Rl =

{an, a9, a3, a1 + ag, ap + a3, a1 + a3, a1 + az + az}.

Example 3: Caley graph of Weyl groupoid W(D(2,1;«a)) of the Lie

superalgebra D(2,1; o)
1

W =W(D(2,1;a)) =

(0,€”, 57,55, s5(x € {a,b,c,d}))

is the semigroup with

Ow=w0=0 (weW),
()= e, e =0 (x £ ),

b 5850 = e shsd = e, 5353 = e?,
shsh = eb, s3sh = b, shsh = e,
s{s] = e, 55585 = €°, 5555 = €,
sist = e s3sd = e s3sd = e
siss) = shshsh, shshss = sfsdsg, sfsgst = sfsfsg,
stsht = ssatsh, sdstsh = stsheb shsh = bl
shifsf = s§ssh, sfs5 = s5s5, slsfs] = sgsist,

d.d __ .d.d a.dod . boaod a.d.d _ .coa.d
8281 = 8182, S28353 = 835983, 515351 = S$35153

Generalized quantum group U,(G(3)) of Lie superalgebra G(3)
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Generalized root system

Let n € N. Let B be the set of all the Z-bases of Z".

Let R be a nonempty subset of Z". _

Let B be the subset of B formed by all IT € B with R = R U(—RY), where
R := RN Span,_ II.

We call R a finite generalized root system if

(RO) |R| < oo and B # 0.

(R1) VIle®B, IICR

(R2) VIIe®B,Vaell, ZaNR={£a}

(R3) VIl € B, Yo e IT, M@ € B, RT™ N (—=RT) = {—a}

Namely I1(®) = {—a}U{p+ Ngﬁalﬁ eI\ {a}},
where N}'; = max{k € Zxo|B + ka € RY}. Let N!!, := —2. Then e =
{8+ NgpalB € 11}
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Rank-2-Hec-9

Let II1518) denote IIP) (if k = 1) and (ITGFr8-1)B) (if k > 2).

There exist bijections 7y : {1,2,...,n} — II (IT € B) such that for 1 < i <
n, Teme () = m(j) + Ng(n)(i)m(n)(j)ﬂﬂ(i)'

,,,,,

For 1 < i < n, define the map 7; : B! — B by 7;(T11) i = T -
Then 72 = id. Moreover

77T () = T (),
—— ~——

where mg; = mjj := [(Zzom(i) ® Zzemu(j)) N R| < oofor 1 <i#j <n.

The Cayley graph of the Weyl groupoid W (R) (defined by the next slide) is
the graph I'(R) = (V(R), E(R)) with V(R) := 8% and E(R) := {{r, 7s(m)}|7 €
B¥ 1 < i < n}. The (universal) Weyl groupoid W (R) is the groupoid
‘formed’ by the base change matrices

Szr,n(ﬁ) eGL,(Z) 1<i<n,me€e %ﬁ)



defined by
[r(m)(1), ..., 7(m)(n)] = [7(1),. .., w(n)]SF™™.
We have §77) = (§77(™)=1 — gr(®m gra@ grm _ p ang

S?,Ti(ﬂ)s;'i(”)ﬁjﬁ(ﬂ) L ST)TJ‘(W)SZJ(W),TiTj(ﬂ) (i ).

i J

mij mij

These are exactly the defining relations of W(R) (I. Heckenberger, H. Ya-
mane, A generalization of Coxeter groups, root systems, and Matsumoto’s
theorem, Math. Z, 259 (2008), 255-276, see also H. Yamane, Generalized root
systems and the affine Lie superalgebra G (3), Sao Paulo J. Math. Sci. 10
(2016), no. 1, 9-19.). Cuntz-Heckenberger classified Weyl groupoids. (M.
Cuntz and I. Heckenberger, Finite Weyl groupoids, J. Reine Angew. Math.
702 (2015) 77-108.) (M. Cuntz and I. Heckenberger, Finite Weyl groupoids
of rank three, Trans. Amer. Math. Soc. 364 (2012), 1369-1393) In Rank=3,
b5-cases exists; among them, 3-cases are associated with simple complex Lie
algebras, 3-cases are associated with simple complex Lie superalgebras of
type A — G, and 18-cases are associated with irreducible generalized quan-
tum groups.

Quite recently, I found Hamiltonian circuits for some of their classification
of Rank=3 using Wolfram Mathemathica 12.3.
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This is made by Wolfram Mathemathica 12.3. The 15-th generalized root system

of the list of the Cuntz-Heckenberger’s paper.

Generalized Quantum Group U(y)
Let C* := C\ {0}. Let I be a nonempty set. Let ZII be a free Z-module with
a base IT = {«a;|i € I'}. Then the rank of ZIT is |I|. Let x : ZIT x ZIT — K*
be a map with

X</\ + W, V) - X(A7 V)X(Mv V)aX(/\nu + V) = X()‘vu)X(/\7V) (/\7/1”V € ZH)

If x(cv, ) = ¢%9, it is usual quatum groups.
If x(ay, ) = (=1)P0PU g it is usual quatum supergroups.



To such y, we can associate an associative K-algebra (with 1) defined by the
following axioms (U1)-(U6).

(U1) U has generators K, Ly(=almost K_, (A € ZII), E;, F; (i € I).

(U2) The following equations hold. Ky = Ly =1, Kz K, = Kxyy, LyL, =
Ly, KnL, = LKy, K\E; = X(\, o) E; Ky,

Ky\F; = x(\, —ay) Fi K\, LyE; = X(—0y, \)E; Ly, LyF; = x(0u, \)FiLy, E;F;—
FyE; = 0ij(—Ka, + La,)-

(U3) We have an injection ¢ : ZII x ZII — U, (A, p) — K,L,, and
61 (ZI1 x ZII) is an linearly independent set.

(U4) Let U := Spanyc (ZIIx ZI1). Let U™ (resp. U™) be the K-subalgebra
(with 1) of U generated by E; (resp. F;). Then we have the K-linear isomor-
phism ¢ : U~ @ U’ @ Ut — U defined by (Y ® Z ® X) :=YZX.

(U5) We have the K-linear subspaces Uy (A € ZIT) of U. U° C Uy, E; € U,,,,
F; e U—ai (Z € I), U = &eznUa, UHU,, C UNJFV (/L,U € ZH)

(U6) Let UF :=UyNU* (A € ZII). Let ZII* := @ic;Zooc; (C ZIT). Then
for any A € ZIT™ \ {0}, we have {X € US|Vi € I, XF, = F;X} = {0}
and {Y € U\|Vi € I, YE; = E;Y} = {0}. (We have dimU; = dimU_,
(A € ZIIT))

Let gx := x(A\,\) (A € ZII). Define the map ord : ZII — N U {oo} by
ko

ord(A) := {32, @ilk € Zxo}|. Let U™ := (Z)\GZIH\{O} Uy)\ {0}. Define

the map deg : U™ — ZIIT \ {0} by deg(X) := X (X e U nU™, X €

Z11t \ {0}).

Kharchenko-PBW Theorem (1999) There exist a nonempty subset .S of
U™ and a total order < satisfying:

{X{LIXSQ B X]?k‘Xt S S,O <ng < ord(deg(Xt)) (1 <t< k), X< Xo <
... < Xy} form a K-basis of UT. Note that o; € RY (i € I).

Moreover the set RY := deg(S)(C ZIT™ \ {0}) is independent from S.
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From now on, we assume ]R;g | < oo. Then degg 1s injective.
Weyl-Kac-type typical irreducible character formulas of U(y)

Assume that gz := x(8,3) # 1 for all § € R,, where this condition is not
essential since Char(C) = 0. Let ord(8) := min{k € N|1+¢s+---+¢f = 0};
if ord(/3) can not be defined, let ord(f) := co.

Let RM™ = {B RY|ord(B) < oo}. Let R = {8 € R}|ord(f) = oo}
Then RY = Rfn U R,

For 5 € R™ and A € ZII, we have kS € Z with x(6, \)x(\, 8) = qgﬁ.

For B € R;’i“f, define the Z-module sz : ZII — ZII by sg(\) == X — kfﬂ
(\ € ZI).

Let W = (sg|f € R;’inf>. In fact, W is a Weyl group. We have the group
homomorphism sgn : W — {£1}(C Z) with sgn(sz) = —1.

Define the Z-module homomorphism p : ZII — K* by p(;) := qa, (i € I).
For § € R7™, we have rg € Z with p(8) = ¢

Let A : U° — C be a C-algebra homomorphism.

Let £(A) be a left irreducible U-module for which we have vy, € L(A) \ {0}
with Eyoy =0 (i € I), Zvy = AM(Z)vp (Z € UY) and letting L£(A)y := Uyva
(A € ZIT), we also have L(A) = @ezn+ L(A) .

From now on, assume dim £(A) < oo.
. TlA
For 5 € RP™, we have nj € Zxo with A(KzL_5) = q,".
Then W has another action - on ZII defined by sz - A := s3(\) — (15 + nj)8
(B € R, ) € ZII).

Theorem (H. Yamane, J. Algebra Appl. 20(1) (2021) 2140014) Assume that
P(BINE3L_p) ¢ {qh]1 <t € ord(B) — 1} for all § € R™. Then we have

dim L(A)) = Z sgn(w) dim U, -

weWw

for A € ZII.



Classification of finite dimensional £(A)

Let C* := C\ {0}. Let(C = {¢ € C*]2 < Fk < oo,¢F = 1} and
C% = {q € C*|Vk <€ N, ¢* 7é 1} Let RP™ = {a € Rf|x(o,a) € CX}
and BRI = {o € RY|x(, ) € CL}. Let qe CX

(1) Let U be the one associated with the Lie superalgbra Alm —1,n—1).
Then IT = {0y = ¢ — €|l < i < n+m—1}, RF™ = {g —¢]1 <
i <nn+1<j<n+m}and ROM = {g — ¢l < i < j <mn}. Then
dim £(A) < oo if and only if the follovvlng conditions (al)-(a ) is satisfied.
(al) 1 <Vi<n-—1, 3k; € Zso, N(Ko,L_0,) = q 5

(a2) n+1<Vi<n+m—1, 3k € Zso, N(Ku,L_o,) = ¢~

-1 -1 -1

q q q -1 .-14¢ ¢ 14
oL o ...—o4 4 5 ... o1 o

ay &%) Qp—1 Oy, Opi1 Apym—2 Opgm—1

Generalized Dynkin diagram of A(m —1,n — 1)

(2) Let U be the one associated with the Lie superalgbra B(m,n). Then
II={a; :=€—¢€41]1 <i<n+m—1}U{nim = €ntm}, R;“ﬁn = {e%¢|1 <
i<n,n+1<j<n+m}and R;’inf ={gll <i<n+m}U{g=xell <i<
j<npU{eLen+1<i<j<n+m}. ThendimL(A) < oo if and only if
the following conditions (b1)-(b5) is satisfied. Let 5 := a,,+ i1+ +Qnn-

( ) 1<VZ<TL—]. Elk €Z>0, A(K L_ ai):q_zki
B2)n+1<Vi<n+m-—1, 3k € Z>0, AMNKo, L o) = ¢*
(b3) Ik € Z>0, A(Kam,+n,L—am+n) =q"
(b) A(KsL,") € {g*M0 <k <m — 1} U{(—q)""*"|t € Zzo}
(b5) If A(KﬁLgl) = ¢ % for some 0 < k < m — 1, then A(K,,L;') =1 for
aln+k+1<i<n+m.

YA N N el il MO S il S il A

aq &) Op—1 Oy Q1 Aptm—2 Angm—1 Ontm

Generalized Dynkin diagram of B(m,n)

If t of (b4) is an odd integer, we cannot take ¢ — 1. In that case A is typical.
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Ho Hl
g2 e -1 g2 q° 24 . -1 g2 -1 @2 -1 _,-2¢
O——C—)O F—@ @:)O
ay az as ay Qg
. b
142 q> 21 g —q~ !
F—"0O—CF—)®
aq [e%) a3 Qa4

— BO BO BO BO BO By B2 B2  Bi B[) BO By Bs B> Bi BO
Wo = 83084 855,081,085 8554 83 S5 8] 85 855, 83 8

(3) Let U be the one associated with the Lie superalgbra C(n). Then
IT={o; =€ —€i11]l <i <n—1}U{a, == 2¢,}, RO = {e1£¢;|2 < j <n}
and RP™ ={e+¢2<i<j<nfU{2¢2<i< n} Then dim £(A) < co
if and only if the following conditions (al)-(a2) is satisfied.

(c1) 2 <Vi<n—1, 3k € Zso, N(Ku,L_0,) = qF.
(02) Elkn S Zzo, A(KanL—an) = q2k".

-1 _ _ _ _ _ 2
B SRR S S W B SRR S B W Bl
€3] &5} 1 8% Qi1 Op—2 Op—1 Oy,

Generalized Dynkin diagram of C'(n)

(4) Let U be the one associated with the Lie superalgbra D(m,n). Then
II=A{w=¢—¢ull <i<n+m-—1}U{im = Guam-1 + ntm}s
R ={e; el <i<nn+1<j<n+m}and RI™ ={g+¢|l <i<
J < ntU{et¢n+1<i<j<n+m}. Then dlmE(A) < oo if and only if
the following conditions (d1)-(db) is satisfied. Let 8 := 2a, + 211 + -+ - +
2an+m—2 + Onpm—1 + Qmn and Yi=Qpt+ Qpyr + s+ Qe
(d1) 1 <Vi<n-—1, 3k; € Zso, A(Ko,L_o,) =qF
( ) n+1<Vi<n+m, dk; 6Z207 A(KaiL_ai):qki
( 3) Elk S Z>0, A( ﬂL ) = q72k
(d4) If A(KgL H=gq ok for some 0 < k < m —2, then A(K,L;") = ¢ % and
A(Kq, Ly, )—1f0ralln+k:—|—1 <i<n+m.
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(d5) If A(KsLy') = 7™~ then A(K,L;') = g~ (Y.

-1 -1 -1

q q q -1 ,14q
Qq—o_ e — 0O q 4 O— - -
aq 6] Ap—1 Oy Q1 Apym—2 Opgm—1

Generalized Dynkin diagram of D(m,n)

Assume k > m for (d3). Then A(K,, L_,,) = £q " for some r € N.

If A(K,, L_n,) = —q ", we cannot take ¢ — 1, and A is typical. Let
k€ Nand u € {0,1}. Assume A(Ky,L o) =q % (1 <i<N-m—1,
3d; € Z=o). Assume A(Koy_, Loy i) = = AMEayLoay) = q". As-

e ARy Loy ) = (1) HH
Let A := ON—m + ON—pp1+ -+ anv_2+any_1+ apn.

If u =0, then £(A) is NOT typical and dim £(A)_, < dim M(A)_,. If
u = 1, then £(A) is typical and dim £(A)_, = dim M(A)_,. (5) Let U
be the one associated with the Lie superalgbra D(2,1; ). Let ¢ € CZX. Let
qs ‘= X(ﬁ,ﬁ) Let Aﬁ = A(K@LEI)

(i) r € CX and qr € CX.

(ii) r € C and qr € CZ .

(iii) r € CZ, and ¢qr € CX.

Let ag := a1 + 20 + as. Then qo, = ¢ 1Y Goy = ¢, Qo = —1, Qus = T,
Then dim £(A) < oo if and only if the following conditions (dal)-(da3) is
satisfied.

(dal) For i € {0, 1,3}, if g0, € CX, then A,, = ¢ for some k; € Zx.

(da2) If q,, € CX, and ko = 0, then A, =1 for j € {1,2,3}.

(da3) If q,, € CX and kg = 1, then Ay, =1 or Ay 10, = ¢

q 41 -1 -1
O O
a &%) ag

Generalized Dynkin diagram of D(2,1; «)

The following a shape of a finite-dimensional typical irreducible module of U



98

of D(2,1;a)..

(6) Let U be the one associated with the Lie superalgbra G(3).

Let ag := a;+2as+as. Then qo, = —¢ 1, Gay = =1, Gay = ¢, Gos = ¢°. Then
dim £(A) < oo if and only if the following conditions (g1)-(g3) is satisfied.
(91) For i € {0,2,3}, then A,, = ¢¥ for some k; € Z>o.

(92) k’o S {0, 4} or k’o Z 6.
(93) If ko = 0, then A,, = 1 for j € {1,2,3}.
(g4) If kg = 4, then A,, = 1.

-1 -1q -3 ¢

O a a O

Qq Q9 Q3

Generalized Dynkin diagram of G(3)
(7) Let U be the one associated with the Lie superalgbra F(4).

Let ap := 201 + 3ag + 2a3 + a4. Then qo, = ¢72, qo; = —1, Gu, = ¢,
Jas = o, = ¢*. Then dim £(A) < oo if and only if the following conditions
(f1)-(f4) is satisfied.

(f1) For i € {0,2,3,4}, then Ay, = ¢ for some k; € Zxy.
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(f2) ko € {0,2,3} or kg > 6.
(f3) If ko = 0, then Ao, = 1 for j € {1,2,3,4}.
(f4) If kg = 2, then Ay, = Ay, = 1 and Ay, 10, = ¢ 2.
(f4) If ko = 3, then Ay, yani20, = ¢ ¢ and A, = A,
—Ol 1 g ¢ 02 gZ
aq (€% Qs (071

Generalized Dynkin diagram of F'(4)
(8) Let U be the one associated with the Nichols algebra Hec-14.

Let ag := a3 + 2as + 3as + as. Then ¢oy = =G, Goy = Gon = ¢ Gos = —1,
qa4 = —q¢'. Then dim £(A) < oo if and only if the following conditions
h1)-(h4) is satisfied.
h1) For i € {0,1,2,4}, then Ao, = ¢ for some k; € Zy.
h2) If kg = 0, then A, =1 for ] € {1,2,3,4}.
h3) If ko = 1, then Aa2 =Ny, = 1.
ha) If ko = 1, then Ay, = 1 or Ay rastas = 1
-1 -1 —1 —q!
gt g —q
aq (6%)] Qa3 Yy

Generalized Dynkin diagram of Hec-14

(9) Let U be the one associated with the Nichols algebra Z/3Z-Quantum
Group.

Let ¢ € C* be such that (2 4+ (+1 = 0.

Let ag := 2as + a1. Then qo, = (¢, ¢o, = ¢. Then dim £L(A) < oo if and
only if the following conditions (z1)-(22) is satisfied.

(21) For i € {0,2}, then A,, = ¢ for some k; € Zx.

(22) If kg = 0, then A,, =1 for j € {1,2}.

-1
D S R
(&3] a9

Generalized Dynkin diagram of Z/3Z-Quantum Group
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Theorem (Angiono-Y. 2015) Explicit construction of the universal R-
matrix R €e U ®U. (RA(X)R_l = A/(X) (X S U), (A & I)(R) = R13:R,23,
(I X A)(R) = R13R12. R12R13R23 == R23R13R12.) “R = (H;:l OXP(](EA- X
) exp(htg)”

Shapovalov determinants (Heckenberger-Y. 2010)

Best ressult from Weyl groupoids In 2010, Heckenberger and 1 gave a
factorization formula of the Shapovalov determinants of the Lusztig’s small
quantum groups at ANY root of unity, and the quantum superalgebras, the
generalized quantum groups.

‘identity’

S Ut @ U~ U= U o0yt Profection’ o
—
Let Sy := S|U;®U:>\
detImSy = 2 - H H —p(a )7t Ky + Lo)Pr(@te)
acRt ta=1

where p = pXtt : ZII — C* be the group homomorphism defined by p(c;) :=
X(aj,a5) (i €1).

Example for A\ = 2a; + ay Denote ‘projection’ by Q. Let K; := K,,
and L; := Lai- S(El X Fl) = Q(ElFl) = Q(F1E1 - K|+ L1) = —K; +
Ly. S(E, ® Fy) = Q(E\Fy) = Q(FE) = 0. QE1EFFy) = Q(—Ky +
L) EoFy) = (— K + L) (=Ko + Ly). QE\EyFoFy) = Q(Ey (— Ky + Lo)Fy) =
QUEVFi (=g K + qials)) = (=K1 + L1) (=5 K2 + g2 La).

QE1ExF1F2)  Q(E1E2F2Fy)
Q(E2E 1 F1F2)  Q(EoE1F2Fy)

—Ki+ Ly) (= K2 + L) (=K1 + L1) (=5 Ko + qiaLo)
K2+L2)(—q;21K1 +guly)  (=Ky+ Lo)(— Ky + Ly)

= (—Ki+ L) (=K + Ly)| et e

= (=K1 + Li)(= Ky + L) (1 = ¢15' g5 ) K1 Ko + (1 = quagar) L1 Lo)

= (1= q12g1) (=K1 + L1) (=Ko + Lo) (=15 ¢ K1 Ko + Ly Lo).
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Skew center (Batra-Y. 2018)
Let w : ZII — K* be a Z-module homomorphism. Define the K-subspace

3w = 3=(x, 1) of Uy by
30 =3.01) ={Z Uy |Va e ZIl, VX € Uy, ZX =w(a)XZ },

where U = @ycznU, is the ZIl-grading with Ky, L, € Uy, E; € U,, and
F,eU_,,. Let

HE, = HEXT 3 (v, 1) = U° = @y ez KK, Ly,

be the Harish-Chandra map, which is injective.
Im$H e, is formed by the elements

Z Ao B Ly
(A, p)EZITXZIT

with a(y ) € K satisfying the following equations (el)-(e4).

Let go := x(, @), @y .5 = w@(B) - ;Efg; for B, A\, u € ZII. Let

[ min{z eN|g§ =1} ifIyeN, g =1,
i(gp) = { 0 itVzeN, g5 # 1.

(el) For (A, pu) € ZII x ZI1, B € R and t € Z\ {0}, if 5 # 1, (gs) = 0 and
Wawp = (5, then the equation a(iis,u—8) = p(B)" - a(r ) holds.

(€2) For (A, u) € ZII x ZII, if there exists € R" satisfying the condition
that #(gs) = 0 and @y s # g5 for all t € Z, then the equation a(y,y = 0
holds.

(€3) For (\, ) € ZII x ZI1, B € Rt and 1 <t < k(qg) — 1, if k(gz) > 2 and
Waus = q, then the equation

+00
D A0t (sla) )8 (s(ap)a-rs) P(B) I

r=—00
+o0o

- Z a(/\+ff(qa)yﬁ,u—ﬁ(qza)yﬂ)ﬁ(ﬁ)_R(qﬁ)y

y=—00

holds.
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(e4) For (A, ) € ZII x ZIT and B € R*, if k(qz) > 2 and w) .5 # ¢ for all
0 <m < k(gs) — 1, then the r(gz) — 1 equations

+00
Z A\t (s(ga)-+)B i (w(gg)a+1)5) P B) (97 HY
o +oo
- Z A(rtr(ap)yB—nias)y)P(B) ™Y (1 <t < k(gs) — 1)
y=—00

hold.
For (A, p) € ZI1 x ZII, define A} ., € Homg 1, (U°, K) by

A o (B L) = x(A 1) x(a, pw(X) - (X, g € Z10).

Let Fin¥ := {(\,p) € ZII x ZII|dim L(A) ) < oo}. For (A, u) € Fin),

A, ;o
there exists a unique 23 ... € 3=(x, ) such that

A1

S{)Q:W(Z;\(,tmu;w): Z P

VEZzon

(V)M Ky Ly,

where m,, := dim L(A ,...) .

Conjecture: (Batra-Y. 2019) The elements ZY, . € 35(x, ) with (A, i) €
Fin¥ form a K-basis of 3, (x, II). o

This fits into:

A. Sergeev, A. Veselov, Grothendieck rings of basic classical Lie superalge-
bras, Ann. Math. 173 (2011), 663-703.

The conjecture might be proved via Radford-Schneider theory for the cor-
respondece between bicharacters and irreducible modules of the generalized
quantum groups.
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