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Furstenberg measure and Iterated Function Systems with
inverses

Yuki Takahashi
Department of Mathematics, Saitama University

ABSTRACT. Motivated by the study of the Furstenberg measure, in [1] the au-
thor introduced Iterated Function Systems with inverses (i.e. IFS that contain
inverse maps). In this note we present a conjecture.

1. Introduction

Let F = {fa}aea be a finite collection of linear fractional transformations.
Assume that the associated SL(2,R) matrices generate a noncompact and totally
irreducible subgroup. Let p = (pa)aca be a probability vector. It is well-known
that there exists a unique Borel probability measure v on R, = R U {oco0}, called
the Furstenberg measure, such that

V= Zpa.fal/y

acN

where f,v is the push-forward of v under the action of f, : R, — R,. Furstenberg
measure arises naturally in the study of random products of matrices.

We say that F is uniformly hyperbolic if there exists an open set U C R, with
finitely many components having disjoint closures that satisfies f,(U) C U for all
a € A. Tt is known that if F is uniformly hyperbolic then F is (essentially) an
Iterated Function System (IFS).

From the viewpoint of the random walks on groups, it is natural to consider
the case that F is symmetric (F is symmetric is F = F!). However, it is easy to
see that if we have f, f~! € F for some f # id then F is not uniformly hyperbolic.

In [1] the author introduced IFS with inverse. IFS with inverse is in a sense
very “close” to IFS. By relying on the transversality argument, in [1] the author
showed that for a one-parameter family of TF'S with inverse, if the random walk
entropy divided the Lyapunov exponent is greater than one then the associated
invariant measure is absolutely continuous for a.e. parameter.

In section 2 we discuss IF'S with inverse, and in section 3 we pose a conjecture.




2. IF'S with inverse

2.1. Setings. In [1], IFS with inverse is introduced. In this section we briefly
discuss the definition.

Let G be the free group of rank r > 2, and let S be a free generating set of G.
Let A C G be such that S C A C SUS™ 1. Let 9" = ,5; A" and Q = AN. For
w = wowy * -+ we denote w|, = wg - wn. Let p= (pa)aca be a probability vector,
and let © be the associated Bernoulli measure on Q2. We assume that p, # 0 for all
a€s.

We say that a (finite or infinite) sequence w € Q*UQ is reduced if w;w;+1 # aa™
forall i > 0 and @ € A. Let QI (resp. Qyeq) be the set of all finite (resp. infinite)
reduced sequences. Define the map

red : QF = Qfy

1

in the obvious way. Let Q C Q be the set of all w such that the limit
(2.1) nh_)n;o red(w|,)

exists. By abuse of notation, for w € Q we denote the limit (2.1) by red(w). Denote
A ={(a,b) € A?:a#b1}

DEFINITION 2.1 (IFS with inverse). Let X = {X,},ea be a collection of (not
necessarily mutually disjoint) open intervals and ¢ € (0,1]. Write X = (J,c, X
Suppose that there exists 0 < 7 < 1 such that the following holds: for any (a, b)
A* the map @qp : X — X, is CM9 and satisfies

(i) pan(Xp) C Xa;
(i) 0 < |@lp(z)] < for all z € Xp;

(i) ¢, : pa(Xp) — Xp is O1H0,

We call @ = {@ap }(a,p)en+ an IFS with inverse, and denote ® € T'x(0).

For w=wp - -w, € QF ,, we denote

red?

Pw = Puwowr © " © Puwy 1wy
Let IT : © — X be the natural projection map, i.e.,
ﬂ Pred(w red( In )
n>1

Define the measure v by v = IIu, where IIy is the push-forward of the measure p
under the map II.

2.2. Transversality condition and the main result in [1]. Let U C R?
be an open set. Consider a family of IFS with inverse

Ot = {98} (upyen €Tx(0), teT.

Denote by ITy : O — X the natural projection map. Let vy = ITgu. Assume that
for any (a,b) € A* the maps t — ¢, and t — (¢f,)"! are continuous, where ¢,
and (cp(tlb)_l are equipped with C'*% norm. Denote the Lyapunov exponent of ®*
by xt and the d-dimensional Lebesgue measure by L.
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DEFINITION 2.2. We say that ® satisfies the transversality condition if the
following holds: there exists a constant C; > 0 such that for all w,7 € Q,eq with
wo = 79 and w1 # 71, we have

La{t €U :|Ii(w) — (1) <7} < Cyr for all r > 0.

THEOREM 2.1 (Theorem 2.1 in [1]). Assume that the transversality condition
is satisfied. Then the measure vy is absolutely continuous for a.e. t in

U’:{tEU:hRW>1}.
Xt

3. Conjectures and open problems

In [1] the author showed that in some cases Furstenberg measure is an IFS
with inverse.

CONJECTURE 3.1. If F = {fa}aca is symmetric, then the associated Fursten-
berg measure is not an invariant measure for any IFS with inverse.

Therefore, we believe that for showing absolute continuity for a.e. parameter
for symmetric generators one needs completely need ideas and techniques.
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