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Abstract
We show that the solution (in the sense of distribution) to the Cauchy problem with the periodic
boundary condition associated with the modified Benjamin-Ono equation is unique in Lg°(H*(T)) for
s > 1/2. The proof is based on the analysis of a normal form equation obtained by infinitely many
reduction steps using integration by parts in time after a suitable gauge transform.

1 Introduction

In this article, we study uniqueness property of solutions to the Cauchy problem associated with the modified
Benjamin-Ono equation with the periodic boundary condition:

O = —HO2u + ou’du, (t,z) € (0,T) x T, (1)
where T := R/27Z, with initial datum given in Sobolev space,
u(0,x) = uo(x) € H*(T), z e T. (2)

The unknown function u(¢,x) and the initial datum ug(z) are assumed to be real valued, and o € {£1}, with
the sign +1 (resp. —1) corresponding to the focusing (resp. defocusing) case. H denotes the periodic Hilbert
transform defined by the Fourier multiplier with symbol —isgn(n)1l,-o.

Well-posedness of the Cauchy problem (1)—(2) has been extensively studied in both non-periodic and peri-
odic settings; see [8, 10, 9, 15, 16, 11, 17, 5, 7]. The equation (1) has three conserved quantities (formally):

/Tu(tmc) dx, /Tu(t,ac)2 dx, /T {%u(t,x)ﬂamu(t,x) - %u(t,x)‘l} dx.

Hence, under the assumption that solutions are real-valued, suitable local well-posedness result in the energy
space H'/2 would extend to global one by these conservation laws in the defocusing case and also in the case of
focusing sign and small-in-L? initial data. This was achieved by Kenig and Takaoka [11] in the non-periodic case
and by Guo et al. [7] in the periodic case. Both of them relied crucially on the technique of gauge transform,
which was first introduced by Tao [20] in the Benjamin-Ono context. See [5, 19] for an approach without
performing gauge transform. The regularity s = 1/2 was shown to be sharp in the non-periodic case in the
sense that the solution map is not locally uniformly continuous in H*® for s < 1/2 ([11]), while local-in-time a
priori H*-bound of smooth solutions was obtained for s > 1/4 ([5, 19]).

On the other hand, well-posedness results in [11, 7] used auxiliary spaces such as L? L{-type and Bourgain-
type ones. Therefore, uniqueness of the solution to the Cauchy problem in such a class as C([0, T]; H®) without
intersecting any auxiliary space, which is called unconditional uniqueness, can be asked as a natural question.
Unconditional uniqueness of solutions in H* is obtained for s > 3/2 both on R and on T from the proof of well-
posedness in [8] based on the energy method. However, to our knowledge, there is no result on unconditional
uniqueness for the modified Benjamin-Ono equation below H3/2.

In this article, we prove the following unconditional uniqueness result in the periodic case.

Theorem 1.1. The solution to the Cauchy problem (1)—(2) is unique in C([0,T]; H*(T)) for s > 1/2.

Remark 1.2. The uniqueness assertion also holds in the class L ((0,7T"); H*(T)), s > 1/2. See [12, Remark 1.2]
for a detailed argument.
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Our proof of unconditional uniqueness is based on the so-called normal form reduction method. This simple
technique of gaining regularity from non-resonant nonlinear interactions by integration by parts in time became
recognized as a useful tool to establish unconditional uniqueness for nonlinear dispersive equations; see, e.g.,
[1, 6, 14, 13] and references therein.

It is worth comparing the above result with our previous works [13, 12] on unconditional uniqueness for the
periodic derivative nonlinear Schrédinger equation

Oru = i02u + Oz (Jul?u), uw: (0, T)xT—C (3)
and the periodic Benjamin-Ono equation
O = —HO?u + 0, (u?), u:(0,T)xT —R. (4)

First, a common idea among these three results is to use a gauge transform to eliminate unfavorable nonlinear
interactions (called high-low type) which causes serious derivative loss. For (3) the gauge transform is simple
and the transformed equation contains the transformed unknown function only, whereas the gauge transforms
used for (4) and (1) are much more complicated and one cannot remove the original unknown function from the
transformed equation. In fact, for (3) an analogous result was obtained in the non-periodic case in [18], while
for (4) and (1) it is seemingly not clear whether the normal form approach has a non-periodic counterpart.

Secondly, the result for (4) was proved by analyzing a normal form equation obtained after finite (twice,
actually) reduction steps, which is a similar situation to the periodic Korteweg-de Vries equation studied
in [1], whereas (3) and (1) require infinite normal form reduction steps. In the context of unconditional
uniqueness, such infinite implementation of normal form reduction was initiated in [6]. In [13] we proposed
an abstract framework of this strategy, which allows us to generate all the required multilinear estimates of
arbitrarily high degree by simply iterating certain fundamental multilinear estimates of the lowest degree.
Our proof of Theorem 1.1 basically follows the argument in [13], but some technical modifications are needed
due to complication of the equation after the gauge transform. Although we estimate only the C([0,T]; H*)-
norm of solutions and do not use Bourgain-type norms, the basic idea of the proof of fundamental estimates
(Proposition 3.3 below) is quite similar to that of [7].

One may expect that the infinite normal form reduction would also yield an improvement of the result on (4).
However, it seems that the approach in this article based on the strategy in [13] shows unconditional uniqueness
for (4) in H*(T) only for s > 1/2, which is much worse than the result s > 1/6 obtained in [12]. The reason
is that we only use half of the possible gain of derivative in the fundamental estimate (see the denominator in
the estimate (24) in Proposition 3.3), which is however essential for maintaining infinite normal form reduction
machinery. In [12] we could only apply the reduction twice, but instead use full of gain of derivative.

The plan of this article is as follows. The proof begins with applying a suitable gauge transform, which is
similar to that of [7] and described in Section 2. In Section 3, the infinite normal form reduction scheme is
formulated, and we use it to reduce the proof of Theorem 1.1 to showing fundamental quintilinear estimates
given in Proposition 3.3. Finally, we prove these estimates in Section 4.

Notation. We use the same notation as in [12]. For a Banach space X, we abbreviate C([0,T]; X) to
CrX. The Fourier coefficients of a 27-periodic function f are defined by

1 27

Ff(n) = o, (z)e™ """ da, n € Z,

so that the inverse Fourier transform of a sequence g = {g(n)}nez is given by

Flg(x) := Zg(n)eim, z e T.
nez

For N > 0, let P<y := ]-"’11|n|§N]-" be the projection onto frequencies {n € Z : |n| < N}, and P>y := 1—P<y.
We use the notations Py := F 114,50F, so that H = —iP, +iP_, and

1 2m

P.f = F '1,_0Ff = Ff(0) = 5 f(z)du,
™ Jo

Pyof = F "10Ff = f—Ff0).



Unconditional uniqueness for periodic mBO 3

For a 2m-periodic function f(x) with zero mean value (i.e. P.f = 0), define its periodic primitive

27
0. f(x) = F - Ffn = A O
27T
Note that Py f = P¢f and 9,10, = 818;1P¢C = P... We often use the abbreviation n;;... to mean n; +n; +
ng + - -; for instance, nj2 = ny + ng and 1 — nazs = n — (n2 + n3 + ny). Finally, we use the weighted ¢ space;

forse Rand 1 < p < o0,

B(Z) :={w:Z = C: ||w|e = [()°wle < oo}, (n) :=(1+ n2)1/2.

2 (Gauge transform
The mBO equation (1) is transformed into the equation
Ou = —HO?u + 20 Pyo(u?®)0pu, (t,z) € (0,T) x T (5)

by the change of the unknown function

u(t,x) 271/2u(t,x70/0 P.(u(s)?)ds).

In what follows we consider uniqueness of the solution to the Cauchy problem (5)—(2) in CpH*®, s > 1/2. This
is sufficient for our purpose, since the above transform is a homeomorphism on CrH? for s > 0.

2.1 Definition of the gauge transform

Let s > 1/2 and v € CrH*® be a real-valued solution of (5) in the sense of distribution. The nonlinear term
P,c(u?)0,u makes sense! in C7H*™! by the estimate

If gl S I1f|lere

gllgs—r,  s>1/2, (6)

which is a special case of the Sobolev multiplication law (see, e.g., [7, Lemma 3.4]). In particular, d;u € CpH*~2
and each Fourier coefficient F[u(t,-)](n) is a C* function of ¢ on [0, T]. Testing the equation against constant
functions in z, we see that the spatial mean of u is independent of ¢:

2m
i/ u(t, z) dz = P.u(0), t e [0,17.
2T 0

v:= Pu(t) =
We define the gauge transform as follows:

Definition 2.1. Let F[f] := 0, P..(f?) for f € L*(T). For s > 1/2 and a real-valued function u € CrH?,
define its gauge transform v by

o(t, z) = e~ Flu®I@) ([eru(t)] (x) + %Pcu(t)). (7)

The above definition is slightly different from that used in [7], though it is based on the same idea. Note
that

P+u + %Pcu — eioF[u]v7 w= eiaF[u]U + e—iaF[u],D’

) ) 8
Oy Pru = 0, Py (e“’F[u]v), O P_u=0,P_ (e*”F["]’D). (®)

The following two lemmas were essentially shown in [7], but we give them with proofs. First, we see that
the gauge e~ *F[¥l has one higher regularity than the solution wu:

1One can in fact make sense of the nonlinearity for s > 1/6 by the identity Px.(u?)dzu = %81(u3) — P.(u?)9zu and the
embedding H1/6 < 3.
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Lemma 2.2. Let 1/2 < s < 1. For real-valued f € H® and k € R, we have ewFlN ¢ g5+ Moreover, for
real-valued w,u € CTH? let

Xo(w) =, max e Mopme,  Yolw@) = max e = Mo,
then the following estimates hold:
Xo(u) S 1+ [[ullEypres
Xor1(u) S 1+ [l e,
Yo(u, @) S (L4 [l ps + alle, go)llu = @llorm,
Yopr(u,@) € A+ [ulley e + 120128, llu = @llerm.

In particular, the gauge transform (7) is locally Lipschitz continuous from CpH?®(T;R) into CrH*(T;C) with
estimates
[vllorms S @+ lulley g)llullerm:

v =Tlerns S A+ uller e + l@lE,m)llu—llerm-.

Proof. We have
e U g S e F I e+ ke TP ()] 2 So 1+ 1 f N,
7T — P 1 5 [ FUT — T o ke U P (£2) = ke P91 P (g2)]
Sk 1F ] = Flglllize (1 + 12 ze) + 12 = 97l 2

S (LI F 13 + gl ) ILf = gllare,
and thus
1™ o S 1+ ke I PL(f2) s S 1+ (L4 IF IR IF I S 1+ 1 e
€U — hFlal| sy < P — RFIa)| o 4 |k P(12) — ke P Py (g2) 11
Sk (L 1l + Ngllze)ILf = gl
as desired. O

Using higher regularity of the gauge part shown above, we can ‘invert’ the gauge transform on solutions of
(5) for a short time:

Lemma 2.3. Let 1/2 < s < 1, u,u € CrH?® be real-valued solutions of (5) and v,v be the corresponding
gauge transforms defined by (7). Then, there exist C > 0 depending on s, ||ul|crms, ||Ullcyms and Ty € (0,7
depending also on the profile of v in CTH?, such that

lu =@l e < C([[w(0) = @Ol + v = Vlcp me)
for any T" € (0,Tp).
Proof. With a constant N > 1 to be chosen later, we first divide the norm as
lu—@llerms < [Pan (u = )llcrms + | Poon (u =) llcpm:-

Since P<anyu and P<onu are smooth and satisfy the integral equation
t
Poonu(t) = Peoye ™M%20u(0) + 2 / ~=OHE P [ Pae(u(t)?)pu(t')] dt!
0
in the classical sense, we get

T
IP<an (u =) lcrme < u(0) = @(0)|| - + 2/ [P<an [Prc(u?) Oyt — Prc(?) 0] (1) | - dt
0

< [[u(0) = @(0)|lsz+ + CTN || Pe(u?) st = Pre(@?) sl e
< [[u(0) = @(0)l|zz+ + CTN (luliEy o + IllEy pre) 1w = Gller s,
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where at the last step we have used the product estimate (6). For the estimate in high frequencies, we use the
first identity in (8) and obtain

1Poon (=) |lcrme < 2[Poon Py (=) |lcpms = 2| Poan (770 — 7 F197) || e

< 2||Psn (e Pl — eIy )0 e+ 2)| Pan (T — eIy P ol cppre + 2017 (0 = D) || e

< C(N " Wona(wllollog e + Yalw, I Ponvlopne + Xo@lo = Flopn ).
Using Lemma 2.2, we have

lu=Tllerns < [u(0) = @O m= + Cllalcrme)?v = Vlcrm- + C{TN(IIUIIOTHS + il crme)?

+ ‘]\[_1<||7"L||CTHS + Ha||CTHS>8 + <||u||CTHS + ||ﬂHCTHS>3||P>N’UHCTHS}”u - a||CTHS‘
Note that | P~ nv|lcrms — 0 as N — co. We take N > 1 so that

AN ulorme + llorne)® + ullor e + lllorn) |1 Panvllorn: | <1/3
and then take 0 < Ty < T so that
CToN([ullerns + [@llcrm:)? < 1/3.
Repeating the above argument with T" replaced by any T € (0, Tp], we obtain
lu =@l ey e < 3([[u(0) = @(0) | e + Clllallcy, me)? v = Vllop me).-

This completes the proof. O]

2.2 Equation after the gauge transform

In view of Lemma 2.3, it suffices to show uniqueness for the equation satisfied by the gauge transform v of
the solution w of (5). It is easy to derive the equation for v formally, assuming that the solution w of (5) is
sufficiently smooth. However, in order to show unconditional uniqueness we need to consider general solutions
of (5) which may not be approximated by smooth solutions. Hence, given a solution u € CprH? of (5), we first
set

UN(t,JL‘) = efiaFN(t’I) ([P+UN(t)] (LE) + g), FN = F[’LLN], UN = PSN’UJ

and consider the equation for vy. (Recall that v = P.u(t) is conserved.) Observing that the equalities
8tuN = —H@iuN =+ QUP;,AC(U?V)@CUN + GN,
—i0O0 Fy = —ia@;lP# (QuN( — HOPun + 20P¢c(u%,)8wu1v + GN))

= 20’P¢C(UN’L"H893UN) — QJB(’U,N, uN) — iP#CI:(P#C(U?V))2] — 2’L'0'8;1P¢C(UNGN),
@cFN = P;éc(u?v), aiFN = 2’LI,N3$UN

hold in the classical sense, where

GN = 20P<n (Pyc(u?)0yu) — 20 Pyc(uiy)Ozun,
B(f? g) = 81_1((P+arf)(P+amg) - (P,(Q)xf)(P,azg»,
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we see that
() + HP vy
=e "N ( —icOFy - (Pyuy + %) + P+5'tuN)
+H [e’i"FN (( —i002Fy — (0, F)?) (Pruy + %) — 200, Fy - Pydyun + Pﬁiwﬂ
— ¢ioFN (20P¢c(uNiH6wuN) — 20B(un, un) — iPuc[(Prc(u?)’] - 2ia8;1P¢c(uNGN)) (Pyuy + %)
4 emioFN (ip+a§uN + 20 Py (Pro(u))Opun) + P+GN)

+iH [eii”FN { ( —20unOyun + i(P;,éc(u?V))Q) (Prun + %) — 20 Pyc(uy ) PyOpun — iP+8£uN}}
=201 + 20l + I3 + 14,

I = e uy (Pyuy + 5) (Py = P-)duy — (Py = P2) [ u (Pyuy + 5)dpun,
Iy := e "IN Py (Pye(uf)dpun) — (P — P-) {e_ioFNP;éc(u?V)P+8xuN}u
Iy i= ie "N P Puy — i(Py — P_) [e*”FNnguN},
L= e (= 20 Bluy, un) = iPpe[ (Pee(wd))”] = 2000, Prc(unGn) ) (Pru + %)
eI PGy = H[e T (Pacu)” (Prun + 5) |
— 20 P (uniHOpun)e "N (Prun + %).
For Iy, Iy, and I, we have
I = =2Py [e7 "™ uy (Pruy + §) 0, Pouy | + 2P [ "™ uy (Pruy + §) 0, Pyux |
+ P.fe P uy (Pyuy + 5)iHO,un |,
Iy = (P + P-) [e‘“’F”P+ (&Au%)%w)] ~ Py [e-”FN (P.+ P,)(P#(u%v)azu]v)}
+ P, [e*i”FN uﬁvamp,uN} P [e*wFNu%vaszN}
~ P(u?) <P+ [e= N0, P_uy] + P_[e~ "0, P uy] )
I3 = iP.[e """ P Ojun] 4 2iP_[e” """ PLd2uy]
=iP.[e "N PL2un]| + 20P_ [0, ' P_ (e " NUY) - 03P yun ]| — 20 Pe(ul) P- [0, ' P_ (e 7N ) - 02P uy ]

=200, P_ [8;113, (e*i”FNu?V) . 8:,3P+UN] —20P_ [e*iUFNu?Vam]ﬁuN}
+iP.[e” TN P 02un| — 20 P.(ux ) P_ [0, ' P_ (e FN) - 02P uy].

Combining these identities, we have
(0% +7—[3§)1JN = —40P, [efi”FNuN (P+uN+ %)5xP_uN} +40P_ [efiaFNuN (P+UN+%)3$P+UN]

+ 20P; {e‘i”FNu?vaxP_uN} + 200, P_ [8;1P_ (e_i”FNu%v) . 81P+uN] 9)
— 2067iUFN (P+’U,N -+ %)B(UN, UN) -+ RN[U]

in the classical sense, where

—io . 2 . o— v
Rulfu] := e~i0F~ { ( — P [(Pre(ud)?] = 2i00; 1P¢c(uNGN)) (Piun + %) + P+GN}
-H [e*”FN (P¢c(u?v))2(P+uN + %)} —20P: (uniHOpun)e "N (Pruy + %)

+ 20P, [e_”FNuN (P+uN + %)iH@wuN} +20(P. 4+ P-) {e‘i"FN Py (P#(u?\,)awu]v)}
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—20P; [e*”FN (P.+P_) (P;ec(u%)axwv)] — 20P.(u}) (P+ [e7 ™0, Pouy] + P_[e7™ @cmw])
+iP.[e7 "N P 02un]| — 20P.(ux ) P- [0, ' P_ (e ") - 02P un].
To take the limit N — oo in (9), we prepare one more estimate on the bilinear form B(f, g) which is easily
deduced from (6):
IB(f, o) zrs—2 S I fllm=llgllers, s> 1/2. (10)
We also note that Gy — 0 in CrH*™! as N — oo, which also follows from (6). Exploiting (6) and (10), and

Lemma 2.2, we can take the limit of the right-hand side of (9) in CrH*~1, and its left-hand side in the sense
of distribution, obtaining the equation for v as

(0, + HO%)v = —do P, [e*”FMu(mu + g)axp_u} + 40P [e*if’FMu(&u + g)ax&u]
+20P; [T P20, P_u| + 200, P[0 P- (7 ?) - 0, Pyl
—20e " FM(PLu+ 2)0, 1 ((Pydu)? — (P-0,u)?) + Rlul,
where
Rfu] i= —ie™ PP, [(Paclu))*) (Pru+ §) = H[e T (Pocu))” (Pru+ )|
— 20 P, (uiHO,u)e T (Pyu + §) + 20 P, [e 7T Mu(Pru+ §)iHO, ]
+20(P. + P.) [e*wFMm (p#(u?)azu)} — 2P, {e*ivFM (P.+P._) (p#(u?)azu)} (11)
= 20P,(u?) (Py [e" 0, P + P [ 7" 10, Pl )
+iP,[e7 "M P o2u] — 20 P, (u?)P_[0; " P_ (e M) . 02 Py ).
Substituting (8) in the above equation, we finally obtain
(8, + HO%)v = —20 P, [ewF[uhPamp, (e—iUFM@)] +20P; [e—SiffF[u1@2amp, (e—iUFM@)]
+ 40P [ T2, Py (7P 10)| 4 4o P e Mu50, Py (7T )| )
+ 200, P_ [8;1P, (e Fluly? 4 gemioFlulyg 4 e=3i0Flulg2) . 9, P (e"7F [“]u)}
— 2008; ! [(3IP+(eiUF[u]U))2] + 20091 [(amp,(e—wﬂu]@))z] + R[u,

with R[u] given by (11).
It is easy to see that all the terms on the right-hand side of (12) belong to C7H*~! as long as u is in CpH?®
with 1/2 < s <1 and so is v. Moreover, the remainder R[u| is in CpH?; in fact, from Lemma 2.2 we see
IR[ulllorare S Xa(w) (1l e + 0l me) + Xapa () (lulloras + ulléym)
< (1 + ey pe)
1R[u] = Rl crme S Ya(u, @) (ulleyme + Wl me + Nullegme + 1712, 52)
+ (X () + X (@) (lallEry e +H8lE e+l G e+l e lu—ll e (13)
+Yora (u, @) (lullcrme + [ulloras + lully e + 1alléy m)
+ (Xer1 (u) + Xopa (@) (14 [l e + 1S o) 0 = Gll e

< (U llullpme + 1@0Ey 1) lw = @llor e

|u||CTHS7

In (12), the original unknown function u appears only in the gauge and the remainder parts. Since these
terms behave better than the others in view of Lemma 2.2 and (13), the main part of the nonlinear interactions
in (12) essentially consists of v only and is of the following types:

Pyfv-v-0,Prv], 0 P[0, (v v) - 9, Py], v 0, [0, Prv] 2

In particular, there is no high-low type interaction in which the spatial derivative is put on the function of the
highest frequency and cannot be moved to any other functions.
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3 Reduction to the fundamental quintilinear estimates

In this section, we apply the method of normal form reduction to the equation (12) of v. The a priori
bound for a solution and difference of solutions will be reduced to certain fundamental quintilinear estimates
(Proposition 3.3 below), which will be proved in Section 4.

3.1 Equation in the Fourier side

Let 1/2 < s <1 and u,v € CpH?® be solutions of (5) and (12), respectively, related through (7). We first
introduce a new unknown function

w(t,n) = e Flo(t, ))(n) (14)
and derive the equation for w. We denote by Q(m) the quintilinear form on ¢2(Z) associated with a multiplier
m(n,ni,...,ns) on {(n,ny,...,n5) € Z5 : n = njgz45} defined by

Q(m; wi, Wa,wz, Wy, ws)(n) := Z m(n,n,...,ns)wi(n1)Wa(ng)ws(ng) Wa(ng)ws(ns).

N=mn12345

With this notation, the equation for w reads as

() = 37 Q4 mas (e o)) () + €471 (R 1),
=
where
Q1 (m; u,w) i= Q(ms w, F(e7F1), w, F(eoF1), o),
Qs (i w,w) = Q(ms w*, F(e HoF ), o, FleioFlil), ),
Qs (s w,w) = Q(ms w, F(eF1), w, F(eol), w),
Qu(m; w,w) = Q(m; w, F(e™ 1), w, FeFM), w),
Qs (m; u,w) =Q<m; w*, Fe Pkl o, FetoFl )M),
Qo (m; w,w) = Q(m; w, F(e' 1), w, F(eoM), w),
Qr (m; w,w) 1= Q(m3 w, F(e 1), w*, F(emo ), ),
and

m1 = C1M451050, ny5<0, M2 1= C2N451550, ny5<0s

n n
mg = c3n45 (2 + —— ) Lpco, nas>0, M := Canas (1 + ——) Lo, ngs>0, M5 = C5 1,<0, n45>0;
n123 1123 n
. MNagNgs . Na2gNgs
me := C6——— Lnys>0,ngs>0, M7 = C7 1,05<0, nas<0s
n2345 N2345

O := n|n| — ni|n1| — nsng| — ns|ns|, ¢; (1 <@ < 7) are some constants, and

w*(t,n) == M Fo(t,n) = etn)=nl Fy(t, —n) = w(t, —n).

Note that |m;| < nasln<o, nys>0 for ¢ = 3,4,5.
We also observe that the equation for w* is written as

O’ ( ZQ* " u(t), w(t)) (n) + e F(RL) (¢, ),

where QF is defined by replacing w,w*, F(e*Fl4) (k € {0, —0, —30}) with w*,w, F(e~*Fl4)  respectively, in
the definition of Q;, and m}(n,n1,...,ns5) := my(—n, —nq,...,—ns).
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Next, we separate some harmless parts from Q;. Let > 0 be a small number, say = 27'°, and let
A1, Aa C Z5 be the sets of frequencies defined by

5)

=1 inasnss =0} U {(no)izy : Ina| V [na] > n?(|n
(ni)i_y © In2| V [na| < n?[ns|, Ins| < n(ina| A |nsl), [n2a| > ninas|}
(n)i=1 : Ina| V [nal < n?[nsl, [nsl < n(|na| A ns|), [neal = nlnas|, [ns| < 2[nal},

1=1 : nuznas = 0 or || V [na| = n(|ns| A |ns|) }.
We divide the multipliers m; as m; + rﬁi,

P {mil(m)fleAl and |®|>|nz|2ving? 1 <@ <5,
1 T

mil(m)‘;’zlgAz and |®|>|n2|2V|n4|? ifi =6,7,

N mil(nl)f’,leAl or |®|<|n2|?2V|ng|? if 1 <4 <5,
my; = - ep .
mil(nl)?zlev‘b or |®|<|n2|2V|ng|? if i = 6, 7,

and similarly, m} = m} + m}. The equations for w,w* are rewritten as

Dot ) = ZQZ s u(t),w(t)) (m) + RO u, (2, ),

. (15)
O™ ( Z Q; (¢ s; u(t), w(t)) (n) + RO[u, w](t, —n),
where
7
R(0) [u, w} (tJL) = Z o} (elt‘Pmi; u(t),w(t))(n) + eitnln‘}—(R[uD(Ln).
i=1

3.2 Definition of tree notation.

Let us now define the notation of trees, which is a slight modification of that introduced in [6].

Definition 3.1 (Trees). For J € N, a tree T of the J-th generation means a partially ordered set (with a
partial order ») of 5J 4+ 1 elements satisfying all the following conditions.

(i) There is the unique element r € T called the root such that r = a for all a € T.

(ii) Each element of T except for the root has exactly one parent, where we say that a € T is the parent of
be T and b is a child of a if a # b, a = b, and a = ¢ = b implies ¢ = a or ¢ = b. (We write T° to denote
the subset of T consisting of all elements that have a child, and 7> := T \ 7°.)

(iii) Each element of T° has exactly five children. (This condition implies that #7° = J and #7>° = 4J+1.)

(iv) The elements of 70 are numbered from 1 to J so that aj, = a;, implies j; < jo, where a; is the j-th
element of 70, which we call the j-th parent.

(v) For each element of T7° its children are numbered from 1 to 5, and the second and the fourth children
always have no child. (The set of all the second and the fourth children, which is then a subset of 7°°,
is denoted by 77>, and T5° := T\ T;>°. Note that #7,>° = 2J and #7;° =2J + 1.)

We write T(J) to denote the set of all trees of the J-th generation. We also define
3(J)={1,2,...,7},  U(J):=3(J) x T(J)
for J e N.

We note that the above set of trees T(J) also has an inductive definition:
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Table 1: The complete list of trees in T(1), T(2), and T(3). Here, for each tree T, the elements of T° are
denoted by boxes (with their numbers), while the elements of 7;°° and 75 are indicated by open and filled
circles, respectively. For each element of 7°, its five children are the elements connected downward from it and
arranged from the left according to their numbers.

e Let T(1) be the set of one tree consisting of the root and its five children.

e With T(J — 1) given, define T(J) as the set of all trees that can be obtained from some T € T(J — 1) by
choosing an element a € 75° as the J-th parent and adding its five children.

The complete list of trees of up to the third generation is given in Table 1. From this definition, we easily see
that #%(J) = H;] (25 1), #U(T) =17 [I;=1(2j — 1). Note that we distinguish, for instance, the top-right

tree and the bottom-left one of T(3) in the table, as the numbering of the parents is different.

Definition 3.2 (Index functions). Given J € N and 7 € T(J), an index function n = (ng).e7 on 7 is a map
from T to Z such that

Ng = Ngy + Nay + -+ + Nay

for all a € T, where a; stands for the I-th child of a. We write 9(7) to denote the set of all index functions
on 7. Given n € N(T), we define

D i= ngi[nai| = ngg gl = ngglngg | —ngglng|
for j =1,2,---,J, where o/ and a{ mean the j-th parent and its [-th child, respectively.
With this notation, the equation (15) can be written as

dw(tn)= > > ey (n,(n)iny) [ Waltna) ] woltne) + RO, w](t,n)
)

1, 7T)ed(l) nen(T a€T ™ beTy>®

Mroot="N

= NOfu,w](t,n) + RO [u,w](t, n),

’ _— (16)
Ow*(t,n) = Z Z eit®1 m;-kl (774 (Tll)?zl) H Wa(t,ng) H wp(t,np) + R(0) [u, w](t, —n)
(1, 7)ed(1) nen(T) aETP beTge
Nroot="n

= NO[u,w](t,—n) + RO [u,w](t, —n),



Unconditional uniqueness for periodic mBO 11

where n; denotes the value of n at the I-th child of the root in 7 € ¥(1), W, matches one of F[e*F M}
k € {+1,+3}, and wy is either w or w*.

3.3 Normal form reduction.

In this subsection we carry out all computations formally and postpone the justification of each step until
Subsection 3.5.

Now, we proceed to the first normal form reduction step. Let M > 1 be a large constant to be chosen at the
end of the proof of a priori estimates according to the size of the initial datum. We first divide the summation
over n in the first equation of (16) into resonant and non-resonant frequencies:

N, w)(t,n) = Z Z e, (n, (m)iy) H W (t, ng) H wp(t,mp)

(1,7)EL(1) nEN(T), mroos=n a€ T bETS®
[@1]<M
+ Z Z eitélmil (TL, (nl)ZS:l) H W, (tv na) H wb(ta nb)
(1, T)EU(1) n€N(T), nroot=n a€T™ beTy>
|®1|>M

= N, w](t,n) + N, w] (£, ).

We then apply differentiation by parts with respect to ¢ only to the non-resonant part:

N(l)[ ](t,n) _ at{ Z Z eit<1>17’h“ ’I’Ll 1 1 H W, t na H wb t - }

1, T)EU(L) neN(T), nroot=n a€T bETS®
|®1]|>M
eitq)lﬁl‘ nl
-y ¥ < o] T W] T wnttm
(ivT)Eu(l) nem(T)vnrooth GETOO b€7—2°°
| @1 |>M
e“q)lm (ny)
- > > a (00D T w1 o T wit,m)]
(ivT)Gu(l) nem(T)vnroot:n ﬂ€7—1 bE7’2°°
| @ |>M

= QNS [, w](t, 1) + NV, w] (t,n) + N3 [, w](E ).
Substituting the equation (16) into ./\f2(1) [u,w], we have
N3P Tu, wl(t,n)

eiti’lm“ ,(m)7-y) 0
- ¥ 3 I Wat.na) > ROwwlt,ng) [] wu(tnw)

(1,7)ex(1) neN(T) = beTse beTes
Nroot =M b'#£b
|®1|>M

. 2
et (P1+®2) I1 ﬁ%j (nah (”a{)?:1)

— Z Z j=1 . H W (t,ng) H wy (t, np)

(1, T)EU(2) neN(T), nroot=n a€T® beTe
[®1]>M

= RW[u, w](t,n) + NO[u,w](t,n),

where a7 and a{ (1 <1< 5)denote the j-th parent in 7 and its children, respectively. It should be remarked that

in the above expression, ri;, and R [u, w](t, n) may be replaced with 12}, and RO [u, w](t, —np), respectively;
this is, for instance, in the case where (i, 7) € L(2) satisfies i; = 1 and a? = at. However, we may neglect such
a difference since it plays no role in the multilinear estimates to be established in the next section.

To summarize, we have obtained the equation

1
Ohw = ON [u, w] + N}gl)[u, W] + NV u, w] + Z RD[u,w] + NPy, w]. (17)
=0
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Let us apply the normal form reduction once more to the term N () [u,w] in (17), for which the frequencies
n € N(T) (T € T(2)) are already restricted to the region where |®1| > M holds. This time we consider the
frequencies satisfying
(1] > M, D14 P2 <2[P1]  or [Py > M, [D1 + Do > 2(Py]
as resonant or non-resonant frequencies, respectively. It holds ||~ < ((®1)(®5))~'/2 in the resonant case,
whereas we have |®; + ®5| > 2M and |®; + ®5| ! ~ (@)~ ! in the non-resonant case. Similarly to the first
reduction, we divide N [u, w] as

N [u,w](n)

. 2
et (214+22) H mij (naj, (na{)?zl)

j=1
x| -y ] ; [T #ato) T ot
(LT)EW(2) L nER(T), ntroor=n  BER(T), root=n ' a7y beT
|®q|>M [@1[>M
| D1+ Bo | <2|P | |@1+P2]>2|P1]

= NP [u, 0] (n) + Niplu, w](n),

(where ¢ denotes a complex constant with |¢| = 1, which plays no role in the estimates,) and differentiate by
parts as

eit(P1+P2) H ml (na;,(n J>l5 1)

N, w)(n )at[c > > 1E¢1+¢2) 1T watra) ] wb(nb)}

(1, T)EL(2) nEN(T), Nroor=n a€T™ beTe
|®1|>M
|®1+P2|>2|P |

MR TT i, (s, (n,0)-1) 5 [

by
22 & (@17 02)

1f(<1>1+‘1>2)H my, (nau Ngi l 1
+CZZ 515 T 0 H Wa(na) t{bel;loct%(ﬂb)}
2

(1T n acT™

=: 0N [u,w](n) + NP, w) (n) + N [u, 0] (n),

H Wa(na)} H wp(np)

beETS®

and then substitute the equation (16) to obtain
N 0] (n)

. 2
eit(®1t2) [I mij (naj’ (na{)?:l)

_ J=1 (0)
=c W.(n RV u, w](n Wy (Mg
P> 2 NCET) I Watna) 3 o) I ww(w)
(i, T)€EL(2) nEN(T), Nroot=n a€Ty beT; b eTye
[@1]>M b'#£b
\<I>1+<I;2|>2|<I>1|

. 3
ezt(<1>1+<1>2+q>3) H mij (naj7 (naj )25:1)
l

+c Z Z (I)lj(zl+q)2) H W (na) H wp(np)

(1L, T)EUB) neN(T), nroot=n a€T® bETS®
|®1]|>M
[®1+P2|>2|Pq|

= RO, w](n) + N®u,w](n).

We again neglect the difference between 7i; and m} or RO [u, w](ny) and RO [u,w](—ny), which plays no role
in the estimates. As a consequence, we have the equation

2
8thz<8tj\/'(])[u w]+J\/'(J)[u w]+/\/(1)uw> ZR(] [, ] + NP u, w]

Jj=1 7=0
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after the second normal form reduction.
To describe the general step, we define

{peZ:|u <M} if J=1,
M = {1, p2) € 22 - || > M, o] < 2/pun |} if J =2,

{(u)j=1 € Z7 + lpal > M, |fi] > 2|fi;-1] (2§ < T=1), [ig] < 2/} if J >3,
M%}%::{{MGZI|M|>M} . ) | i =1,

{(y)f=y € 27 || > M, |3 > 21| 2 <5 <)} if T >2,

where fi; := p1 + po + -+ + 4, so that MS\}I% X7 = Mgﬂ) U M%R*“. Then, the equation for w obtained
after the J-th normal form reduction is written as
J J
Ow = Z <5't./\/(§])[u,w] —|—N;§)[u,w] —|—N1(])[u,w]) + Z’R(j)[u, w] + N[y, ], (18)

Jj=1 j=0

where éj =0+ Py -+ Dy and?

e J
e T 1, (o, (0 )7y)

J =1
N wwln) = 3 = [T Watna) TT wslm),
(i,T)EL[(J) nem(T)vnroot:n H (P] a€7—1°° b€7’2°°
(®)]_ emy)’ j=1

e J
eit®s H my; (naj, (na{)?:l)

J =1
NO( )[uuw}(n) =c Z Z 2 7 H Wa(na) H wb(nb)7
(1, 7T)ed(J) neN(T), Nroot=n H [} aET™® beTS
(®)]_ eM{R j=1

i=1 X
Nf‘”[u,w}(n) =c Z Z ! . 8{ H Wa(na)] H wp(mp),
1L,T)eU(J) n€N(T), Nroot=n 1@ a€T™ beTS®
(@5)] €M j=1

R u,w](n) = ¢ Z Z =t

J
(1,7 eU(J) neN(T), Nroot=n H D,
(®;)]_ €M) j=1
X H Wa(na) Z R(O)[uvw](nb) H wb’(nb/)a
b £b
~ J+1

11 1=
Ny, w)(n) == ¢ Z Z J Y H Wa(ng) H wp(np).
1, 7)eU(J+1) neN(T), Nroot=n H P a€T>® beTy®
(®;)]1 MR j=1

In fact, we make a resonant/non-resonant decomposition of the term A’/ in the equation after the (J — 1)-th
reduction as

N, w)(n) = J\/’I(%J) [, w](n) + J\/](VQ [, w](n),

e J
eit® H s (nan (na; )15:1)

J =1 '
Niplwwlm) =c Y > SR [T Watna) TT w(m).
(1, T)EW(T) nEN(T), Nroot=n I1 ®; a€T® bET®
()] €M j=1

2For J = 1 we use the convention that H?zl p; =1 (pj € R).
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and apply differentiation by parts to N, 1(\/2 [u,w](n) as

NRlu,wl(n) = ONG [u, w](n) + N u, w](n) + N& [u,w] (n),

) al/l=
./\/2(‘]) [u,w](n) :=c¢ Z Z ! g H Wa(na) ~8t{ H wb(nb)],
(i,T)EL[(J) nem(T)7nroot:n H ¢J a€7’1°°
(®5)]_ 1 EMRR =

and substitute the equation (16):
N3 [, ) (m) = RO, ) (m) + NV, ] (),
which leads to (18).

Integrating (18) with respect to ¢, we obtain

w(-,n)‘; ZN(J[uw ,m) +Z/ Njuw](Tn)—l—N])[uw](Tn)}dT

Jj=1

;o (19)
+)° / R [u, w](,n) dr + / N[y, w)(7,n) dr.
—0J0 0
This integral form will be used to derive a priori bounds on w in Subsection 3.5.
As observed in [13, Section 2.4], we see the following:
e If P =9, € Mﬁ%), then |e“t‘1>1mZl (n, (m)=y)| S MY2(@1) =2, (n, (a)iy) |-
o If J >2and (®;)7_ L e MY then @, ~ B > 2 IM (1<j<J—1), |®,] < |8y 1| and
itd . J 4
€ tes Hj:l mij (naj7 (na{ )25:1) < O'] HJ=1 g (najv (na{)?ZI) ‘ (20)
J—-17% — J— i J :
Hj:ll ®; Hj:lQ(QJ 1M)1/2 Hj:1<¢j>1/2
o If J > 1 and (®;)7_ 1€MNR,then|<I> | ~|®;| >20"1M (1 <j<.J)and
Ty (o (i) |y T [ (0 G )0) o
T x = _
Hj:l ®; H (ZJ 1M) HJ 1<(I)J>1 s
HJ A'(aiv( )l 1)‘
<cl 7 (22)

IT,-, (2 M) V2T ()12
for any ¢ € (0,1/2].

These inequalities allow us to reduce the multilinear estimates of degree 4.J +1 for the terms appearing after the
J-th normal form reduction to just J repetitions of fundamental quintilinear estimates given in Proposition 3.3
below.

Finally, we recall that the above computations in each step of the normal form reduction, which include
switch of the order of summation and time differentiation, application of the product rule for time differentia-
tion, and substitution of the equation (16), may not be justified for general distributional solutions v € CpH?,
w € Opl? if s is not large enough. This issue will be handled in Subsection 3.5 by using multilinear estimates
to be established in Subsection 3.4.
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3.4 Multilinear estimates
We begin with stating the fundamental estimates for quintilinear forms, which will be proved in Section 4.

Proposition 3.3. Let s > 1/2, and let 1 (resp. m) be one of {m;,mi; 1 <i <7} (resp. {m;;1<i<T7}).
There exists § > 0 such that we have

| Z ]ﬁl‘wl(nl)Wz(nz)w3(n3)W4(”4)W5(n5)||€§
n=mn12345 (23)

sllwslee (IWalez,, IWalle + IWelle|Walle,, )
| w1 (n1)Wa(nz)ws(ns) Wa(na)ws(ns)||e
2 S (24)
Ws||e2,

s

[ :Z %wl () Wa (1) ws (n3) Wi (na)ws (n5) 2 -

S llwrllezflwsllez[los [l ez (HWQIIe;1 [Wallez A ||W2||Z§HW4||Z§71),

m

<(I)>1—6

Y

N=mn12345
= (
~

for any real-valued non-negative functions wi,ws,ws, Wa, Wy.

w1 (n1)Wa(n2)ws(ns) Wa(na)ws(ns) | e

-1

(26)

e, ) IWalle

Now, we deduce the required estimates of multilinear forms from the quintilinear estimates given in Propo-
sition 3.3.

Proposition 3.4. Let 1/2 < s < 1.

(i) There exists 0 < 6 < 1/2 depending on s such that the following holds. Let w € CTH® be a solution of

(5) in the sense of distribution, and define the solution w € Crl% of (16) by (7) and (14). Then, there exists
Co > 0 depending on s, ||ul|cpms (and ||w||c,e2)* such that for any J € N we have

IRO [, W]l opez + WV, wlllopez

INVE s wlll e < M (CoM )

NG [ wllones < (Cobt™/2)",

[u, w]

[u,w]

S CO)

-1

9

||N1(J) w, w ||CT£§ < COM1/2 (COM—l/Q)J7
IR [u, ]| erez < Co(CoM12)7,
IV wlllope, < Co(CoM—?)”.
(it) Moreover, if u € CH?® is another solution of (5) and W € Crl? is the corresponding solution of (16),
then there exists Co > 0 depending on s, |[ullcpms, |ullorms (and [|wllopez, |@]lcrez) such that we have
IROu, w] — RO, &
IV Tu,w] = N [, &
[
[u

HNere < Colllu—llopm: + llw — Bllepe],
]
VG [y w] =N, @ o < (CoM ™2 [ = Wl ogrre + lw — Fllegez].
%)
%

e < M(CoM ™) [Jlu = @l e + |l — Wllere],

~ ~ _ J ~ ~
IND [, 0] = N, & e < CoMM(CoM™2) [u = @l crme + |w — Blloge],
~ ~ _ J ~ ~
HR(J) [’U,,CU] R(J) [’LL w ||C 02 < C() (CoM 1/2) [||u — UHCTHS =+ ||w — w”CTfﬁ]'

3Note that lwllcpe2 = [lvllcg ms, which is controlled by ||ul|cy s using Lemma 2.2.

u, W
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Proof. (i) Estimate on R(®). We have

7
1RO [w,w]llez <D 1Q(e" riis u(t), w(t))llez + | Rl | -

i=1

By (23), the first term in the right-hand side is bounded by X (u) X,y 1(u)||w||?., which is controlled in terms
of ||u||cy m= by Lemma 2.2. The second term has been estimated in (13).
Estimate on NV, The product estimate (6) easily implies that

1> Iifws (n1) Wa(no)ws (ns) Wa(na)ws (ns)

N=mn12345

e, SllwillelWalle lwslle [Wallez los [l ez (27)

where m is one of {7;,m}; 1 < i < 7}. This and Lemma 2.2 verifies the estimate on N,
Estimate on NI(%J). By invoking (20) and applying (24) J times, we have

I,
> I e J1 b

my; (naj, (na{)?:1)|

W T wlle <’ S

J=2 /6 J
e | nemry Tlim @MY IT_ (@)1 27 beTS
J mi]’ (naj’ (naj)l5=1)|
< CIM-U-D2 gy 11 i I Waa)| T lws(no)]
(,7)eU() . (@)Y e
7 nen(7) j=1 j = bTy :

S CJMf(J72)/2XS(u)2J”w”§é]+l

for J > 2, where we have used the fact that for p > 1 there exists C' > 0 such that #(J) = 7/ H;.le(Qj -1 <

c’ H;]:_f p?~1, J > 2. A similar argument gives the estimate for J = 1. Then, Lemma 2.2 implies the desired
estimate.
Estimate on /\/()(J) follows in the same manner, by use of (22) instead of (20).

Estimate on ./\/1(‘]). We note that

J J
O [ I1 Wa] = 30 (W 0W,e + W07, ) TT Wy Wy
a€Te Jx=1 j=1
JFJx
Similarly to (22), for each j, we have
it®, 177 A J s
it Hj:l mg, (naf’ (na{)?:l) < Hj:l |m% (naj’ (na{)?:l) ’

J oz ~ I —1/6i_ J :
Hj:l @ Hj:l (27 1M)1/2<(I’j*> Hj:Lj;éj* <‘I>j>1/2

By these facts and (24) as well as (25), we have

N sl < CIMTOTD a9y e X () ol

Since u € CrH?® satisfies
86tk Flul = jLeikFlul ( — 2P (uHOpu) — 2iB(u, u) + 0 Pse [(P¢C(u2))2]) (28)
(which is verified in the sense of distribution or in C7H*~!), by (6) and (10) we have

BeR Pl < X, )4
e B [|Oe [ £rs-1 S Xs(u)([[wll =)

Hence, the claim follows from Lemma 2.2.
Estimate on R, From the estimate on NSJ), we have

IRV, w]lle < C7M™72X () | E 1RO u, ] ez
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The claim then follows from the estimate of R(®) shown above and Lemma 2.2.
Estimate on N/t The estimates (26), (24) combined with (21) and (27) yield that

VU alllz | < CTFMTIOX, () 2w B+,

In the above estimates, for each 7 € T(J 4+ 1) we have applied (26) and (24) J times in total, and the number
of application of (26) is equal to the number of elements a € 7 such that a! = a = a’/*! and a # a/*!. The
desired estimate is obtained by Lemma 2.2.

(ii) A similar argument verifies the difference estimates. In fact, we may just replace Xs(u), Xsy1(u) and
[wllee by Xs(u) + Xs(w), Xer1(u) + Xsp1(u) and |lwllez + [|@]|¢z, with one exception which is replaced by

Ys(u, ), Ysy1(u,u) and |lw — ||z, respectively. For the estimate on the difference of Nl(’]), we note that

9 ikFlu] _ ikFu] o
pe iy 10 = e

S Yo(u, @) (llulls + [alme)* + (Xs(u) + X @) (lull s + Nl me)* lu =l

Then, the desired difference estimates are shown by Lemma 2.2. O

3.5 Proof of Theorem 1.1

Let 1/2 < s <1 and u,u € CrH?® be two solutions (in the sense of distribution) of (5) with a common initial
datum at ¢t = 0. Define the corresponding solutions w,o € Crf? of (15) by (7) and (14). By translation in
time (if necessary), it suffices to prove u(t) = u(t) on [0, T] for some 0 < Ty, < T.

Let us first justify computations of each normal form reduction step, following the argument in [6, Section 5].
We only see the first normal form reduction step to show the idea; then the general steps are justified in the
same manner. Let W (t,n) := F[e®F®I](n) for some k € {£1,43}. As seen above, dyw, W € Crl?_, by
the equations (15), (28) and hence w(-,n), W(-,n) € C1([0,7]) for each n € Z, which justifies application of
the product rule:

Oy e;f i (n,na, ... s )wi(ng) Wa(na)ws (ng) Wa (na)ws (ns)
=", (n,n1,...,n5)wi(n1)Wa(ng)ws(ng) Wa(ng)ws (ns)
+ %mi (n,na,...,n5) (Owr)(n1) Wa(no)ws (ng) Wa(ng)ws(ns)
et S (g (1) W e () Wi () D) 1)
for each n,nq,...,n5 € Z. Each term on the right-hand side is absolutely and uniformly in ¢ € [0, T] summable
over {(ni,...,n5) : = nya345, |P| > M} for each n € Z, which is a consequence of (the proof of) the estimates

on N NU+D in Cr2_, and those on N7, RW) in Cpe? given in Proposition 3.4. (This justifies the
substitution of the equation (16) into NQ(J), since the summations after substitution are shown to be absolutely
convergent.) Moreover, the function on the left-hand side before differentiated in ¢ is also absolutely summable

by the estimate on ./\/'O(J) in C’Tég. As a result, we can switch the summation and the differentiation in ¢ in the
classical sense:

eit@
at |: Z P ’I7A’LZ (TL7 Nyy.n. ,n5)w1 (nl)WQ (ng)wg (TLg)W4(TL4)(U5 (TL5):|

M=N12345
|®|>M
eit<I>
= Z 6t l: P ’I’hi (TL, ny,... ,TZ5)(U1 (n1)Wg(ng)wg(ng)W4(n4)w5(n5)}
AR

for each n € Z. In such a way, the normal form reduction steps are justified for general solutions u € CpH*®
and w € Cpl2.
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We next show that w satisfies the equation

W(t,’n) = UJ(O,’I?,) + z : [No(j)[uvw](ta TL) —No(j)[u,w](o,n)}
[e%s} tjzl N t (29)
Dy, l(r.n D1, wl(r,n)| dr Dl (. 1) dr
+jzl/()[NR[, J(7.m) + N ). m)| +Z/R fu,wl(r, m) i,

which is the limit of (19) as J — co. By virtue of Proposition 3.4 (i), the sequences (in J)

J

> [N e, m) = A 0,

1

<

J t ] ) J t )
> [ M + A bl dar 3 [ ROl dr
j=170 7=070
are convergent in Cr/f2? and
t
/ Ny, w)(r,n) dr — 0
0

in Cpf%_,, if we choose M > 1 such that CoM % < 1. Therefore, we can take the limit J — oo in Opf2_,;

and (29) is verified. Note that (29) now holds in C7/? since the last term fot NUHD of less regularity has been
eliminated in the limit equation.
The difference w — w thus satisfies the equation

w(t,n) — &(t,n) = [(Néﬁ [u, w](t,n) — N9 [0, @) (¢, n)) - (Ng” [, w](0,n) — N [@, @)(0, n))}

NE

Jj=1

+§:/Ot {(/\/Igj)[u,w](ﬁn)—Ng)[ﬂ,&](q-,n)) 4 (ij)[u,w](f,n)—Nf”[a,a](@n))}dT

3 | [ROtr.m) - RO @) ar

on [0,T]. We apply Proposition 3.4 (ii) and then invoke Lemma 2.3 to get

CoM~1/2 -

_5 <{@+TM+T.CMY?) = 4 T
oo =&ler. e < (( oM T CoM—1/2 "1-CoM /2

HE+Dlw =Blo e

for 0 < T. < Ty and M > 0 such that CoM % < 1 and CV'OM_l/2 < 1, where C' > 0 and Ty € (0,T] are
constants given in Lemma 2.3. Taking larger M (if necessary) and then choosing T sufficiently small, we
obtain

- 1 -
lw —@llcp, e < §Hw —Wlleg, e

and therefore |lw — &||c,, ¢z = 0. Finally, Lemma 2.3 concludes that u(t) = u(t) on [0, T%], which establishes
Theorem 1.1. g

4 Proof of fundamental quintilinear estimates

All we have to do is to prove the fundamental quintilinear estimates given in Proposition 3.3, which is the goal
of this section. First, we further reduce Proposition 3.3 to the following lemmas:



Unconditional uniqueness for periodic mBO

Lemma 4.1. Let s > 1/2, then there exists 6 > 0 such that we have

| > naswi(n1) Wa(ng)ws (nz) Wa(na)ws (ns) || e

n=ni234s,(n) €A1
n>0,mn45<0

S llwrllez [[ws ez lws éﬁ(HW2 e, [Wallez + [[Wale2 W4He§+l)7
Ty5
| > le(nl)W2(n2)w3(n3)W4(n4)w5(n5) e
n=ni23as,(n1)¢A1
n>0,n45<0
S llwillez Wallezlwsllez [Wall ez l|lws [l e2 5
n n
I Y e Wata ) Wil
n)
n=n1231s5,(n1) A1
n>0,n45<0
S llwillez IWallez [|wsllez [ Wall ez [|ws |l e2

for any real-valued non-negative functions wy,ws,ws and Wa, Wy, where nyax := maxi<j<s |n;].

Lemma 4.2. Let s > 1/2, then there exists 6 > 0 such that we have

MN23MN4as
(Y E 01 (1) W (no)ws (nig) Wa (na)oss (1) | 2
2345 ’

n=ni2345,(n;)EA2
n23>0,m45>0

S llwillezllwsllez lws e§<||W2 e, [Wallez + [[Wa| 2| Wy e’;‘ﬂ),
n23N45
| > WUJ](nl)WQ(ng)W3(N3)W4(n4)W5(n5)Hgg
n=ni234s,(n) A2 2345
n23>0,m45>0
S llwillez (IWallez lws ez [[Wallez [|ws | ez,
nagNn. n
Y e e W (eane) Wi ()
n=ni2345,(n1) A2 2345
n23>0,m45>0
S llwillez IWallez lwslle2 [[Wallez [|ws | e2

for any real-valued non-negative functions wy,ws,ws, Wa, Wy.

These lemmas yield Proposition 3.3 as follows.
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(30)

(31)

(32)

(34)

Proof of Proposition 3.5. (23): We divide || as Im|Lnyea + IMm|1n)gal|o|<|ns2ving?, Where m is one of
{m;;1<i<7jand Ais A (1 <i<5)or Ay (i =6,7). For the first term, (30) and (33) yield the claim.

For the second term, we use (31) and (34) after multiplying by ((n2) + (n4))/(®)¥/? > 1.
(24): This immediately follows from (31) and (34).
(25): We multiply the quintilinear form by ((13)1/2/(<n2> + (n4)) 2 1 and apply (31), (34).
(26): This immediately follows from (32) and (35).

To show Lemmas 4.1 and 4.2, we prepare the following combinatorial tool.

Lemma 4.3. Let € > 0, then we have

sup [#{(nl,m) € Z?:3(n1 — n})* + (n2 — n3)® = u*, |na| + |n2| < R}

nf,ng,#*GZ
F#{(nnma) € 27 (m )2 — ) = 1”0, [ma| + o] < B)]
<R

for any R > 1.

(36)

(37)
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Proof. Estimate for (36) follows via well-known divisor counting argument and Jarnik’s geometric observation;
see, e.g., [2, Proposition 2.36] and [3, Lemma 1.5]. Estimate for (37) is immediate if |p*| < RS. When
|*| > RS, we may assume |ny —ni| > |ny —nj|, which implies |ny —n}| > [u*|'/2 > R®. Tt turns out that the
number of such points (ny, ng) is at most two; this kind of argument is also well-known, see e.g. [4, Lemma 6.1].
In fact, suppose that there exist three distinct points (n1 j,n2,;), j = 1,2, 3 satisfying

(n1j —ni)(nay —n3) = p* #0, |nijl+Inaj| <R, pjo=I|ny; —ni| > p["? > R?,

then for each j, p; is a divisor of yu* and confined to an interval of length 2R. Moreover, p;, j = 1,2,3 are
mutually different. Then, using the identity

lem(p1, p2, p3) ged(p1, p2) ged(p1, p3) ged(p2, p3) = p1p2ps - ged(p1, P2, p3)

we deduce
8R*|u*| > |u* P > R®|u”),

which is a contradiction. O

Now, we are in a position to prove Lemmas 4.1 and 4.2. This is done by a thorough case-by-case analysis,
which reveals how we come to the elaborate definition of the sets A, As.

Proof of Lemma 4.1.

[0] Proof of (30).

[0.1] ny5n35 = 0. We consider the case ny + ns = 0 without loss of generality. Noticing s > 1/2 and using
Young’s inequality, we have

LHS of (30) S || Z W1W2LU3|TZ4|W4LU5 £2 + H Z WQW3W4HQ Z |TL5|LU1(—7’L5)CU5(TL5)

N=mn12345 n=mn234q ns

Wallez||ws |l e2[|Wa lwslez + [W2

S llwille e e, ezllwsllez [Wallezllenllez , llosllez -

[0.2] [na| V [na] = n%(Ins| A n]). If |na| V |na| > n?|ns|, we have |ngs| < |na| + |n4l, and the desired estimate
is easily verified by Young’s inequality. If n?|ns| > |na| V |n4| > n?|n|, then

LHS of (30) < Z (<’I’L2> + <n4>)LU1W2(JJ3W4<TL5>W5H[§7

MN=MN12345

1 ?

and the claim follows from the Sobolev estimate (6).

[0.3] |na| V4| < n?|ns|, [ns| < n(Ini] A|ns]), and |nas| > n|nis]. Replacing |ngs| with |ns|, we may assume
[na| > |n4| by symmetry. Divide na, ng, ns into dyadic parts {(n;) ~ N;} and restrict ny and n3 into intervals
Q1,Q3 with length No. Then, we have (n)%|ns| < (n1)*(n3)*(ns)*~* and

)" Inaslows Waws Waws|| 2

N=n12345
1/2 1/2
S N lIxqiwille lxen. Walle Ny Ix@uwslle [x~na Wallez | Ix~nvswslez
1/2— 1/2—: —
S Ny PN NS g, wn el s Wallee  lx@oslen X, Wallez e s L2

By the almost orthogonality |ni3| < N2 the summation over @1, Qs is performed via the Cauchy-Schwarz
inequality. We can sum up over No, Ny, N5 since s > 1/2, and the estimate follows.

[0.4] |na| V [na] < n?|ns], [ns] < n(|ni| A |ns)), [ns| < 2|n1|, and |nas| > nlngs|. Similarly to the preceding
case, divide no,ng,n4 into dyadic parts and mi,ns into intervals of length N5, assuming Ny > N4. Since
In| < |nga| + |n1s| + [ns| < |nal + |n3| and thus (n)®|ngs| < (No + N3)t =% (n1)*(ns)®, we have a similar estimate
as [0.3].

[1] Proof of (31). Recall that for (ny,...,n5) € A; we have nyjsnss # 0 and |na| V [na| < n%(|ns| A |n]),
which implies |n4s| < |[ns]. By symmetry we may assume |nq| > |ng|. Since n > 0 and n4s < 0, it must hold
that nq3,n1 > 0 and ns < 0, and particularly nignisnss # 0. We also note that |n1| ~ nmax in this case.
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We see that the following identities hold:

2n15n n? — p? if ng >0
® =n? —n} —nglnz| +ni = 157135 2p 5 . Pe (38)
—2n13nis +n° +p°  if ng <0,
where p := n135 = n — noy. Then, the following fact is verified by Lemma 4.3:
If two of nq,ng, ns are restricted into intervals of length R > 1, then the number of (39)

possible choices of (n1,ng, ns) for fixed n = ni9345, no, nq, Y, is at most O (R).

By the Cauchy-Schwarz inequality, (31) is reduced to showing

s [2{m)2*
2 Tl P P gy S ! (40)

N=Nn12345

for n € Z uniformly.
[1.1] |n3| > n|ns|. In this case we have |ns|?(n)?* < (ns5)2%(n3)2(1=%)(n;)?%. Decomposing the summation
in n3 into dyadic intervals and invoking (39), we have

1 #{(n1,n3,m5) : 1 = ni2345, ® = p, [n3| + [ns| S N3}
LHS of (40) <
N?’Z>1 N3 (2s—1) n;4 n2 23<’I’L4 2s % <M>

N3 log N3 logN3
N3>1 Ns

whenever 0 < & < 2(2s — 1), where we have used the fact that ® can take at most O(N3) values for fixed
n,Nng, Nyg.

[1.2] n|n| < |n3| < nins|. Tt holds |ns|?(n)2* < (n5)?*(n1)2(1=%)(n3)?s. By a similar argument as [1.1], we
see that

1 #{(n1,n3,m5) : 1 = ni2345, ® = p, [n1| + [n3| S Ny}
LHS of (40) ,S Z (25—1) Z n2 23<’I’L4 25 Z

Ni2>1 Nl n2,M4 WEZ <'u>
N7y log Ny
S D e St
Ni;>1 Nl

if0<e<2(2s—1).
[1.3] |ng] < n(|ns| A |n|). In this case it holds that nis = n — nazs > (1 — 3n)n > 0. We observe that

® = (n15 + naza)® +n2 — (n15 — 1) — n3|na| < 2n15(ns + n2sa) + nasy + 13
< —2(1 = 3n)*n|ns| + I*nlns| + n°nlns| < —|nns|.

Therefore, we have |ns|?(n)2* < (®)(n;)?* and

LHS of (40) S Y <n2>28<n3>281<n4>28<n5>gs51.

n2,n3,Mn4,N5

[2] Proof of (32).
[2.1] |n| > 7*Nnas. In this case the estimate is reduced to (31).

[2.2] |®] > n3n? .. We have
<nmaX> < <nmax>26 - <n1>26<n2>26<n3>26<n4>25<n5>26
@250 ()~ ()%

if 0 < § < 1/2, hence this case is also reduced to [1] with s replaced by s — 2§ once we choose 6 > 0 such that
s—20>1/2.

[2.3] [n| < N®Nmae and | @] < 7302, Recall that we are assuming ni5n3s # 0 and |na|V |ng| < n2(|ns|An|),
which implies |n4s| < |ns|. We may assume |n1| > |ng|, and thus it holds that n,ni,n13 > 0, ns,nas < 0,
|n1| ~ Nmax-
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2.3.1] |n5] < mins|. In this case, |n| < 7*nmaez (= n?|n1|) implies ng < 0 and |nq| ~ |ng|. Since (n;) & Ay,
we also have |nqg| < njnis|. Moreover, we have n < 2n;3, since otherwise 0 < n/2 < n —nj3 = ns + ngy <
ns + 2n%|ns| < 0, which is a contradiction. Hence, (38) implies that

d = —2ny3n15 + n? + (n— 7124)2
< =2n13(1 — n)ng + 2n1s - g + (2013 + nmaz) (P01 + 20°n1) < —|n1s|Nmax,
which then yields that

|n5|2<nmax>2 - <n1>2(1—s+6)<n5>2s
(®)2(1=0)  ~ nq3[20=9)

If we choose § > 0 such that 1 — s+ § < s, we have

|n5|2<nmax> ].
Z <q)>2(176)<n>2(175)<n1>23<n2>23<n3>2s<n4>2s<n5>2s S/ Z |n13|2(175)<n2>25<n3>25<n4>25 ’S L.

N=n12345 ni,mn2,n3,Mn4

By the Cauchy-Schwarz inequality we have the claim.

[2.3.2] |n3| < n(|n1| A |ns|). Since |n| < 9?nmaz, we have |n1], |n5| > Nmax/2, and then the assumption
(n;) € Ay implies |nos| < njnis|. We see that |®| 2 |ni15|nmax in this case. Indeed, from (38), if ng > 0 we
have

@] = [2n15m35 + n24(2n — n24)| 2> 2(1 = n)|mas||ns| — nlnas|(4n?[ns| + 20%[ns]) > nas|ins| > [nis|nmax/2,
whereas if ng < 0 we have |n| < |n —ng| < |nis| + [n24] < (1 4+ 7n)|n1s] and
|®| = | — 2n13n15 + 0 4 (0 — ng4)?|
> 2(1 = n)nanas| = 20° (1 +n)|nas| — 60 (1 + 2n)na[[nas| > Il [nas] > [ns|max/2-
To show the desired estimate it suffices to prove for dyadic N, > 1 that

|| |7’L5| <nmax>

_ Wa
15|15 nnak (1)

w1 (nl)WZ (nz)W3 (Tlg)W4 (n4)w5 (n5) Wy

2 SN [lwr

e e ||wslez e ||lws|le2
N=n12345

[n15[~N.

for some ¢ > 0 (recall that ny5 # 0). For each N, we may restrict the values of ny and ns onto intervals of
length N, by the almost orthogonality. Then, the left-hand side of the above is evaluated by
NN g

1—s+448

[W2

Wy

02 (|W3l|e2 e2{|Ws[ez.

We obtain the claim by choosing § > 0 so that § < 1/2 and 1 — s+ < s.

[2.3.3] n71|ns| > |ns| > n(|n1| A Ins]). We observe that |n| < n*nmax and |nas| < 2n?|ns| imply |niss| <
310°Nmax. Since nyax = |n1| V |ns), it then holds that |nq], [nsl, |ns| > (7/4)nmax in this case. Here, we see that
Inisl, [n1sl, [nss| = (1/8)nmax. In fact, if [ni3| < (1/8)nmax then |ns| < |niss|+[n1s| < (39 +1/8)Nmax, which
contradicts |ns| > (1/4)nmax, and similarly for the others. Now, (38) shows that

|| > (1 /32)nax — 100" 180 > (77 /64 07,

max

2

max*

which contradicts the assumption |®| < n°n Therefore, this case does not occur. O

n

Proof of Lemma 4.2. We first observe that naz, n4s > 0 implies 0 < 712;245 ~ Na3 A Nys.

[0] Proof of (33).

[0.1] niznis = 0. Since “2282 < (|ng| + [ng|) A (|na| + [ns|), a similar argument as Case [0.1] of the proof
of Lemma 4.1 suffices.

[0.2] |n2| V |ng| = n(|ns] A |ns]). Since 222145 < |ny| V |nyl, this case is handled easily.

[1] Proof of (34). Recall that for (nq,. n?ﬁi); Ay we have nignis # 0 and |na| V [ng| < n(|ng| A |ns|). By

symmetry we may assume |ng| > [ns|, which implies 22345 < |n;| and nmax = |n1| V [n3|. Moreover, it must
5

hold that ng > ns > 0, and we have the following identities:

1 .
®— {—é{3(2n1 +n3 —p)? + (3n3 —p)Q} +nln| — §p2 if ny >0, (a1)

2n13n15 + n|n| — p? if ny <0,
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where p := nj35 = n — nay. Then, the following fact is verified by Lemma 4.3:

If two of nq,ng, ns are restricted into intervals of length R > 1, then the number of

possible choices of (nq,ng,ns) for fixed n = niszss, ne, ng, and P, is at most O (R). (42)

By the Cauchy-Schwarz inequality, (34) is again reduced to showing (40) for n € Z uniformly.
[1.1] |n1| > n|ns|. Since [n| < nmax = |n1|V|na|, it holds |ns|2(n)2* < (n3)2(=9)(n5)2%(n1)2* or |ns|>(n)?* <
(n1)20=)(n5)2(n3)?. In the former case, we decompose nz dyadically and using the fact (42) to obtain

1 1 #{(n1,n3,n5) : 1 = ni2345, ® = p, [n3| + [ns| S N3}
LHS of (40) S’ Z 2(2s—1 Z 2s 2s Z =
Sy NESTY e (n2)?0 (na)® £~ (1)
NS5 log N3
S’ Z N2(23—1) 51’
Na>1 V3

whenever 0 < ¢ < 2(2s — 1), where we have used the fact that ® can take at most O(N?) different values. In
the latter case, it suffices to make a similar argument but decomposing n; instead of ns.
[1.2] |n1] < m|ns|. Since |ni24] < 3n|ns|, we see that n = ng 4+ ns + ni24 > ng + (1 — 3n)ns > 0,

|®| = |n2 —nilny| —n3 — n§| = |2n3n5 + 2n35n104 + N3gy — n1|n1||
> 2|ns||ns| — 12n|ns||ns| — 9n?|nslins| —n*|ns|ins| = [nsl[ns|.
This implies |ns|?(n)?* < (®)(n3)?*, which immediately yields (40).

[2] Proof of (35). We assume |n3| > |ns| again. Recall that nignis # 0, [na|V|ng| < n|ns|, and ng > ns > 0.
By the Cauchy-Schwarz inequality it suffices to show that

2 2
Z _ - |n5‘ <?”Lmax>’ . : <1 (43)
e (@)2(1=8) (n)2(1=5) (1) 25 (113) 25 (n3) 25 (mg) 2 (5 ) 25

uniformly for n € Z.

[2.1] [n| > NMmax. This case is reduced to (34).

[2.2] |n| < NMmax. Since |niss| < n| + |noa| < 3nnmax and ng > ns > 0, it must hold that n; < 0 and
[n1] ~ |ng| ~ Nmax. Consider two subcases separately.

[2.2.1] |n| > n|ns|. In this case we have [n5|?(Nmax)? < (n)20 79 (n5)2* (n1)2% (n3)2(1=%)  and

1
(®)201-0) (13)25 ()25 (ng)22s—1) "

LHS of (43) S )

N=MN12345

Hence, the claim follows from the fact (42) in the same way as Case [1.1].
2.2.2] n| < nlns|. We have |n1s| = [ns|—[n|—|n24| = (1-3n)|ns| and [n1s5] = |ns|—|n|—|n24| = (1-3n)[ns|,
and thus by (41)

|®| = [2n13n15 4 n|n| — (n — n24)?| > 2(1 — 3n)*|ns||ns| — n°|ns||ns| — 9n*ns|ins| > |ns||ns|.
This implies 15| (Nmax)? S (®)20 9 (n5)29(n3)?? | which yields (43) if 2(s — 6) > 1. O
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