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We demonstrate the universal properties of dissipative Tomonaga-Luttinger (TL) liquids by calculating
correlation functions and performing finite-size scaling analysis of a non-Hermitian XXZ spin chain as a
prototypical model in one-dimensional open quantum many-body systems. Our analytic calculation is based
on effective field theory with bosonization, finite-size scaling approach in conformal field theory, and the
Bethe-ansatz solution. Our numerical analysis is based on the density-matrix renormalization group generalized
to non-Hermitian systems (NH-DMRG). We uncover that the model in the massless regime with weak dissipation
belongs to the universality class characterized by the complex-valued TL parameter, which is related to the
complex generalization of the c = 1 conformal field theory. As the dissipation strength increases, the values
of the TL parameter obtained by the NH-DMRG begin to deviate from those obtained by the Bethe-ansatz
analysis, indicating that the model becomes massive for strong dissipation. Our results can be tested with the
two-component Bose-Hubbard system of ultracold atoms subject to two-body loss.

DOI: 10.1103/PhysRevB.105.205125

I. INTRODUCTION

In recent years, open quantum systems have been ac-
tively studied both experimentally and theoretically, such
as in driven-dissipative many-body systems [1–3] and non-
Hermitian (NH) quantum systems [4]. In many cases,
coupling to the environment causes decoherence of quantum
states and it is often detrimental to their control. Remark-
ably, dissipation can also be instrumental in the preparation
of novel states in open quantum systems. To date, a number
of theoretical studies have shown that dissipation drastically
alters various aspects of quantum many-body physics [5–18].
In particular, the interplay between unitary many-body dy-
namics and nonunitary state evolution due to dissipation
leads to unconventional phase transitions [19–26], quan-
tum critical phenomena [27–33], and measurement-induced
entanglement transitions [34–44]. Experimentally, high con-
trollability of ultracold atoms has enabled observations of
novel phases and phenomena unique to open quantum sys-
tems [45–53], e.g., continuous quantum Zeno effect [54–56],
loss-induced Dicke state [57], and parity-time-symmetric NH
quantum many-body systems [58]. For the realization of
NH quantum many-body systems, postselection of measure-
ment outcomes by means of quantum-gas microscopy can
be utilized [4,17,27,28,59]. Such experimental progress has
facilitated investigations of NH quantum systems.

In one-dimensional (1D) NH quantum many-body sys-
tems, one of the most intriguing phenomena is the dissipation-
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induced quantum criticality [60–62]. For example, the
emergence of exceptional points accompanied by the diver-
gence of the correlation length is reported [18], a quantum
critical point in an interacting Bose gas is shifted by mea-
surement backaction [27], and anomalous enhancement of
the superfluid correlation occurs as a result of a semicir-
cular renormalization-group flow [28]. These studies have
demonstrated that dissipation fundamentally alters the critical
properties which have been studied in Hermitian quantum
systems. Thus, a natural question arises about the universality
of the unusual quantum critical phenomena. However, the
universal properties of 1D NH quantum many-body systems
are still elusive [63–65].

One-dimensional quantum systems in equilibrium have
widely been explored in condensed matter physics. Ex-
amples include various spin chains [66] and the Hubbard
model [67–70]. They show rich critical phenomena and
universality emerging from quantum fluctuations in low-
dimensional systems [71–74]. Importantly, 1D strongly cor-
related systems realize the Tomonaga-Luttinger (TL) liquid,
where the low-energy physics is described by massless col-
lective modes [71–78]. A unified description of 1D quantum
critical systems is given by the conformal field theory [79–84],
where the TL liquid is characterized by the massless bo-
son theory with the central charge c = 1. For identifying
the universality class of 1D critical systems, a useful fact is
that the conformal dimensions are obtained from the energy
gap due to a finite-size effect in the spectrum of the critical
Hamiltonian. The efficient method to evaluate the conformal
dimensions is finite-size scaling [85–94]. However, it is highly
nontrivial how to identify the unconventional universality
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class of NH quantum many-body systems from the finite-size
scaling [64].

In this paper, we demonstrate the universal properties of
dissipative TL liquids by calculating correlation functions and
performing a finite-size scaling analysis of a NH XXZ spin
chain. We first employ an effective field theory with bosoniza-
tion to elucidate the long-distance properties of dissipative TL
liquids, calculating two types of correlation functions called
right-state correlation functions and biorthogonal correlation
functions according to whether the right or left eigenstate is
assigned to the bra vector in the expectation value. We then
determine the parameters of the field theory from the exact
Bethe-ansatz solution of the NH XXZ chain with the help
of the finite-size scaling in conformal field theory. We find
that the NH XXZ spin chain belongs to the universality class
characterized by the complex-valued TL parameter K̃ , which
is related to the complex generalization of the c = 1 confor-
mal field theory. Finally, we give strong numerical evidence
of the universal scaling with K̃ by calculating the energy
spectrum and the correlation functions with the density-matrix
renormalization-group analysis generalized to non-Hermitian
systems (NH-DMRG). The results show that the model is de-
scribed by the nonunitary massless Gaussian theory for weak
dissipation. On the other hand, when dissipation is increased,
both the TL parameter and the velocity of excitations obtained
by NH-DMRG start to deviate from those obtained by the
Bethe-ansatz solution. This deviation indicates a significant
finite-size effect and that the ground state can be gapped for
strong dissipation. Our results can be tested with the two-
component Bose-Hubbard system of ultracold atoms subject
to two-body loss [56].

The rest of this paper is organized as follows. In Sec. II,
we derive the NH XXZ spin chain by starting from an exper-
imentally relevant two-component Bose-Hubbard model with
two-body loss and applying a quantum trajectory method to
the Lindblad master equation. We then apply the bosonization
method to obtain the NH sine-Gordon model in which the
coefficients of the Gaussian term and the cosine term become
complex valued. The analytical calculations in the subsequent
two sections are conducted in the massless regime. We give
correlation functions in Sec. III by using the effective field
theory. Section IV is devoted to the exact solution of the
NH XXZ model by the Bethe-ansatz method. We obtain the
energy spectrum in a finite system and demonstrate that it
is consistent with the finite-size scaling formula generalized
to NH TL liquids. We also discuss stability conditions of the
NH TL liquids. In Sec. V, we report the NH-DMRG results
for the NH XXZ spin chain which are obtained without the
assumption that the system is in the massless regime. We
also compare them with the corresponding analytical results
obtained in Secs. III and IV. We finally summarize the results
and discuss some outlooks in Sec. VI.

II. MODEL

In this section, we first derive the NH XXZ model as an
effective model of a two-component Bose-Hubbard system
subject to two-body loss. Then, we bosonize the Hamiltonian
to analyze the TL-liquid properties, and obtain an effective TL
Hamiltonian.

A. Non-Hermitian XXZ model

NH spin models in the presence of dissipation have been
proposed as prototypical dissipative quantum systems relevant
to experiments in ultracold atoms [11,17,95,96]. However,
NH many-body phenomena in dissipative spin systems are
less explored [11,17,96], compared with the other dissipative
spin models that can be mapped to noninteracting NH systems
or to those in the master-equation frameworks [95,97–99].
Here we follow Ref. [17] to derive a NH XXZ spin chain
from a dissipative two-component Bose-Hubbard model of
ultracold atoms. The unitary dynamics of the system without
loss is governed by the two-component Bose-Hubbard model

H = −th
∑

j,σ=↑,↓
(b†

j+1σ b jσ + H.c.) +
∑

j

U↑↓n j↑n j↓

+
∑
j,σ

Uσσ

2
n jσ (n jσ − 1), (1)

where b jσ is the annihilation operator of a boson with spin σ

at site j, n jσ = b†
jσ b jσ , and th > 0 is the hopping amplitude,

which we assume to be the same for every site and spin state.
We assume that the onsite interaction is repulsive: Uσσ ′ > 0.
When the system is subject to two-body particle loss, the
dynamics is described by the Lindblad master equation [100]

dρ

dt
= −i[H, ρ] − 1

2

∑
jσσ ′

({L†
jσσ ′Ljσσ ′ , ρ} − 2Ljσσ ′ρL†

jσσ ′ )

= −i(Heffρ − ρH†
eff ) +

∑
jσσ ′

Ljσσ ′ρL†
jσσ ′ , (2)

where ρ is the density matrix of the system, Ljσσ ′ =√
γσσ ′b jσ b jσ ′ is the Lindblad operator that describes two-

body loss with rate γσσ ′ > 0 [14–20,51,54–57,101–103]. In
this case, the effective Hamiltonian Heff is given by

Heff = −th
∑

jσ

(b†
j+1σ b jσ + H.c.) +

∑
j

(U↑↓ − iγ↑↓)n j↑n j↓

+
∑

jσ

Uσσ − iγσσ

2
n jσ (n jσ − 1), (3)

where we have used Heff = H − i
2

∑
jσσ ′ L†

jσσ ′Ljσσ ′ [2] and
γ↑↓ = γ↓↑. In ultracold atoms, the approximations involved in
deriving the Lindblad master equation are typically satisfied to
sufficient precision [2]. We note that Eq. (3) gives a negative
imaginary part of the energy and its eigenstates decay due
to atom loss. As discussed below, we consider the longest-
surviving state which is given by the largest imaginary part of
the energy (smallest absolute value of the negative imaginary
part of the energy) in Eq. (3).

We invoke unraveling of the dynamics of the density ma-
trix into quantum trajectories [2], each of which obeys the
Schrödinger evolution with the effective Hamiltonian Heff in-
terrupted by quantum jumps described by the jump operators
Ljσσ ′ . We consider a strongly correlated regime Uσσ ′ � th and
assume that each site is occupied on average by one particle
so that a Mott insulating state is realized as an initial state. For
simplicity, we assume U↑↑ = U↓↓ ≡ U and γ↑↑ = γ↓↓ ≡ γ .
Then, the second-order perturbation theory with respect to th
reduces the effective NH Hamiltonian (3) to the NH XXZ
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model [17,104]

Heff = (
J⊥

eff + i�⊥)∑
j

(
Sx

j+1Sx
j + Sy

j+1Sy
j

)
+ (

Jz
eff + i�z

)∑
j

Sz
j+1Sz

j

= (
J⊥

eff + i�⊥)∑
j

(
Sx

j+1Sx
j + Sy

j+1Sy
j + �γ Sz

j+1Sz
j

)
,

(4)

where Sα
j (α = x, y, z) are the spin- 1

2 operators, J⊥
eff =

−4t2
hU↑↓/(U 2

↑↓ + γ 2
↑↓), �⊥ = −4t2

h γ↑↓/(U 2
↑↓ + γ 2

↑↓), Jz
eff =

−J⊥
eff − 8t2

hU/(U 2 + γ 2), �z = −�⊥ − 8t2
h γ /(U 2 + γ 2), and

we have ignored a constant term. We note that, since the
energy spectrum of the original effective Hamiltonian (3)
always has a negative imaginary part, the imaginary part of
the energy of the NH XXZ model (4) should be negative if we
include the ignored constant term. As the constant term does
not change the structure of the energy spectrum, the eigenstate
with the smallest decay rate of the effective Hamiltonian (4) is
given by the one with the energy having the largest imaginary
part, which corresponds to the smallest absolute value of the
negative imaginary part of the energy in the original effective
Hamiltonian (3). Here, the anisotropy parameter

�γ ≡ Jz
eff + i�z

J⊥
eff + i�⊥

= 2
U↑↓U + γ↑↓γ

U 2 + γ 2
− 1 + 2i

U↑↓γ − Uγ↑↓
U 2 + γ 2

(5)

becomes complex in general, and its imaginary part can
be either positive or negative. However, in the case where
U = γ ≡ G and U↑↓ = γ↑↓ ≡ G↑↓, the anisotropy parameter
becomes �γ = 2G↑↓/G − 1 ∈ R. Thus, we have to pay atten-
tion to the fact that the anisotropy parameter �γ can be real
even in the presence of dissipation.

In the case of �γ ∈ R, the complex coefficients only ap-
pear as an overall constant and the eigenstates are the same as
those of the Hermitian XXZ model [17]. As J⊥

eff and �⊥ have
the same sign (J⊥

eff , �
⊥ < 0), higher-energy states (i.e., states

with a larger real part of the energy) have smaller decay rates.
Thus, after a sufficiently long time, only the high-energy spin
states can survive in the Schrödinger evolution under Heff .
In particular, the system approaches the ground state of the
following XXZ model in the long-time limit:

HXXZ
eff = J

2

∑
j

(S+
j+1S−

j + S−
j+1S+

j ) + J�γ

∑
j

Sz
j+1Sz

j, (6)

where S±
j = Sx

j ± iSy
j and J > 0. Note that sgn[J] =

−sgn[J⊥
eff ].

When �γ ∈ C, the eigenstates of the effective NH Hamil-
tonian (4) are not equivalent to those of the Hermitian
Hamiltonian and therefore unusual quantum critical phenom-
ena may take place due to non-Hermiticity. In this case, the
longest-surviving state with the largest imaginary part of the
eigenenergy of the effective NH Hamiltonian (4) is given by
the ground state with the lowest real part of the eigenenergy
in the NH XXZ model (6), if the imaginary part of �γ is

sufficiently small so that no level crossing occurs. Therefore,
for convenience of calculations, we hereafter focus on the
ground state of the NH XXZ model (6).

The dynamics under the NH effective Hamiltonian (4) is
realized when we measure the particle number with quantum-
gas microscopy and postselect measurement outcomes in
which the particle number is equal to that of the initial state. In
Ref. [17], it was shown that the highest-energy state in Eq. (4)
is obtained even in quantum trajectories which involve quan-
tum jumps, if the spin correlation is measured only at the sites
that are occupied by single particles. This is a consequence
of the spin-charge separation in 1D systems [105], where the
spin degrees of freedom are decoupled from holes created
by quantum jumps. Thus, by postselecting the occupied sites
with quantum-gas microscopy, the spin correlations after a
sufficiently long time are expected to be described by those of
the ground state of Eq. (6). Here, we note that the steady state
of the Lindblad master equation (2) is the vacuum. However,
as the dynamics under the NH effective Hamiltonian (4) is
obtained by postselecting special measurement outcomes in
which there are no loss events, it realizes a nontrivial steady
state, which is different from the state obtained under the
Lindblad master equation (2) [17]. In this paper, we analyze
the NH XXZ model (6) and elucidate how unconventional
universal properties of TL liquids emerge in NH spin chains.

B. Non-Hermitian Tomonaga-Luttinger model

In order to elucidate the long-distance behavior of dissipa-
tive TL liquids, we bosonize the NH XXZ Hamiltonian (6).
We use the standard boson mapping as detailed in Ap-
pendix A [105], and take the continuum limit by introducing
S+(x) = S+

j /
√

a, Sz(x) = Sz
j/a, where a is the lattice spacing.

After the bosonization procedure, the spin operators in the
continuum limit are written as

Sz(x) = − 1

π
∇φ(x) + (−1)x

πα
cos[2φ(x)], (7)

S+(x) = e−iθ (x)

√
2πα

{(−1)x + cos[2φ(x)]}, (8)

where x is related to the lattice coordinate as x = a j with a =
1, α is a cutoff, and the bosonic fields φ(x) and θ (x) satisfy the
commutation relation [φ(x1),∇θ (x2)] = iπδ(x2 − x1). Then,
we obtain the NH sine-Gordon Hamiltonian

H sG
eff = HTL

eff − 2g̃3

(2πα)2

∫
dx cos[4φ(x)], (9)

where g̃3 is a complex-valued coefficient that depends on �γ ,
and

HTL
eff = 1

2π

∫
dx
[
ũK̃ (∇θ (x))2 + ũ

K̃
(∇φ(x))2

]
. (10)

Here, K̃ is the complex-valued TL parameter and ũ is the
complex-valued velocity of excitations. We obtain the exact
solutions of K̃ and ũ by using the Bethe-ansatz method gen-
eralized to NH systems in Sec. IV. Here and henceforth, we
use the symbol Ã with a tilde to emphasize that a quantity Ã
is complex. In Sec. III, we consider the situation where the
model is in the massless regime, and we analyze the NH TL
model HTL

eff .
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III. CORRELATION FUNCTIONS

In NH systems, a right eigenstate, which is defined by
HTL

eff |�R〉 = E |�R〉, and a left eigenstate, which is defined
by HTL†

eff |�L〉 = E∗|�L〉, are different from each other. There-
fore, two types of correlation functions can emerge according
to whether the right or left eigenstate is assigned to the bra
vector in the expectation value. The first type is defined by
L〈. . . 〉R ≡ 〈�L

0 | . . . |�R
0 〉/〈�L

0 |�R
0 〉, where |�L

0 〉 and |�R
0 〉 are

the left and right ground states (in the sense of the real part
of the energy) of HTL

eff , respectively. This type of correla-
tion functions is calculated through path integrals [19]. The
second type is defined by R〈. . . 〉R ≡ 〈�R

0 | . . . |�R
0 〉/〈�R

0 |�R
0 〉,

which is calculated by the wave-functional approach [27,106].
Here, we note that the subscripts L and R for the bra and
ket vectors stand for the left and right eigenstates of the NH
Hamiltonian (10), and they are not related to the left and right
branches of the TL model. We call the correlation functions
L〈. . . 〉R and R〈. . . 〉R the biorthogonal correlation function and
the right-state correlation function, respectively.

In the postselected sector with no loss events, the dy-
namics of the system is described by the Schrödinger
equation i∂t |ψ〉 = Heff |ψ〉, which gives the right ground state
of the NH XXZ Hamiltonian (6) in the long-time limit. Then,
the right-state correlation function is obtained as a standard
quantum-mechanical expectation value for the state |ψ (t →
∞)〉 = |�R

0 〉 and corresponds to an experimentally measured
physical quantity. On the other hand, the biorthogonal cor-
relation function gives a natural extension of the correlation
function that can be calculated with a field-theoretical method
in NH systems. We also emphasize that the biorthogonal cor-
relation functions are directly related to the complex extension
of the c = 1 conformal field theory as detailed in Sec. IV. We
calculate both correlation functions in this section.

A. Biorthogonal correlation functions

In this section, we discuss the biorthogonal correlation
functions. We first calculate the correlation functions of the
fields φ and θ , and use them to obtain the correlation functions
of the spin operators. An important point is that a convergence
problem of the Gaussian integration occurs due to the complex
nature of ũ and K̃ . Our calculation is based on the path-integral
formalism [19].

1. Path-integral formalism and correlation functions of φ and θ

We start with the partition function defined by

Z = Tr
[
e−βHTL

eff
] =

∫
Dφ D� e−S, (11)

S = −
∫ β

0
dτ

∫ ∞

−∞
dx
[
i�∂τφ − HTL

eff (φ,�)
]
, (12)

where �(x, τ ) = ∇θ (x, τ )/π . We note that, as temperature is
not well defined in generic open quantum systems, we only
consider the limit of infinite β to elucidate the physics of
the ground state, which is defined by the eigenstate that has
the lowest real part of the eigenspectrum [19,27]. Thus, β

is a parameter used to formulate a path integral and should
not be regarded as the temperature of the system. In the
following, we calculate the equal-time correlation function

L〈[φ(x1, 0) − φ(x2, 0)]2〉R. It is rewritten by using the Fourier
transformation φ(x, τ ) = 1

βL

∑
q ei(xq−ωnτ )φ(q) as

L〈[φ(x1, 0) − φ(x2, 0)]2〉R

= 1

(βL)2

∑
q1,q2

[
L〈φ(q1)φ(q2)〉R

(
eik1x1 − eik1x2

)
× (

eik2x1 − eik2x2
)]

, (13)

where q = (k, ωn/ũ), ωn = 2πn/β is the Matsubara fre-
quency of bosons, and L is the length of the lattice. The action
is calculated as

S =
∫ β

0
dτ

∫ ∞

−∞
dx

[
−i

1

π
∇θ (x, τ )∂τφ(x, τ )

+ 1

2π

(
ũK̃ (∇θ (x, τ ))2 + ũ

K̃
(∇φ(x, τ ))2

)]
= 1

2βL

∑
q

(θ∗(q), φ∗(q))M
(

θ (q)
φ(q)

)
, (14)

where the matrix M is given by

M =
(

k2 ũK̃
π

ikωn
π

ikωn
π

k2 ũ
K̃π

)
. (15)

In the Hermitian case, the Gaussian integration with the ac-
tion (14) always converges. However, in the NH case, the
Gaussian integration can be divergent because the velocity
ũ of excitations and the TL parameter K̃ become complex.
To ensure the convergence of the Gaussian integration, the
Hermitian part of the matrix M should be positive definite, i.e.,
Re(ũK̃ ) > 0 and Re(ũ/K̃ ) > 0. These conditions are equiva-
lent to those that ensure the energy spectrum of the NH TL
liquids to be bounded from below (see Sec. IV C). Thus, if
these conditions are not satisfied, the NH TL liquids become
unstable. With these conditions, we can conduct further cal-
culations and obtain

L〈φ(q1)φ(q2)〉R = 1

Zφ

∫
Dφ e−Sφ φ(q1)φ(q2)

= π K̃δq1,−q2
Lβ

ω2
n

ũ + ũk2
1

, (16)

where

Zφ =
∫

Dφ e−Sφ , (17)

Sφ = 1

βL

∑
q

1

2π K̃

(
ω2

n

ũ
+ ũk2

)
φ∗(q)φ(q). (18)

Then, we arrive at

L〈[φ(x, 0) − φ(0, 0)]2〉R = 1

βL

∑
q

π K̃
ω2

n
ũ + ũk2

(2 − 2 cos kx)

= K̃

2
log

(
x2 + α2

α2

)
, (19)

where we have introduced a cutoff α and taken the limit
β → ∞. We note that the limit β → ∞ is safely taken under
the condition Re(ũK̃ ) > 0 and Re(ũ/K̃ ) > 0. We can apply a
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similar procedure to L〈[θ (x, 0) − θ (0, 0)]2〉R by replacing K̃
with 1/K̃ , and obtain

L〈[θ (x, 0) − θ (0, 0)]2〉R = 1

2K̃
ln

(
x2 + α2

α2

)
. (20)

Finally, by using the formula

L

〈
exp

[
i
∑

j

[Ajφ(x j, 0) + Bjθ (x j, 0)]

]〉
R

= exp

⎡⎣−1

2
L

〈(∑
j

[Ajφ(x j, 0) + Bjθ (x j, 0)]

)2〉
R

⎤⎦,

(21)

and Eqs. (19) and (20), we arrive at

L〈ei[2φ(x,0)−2φ(0,0)]〉R =
(α

x

)2K̃
, (22)

L〈ei[2θ (x,0)−2θ (0,0)]〉R =
(α

x

) 2
K̃
. (23)

We see that the correlation functions of the fields φ and θ

are characterized by the complex-valued TL parameter K̃ .
This fact is related to the complex generalization of the c = 1
conformal field theory, which is discussed in Sec. IV.

2. Correlation function of the spin operators

We here calculate the correlation functions of the spin op-
erators defined in Eqs. (7) and (8). For the correlation function
of Sz, we obtain the free-fermion-like correlation 1/x2 and the
power law characterized by K̃ by performing the Gaussian
integration with Eq. (22) as

L〈Sz(x, 0)Sz(0, 0)〉R = 1

π2 L〈∇φ(x, 0)∇φ(0, 0)〉R

+ (−1)x

(2πα)2 L〈ei2[φ(x,0)−φ(0,0)] + H.c.〉R

= − K̃

2π2

1

x2
+ C̃2(−1)x

(
1

x

)2K̃

, (24)

where C̃2 is a complex-valued nonuniversal amplitude. Here,
we note that x is defined on the lattice x = a j, where we
set a = 1. For the x-y component of the correlation function,
we obtain the power law characterized by 1/K̃ and the linear
combination of K̃ and 1/K̃ by using Eqs. (22) and (23) as

L〈S+(x, 0)S−(0, 0)〉R = 1

2πα
L〈e−i[θ (x,0)−θ (0,0)][(−1)x

+ 1
4 (e2i[φ(x,0)−φ(0,0)] + H.c.)]〉R

= C̃3

(
1

x

)2K̃+ 1
2K̃

+ C̃4(−1)x

(
1

x

) 1
2K̃

,

(25)

where the off-diagonal terms with respect to the fields φ

and θ such as L〈θ (x, 0)φ(0, 0)〉R only contribute to the sign,
and we have used the fact that L〈exp{i∑ j[Ajφ(x j, 0) +
Bjθ (x j, 0)]}〉R = 0 when

∑
i Ai �= 0 or

∑
i Bi �= 0. Here, C̃3

and C̃4 are nonuniversal complex-valued amplitudes, which

satisfy C̃3 < 0 in the Hermitian limit. Thus, we see that the
power-law decay of the biorthogonal correlation functions of
the spin operators is universally characterized by the complex-
valued TL parameter K̃ .

B. Right-state correlation functions

In this section, we study the right-state correlation func-
tions. We first calculate the correlation functions of the fields
φ and θ , and then obtain the correlation functions of the spin
operators by using them. Our calculation is based on the gen-
eralization of the harmonic oscillator to NH systems [27,106].

1. Ground-state wave function,
and correlation functions of φ and θ

We start with the NH TL Hamiltonian (10), which is rewrit-
ten as

HTL
eff = 1

2π

∫
dx
[
vJe−iδJ (∇θ (x))2 + vN e−iδN (∇φ(x))2

]
,

(26)

where vJ > 0, vN > 0, and δJ , δN ∈ R.
The case with δJ = 0 was analyzed in Ref. [27]. Since

eiδJ HTL
eff reduces to this case, the energy eigenspectrum and

the ground state in the present case can be obtained by a
straightforward extension of the results in Ref. [27]. The wave
function of the ground state is given by

〈{φk}|�R
0 〉 = 1√

N
exp

(
−e−i(δN −δJ )/2

K ′
∑
k>0

k|φk|2
)

, (27)

where N is a normalization constant, K ′ = √
vJ/vN ∈ R, and

|{φk}〉 is an eigenstate of φ(x) defined by

φ(x)|{φk}〉 =
√

π

L

∑
k>0

(φkeikx + φ∗
k e−ikx )|{φk}〉. (28)

The field θ (x) induces the shift of the eigenstate |{φk}〉 as
follows:

e2iθ (x)|{φk}〉 =
∣∣∣∣{φk − 2i

k

√
π

L
e−ikx

}〉
. (29)

The eigenenergies are given by

E = v′e−i(δN +δJ )/2
∑
k>0

k(n+
k + n−

k + 1), (30)

where v′ = √
vJvN , and n+

k and n−
k are non-negative integers.

By using the ground-state wave function (27), the correlation
functions of the fields φ and θ are calculated as [27]

R〈e2iφ(x)e−2iφ(0)〉R =
(α

x

)2Kφ

, (31)

R〈e2iθ (x)e−2iθ (0)〉R =
(α

x

) 2
Kθ

, (32)

where a cutoff α is introduced, and the critical expo-
nents are defined by Kφ = K ′/ cos[(δN − δJ )/2] and Kθ =
K ′ cos[(δN − δJ )/2].

Here, we have to pay attention to the fact that the wave
function (27) should be normalizable and the real part of
the eigenvalues (30) should be bounded from below. For
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the model in Ref. [27], these conditions are equivalent to
each other. However, in our model, these two conditions are
inequivalent due to the phase factor e−iδJ in the eigenspec-
trum (30). In order that the wave function (27) and that of
the zero mode can be normalized, δN and δJ should satisfy
−π/2 < δN − δJ < π/2. For the eigenenergies, in order for
the real part of the eigenspectrum including the zero-mode
contribution to be bounded from below, δN and δJ should
satisfy −π/2 < δN < π/2 and −π/2 < δJ < π/2. Further
discussions on the condition for realizing NH TL liquids are
given in Sec. IV.

Importantly, the right-state correlation functions of the
NH TL liquid are characterized by the two critical expo-
nents Kφ and Kθ , though they coincide in the Hermitian
limit [27]. Since we can rewrite the complex-valued TL pa-
rameter as K̃ = K ′ei(δN −δJ )/2 by comparing Eqs. (10) and (26),
the two critical exponents Kφ = K ′/ cos[(δN − δJ )/2] and
Kθ = K ′ cos[(δN − δJ )/2] can be compactly written as

1

Kφ

= Re
1

K̃
, (33)

Kθ = ReK̃ . (34)

We see that the critical exponents for the fields φ and θ

are related to each other through Eqs. (33) and (34), and
both are defined by the complex-valued TL parameter K̃ .
Thus, we conclude that all the universal properties of the
biorthogonal and right-state correlation functions are encoded
in the complex-valued TL parameter K̃ , which is related to
the NH generalization of the c = 1 conformal field theory as
discussed in Sec. IV.

2. Correlation functions of the spin operators

We now calculate the correlation functions of the spin
operators (7) and (8). By performing the Gaussian integration
and using Eq. (31), we obtain the correlation function of Sz as

R〈Sz(x)Sz(0)〉R = 1

π2 R〈∇φ(x)∇φ(0)〉R

+ (−1)x

(2πα)2 R〈ei2φ(x)−i2φ(0) + H.c.〉R

= − Kφ

2π2

1

x2
+ C2(−1)x

(
1

x

)2Kφ

, (35)

where C2 is a nonuniversal real correlation amplitude. We note
that x = a j is defined on the lattice and that we set a = 1. We
see that the correlation function of Sz has the free-fermion-like
correlation 1/x2 and anomalous power-law decay character-
ized by Kφ . Next, we go on to calculate the x-y component of
the correlation function. The x-y component of the correlation
function is rewritten as

R〈S+(x)S−(0)〉R = 1

2πα
R〈e−i[θ (x)−θ (0)][(−1)x

+ 1

4
(e2i[φ(x)−φ(0)] + H.c.)]〉R. (36)

To proceed further with calculations, we consider the condi-
tion in which a general expectation value,

R〈e−i[θ (x)−θ (0)]ei[Aφ(x)+Bφ(0)]〉R, (37)

becomes nonzero. By inserting the completeness condition for
|{φk}〉, Eq. (37) reads as

R〈e−i[θ (x)−θ (0)]ei[Aφ(x)+Bφ(0)]〉R = 1

N

∫
Dφ Dφ∗ exp

{∑
k>0

[
− k

K ′

(
e

i(δN −δJ )
2

∣∣∣∣φk + i

k

√
π

L
e−ikx

∣∣∣∣2 + e− i(δN −δJ )
2

∣∣∣∣φk + i

k

√
π

L

∣∣∣∣2
)

+i

√
π

L
(A(φ′

keikx + φ′∗
k e−ikx ) + B(φ′

k + φ′∗
k ))

]}

= exp

{∑
k>0

[
− 1

K ′ cos[(δN − δJ )/2]

π

2kL
(2 − eikx − e−ikx )

− K ′

cos[(δN − δJ )/2]

π

2kL
{(A + B)2 + 2AB[cos(kx) − 1]}

+π (eikx − e−ikx )

kL

(
Ae−i(δN −δJ )/2 − Bei(δN −δJ )/2

2 cos[(δN − δJ )/2]
− A

)]}
, (38)

where φ′
k = φk + i

k

√
π
L . The second term in the exponent in Eq. (38) diverges to the negative infinity if A + B �= 0. Thus, the

expectation value (37) is nonzero only when A + B = 0. By substituting (A, B) = (±2, ∓2) in Eq. (37), we obtain

R〈e−i[θ (x)−θ (0)]ei[±2φ(x)∓2φ(0)]〉R =
(α

x

)2Kφ+ 1
2Kθ

. (39)

Finally, by using Eqs. (32) and (39), we arrive at

R〈S+(x)S−(0)〉R = C3

(
1

x

)2Kφ+ 1
2Kθ + C4(−1)x

(
1

x

) 1
2Kθ

,

(40)

where C3 < 0 and C4 are nonuniversal real correlation
amplitudes. We see that the correlation function (40) is char-
acterized by the anomalous power-law decay with two critical
exponents Kφ and Kθ . Here, we emphasize that as the critical
exponents Kφ and Kθ are written in terms of the real part of
1/K̃ and that of K̃ , respectively [see Eqs. (33) and (34)], the
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universal properties of the right-state spin correlation func-
tions as well as the biorthogonal correlation functions are
characterized by the complex-valued TL parameter K̃ .

IV. EXACT RESULTS

The parameters ũ and K̃ of the NH TL-liquid theory (10)
can be read off from the low-energy spectrum (in the sense of
the real part of the energy) of the original lattice Hamiltonian.
In this section, we exactly solve the NH XXZ model (6)
by using the Bethe-ansatz method and obtain the finite-size
energy spectrum of the NH XXZ model (6), demonstrating
that the model is described by the complex generalization
of the c = 1 conformal field theory. We also calculate the
complex-valued TL parameter from the exchange coupling
J and the anisotropy parameter �γ . Finally, we discuss the
stability conditions to realize the NH TL liquids.

A. Bethe-ansatz solution

We consider the NH XXZ model (6) with length L. Here
we employ the twisted boundary condition S+

L+1 = ei�S+
1 for

later convenience. Thanks to the U(1) symmetry of the Hamil-
tonian, energy eigenstates can be labeled by the number M of
down spins. Then, the Bethe equations of the XXZ model are
given by [107–109]

eik j L−i� = (−1)M−1
∏
l �= j

1 + ei(k j+kl ) + 2�γ eik j

1 + ei(k j+kl ) + 2�γ eikl
, (41)

where k j ( j = 1, . . . , M ) are quasimomenta and �γ ∈ C. An
energy eigenvalue EL is calculated from the solution of the
Bethe equations as

EL(�) = −J
M∑

j=1

(cos k j + �γ ) + J�γ

4
L. (42)

We note that the derivation of the Bethe equations (41) still
holds for complex �γ and therefore the NH XXZ model (6)
is exactly solvable.

The Bethe equations (41) are rewritten as(
sinh μ

2 (λ j + i)

sinh μ

2 (λ j − i)

)L

= ei�
∏
l �= j

sinh μ

2 (λ j − λl + 2i)

sinh μ

2 (λ j − λl − 2i)
, (43)

where

eik j = − sinh μ

2 (λ j + i)

sinh μ

2 (λ j − i)
, (44)

and μ = arccos�γ . By taking the logarithm of Eq. (43), we
have

2L arctan

[
tanh(μλ j/2)

tan(μ/2)

]

= 2π I j + � +
M∑

l=1

2 arctan

[
tanh μ

2 (λ j − λl )

tan μ

]
, (45)

where we set the quantum numbers

I j = −M + 1

2
+ j ( j = 1, . . . , M ) (46)

to obtain the ground state.

FIG. 1. Numerical solution of the Bethe equations [Eq. (45)] for
the ground state of the NH XXZ model with L = 2M = 250 and
� = 0. The model parameter is set to �γ = 0.8 − 0.3i. Green dots
show spin rapidities λ j ( j = 1, . . . , M ).

In the infinite-size limit with M/L being fixed, the spin
rapidities λ j ( j = 1, . . . , M ) are densely distributed along a
path C in the complex plane (see also other cases of NH
integrable models [18,31,96,110]). In this limit, the Bethe
equations (45) reduce to the following integral equation for
the distribution function σ∞(λ) = limL→∞ σL(λ, 0) of spin ra-
pidities [see Eq. (B5) in Appendix B for its precise definition]:

σ∞(λ) = a1(λ) −
∫
C

dλ′a2(λ − λ′)σ∞(λ′), (47)

where

an(λ) ≡ 1

2π

μ sin(nμ)

cosh(μλ) − cos(nμ)
. (48)

In Fig. 1, we show the distribution of spin rapidities obtained
from a numerical solution of the Bethe equations (45). In the
Hermitian limit (�γ ∈ R) with M/L = 1

2 , the spin rapidities
are distributed from −∞ to +∞ along the real axis. Here,
we consider the case in which the path C can continuously be
deformed onto the real axis without crossing the poles of the
integrand of Eq. (47). Hence, by using the Fourier transforma-
tion, we obtain the solution of the integral equation (47) for
M/L = 1

2 and � = 0 in the same form of that for the ground
state in the Hermitian limit as [109]

σ∞(λ) = 1

4 cosh(πλ/2)
, (49)

and the energy density eL(�) ≡ EL(�)/L of the ground state
is given by

e∞(0) = J�γ

4
− 2πJ sin μ

μ

∫
C

dλ a1(λ)σ∞(λ)

= J�γ

4
− J sin μ

μ

∫ ∞

−∞
dω

sinh
(

π
μ

− 1
)
ω

2 cosh ω sinh(πω/μ)
.

(50)

The low-energy excitation spectrum is calculated in a
similar way. Here we consider a solution with � = 0
in the M = L/2 − 1 sector and set the quantum numbers
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as

I j = L

4
,

L

4
− 1, . . . ,

L

4
− r + 1,

L

4
− r − 1,

. . . ,
L

4
− s + 1,

L

4
− s − 1, . . . ,−L

4
, (51)

where 0 � r < s � L/4. Then, the excitation energy �E from
the ground state with M = L/2 is given by

�E = Jπ sin μ

2μ
(sin qr + sin qs), (52)

where qr = 2πr/L and qs = 2πs/L are the momenta of
spinon excitations.

To calculate the finite-size energy spectrum of the NH XXZ
model, we generalize the Wiener-Hopf method [109] to the
NH model. As detailed in Appendix B, the leading part of the
energy spectrum is given by

eL(�) − e∞(0) = − π ũ

6L2
+ 2S2

χ̃L2
+ D̃s�

2

2L2
+ o(1/L2), (53)

where S = L/2 − M is the magnetization,

ũ = Jπ sin μ

2μ
= Jπ

2 arccos �γ

sin(arccos �γ ) (54)

is the complex-valued velocity of excitations,

χ̃ = 4μ

Jπ (π − μ) sin μ
(55)

is the generalized susceptibility, and

D̃s = π

4

J sin μ

μ(π − μ)
(56)

is the generalized spin stiffness. Equations (53)–(56) pro-
vide a NH counterpart of the energy spectrum of the XXZ
model [91–93,109,111–114].

The first term in the right-hand side of Eq. (53) gives
the finite-size correction to the ground-state energy, which is
related to the central charge c = 1 of the conformal field the-
ory [89,90,94]. This result suggests that a finite-size scaling
based on the formula

EL(0) = Le∞(0) − π ũc

6L
(57)

is still valid for the NH model, while the algebraic charac-
terization of the central charge c is nontrivial in the complex
extension of the conformal field theory.

B. Finite-size spectrum and the Tomonaga-Luttinger parameter

The finite-size spectrum of the excitation energies in TL
liquids was obtained in Refs. [72,74]. We generalize it to
NH TL liquids. We first employ the mode expansion with the
bosonization procedure. By rescaling the fields φ and θ [see
Eqs. (A1) and (A2) in Appendix A for their precise defini-
tions] with K ′ = √

vJ/vN ∈ R and substituting them into the
NH TL Hamiltonian (10), it is rewritten as

HTL
eff = v′e−iδJ

4

∑
k �=0

|k|{(e−i(δN −δJ ) + 1)(b†
kbk + b−kb†

−k )

+ (e−i(δN −δJ ) − 1)(b†
kb†

−k + b−kbk )}
+ π

2L

[
ṽN (N − N0)2 + ṽJJ2

curt

]
, (58)

where the zero mode is explicitly written, v′ = √
vJvN , ṽN =

vN e−iδN , ṽJ = vJe−iδJ , N0 = L/2 at half-filling, N − N0 is the
change in particle number, and Jcurt is the number of particles
that are transferred from the left Fermi point to the right one.
Then, we diagonalize Eq. (58) as follows:

HTL
eff = ũ

∑
k �=0

|k|ākak + π

2L

[
ṽN (N − N0)2 + ṽJJ2

curt

]
. (59)

Importantly, the quasiparticle operators ak = bk cos[(δN −
δJ )/4] − ib†

−k sin[(δN − δJ )/4] and āk = b†
k cos[(δN −

δJ )/4] − ib−k sin[(δN − δJ )/4] satisfy the commutation
relation [ak, āk′ ] = δk,k′ though āk �= a†

k [19]. As this
transformation is given by the similarity transformation
as ak = S(η)bkS(−η), āk = S(η)b†

kS(−η) with S(η) =
exp[ iη

2

∑
k �=0(b†

kb†
−k − b−kbk )] and η = (δN − δJ )/4, it does

not change the conformal-tower structure from the Hermitian
limit with the central charge c = 1. Here, we note that the
complex-valued velocities ũ, ṽN , and ṽJ are not independent
but related by ũ = √

ṽN ṽJ , and the first term in Eq. (59) gives
the eigenenergy in Eq. (30). Hence, we obtain the excitation
energy in a finite system under the periodic boundary
condition as

�EPBC = 2π ũ

L

[
1

4K̃
(�N )2 + K̃ (�D)2 + n+ + n−

]
, (60)

where �N = N − N0 ∈ Z, �D = Jcurt/2 ∈ Z, n+ and n− are
non-negative integers characterizing particle-hole excitations,
and + (−) corresponds to the holomorphic (antiholomorphic)
part in conformal field theory. In Eq. (60), the complex-valued
nature of K̃ and ũ gives the complex energy spectrum and
leads to dissipation of the system. We see that Eq. (60) is an
extension of the finite-size scaling formula in c = 1 conformal
field theory of the Hermitian TL liquids to the NH TL liquids.
Equation (60) is to be compared with the Bethe-ansatz results
[Eq. (53)] below. From Eq. (60), we obtain the conformal
dimensions as follows:

�±
CFT = 1

2

(
�N

2
√

K̃
± �D

√
K̃

)2

+ n±, (61)

which gives the critical exponents of the correlation functions
in the infinite system. For NH TL liquids with open boundary
conditions (chiral NH TL liquids) [115,116], they do not con-
vey the current, and the excitation energy in a finite system
reads as

�EOBC = π ũ

L

(
1

2K̃
(�N )2 + n

)
, (62)

where n is a non-negative integer. Equation (62) is relevant
to the NH-DMRG calculation in Sec. V. The corresponding
conformal dimension reads as

�CFT = 1

2K̃
(�N )2 + n. (63)

Thus, the conformal dimensions belong to the universality
class characterized by the complex-valued TL parameter K̃ .

We now obtain the TL parameter K̃ . The quantum numbers
of the particle number and the current in Eq. (60) are identi-
fied as �N = S and �D = �/(2π ). By comparing Eqs. (53)
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FIG. 2. Ratio between the critical exponents Kφ and Kθ calcu-
lated from the exact result (64) on the NH XXZ model.

and (60), the TL parameter reads as

K̃ = π

2(π − arccos �γ )
. (64)

We note that, since the quantum numbers n± of particle-hole
excitations in Eq. (60) characterize the spinon excitations in
Eq. (52), we obtain ũ in Eq. (54). In Fig. 2, we plot the ratio
between the two critical exponents Kφ and Kθ [see Eqs. (33)
and (34)] calculated from the exact result (64). Since the
two critical exponents coincide in the Hermitian case, the
deviation of the ratio from unity quantifies how the univer-
sality class of the NH XXZ model deviates from the standard
Hermitian TL liquid theory.

Next, we discuss how the complex-valued TL parameter
K̃ and the velocity ũ of excitations are obtained from numer-
ical calculations of the finite-size spectrum of the excitation
energy. As we consider open boundary conditions in the NH-
DMRG calculation in Sec. V, we here assume the excitation
energy with open boundary conditions given by Eq. (62). The
parameters K̃ and ũ are calculated through the following two
types of energy gaps in a finite system:

�Espectral = �EOBC(�N = 0, n = 1) = π ũ

L
, (65)

�Espin = �EOBC(�N = 1, n = 0) = π ũ

L

1

2K̃
, (66)

which we call the spectral gap and the spin gap, respectively.
In the Hermitian case, the spectral gap and the spin gap co-
alesce in the Heisenberg limit. From Eqs. (65) and (66), we
obtain

K̃ = �Espectral

2�Espin
, (67)

ũ = L�Espectral

π
. (68)

We use Eqs. (67) and (68) in the NH-DMRG analysis in
Sec. V.

C. Stability conditions for realizing the non-Hermitian
Tomonaga-Luttinger liquids

In contrast to Hermitian TL liquids, the velocity ũ of ex-
citations and the TL parameter K̃ become complex in NH
TL liquids. In order for the NH TL liquids to be stable, the

real part of the energy spectrum should be bounded from
below and the ground state should be normalizable. From
Eq. (60), the energy spectrum is bounded from below when
the coefficients satisfy the conditions

Re
[ ũ

K̃

]
> 0, (69)

Re
[
ũK̃
]

> 0. (70)

We note that the stability condition Re[ũ] > 0 for the energy
spectrum corresponding to the particle-hole excitations is sat-
isfied if the conditions (69) and (70) hold. The conditions (69)
and (70) are equivalent to those for ensuring the convergence
of the Gaussian integration in the path integrals discussed
in Sec. III. Moreover, as discussed in Sec. III, the condition
−π/2 < δN − δJ < π/2 should be satisfied in order for the
ground-state wave function (27) to be normalizable. This is
equivalent to the following condition:

Re
[
K̃2
]

> 0. (71)

As we have obtained the exact solutions for ũ and K̃ in
Eqs. (54) and (64), we have to choose appropriate �γ so that
the three conditions (69), (70), and (71) are satisfied in order
to realize the NH TL liquids. If one of Eqs. (69), (70), and (71)
is not satisfied, the dissipation causes the instability of the NH
TL liquids. The nature of the ground state after the instability
is an interesting problem but is left for future studies.

Finally, we explain the physical meaning of the critical
exponents in the correlation functions obtained in Sec. III.
As the operator eiθ makes a kink in φ, it results in a change
in the particle number, thus causing an excitation in the first
term in Eq. (10) or equivalently in the first term in Eq. (60).
Such an excitation leads to the correlation functions for the
field θ in Eqs. (23) and (32). Similarly, as the operator eiφ

creates a current, it causes an excitation in the second term in
Eq. (10) or, equivalently, in the second term in Eq. (60). Such
an excitation leads to the correlation functions for the field φ

in Eqs. (22) and (31).

V. NON-HERMITIAN DENSITY-MATRIX
RENORMALIZATION-GROUP ANALYSIS

We conduct numerical calculations based on the density-
matrix renormalization-group analysis generalized to non-
Hermitian systems (NH-DMRG) [117–122]. We compare the
NH-DMRG results for the lattice Hamiltonian HXXZ

eff [Eq. (6)]
and the analytical results obtained by the effective field theory
and the Bethe ansatz discussed in Secs. III and IV, thereby
demonstrating that the quantum critical phenomena of the
model are well described by the NH TL-liquid theory.

The algorithm for NH-DMRG is summarized in Ap-
pendix C. The main idea of NH-DMRG is to use the following
form of the density matrix for truncation of eigenstates [123]:

ρi = 1
2 T̂r{|ψi〉LL〈ψi| + |ψi〉RR〈ψi|}, (72)

where T̂r describes the partial trace on the system block in
the DMRG sweep, and |ψi〉R (L) denotes the right (left) eigen-
vector corresponding to the ith eigenvalue of the NH XXZ
Hamiltonian (6). This type of density matrix was used in
Refs. [124–127], and its validity was confirmed numerically
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by comparing the NH-DMRG results with exact results and
analytical calculations. We emphasize that, in NH-DMRG, we
do not use the traditional variational ansatz to minimize the
energy, but we use the numerically accurate density matrix to
truncate the eigenstates. In particular, in Ref. [125], Eq. (72)
was shown to be superior to the other choices of the density
matrix such as ρi = T̂r{|ψi〉RR〈ψi|}. By using Eq. (72), we can
avoid all problems related to the possibility of complex eigen-
values. To test the accuracy of the NH-DMRG algorithms, we
have compared the ground-state energy obtained from NH-
DMRG with that obtained from the exact diagonalization for
the number of kept states m = 40 and the system size L = 14.
We find the numerical error between them is small enough
(the maximum numerical error is of the order of 10−9) so that
it does not affect the results obtained below for NH TL liquids.
We note that we use the double-precision floating-point num-
bers for NH-DMRG and the exact diagonalization. We have
also calculated the ground-state energy by using the exact
diagonalization with quadruple-precision numbers for system
sizes L = 10, 12, and 14, and the numerical error between the
double precision and the quadruple precision is small enough
(the maximum numerical error is of the order of 10−9).

Below, we assume open boundary conditions, where the
numerical accuracy is in general guaranteed to be better
than the case with periodic boundary conditions. We assume
Im�γ < 0 without loss of generality because the spectrum
for Im�γ > 0 is obtained by taking complex conjugation to
that for Im�γ < 0, and the right-state correlation functions
discussed below are not affected by the sign of Im�γ . In the
following calculations, we have confirmed that all parameters
satisfy the stability conditions (69), (70), and (71).

By calculating the energy gaps in a finite system (see Ap-
pendix D for detailed results), we perform a finite-size scaling
analysis to extract the critical exponents and the velocity of
excitations with Eqs. (33), (34), (67), and (68). The results
are shown in Fig. 3, where the exact solutions obtained by
Eqs. (33), (34), (54), and (64) are also shown for comparison.
In Figs. 3(a) and 3(b), we see that the critical exponents Kφ

and Kθ obtained by NH-DMRG (solid lines) agree quite well
with those obtained from the exact solutions (dotted lines)
for small |�γ |. Although their difference increases for large
|�γ |, we have conducted further calculations by changing
the system size L and conclude that this is a finite-size ef-
fect, which may vanish in the thermodynamic limit. For the
velocity ũ of excitations shown in Figs. 3(c) and 3(d), the
results obtained by NH-DMRG (solid lines) agree well with
the exact solutions (dotted lines) for small |�γ |. Although
their discrepancy becomes singnificant for large |�γ |, these
features have also been reported in Hermitian cases [128,129].
This is because the finite-size effect becomes significant as
the model approaches the transition point, at which the cosine
term of the NH sine-Gordon model (9) becomes relevant.

We note that these results are consistent with the
renormalization-group calculation of the NH sine-Gordon
model [41]. In Ref. [41], measurement-induced phase tran-
sitions of Dirac fermions were studied in the framework of
the replica Keldysh field theory, which gives the NH sine-
Gordon Hamiltonian with complex-valued coefficients similar
to Eq. (9). In Ref. [41], by studying the renormalization-group
flow of the NH sine-Gordon model, it is pointed out that

FIG. 3. Numerical results (solid lines) obtained by the NH-
DMRG and exact results (dotted lines) by the Bethe-ansatz solution.
(a), (b) Critical exponents Kφ and Kθ . (c), (d) Velocity of excitations
as a function of dissipation −Im�γ . Color plots show the data for
Re�γ = 0.1, 0.2, 0.3, . . . , 0.9 from top to bottom in (a) and (b), and
from bottom to top in (c) and (d). The system size is set to L = 130
and up to 200 states are kept during the NH-DMRG sweep.

the model for large |g̃3| is governed by the strong-coupling
fixed point, where the cosine term in the NH sine-Gordon
model becomes relevant. As the finite-size effect is known to
become significant when the system approaches the transition
point [128,129], the renormalization-group analysis is consis-
tent with our NH-DMRG calculation.

It is worth noting that the dependence of Kφ and Kθ on
dissipation in the NH XXZ model shows interesting behaviors
qualitatively different from a model studied before [27]. In
Ref. [27], the effect of dissipation on the critical exponents
was studied in the NH Lieb-Liniger model [130,131], where
the translational invariance ensures that the phase stiffness
[ũK̃ in our model (10)] does not change due to dissipation. In
the NH Lieb-Liniger model, both critical exponents Kφ and Kθ

are suppressed by dissipation due to the continuous quantum
Zeno effect. Thus, the enhancement of Kφ and Kθ in our model
[see Figs. 3(a) and 3(b)] is qualitatively different from the
behavior studied in Ref. [27]. As this difference is seen in
the regime where |�γ | is large and the system approaches
the transition point, the umklapp scattering due to the absence
of the continuous translational symmetry in the lattice model
affects the behavior of the critical exponents.

Next, by using NH-DMRG, we calculate the experimen-
tally observable correlation functions, that is, the right-state
correlation functions (35) and (40). The results are shown
in Fig. 4. We estimate the maximum numerical error due to
truncation to be of the order of 10−6 for R〈Sz

i Sz
j〉R and of the

order of 10−5 for R〈S+
i S−

j 〉R. These numerical errors are of
the same orders as those in the Hermitian XXZ model [132],
but a much more number of states need to be kept during the
NH-DMRG sweep because the convergence problem is severe
in the NH case (the number m of kept states is m = 170 for
L = 100 in the NH case compared with m = 80 for L = 200
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FIG. 4. Numerical results of correlation functions versus |i − j|
for (a) Re�γ = 0.3 and (b) Re�γ = 0.9 obtained by NH-DMRG.
The correlation functions are calculated with i = (L − r + 1)/2 and
j = (L + r + 1)/2 for odd r and i = (L − r + 2)/2 and j = (L +
r + 2)/2 for even r. The system size is set to L = 100 and up to 170
states are kept during the NH-DMRG sweep.

in the Hermitian case [132]). We have also confirmed that
the numerical error in the imaginary part of the right-state
correlation functions is very small and can be ignored.

In Fig. 4(a), the x-y and z components of the correla-
tion functions with Re�γ = 0.3 are plotted. We see that
dissipation suppresses the correlation at long distances com-
pared with that of the Hermitian limit for both R〈Sz

i Sz
j〉R and

R〈S+
i S−

j 〉R. For Re�γ = 0.3, Figs. 3(a) and 3(b) show that Kφ

increases with increasing dissipation, and that Kθ decreases
with increasing dissipation. From Eqs. (35) and (40), these
changes in the critical exponents indicate that both correlation
functions are suppressed at long distances by dissipation. This
is consistent with the NH-DMRG results shown in Fig. 4(a). In
Fig. 4(b), the correlation functions for Re�γ = 0.9 obtained
by NH-DMRG are displayed. We see that both correlation
functions R〈Sz

i Sz
j〉R and R〈S+

i S−
j 〉R are suppressed by dissipa-

tion at long distances, and the difference between the NH
(�γ = 0.9 − 0.5i) and the Hermitian (�γ = 0.9) cases is
smaller for R〈S+

i S−
j 〉R and larger for R〈Sz

i Sz
j〉R than the re-

sults for Re�γ = 0.3. For Re�γ = 0.9, the exact solutions
shown in Figs. 3(a) and 3(b) indicate that both Kφ and Kθ

increase with increasing dissipation. From the results obtained
by the field theory in Eqs. (35) and (40), the exact solution
states that R〈Sz

i Sz
j〉R is suppressed, but R〈S+

i S−
j 〉R is enhanced

at long distances by dissipation. For R〈Sz
i Sz

j〉R, this result is
consistent with the NH-DMRG results shown in Fig. 4(b),
but the behavior of R〈S+

i S−
j 〉R seems to be inconsistent. We

attribute this inconsistency to the finite-size effect as the
model becomes massive for large |�γ |. We also note that
the behavior of R〈S+

i S−
j 〉R with �γ = 0.9–0.5i obtained by

NH-DMRG seems to be affected by the exponential decay
of the correlation functions in the gapped regime, where the
model becomes massive. To further explore the behavior of
the correlation functions obtained by NH-DMRG, we per-

FIG. 5. Numerical results (solid lines) obtained by the fitting
of correlation functions with NH-DMRG and exact results (dotted
lines) obtained by the Bethe-ansatz solution of the critical exponent
Kφ as a function of dissipation −Im�γ . Color plots show the data for
Re�γ = 0.1, 0.2, 0.3, . . . , 0.9 from top to bottom. The system size
is set to L = 100 and up to 170 states are kept during the NH-DMRG
sweep.

form a two-parameter fitting for C2 and Kφ in R〈Sz
i Sz

j〉R [see
Eq. (35)]. In NH cases, it has not been explored how the corre-
lation amplitudes and the critical exponents behave in a finite
system, and we deal with both the correlation amplitudes and
the critical exponents as variables. The details of the fitting
procedure are as follows. Since we deal with open boundary
conditions, we have removed 11 sites from both ends of the
spin chain (that is, i = 1, 2, . . . , 11 and i = 90, 91, . . . , 100
for L = 100) to exclude the effect of the edges as much as
possible. We have also removed correlation functions at dis-
tances less than 10 sites (that is, |i − j| = 1, 2, . . . , 9) to avoid
the higher-order contributions in the correlation functions. We
have performed the fitting for the correlation functions at an
odd distance and an even distance separately, and confirmed
that the parameters obtained by the correlation functions at
an odd distance converge faster to those in an infinite system.
While we have also performed a fitting for R〈S+

i S−
j 〉R, there

are too many fitting parameters in Eq. (40) and therefore
the results do not converge with sufficient accuracy. We note
that, as the biorthogonal correlation functions and the fitting
parameters become complex, it is difficult to perform a fit-
ting for the biorthogonal correlation functions with sufficient
accuracy. The critical exponent Kφ obtained by the fitting of
R〈Sz

i Sz
j〉R at an odd distance is shown in Fig. 5. We see that

the fitting results show the behavior qualitatively consistent
with that of the exact solutions for small |�γ |. We have also
confirmed that the fitting results for C2 agree qualitatively well
with the exact results of an infinite system in the Hermitian
limit [132] (exact results of C2 for the NH cases are not
known). The large difference between the fitting results and
the exact results for large |�γ | is due to a finite-size effect as
the model approaches the transition point, where the cosine
term in the NH sine-Gordon model (9) becomes relevant.
Although the fitting accuracy is low compared to the results
obtained by the finite-size scaling analysis in Fig. 3(a) due
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to the effect of the edges, the results shown in Fig. 5 give
qualitatively the same behavior as those in Fig. 3(a). The
NH-DMRG results obtained in this section strongly support
the analytical results obtained in Secs. III and IV.

VI. CONCLUSIONS

We have demonstrated the universal properties of dissi-
pative TL liquids by taking the NH XXZ spin chain as a
prototypical model in one-dimensional open quantum many-
body systems. First, using the field theory with bosonization,
we have calculated two types of correlation functions. Then,
we have employed a finite-size scaling approach in conformal
field theory and the Bethe ansatz, and obtained exact solutions
for the complex-valued TL parameter K̃ and the velocity ũ of
excitations. Importantly, we have demonstrated that the model
belongs to the universality class characterized by K̃ , which is
related to the complex generalization of the c = 1 conformal
field theory. Moreover, we have confirmed that these analyti-
cal results are consistent with the numerical results obtained
by NH-DMRG for the lattice Hamiltonian in the massless
regime with weak dissipation. On the other hand, the NH-
DMRG results and the exact solutions start to deviate from
each other as the dissipation strength increases. This deviation
indicates that the model can be massive for strong dissipa-
tion, and this fact is consistent with the renormalization-group
analysis obtained in Ref. [41]. The NH XXZ spin chain can
be derived from the two-component Bose-Hubbard model
with two-body loss, which can be realized with long-lived
excited states of ytterbium atoms [51,57]. As a useful tool for
controlling dissipation, artificial two-body loss processes with
photoassociation techniques [56] can be utilized to observe
the NH TL liquids.

The Bethe-ansatz solution of the NH XXZ model for a
general complex parameter �γ merits further study. As the
integrability of the NH XXZ model holds for arbitrary �γ ∈
C, it is worthwhile to investigate the possible instability of
the NH TL liquid on the basis of exact solutions. Moreover,
if the integration path C in Eq. (47) touches a pole of the
integrand, the analytic continuation of the solution from the
Hermitian limit breaks down and novel criticality may arise
at an exceptional point [18]. The exploration of the entire
phase diagram of the NH XXZ model remains an interesting
research subject.

It is of interest to explore applications of conformal field
theory to NH quantum many-body systems. While we have
found that the NH TL liquids are successfully described by
a complex extension of the c = 1 conformal field theory,
detailed investigation of the Virasoro algebra behind them
remains for future studies. Another important question arises
concerning a finite-size scaling of entanglement entropy in
nonunitary conformal field theories [133–138]. As a gen-
eralization of their frameworks to the biorthogonal bases
unique to NH systems has been actively investigated in recent
years [65,139,140], it is an interesting problem to apply our
formalism to the finite-size scaling of entanglement entropy.
In view of the fact that conformal field theory in measurement-
induced dynamics is investigated in recent years [141–144], it
is interesting to investigate how the conformal field theory in

NH quantum many-body systems is related to the one in the
measurement-induced dynamics.

Dissipation breaks the unitarity of the theory and the entire
spectrum of the NH XXZ model can be complicated. How-
ever, low-energy physics shows universal properties, which
lead to unconventional quantum critical phenomena charac-
terized by the complex extension of the c = 1 conformal field
theory. It is our hope that this paper stimulates further study on
dissipative TL liquids in open quantum systems [60–62,145–
149].
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APPENDIX A: BOSONIZATION OF THE NH XXZ MODEL

We explain the details of the bosonization procedure for
the NH XXZ model (6) [105]. Bosonization is conducted in
terms of the fields

φ(x) = −(NR + NL )
πx

L

− iπ

L

∑
k �=0

(
L|k|
2π

) 1
2 1

k
e−α|k|/2−ikx (b†

k + b−k ) (A1)

and

θ (x) = (NR − NL )
πx

L

+ iπ

L

∑
k �=0

(
L|k|
2π

) 1
2 1

|k|e−α|k|/2−ikx (b†
k − b−k ). (A2)

These fields obey the commutation relations

[φ(x1), θ (x2)] =
∑
k �=0

π

Lk
exp[ik(x2 − x1) − α|k|]

= i
π

2
sgn(x2 − x1) (A3)

and

[φ(x1),∇θ (x2)] = iπδ(x2 − x1). (A4)

Here, bk (b†
k) is the annihilation (creation) operator of bosons,

the subscript r = R (L) denotes the right- (left-) going parti-
cles, Nr is the number of fermions above the Dirac sea in the
r branch, L is the system size, and α is a short-distance cutoff.
The fields φ(x) and θ (x) are related to the fermion operator
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as

ψr (x) =Ur lim
α→0

1√
2πα

ei(εr kF − π
L )xe−i[εrφ(x)−θ (x)], (A5)

where Ur is the Klein factor [105], εR = +1, and εL = −1. By
using these bosonization dictionaries, we rewrite the NH XXZ
Hamiltonian (6) and obtain the NH sine-Gordon Hamiltonian

Heff = HTL
eff − 2g̃3

(2πα)2

∫
dx cos[4φ(x)], (A6)

where g̃3 = aJ�γ , and

HTL
eff = 1

2π

∫
dx
[
ũK̃ (∇θ (x))2 + ũ

K̃
(∇φ(x))2

]
, (A7)

with

ũK̃ = vF = Ja sin(kF a), (A8)

ũ

K̃
= vF

(
1 + 2J�γ a

πvF
[1 − cos(2kF a)]

)
. (A9)

Here, we have assumed the half-filling condition kF = π/2a
which corresponds to the zero-magnetization sector of the NH
XXZ model. We note that the above derivation is valid only up
to the first order of �γ . Although Eq. (A8) is real up to this
order, the imaginary part of ũK̃ arises from the higher-order
contribution of �γ and cannot be neglected in the NH case.
Thus, we use the exact solution by the Bethe ansatz for the
TL parameter K̃ and the velocity ũ of excitations when we
compare them with the results obtained from NH-DMRG.

APPENDIX B: WIENER-HOPF METHOD FOR A NH
INTEGRABLE MODEL

In this Appendix, we generalize the Wiener-Hopf
method [93,109,111] to calculate the finite-size correction
to the ground-state energy of the NH XXZ model. A major
difference from the Hermitian case is that spin rapidities are
not aligned on the real axis but distributed on the complex
plane (see Fig. 1).

We consider the Bethe equations (45) for a large but finite
L. We define the counting function by

zL(λ,�) ≡ −�

L
+ 2 arctan

[
tanh(μλ/2)

tan(μ/2)

]

− 1

L

M∑
l=1

2 arctan

[
tanh μ

2 [λ − λl (�)]

tan μ

]
. (B1)

The spin rapidities λ j (�) ( j = 1, . . . , M ) are determined
from the condition

zL(λ j (�),�) = 2π I j

L
= 2π

L

(
−M + 1

2
+ j

)
. (B2)

Since zL(λ,−�) = −zL(−λ,�) and IM+1− j = −I j , the spin
rapidities satisfy

λ j (−�) = −λM+1− j (�), (B3)

and thus the energy eigenvalue

EL(�) = J�γ

4
− J

M∑
j=1

sin2 μ

cosh[μλ j (�)] − cos μ
(B4)

satisfies EL(−�) = EL(�).

The distribution function is defined by

σL(λ,�) ≡ 1

2π

dzL(λ,�)

dλ
, (B5)

and satisfies

σL(λ,�) = a1(λ) − 1

L

M∑
j=1

a2(λ − λ j (�))

= a1(λ) −
∫
C′(�)

dλ′a2(λ − λ′)σL(λ′,�)

−
∫
C′(�)

dλ′a2(λ − λ′)SL(λ′,�), (B6)

where

an(λ) ≡ 1

2π

μ sin(nμ)

cosh(μλ) − cos(nμ)
(B7)

and

SL(λ,�) ≡ 1

L

M∑
j=1

δC′
(
λ − λ j (�)

)− σL(λ,�). (B8)

Here, we have introduced a path C ′(�) = C+(�) ∪ C(�) ∪
C−(�). The path C(�) smoothly connects the spin rapidities
{λ j (�)}M

j=1 from Q−(�) ≡ λ1(�) to Q+(�) ≡ λM (�). The
end points Q±(�) are not located on the real axis in the case of
the NH XXZ model. The other two paths C+(�) ≡ {Q+(�) +
x; x ∈ [0,∞)} and C−(�) ≡ {Q−(�) + x; x ∈ (−∞, 0]} are
half-lines parallel to the real axis. The delta function δC′ (λ −
λ j (�)) is defined by∫

C′(�)
dλ F (λ)δC′

(
λ − λ j (�)

) = F (λ j (�)) (B9)

for an arbitrary function F (λ) defined on C ′(�).
Since the path C ′(�) in the second term on the right-hand

side of Eq. (B6) can be deformed onto the real axis, we have

[1 + â2(ω)]σ̂L(ω,�)

= â1(ω) −
∫
C′(�)

dλ′eiωλ′
â2(ω)SL(λ′,�), (B10)

where the Fourier transformation of a function f (λ) is denoted
by

f̂ (ω) ≡
∫ ∞

−∞
dλ f (λ)eiωλ. (B11)

From Eq. (B10), we have

σL(λ,�) = σ∞(λ) −
∫
C′(�)

dλ′R(λ − λ′)SL(λ′,�), (B12)

where σ∞(λ) is the distribution function in the infinite system-
size limit with � = 0 [see Eqs. (47) and (49)], and

R(λ) ≡ 1

2π

∫ ∞

−∞
dω e−iωλ â2(ω)

1 + â2(ω)

= 1

2π

∫ ∞

−∞
dω e−iωλ

sinh
(

π
μ

− 2
)
ω

2 sinh
(

π
μ

− 1
)
ω cosh ω

. (B13)
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Using the Euler-Maclaurin formula

1

L

M∑
j=1

F (λ j (�)) �
∫
C(�)

F (λ)σL(λ,�)dλ + F (Q+(�)) + F (Q−(�))
2L

+ 1

12L2

[
F ′(Q+(�))

σL(Q+(�),�)
− F ′(Q−(�))

σL(Q−(�),�)

]
, (B14)

we evaluate the integral in Eq. (B12) and obtain

σL(λ,�) = σ∞(λ) +
∫
C+(�)∪C−(�)

dλ′R(λ − λ′)σL(λ′,�) − R(λ − Q+(�)) + R(λ − Q−(�))

2L

+ 1

12L2

[
R′(λ − Q+(�))

σL(Q+(�),�)
− R′(λ − Q−(�))

σL(Q−(�),�)

]
. (B15)

To apply the Wiener-Hopf method, we introduce the functions

g(x,�) ≡ σL(x + Q+(�),�) = g+(x,�) + g−(x,�) (B16)

and

g±(x,�) ≡ �(±x)σL(x + Q+(�),�), (B17)

for x ∈ R, where �(x) is the Heaviside unit-step function. Then, using σL(λ,−�) = σL(−λ,�) and Q+(−�) = −Q−(�), we
rewrite Eq. (B15) as

g(x,�) + R(x) + R(x + Q+(�) − Q−(�))

2L
− 1

12L2

[
R′(x)

σL(Q+(�),�)
− R′(x + Q+(�) − Q−(�))

σL(Q−(�),�)

]
= σ∞

(
x + Q+(�)

)+
∫
C+(�)∪C−(�)

dλ′R(x + Q+(�) − λ′)σL(λ′,�)

= σ∞
(
x + Q+(�)

)+
∫ ∞

0
dx′R(x − x′)g(x′,�) +

∫ ∞

0
dx′R(x + x′ + Q+(�) − Q−(�))σL( − x′ + Q−(�),�)

= σ∞
(
x + Q+(�)

)+
∫ ∞

−∞
dx′R(x − x′)g+(x′,�) +

∫ ∞

−∞
dx′R(x + x′ + Q+(�) − Q−(�))g+(x′,−�). (B18)

Since R(x + Q) � −i Res(R̂; −iπ/2) exp[−π
2 (x + Q)] for

large Re[Q] [Res( f ; z0) denotes the residue of a function f (z)
at z = z0], the leading part of Eq. (B18) is

g(x,�) �σ∞
(
x + Q+(�)

)+
∫ ∞

−∞
dx′R(x − x′)g+(x′,�)

− 1

2L
R(x) + 1

12L2

R′(x)

σL(Q+(�),�)
, (B19)

and its Fourier transformation reads as

ĝ+(ω,�) + ĝ−(ω,�) = σ̂∞(ω)e−iωQ+(�) + R̂(ω)ĝ+(ω,�)

− 1

2L
R̂(ω) − 1

12L2

iωR̂(ω)

σL(Q+(�),�)
.

(B20)

Here we use the decomposition

1 − R̂(ω) = 1

G+(ω)G−(ω)
, (B21)

where

G+(ω) ≡
√

2(π − μ)�
(
1 − iω

μ

)
�
(

1
2 − iω

π

)
�
(
1 − iωπ−μ

πμ

)
⎛⎝(π

μ
− 1

) π
μ
−1(

π
μ

) π
μ

⎞⎠− iω
π

(B22)

[G−(ω) ≡ G+(−ω)] is analytic in the upper (lower) half
plane [109,114]. Then, we have

ĝ+(ω,�) − C(ω,�)

G+(ω)
− [G−(ω)σ̂∞(ω)e−iωQ+(�)]+

= −G−(ω)ĝ−(ω) + [G−(ω)σ̂∞(ω)e−iωQ+(�)]−

− G−(ω)C(ω,�)

= P(ω,�), (B23)

where

C(ω,�) ≡ 1

2L
+ 1

12L2

iω

σL(Q+(�),�)
, (B24)

P(ω,�) is an entire function of ω, and

F (ω) = [F (ω)]+ + [F (ω)]−, (B25)

[F (ω)]± ≡ ±i

2π

∫ ∞

−∞
dω′ F (ω′)

ω − ω′ ± i0
(B26)

is the decomposition of F (ω) into [F (ω)]+ and [F (ω)]−
which are analytic in the upper and lower complex planes,
respectively [111]. Thus, the solution of Eq. (B20) is given
by

ĝ+(ω,�) = C(ω,�) + G+(ω)P(ω,�)

+ G+(ω)[G−(ω)σ̂∞(ω)e−iωQ+(�)]+
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� C(ω,�) + G+(ω)P(ω,�)

+ i

2

G+(ω)G−(−iπ/2)

ω + iπ/2
e− π

2 Q+(�), (B27)

where we have evaluated the lowest-order contribution to
[G−(ω)σ̂∞(ω)e−iωQ+(�)]+ using the pole ω = −iπ/2 of
σ̂∞(ω).

The entire function P(ω,�) is determined from its
asymptotic behavior [111]. From limω→∞ ĝ+(ω,�) = 0,

limω→∞ σ̂∞(ω) = 0, and

G+(ω) = 1 + g1

ω
+ g2

1

2ω2
+ O

(
1

ω3

)
, (B28)

we get

P(ω,�) = −C(ω,�) + 1

12L2

ig1

σL(Q+(�),�)
. (B29)

From Eqs. (B27), (B28), and (B29), the distribution function
at the end point satisfies

σL(Q+(�),�) = g(0,�) = − lim
ω→∞ iωĝ+(ω,�) = ig1

2L
+ g2

1

24L2σL(Q+(�),�)
+ 1

2
G−
(
− iπ

2

)
e− π

2 Q+(�). (B30)

From Eq. (B12) and∫ ∞

−∞
dλ a1(λ)R(λ − λ′) =

∫ ∞

−∞
dλ a1(λ)R(λ′ − λ) = 1

2π

∫ ∞

−∞
dω e−iωλ′ â1(ω)â2(ω)

1 + â2(ω)
=
∫ ∞

−∞
dλ a2(λ′ − λ)σ∞(λ)

= a1(λ′) − σ∞(λ′), (B31)

the difference of the energy density eL(�) = EL(�)/L is given by
eL(�) − e∞(0)

A
= −

∫
C′(�)

dλ a1(λ)[SL(λ,�) + σL(λ,�) − σ∞(λ)]

= −
∫
C′(�)

dλ a1(λ)

[
SL(λ,�) −

∫
C′(�)

dλ′R(λ − λ′)SL(λ′,�)

]
= −

∫
C′(�)

dλ σ∞(λ)SL(λ,�), (B32)

where A = 2πJ sin μ/μ. Using the Euler-Maclaurin formula (B14) and σ∞(λ + Q) � 1
2 exp[−π

2 (λ + Q)] for large Re[Q], we
evaluate the energy difference as

eL(�) − e∞(0)

A
�
∫ ∞

−∞
dx σ∞

(
x + Q+(�)

)
g+(x,�) +

∫ ∞

−∞
dxσ∞

(
x + Q+(−�)

)
g+(x,−�)

− σ∞(Q+(�)) + σ∞(Q−(�))
2L

− 1

12L2

[
σ ′

∞(Q+(�))
σL(Q+(�),�)

− σ ′
∞(Q−(�))

σL(Q−(�),�)

]
� 1

2
e− π

2 Q+(�)ĝ+
( iπ

2
,�
)

+ 1

2
e− π

2 Q+(−�)ĝ+
( iπ

2
,−�

)
− 1

4L
(e− π

2 Q+(�) + e− π
2 Q+(−�) ) + π

48L2

[
e− π

2 Q+(�)

σL(Q+(�),�)
+ e− π

2 Q+(−�)

σL(Q+(−�),−�)

]
� 1

2
P
( iπ

2
,�
)

G+
( iπ

2

)
e− π

2 Q+(�) + 1

4π

[
G+
( iπ

2

)
e− π

2 Q+(�)
]2

+ 1

2
P
( iπ

2
,−�

)
G+
( iπ

2

)
e− π

2 Q+(−�) + 1

4π

[
G+
( iπ

2

)
e− π

2 Q+(−�)
]2

. (B33)

On the other hand, since Re[μ] > 0, we have

ĝ+(0,�) =
∫ ∞

−∞
dx g+(x,�) =

∫
C+(�)

dλ σL(λ,�) = 1

2π

[
lim

x→∞ zL(Q+(�) + x,�) − zL(λM,�)
]

= (π − μ)S

πL
+ 1

2L
− �

2πL
,

(B34)

where S = L/2 − M is the magnetization. From Eqs. (B27) and (B34), we obtain

1

π
G+
( iπ

2

)
e− π

2 Q+(�) = −P(0,�) + B(�)

G+(0)
, (B35)

where B(�) = (π−μ)S
πL − �

2πL . Substituting Eq. (B35) into Eq. (B30), we have

σL(Q+(�),�) = 2ig1+ π

4L
+ g2

1 − iπg1

24L2σL(Q+(�),�)
+ πB(�)

2G+(0)
. (B36)
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Finally, by substituting Eq. (B35) into (B33) and using
Eq. (B36), we arrive at

eL(�) − e∞(0)

A
� − π

24L2
+ (π − μ)2S2

2π [G+(0)]2L2

+ �2

8π [G+(0)]2L2

= − π

24L2
+ (π − μ)S2

4L2
+ �2

16(π − μ)L2
,

(B37)

which is equivalent to Eq. (53) in the main text.

APPENDIX C: SUMMARY OF THE NH-DMRG
ALGORITHM

The density-matrix renormalization-group (DMRG) anal-
ysis is one of the most powerful tools to analyze 1D
systems [117–122]. The principle of DMRG is the varia-
tional ansatz, in which the state is optimized by truncating
the eigenstates of the density matrix according to the mag-
nitude of the corresponding eigenvalues. However, in NH
systems, the variational principle usually breaks down and an
important question arises concerning the choice of the density
matrix. This is because the right and left eigenvectors of the
Hamiltonian are different due to the non-Hermiticity [123]
and complex eigenvalues can appear in the density matrix. In
the previous studies, this problem was tackled by comparing
the usage of various types of the density matrix and success-
ful numerical results have been obtained in, e.g., quantum
Hall effects [124], reaction-diffusion processes [125], NH
TL liquids [126,127], and out-of-equilibrium classical sys-
tems [150,151]. We note that these situations are essentially
different from those of equilibrium quantum systems at a
nonzero temperature, where a nonsymmetric transfer matrix
is generated by applying a Trotter decomposition along the
imaginary-time axis [152]. In the latter situations, a similar
problem occurs and the nonsymmetric density matrix has
been used for the truncation of DMRG. However, to the
best of our knowledge, no complex eigenvalues stemming
from the non-Hermiticity of the transfer matrix have appeared
numerically. In this sense, DMRG in NH systems offers in-
trinsically different situations from those in the equilibrium
systems. We apply the NH-DMRG algorithm, in which com-
plex eigenvalues occur as a result of the non-Hermiticity of
the Hamiltonian, to NH quantum many-body systems. Such
DMRG in NH quantum many-body systems has yet to be
fully explored [126,127,153]. We use the algorithm detailed
in Ref. [125], and we give a brief summary of the NH-DMRG
algorithm in Table I.

APPENDIX D: DETAILED RESULTS FOR THE ENERGY
GAPS IN A FINITE SYSTEM

We show the details of the NH-DMRG results for the
energy gap in a finite system of the NH XXZ spin chain.
The results are shown in Fig. 6. We estimate the maximum
numerical error due to truncation to be of the order of 10−8

for the ground-state energy. When dissipation is increased,
the real part of the spin gap shown in Fig. 6(a) gradually

TABLE I. Algorithm for NH-DMRG.

1. Compute the matrix representation of the spin operators and
make the Hamiltonian matrix for four initial blocks (the
superblock consists of a block, two sites, and another block).

2. Calculate the right and left ground states of the superblock
Hamiltonian by using the Lanzcos method.
The ground state is defined by the lowest real part of
the eigenspectrum.

3. Use the right and left ground states ψR (L) to create the reduced
density matrix of the system block as
ρi1i2,i′1i′2 = 1

2

∑
i3i4

(ψR
i1i2 i3i4

ψR∗
i′1i′2 i3i4

+ ψL
i1i2 i3i4

ψL∗
i′1i′2 i3i4

).

We emphasize that the validity of this density matrix was
confirmed numerically in Ref. [125],
and we do not use the traditional variational ansatz to minimize
the energy.
The density matrix ρi1i2,i′1i′2 is Hermitian and has real eigenvalues.

4. Diagonalize the density matrix ρi1i2,i′1i′2 to find a set of
eigenvalues and eigenvectors.
Discard all but the largest m eigenvalues and associated
eigenvectors.

5. Form a new block by changing the bases to the new m states.
6. Repeat the processes 2–5 to enlarge the system by following

the standard infinite-system algorithm.
7. Sweep the superblock by following the standard finite-system

algorithm.
Eigenstate prediction is conducted for the right and left
eigenstates by the same transformation.

decreases, while the real part of the spectral gap shown in
Fig. 6(c) gradually increases. This result shows that the real
part of the spectral gap is always larger than that of the spin
gap in the weak dissipation regime shown in Fig. 6. As for
the imaginary part, the spin gap shown in Fig. 6(b) gradually
decreases as dissipation increases, while the imaginary part

FIG. 6. NH-DMRG results of energy gaps in a finite system as
a function of dissipation −Im�γ . Color plots show the data for
Re�γ = 0.1, 0.2, 0.3, . . . , 0.9 from bottom to top in (a), (c), and (d),
and from top to bottom in (b). The system size is set to L = 130, and
up to 200 states are kept during the NH-DMRG sweep.
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of the spectral gap shown in Fig. 6(d) seems to increase with
increasing dissipation for large Re�γ . To check whether this
behavior persists or not in the thermodynamic limit, we have
conducted further calculations by changing the system size L
(not shown). According to them, we conclude that the increase
of Im[�Espectral/J] shown in Fig. 6(d) is a finite-size effect as a
result of the higher-order correction to Eqs. (65) and (66) with
respect to 1/L. We observe that the finite-size effect becomes
significant for large |�γ |.

APPENDIX E: NH-DMRG RESULTS FOR THE GAPPED
REGIME IN THE NH XXZ SPIN CHAIN

We have also conducted a NH-DMRG calculation for the
gapped regime, that is, for Re�γ > 1. However, we have
encountered the energy-level crossing problem [154] which
leads to the breakdown of the NH-DMRG algorithm. We
here explain the problem of NH-DMRG in the gapped regime
Re�γ > 1 in the NH XXZ spin chain. We note that, in this
Appendix, the gapped regime stands for the regime where
the system shows an Ising order with double degeneracy.
In the NH-DMRG calculation for the massless regime, the
energy levels do not merge with each other as dissipation
increases (at least for sufficiently weak dissipation considered
in this paper). In this regime, we have not encountered the
energy-level crossing problem as we increase the system size
during the infinite-system algorithm of NH-DMRG, and the
NH-DMRG algorithm works well. However, in the gapped
regime, the energy levels are nearly degenerate and cross with
each other in the complex plane as dissipation increases [154].
One of these points corresponds to exceptional points at
which the Hamiltonian cannot be diagonalized. Around such
dissipation-induced (exceptional) critical points unique to NH
systems, we have found an energy-level crossing problem as
we increase the size of the system block during the infinite-
and finite-system algorithm of NH-DMRG. In this case, the
NH-DMRG algorithm usually breaks down. This is explained
as follows. The main procedure in the NH-DMRG algorithm
is discarding all but the largest m eigenvalues and associated
eigenvectors. In this process, m states sufficient to describe the
ground state are kept during NH-DMRG. However, when the
energy levels cross and the ground state is changed as we in-
crease the size of the system block, the m kept states no longer
describe the ground state of the superblock Hamiltonian in
the next iteration. Thus, the m kept states do not describe
the ground state with sufficient accuracy and the NH-DMRG
algorithm breaks down.

In spite of the above problems, we have systematically con-
ducted the NH-DMRG calculation and compared the results
with the exact diagonalization by using the double-precision
numbers as shown in Fig. 7. We see that the results ob-
tained by NH-DMRG and the exact diagonalization agree
quite well. However, we find that the results are very sensitive

FIG. 7. Comparison of the energy gaps obtained by NH-DMRG
(solid lines and broken lines) and the exact diagonalization (dotted
lines). As the ground states for Re�γ > 1 are doubly degenerate in
an infinite system, spin gaps for the two lowest states are plotted.
The system size is set to L = 14, Re�γ = 1.5, and up to 40 states
are kept during the NH-DMRG sweep. We use the double-precision
data for both NH-DMRG and the exact diagonalization (see text).

to the number of kept states and, in general, the NH-DMRG
results are not trustworthy without comparison with those
obtained by the exact diagonalization. Moreover, we have
performed the exact diagonalization by using quadruple pre-
cision for system sizes L = 10, 12, and 14. By comparing
the quadruple-precision data and the double-precision data of
the ground-state energy obtained from the exact diagonaliza-
tion, we have found that the numerical error between them
increases for large −Im�γ . Thus, we have to pay attention
to the precision of the data for large dissipation in the gapped
regime. It seems of interest to generalize the NH-DMRG algo-
rithm to gapped regimes in order to explore the ground-state
properties. For example, it may be useful to keep all states
that are related to the energy-level crossing. This problem is
left for future studies.
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