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ARC SPACES AND CHIRAL SYMPLECTIC CORES

TOMOYUKI ARAKAWA! AND ANNE MOREAU?

Dedicated to the 70th birthday of Professor Masaki Kashiwara

ABSTRACT. We introduce the notion of chiral symplectic cores in a vertex
Poisson variety, which can be viewed as analogs of symplectic leaves in Poisson
varieties. As an application we show that any quasi-lisse vertex algebra is a
quantization of the arc space of its associated variety, in the sense that its
reduced singular support coincides with the reduced arc space of its associated
variety. We also show that the coordinate ring of the arc space of Slodowy
slices is free over its vertex Poisson center, and the latter coincides with the
vertex Poisson center of the coordinate ring of the arc space of the dual of the
corresponding simple Lie algebra.

1. INTRODUCTION

Any vertex algebra is canonically filtered [Li], and hence can be viewed as a
quantization of its associated graded vertex Poisson algebra. Since the structure
of a vertex algebra is usually quite complicated, it is often very useful to reduce a
problem of a vertex algebra to that of the geometry of the associated vertex Poisson
scheme, that is, the spectrum of the associated graded vertex Poisson algebra (see
e.g. [Fre, A3, A4]). Since a vertex Poisson scheme can be regarded as a chiral
analogue of a Poisson scheme, it is natural to try to upgrade notions in Poisson
geometry to the setting of vertex Poisson schemes. We note that the arc space
Joo X of an affine Poisson scheme X is a basic example of vertex Poisson schemes
([A1).

In [BG] Brown and Gordon introduced the notion of symplectic cores in a Poisson
variety which is expected to be the finest possible algebraic stratification in which
the Hamiltonian vector fields are tangent, and showed that the symplectic cores in
fact coincide with the symplectic leaves if there is only finitely many numbers of
symplectic leaves. In this paper we introduce the notion of chiral symplectic cores
in a vertex Poisson scheme, which we expect to be the finest possible algebraic
stratification in which the chiral Hamiltonian vector fields are tangent.

We have two major applications of the notion of chiral symplectic cores.

First, recall that a vertex algebra V is called quasi-lisse if its associated variety
Xv has finitely many symplectic leaves ([AK]). For instance, a simple affine vertex
algebra V associated with a simple Lie algebra g is quasi-lisse if and only if Xy
is contained in the nilpotent cone of g. Therefore [A3], simple admissible affine
vertex algebras are quasi-lisse. We refer to [AM1, AM2, AM3] for other examples
of simple quasi-lisse vertex algebras. Furthermore, all the vertex algebras obtained
from four-dimensional N' = 2 superconformal field theories ([BLL™]) are expected
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to be quasi-lisse ([A5, BR]) see e.g. [BPRvR, LP, SXY, BKN, Cre, BMR, A6] for
examples of vertex algebras obtained from 4d ' = 2 SCFTs. It is also believed in
physics that there exist Higgs branch vertex algebras and Column branch vertex
algebras in three-dimensional gauge theories that are expected to be quasi-lisse as
well ([CCG]).

We show that any quasi-lisse vertex algebra V is a quantization of the reduced
arc space of its associated variety, in the sense that its reduced singular support
Specm(gr V') coincides with J, Xy as topological spaces (Theorem 9.2). Moreover,
for a quasi-lisse vertex algebra V, we show that each irreducible component of
Joo Xy (there are finitely many of them) is a symplectic core closure (Theorem 9.2).

Second, let g be a complex simple Lie algebra with adjoint group G. We identify
g with its dual g* through the Killing form of g. Denote by .y the Slodowy slice
f+g° associated with an sl-triple (e, h, f) of g. The affine variety .%; has a Poisson
structure obtained from that of g* by Hamiltonian reduction [GG]. Consider the
adjoint quotient morphism

by S =0 //G.
It is known [Prel] that any fiber 1/);1(5) of this morphism is the closure of a sym-

plectic leave, which is irreducible and reduced. We show that any fiber of the
induced vertex Poisson algebra morphism

Jotpt JooTs = Joo(a"//G)

is an irreducible and reduced chiral Poisson subscheme of J.,.%s. This result enables
us to show that the morphism (Joot¢)* induces an isomorphism of vertex Poisson
algebras between C[J,g*]’~¢ and the vertex Poisson center of C[Jo..%], and that
ClJx-}] is free over its vertex Poisson center (Theorem 11.1). As a consequence,
we obtain that the center of the affine W-algebra W< i(g, f) associated with (g, f)
at the critical level is identified with the Feigin-Frenkel center 3(g), that is, the
center of the affine vertex algebra V°"(g) at the critical level (cf. Theorem 12.1).
This later fact was claimed in [A2] but the proof was incomplete. We take the
opportunity of this work to clarify this point.
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Notations. The topology is always the Zariski topology. So the term closure
always refers to the Zariski closure.

2. VERTEX ALGEBRAS

Let V be a vector space over C.

Definition 2.1. The vector space V is called a vertex algebra if it is equipped with
the following data:

o (the vacuum vector) a vector |0) € V,
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o (the vertex operators) a linear map

V = (EndV)[[z,27Y]], aw a(z) = Z amyz ",
nex

such that for all a,b € V, a(,)b = 0 for n sufficiently large.

e (the translation operator) a linear map T: V — V.
These data are subject to the following axioms:
e |0)(z) = idy. Furthermore, for alla € V, a(2)|0) € V[[z]] and ;13% a(z)|0) = a.
o foranya eV,
[T, a(2)] = 9za(2),

and T'|0) = 0.

e forall a,be V, (z —w)Net[a(z),b(w)] = 0 for some N, € Z>o.

Assume from now that V is a vertex algebra. A consequence of the definition
are the following relations, called Borcherds identities:

(1) [a(m)’b(")] = Z (?) (a(i)b)(annfi)a

i>0

(2) (a(m)b)ny = Y _(—1)? <7;1) (a(m—7)bn+j) = (=1)"b(mtn—pag)),
Jj=20

for m,n € Z.

A wertex ideal I of V' is a T-invariant subspace of V' such that a(,)b € I for all
a € 1,be V. By the skew-symmetry property which says that for all a,b € V, the
identity

a(2)b = e*Tb(—2)a

holds in V'((z)), a vertex ideal I of V is also a T-invariant subspace of V such that
bimya € I forallae I, beV.

The vertex algebra V is called commutative if all vertex operators a(z), a € V,
commute each other, that is,

[a(m), b(n)] =0, Ya,b € Z, m,n € Z.

By (1), V is a commutative vertex algebra if and only if a(z) € End V{[[z]] for all
aeV.

A commutative vertex algebra has a structure of a unital commutative algebra
with the product:

a-b= a(_l)b,
where the unit is given by the vacuum vector |0). The translation operator T of V/
acts on V as a derivation with respect to this product:
T(a-b)=(Ta) -b+a-(THh).
Therefore a commutative vertex algebra has the structure of a differential algebra,
that is, a unital commutative algebra equipped with a derivation.

Conversely, there is a unique vertex algebra structure on a differential algebra R
with derivation 0 such that:

a(z)b = (ezaa) b= Z Z—T(@”a)b,

n=0
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for all a,b € R. We take the unit as the vacuum vector. This correspondence gives
that the category of commutative vertex algebras is the same as that of differential
algebras [Bor].

3. JET SCHEMES AND ARC SPACES

Our main references about jet schemes and arc spaces are [Mus, EM, Ish2].
Denote by Sch the category of schemes of finite type over C. Let X be an object
of this category, and n € Zxo.

Definition 3.1. An n-jet of X is a morphism
Spec C[t]/(t" ") — X.
The set of all n-jets of X carries the structure of a scheme J,, X, called the n-th jet

scheme of X. It is a scheme of finite type over C characterized by the following
functorial property: for every scheme Z over C, we have

Homger(Z, JnX) = Homgen(Z X specc Spec C[t]/ ("), X).

The C-points of J,, X are thus the C[t]/(¢"*!)-points of X. From Definition 3.1,
we have for example that JyX ~ X and that J1 X ~ TX, where TX denotes the
total tangent bundle of X.

The canonical projection C[t]/(t™T1) — C[t]/(¢" ), m > n, induces a trunca-
tion morphism

Tt I X = T X.

Define the (formal) disc as

D := Spec C[[t]].

The projections wim yield a projective system {.J,, X, wim}m?n of schemes.
Definition 3.2. Denote by J, X its projective limit in the category of schemes,
Joo X = l&n Jn X.
It is called the arc space, or the infinite jet scheme, of X.
Thus elements of J,, X are the morphisms
v: D —= X,
and for every scheme Z over C,
Homgen(Z, Joo X) = Homgen (Z X specc D, X),

where Z QSpCCCD means the formal completion of ZXgpeccD along the subscheme
Z xgpecc{0}. In other words, the contravariant functor

Sch — Set, Z + Homgen(Z XspeccD, X)

is represented by the scheme J,, X.
We denote by wfom the morphism:

Tt JooX = Jn X,

It is surjective if X is smooth. The canonical injection C — C[[t]] induces a

morphism 1% : X — Jo X, and we have wgg’o 01X =idx. Hence (X is injective and
X

T2 is surjective (for any X). Similarly, the canonical injection C < Cl[t]/(t" ")
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induces a morphism ¢X: X — J, X, and we have 71'7)1()0 01X =idx. Hence ¢ is
injective and 71'7)1()0 is surjective (for any X).

When the variety X is obvious, we simply write 7y, n, Too,n, tns too, - - - fOr ﬁ,),i)n, ﬂ'fom,
X X
Uiy by e e

In the case where X = SpecCl[z!,...,2V] =2 AN N € Z+, is an affine space,
we have the following explicit description of J.oX. Giving a morphism ~v: D — AN
is equivalent to giving a morphism v*: Clz!, ..., 2"] — C[[t]], or to giving

”y*(xl):Z”yzﬁ-fl)t], 1=1,...,N.
>0

Define functions over JooAYN by setting for i = 1,..., N:
() =M
Then
JooAN = SpecCla(_;_yy;i=1,...,N,j>0].

Define a derivation T of the algebra (C[:Ez(;jfl) ;i=1,...,N,j>0] by
Tai_j =jo(_j1y, >0
Here we identify ¢ with xé_l).

More generally, if X C A% is an affine subscheme defined by an ideal I =
(f1,..., fr) of Clzt,... o], that is, X = Spec R with

R:(C[‘Tlvxzv"' 7xN]/(f17f27"' 7fr)7
then its arc space J X is the affine scheme Spec(JR), where
(C[:Ez(fjfl) ’ 1= 1727 7N7]>0]

(TJfZ7Z:175Ta.]>O) ’

(3) JooR :=

and T is as defined above.
Similarly, we have for any n € Z>o,

(C[ZUZ(.fjfl);i:1,2,...,N,j:07u_,n]

4 JnR = - - -
) (Tif;;i=1,...,7,7=0,...,n)

The derivation T acts on the quotient ring J R given by (3). Hence for an affine
scheme X = Spec R, the coordinate ring JooR = C[J,X] of its arc space JooX is
a differential algebra, hence is a commutative vertex algebra.

Remark 3.3 ([EM]). The differential algebra (Jo R, T) is universal in the following
sense. We have a C-algebra homomorphism j: R — Jo R such that if (A4,0) is
another differential algebra, and if f: R — A is a C-algebra homomorphism, then
there is a unique differential algebra homomorphism h: JooR — A making the
following diagram commutative:

(JooR,T)
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The map from a scheme to its n-th jet schemes and arc space is functorial.
If f: X — Y is a morphism of schemes, then we naturally obtain a morphism
Jnf: JpnX — J,Y making the following diagram commutative,

Xy

X Y
71-n,O\[ lﬂ-n,o

X — Y
We also have the following for every schemes X, Y,
(5) Jn(X xY)= J, X x J,Y.

If A is a group scheme over C, then J, A is also a group scheme over C. Moreover,
by (5), if A acts on X, then J, A acts on J, X.

From now on, whenever dealing with the schemes J,, X and J. X we will restrict
to their C-valued points, unless otherwise specified. Since the ground field is C,
C-valued points corresponds to maximal ideals [Ish1, Proposition 2.10].

Denote by Xyea the reduced scheme of X. Since C[[t]] is a domain, we have
Hom(Spec C[[t]], X) = Hom(Spec C[[t]], Xrea). Hence, the natural morphism X;eq —
X induces an isomorphism Joo Xied =, JxX of topological spaces. (Note that the
analogous assertion is false for the spaces J,X.) Similarly, if X = X; U...UX,,
where all X; are closed in X, then

JooX = Joo X1 U ... U Joo X,
Moreover, we have the following result (which is false for the jet spaces J, X).

Theorem 3.4 (Kolchin [Kol]). The arc space Joo X is trreducible if X is irreducible.

More precisely, we have for any n € Zx,
(6) InX =1, 0 (Xsing) Uty o(Xreg),

and W;y%)(Xreg) is an irreducible component of J, X. Here, X4, denotes the sin-
gular locus of X, and X, its open complement in X. Kolchin’s theorem says
that

JooX = 7 (Xreg)-

00,0

Let n € Zzo U {oo}. The natural projection 7, o: J, X — X corresponds to the
embedding R < J, R, z* — 3:%_1) in the case where X = Spec R is affine. If m is a
maximal ideal of J, R, note that m o(m) = mN R.

For I an ideal of R, we denote by J,I the smallest T-stable ideal of .J, R con-
taining I, that is, J,,I is generated by the elements T7a, j = 0,...,n, a € I. Recall
that ¢ denotes the embedding X — J, X, and observe that ;X (m) = J,,(m), for
m a maximal ideal of R.

4. VERTEX POISSON ALGEBRAS AND CHIRAL POISSON IDEALS

Definition 4.1. A commutative vertex algebra V is called a vertez Poisson algebra
if it is also equipped with a linear operation,

V — Hom(V, 2 'V[z7Y]), ar a_(2),
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such that
(7) (Ta)n) = —nam-1),
T
(8) amyb = Z(—l) +]+1ﬁTJ (b(n+5)@)s

j=0
m
9) [a(mys by = D ( j> (@()0) (mn—3)»
j=0

(10) Q(n) (b . C) = (a(n)b) -c+b- (a(n)c)
for a,b,c € V and n,m > 0. Here, by abuse of notations, we have set

a_(z) = Z amyz "

n=0

so that the a(,), n > 0, are “new” operators, the “old” ones given by the field a(z)

being zero for n > 0 since V' is commutative.

The equation (10) says that a(,), n > 0, is a derivation of the ring V. Note that
(8), (9) and (10) are equivalent to the “skewsymmetry”, the “Jacobi identity” and
the “left Leibniz rule” in [Kac, §5.1].

It follows from the definition, that we also have the “right Leibniz rule” ([Kac,
Exercise 4.2]):

(11) (a- b)(n)c = Z(b(,i,l)a(,ﬂri)c + a(,i,l)b(nJri)C),
i>0
for all a,b,c € V, n € Zxo.

Arc spaces over an affine Poisson scheme naturally give rise to a vertex Poisson
algebras, as shows the following result.

Theorem 4.2 ([A1, Proposition 2.3.1]). Let X be an affine Poisson scheme, that
is, X = Spec R for some Poisson algebra R. Then there is a unique vertex Poisson
algebra structure on Joo R = ClJo X]| such that

b ifn=20
a(n)b = {a, } lf "
0 ifn >0,
fora,be R.
Let V be a vertex Poisson algebra, and I an ideal of V' in the associative sense.

Definition 4.3. We say that I is a chiral Poisson ideal of V if a(,) I C I for all
aceV,ne Z)O.

A wvertex Poisson ideal of V is a chiral Poisson ideal that is stable under the
action of T. The quotient space V/I inherits a vertex Poisson algebra structure
from V if I is a vertex Poisson ideal.

Lemma 4.4 ([Dix, 3.3.2]). If I is a vertex (resp. chiral) Poisson ideal of V, then
s0 is its radical /1.

Definition 4.5. Let V be a vertex Poisson algebra. We denote by Z(V') the vertez
Poisson center of V:

Z(V)={2€V|zma=0,YaecV,n>0}
By (8), we also have Z(V) = {2z € V | a()z =0, Va € V, n > 0}.
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The vertex Poisson center Z(V) is a vertex Poisson ideal of V. Indeed, it is
clearly invariant by the derivations a(y,), a € V, n € Zzo. Moreover, it is invariant
by T by the axiom (7).

We say that a scheme X is a vertex Poisson scheme if its structure sheaf Ox
is a sheaf of vertex Poisson algebras. If X = SpecV is an affine vertex Poisson
scheme and [ is a chiral Poisson ideal of V', we call the spectrum Spec(V/I) a chiral
Poisson subscheme of X. A chiral Poisson scheme is a chiral Poisson subscheme of
some vertex Poisson scheme.

By Lemma 4.4, the reduced scheme of a vertex Poisson scheme (resp. chiral
Poisson scheme) is also a vertex Poisson scheme (resp. chiral Poisson scheme). In
this case, we rather call it a vertex Poisson variety or a chiral Poisson variety.

Lemma 4.6. Let I be an ideal of Joo R in the associative sense. Then I is a chiral
Poisson ideal of JR if and only if ag,yI C I for alla € R, n € Zxo.

Proof. The “only if” part is obvious.
Assume that a,)l C I for all a € R, n € Zzo. We wish to show that a(,)[ C I
for all @ € JoR, n € Z>o. Let u € I. First, by (7),
n!
_ B S
(T7a)(nyu = Ve
0 if j >mn,

if0<j<n,

for all @ € R, n,j € Z>¢. Hence (Tja)(n)u €l forallae€ R, n,j€ Zx by our
assumption. Next, by (11) and the above, (a - b)(,yu is in I for all a,b of the form
Tiv, v € R. Since Jo R is generated as a commutative algebra by the elements
Tiv, v € R, we get the expected statement. ([l

5. RANK STRATIFICATION

Let X = Spec R be a reduced Poisson scheme, and {z',... 2"} a generating set
for R. Let n € Zxo. Then {T7z% |i=1,...,7r,7 =0,...,n} is a generating set for
JnR = C[J,X]. We have by the equality (10) of [A1] that for any =,y € R,

i I—k .
12 2y (T'y) = {U—k)!T {z,y} fl>Ek,

0 otherwise.

Hence, for x € R, the derivations x () of JoR acts on J, R if k € {0,...,n} by the
description (4) of J,R.
Consider the (n + 1)r-size square matrix
— |t q.J
M, (x(p) (T ))1<i,j<r, o € Matp) ().
For z € J, X, set
.//n(.%') = (.’L‘Ep) (Tq;vﬂ) —+ m1>1<i7j<T) 0<pa<n S Mat(nJrl)T((C),
where m,, is the maximal ideal of J, R corresponding to x.

Lemma 5.1. Let x € J,X. We have
rank .4, (z) = (n + 1) rank . (m;, o ().

In particular, rank .#,(x) is independent of the choice of generators {x',... "}
and depends only on 7, (z) € X.
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Proof. By definition, ., is the following matrix:

x:(lo)xl .. x:(lo)x’r‘ ...... x:(lo) (T’n’xl) DRI x:(lo) (T’n’x’r‘)
‘Tfo)xl .. xzo)xr ...... xfo) (Tnxl) .. xfo) (T"z")
x:(ln)xl .. x:(ln)x’r‘ ...... 'I:(ln) (T’n’xl) .. x:(ln) (T’n’x’r‘)
xzﬂ)xl e xfn)xr ...... xfn) (Tnxl) e xfn) (T™z")

So by (12) it has the form

%0 * *
0 1l
. T . *
0 e 0 nld

whence the first statement. Here we identify the elements {z¢, 27} = ,Tz(lo),fj of R
with elements of J, R through the embedding R — J, R. The independence of the
choice of generators follows from [Van]. O

For z € J, X, let rkx to be 1/(n + 1) x rank .#,(z). By Lemma 5.1, rkz is a
non-negative integer. Moreover, for z € JoX, rk wggn(x) does not depend on n.
So we can define rk z to be this number. Lemma 5.1 says that rk z is nothing but
the rank of the matrix . at o := 7% ().

Let £ be a chiral Poisson subscheme of J.X. We define the rank stratification
of L as follows. For j € Zy, set:

LY :={xeLl|rke=j}CL;:={xeLl]|rka<j},
Also, set £ =2 (£) C X, and put
E? = {x € L | rank #y(z) = j} C Lj = {x € L | rank #o(z) < j}.
For £ = JooX, we have £ = X and

X =]
J

is precisely the rank stratification of X defined by Brown and Gordon [BG]. Note
that £; = (7 0) " (£;) and L9 = (7 o) (£}) by definition.

00,0 00,0

Lemma 5.2. (1) L; is a closed subset of L with Lo C L1 C---C Lg= L for
some d € Zxo.
(2) L; is a chiral Poisson subscheme of Joo X .

Proof. Part (1) is clear by Lemma 5.1 and [BG, Lemma 3.1 (1)].
(2) Let .#; be the defining ideal of £;. By [BG, Lemma 3.1 (2)], .#; is a Poisson
ideal of R. On the other hand, observe that for n > 0,

(T0) " H(L)) = Ly xx JuX.
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Hence the defining ideal of £; = (m\() ' (£;) is F;@rJoR. So it is enough to
show that #;®@prJR is chiral Poisson.

Let u = ), bic; € JjQrJoR, with b; € Fj,¢; € JoR, Then by (10) and
Theorem 4.2, for all a € R and k > 0,

AU = Z ((a(k)bz) -ci + b; - (a(k)cl)) = Z (5]610{0,, bl} -ci +b; (a(k)ci))

K3 K3

is in #;®@RrJoo R since .#; is a Poisson ideal of R. So #;®rJ~ R is a chiral Poisson

ideal by Lemma 4.6.
O

6. CHIRAL POISSON CORES AND CHIRAL SYMPLECTIC CORES

Let X = Spec R be a reduced Poisson scheme. For I an ideal of R, the Poisson
core of T is the biggest Poisson ideal contained in I. We denote it by (). The
symplectic core €r(x) of a point x € X is the equivalence class of © for ~, with

T~y = Pr(m,) = Pr(my),

where m, denotes the maximal ideal of R corresponding to x. We refer the reader
to [BG] for more details about Poisson cores and symplectic cores.

The aim of this section is to define analogue notions in the setting of vertex
Poisson algebras.

Let V be a vertex Poisson algebra. By ideal of V' we mean an ideal of V in
the associative sense. We will always specify vertex Poisson ideal or chiral Poisson
ideal (see Section 4) if necessary. An ideal I of V is said to be prime if it is prime
in the associative sense.

Definition 6.1. The chiral Poisson core of an ideal I of V is the biggest chiral
Poisson ideal of V' contained in I. It exists since the sum of two chiral Poisson
ideals is chiral Poisson. We denote the chiral Poisson core of T by &y (I).

Lemma 6.2. Let I be an ideal of V.
(1) Pv(I)={z€el| a%nl) ...aé“nk)x €l foralla® €V, k>0,n; >0}.
(2) ([Dix, Lemma 3.3.2(ii)]) If I is prime, then Py (I) is prime.
(3) If I is radical, then Py (I) is radical.

Proof. Set J ={z €1|af,,... a’(“nk)a: €lforalla’ €V, k=>0,n; >0}

(1) By construction, J C I and J is chiral Poisson. Hence J C Py (I). But if K
is a chiral Poisson ideal of V' contained in I, then for all x € K, a € V and n > 0,
amyr € K C I, whence x € J. In conclusion, J = Py (I).

(3) Assume that I is radical. Since Py (I) is chiral Poisson, /Py (I) is chiral
Poisson as well by Lemma 4.4, and it is contained in v/T since £y (I) is contained
in I. Hence,

2v(I) ¢ Pv(VT) = 2v(I),
But clearly Py (I) C /Py (I), whence the equality /Py (I) = Py (I) and the

statement. O

Corollary 6.3. Assume that there are finitely many minimal prime ideals p1, . .., P,
over I, that is, I = p1 N...Np,, and the prime ideals p1,...,p, are minimal. If T
is chiral Poisson, then so are the prime ideals p1,...,p,.
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Proof. If T is chiral Poisson, then I C Py (p;) C p; for all i. But by Lemma 6.2
(2), the ideals Py (p;), ¢ = 1,...,r, are all prime. By minimality of the prime
ideals p; we deduce that p; = Py (p;) for all i. In particular, the prime ideals p;,
i=1,...,r, are all chiral Poisson. O

Set
L := Specm(V).
We define a relation ~ on £ by
T~y < Qv(mz) = ﬁv(my),

where m, is the maximal ideal corresponding to = € L.
Clearly ~ is an equivalence relation. We denote the equivalence class in £ of z
by €¢(z), so that

L=||%c().

We call the set €, () the chiral symplectic core of x in L.
For I an ideal of V', we denote by ¥ (I) the corresponding zero locus in Specm V|
that is,

Y(I)={zeLl|f(x)=0forall fel}={recL]|my DI},
and by “/7(1 ) the corresponding closed scheme for the Zariski topology, that is,
¥ (I) = {p € SpecV | p D I}.

Lemma 6.4. Let x € L. Then %(ﬂv(mw)) is the smallest chiral Poisson scheme

containing € (x). Moreover, it is reduced and irreducible.

Proof. First of all, since &y (m,,) is a chiral Poisson, prime and radical ideal of V' by
Lemma 6.2, “/7(9‘/ (my)) is a reduced irreducible (closed) chiral Poisson subscheme
of L. For any y € 6z(x), we have my DO Py (my) = Py (mg). Hence €z(x) C
¥ (Py(my)). Next, if I is a chiral Poisson ideal of V' such that €. (z) C ¥ (I), then
in particular m, D I. Since I is chiral Poisson, we get that m, D> Py (m,) D I
by maximality of 2y (m,). Hence @z (x) C ¥ (Py(m,)) C ¥ (I). This proves the
statement. (]

Lemma 6.5. Let L' be a reduced closed vertex Poisson subscheme of L. Then for
any x € L', we have €/ (v) = Cr(x).

Proof. Since L’ is a reduced closed vertex Poisson subscheme of £, £ = Specm(V/I),
where I is a vertex Poisson ideal of V. The maximal ideals of V/I are pre-
cisely the quotients m/I, where m is a maximal ideal of V containing I, and
Hence for = € L', we have
Co(x) ={y € L' | Pvr(my/I) = Pyyr(ma/1)}
={yel | Zv(my)/I = Py(m,)/I} ={y € L"| Pv(my) = Py (ma)},

where m, is the maximal ideal of V' corresponding to x. The maximal ideal m,
contains I because z € £’. On the other hand,

Ce(e) ={y e L]| Pv(my) = Pv(mz)}.
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But if Zy(my) = Py (m,) for some y € L, then m, > Py (my) = Py(my) DI
because I is a chiral Poisson ideal of V' contained in m,. This shows that if y €
%r(x), then y € L. Therefore

Ce(z) ={y € L' | Pv(my) = Pv(ma)} = Crr ().
O
Proposition 6.6. Let z € Z(V) and x € L. Then z is constant on ¥ (Py(my))

and so on Cr(x).

Proof. Let y € ¥ (Pv(my)), and let Xz, xy be the homomorphisms x,: V — C,
Xy: V — C, corresponding to the maximal ideals m,, m,. It is enough to show that
Xa(2) = xy(2). Set A := xz(2). Then z — X € kery, = m,. In addition since z
is in the center, so is z — A, and then a(,)(z —A) = 0 for any a € V and n > 0.
Therefore z — A € Py (my) C my, whence xy(z) = A\. By Lemma 6.4, we conclude
that z is constant on 6, (z). O

Lemma 6.7. Let X = Specm R be a reduced Poisson scheme, and let L be a closed
vertex Poisson subscheme of JowX. Set L =1 ((L). Let x € L.

00,0
(1) We have 75 o(#2(2)) € Co(nX o())
(2) Ifrkx = j, then € (x) C LY.

Proof. (1) We have £ = Specm Joo R/I, with I a vertex Poisson ideal of JR.
Let = € L. Let us first show that:

(13) QZR/(mR)(mm ﬁR/(IﬂR)) = f@JmR/[(mm/I) ﬁR/(Iﬂ R)

The inclusion &;_gp,r(m,/I) N R/(I N R) C Pr/inr)(me N R/(I N R)) is clear
because the left-hand side is Poisson and is contained in m, N R/(I N R). For the
converse inclusion, let a € R, k € Zxo and b € P, (;nr)(mz N R/(I N R)). Then
by Theorem 4.2

a(k)(b + 1IN R) = 5]@10({&, b} + {a,] N R}) € yR/(IﬁR) (mz N R/(I N R))
since Zg;(1nr)(mz N R/(INR)) and I N R are Poisson. By Lemma 4.6, this shows
that P/ (1nr)(mz N R/(I N R)) is a chiral Poisson ideal of J.R/I, contained in
m, /I, whence the expected equality (13).
Let now y € €z(x). Then &;_g/r(my/I) = P;_grsr(mg/I). From (13), we
deduce that

Priunr)(my NR/(INR)) = Prinr)(m: N R/(INR)),

and so
Wfo,o(y) € %E(Wfo,o(gc))
since my NR/(INR) is the maximal ideal of R/(INR) corresponding to 7%, ,(y) € L.
This proves the statement.
(2) By Lemma 5.1, £ = (7 )_1(22). On the other hand, by [BG, Proposition

00,0
3.6, 6z (rX o(2)) C L;. Hence by (1),

Co(x) C (1 0) " (Ca(rX o(2))) C (nX o) (L5

J

O

By Lemma 6.7 and Lemma 5.1, note that the stratification by chiral symplectic
cores is a refinement of the rank stratification.
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7. n-CHIRAL POISSON CORES IN n-TH JET SCHEMES

Let R be a Poisson algebra, n € Z>o. Recall that the derivations ay, k > 0,
of JoR acts on J,R by (4) and (12). We say that an ideal I of J, R is n-chiral
Poisson if agyI C I for any a € R and any k= 0,...,n.

Lemma 7.1. For a Poisson ideal I of R, J,I is n-chiral Poisson.

Proof. This follows from (12) since I is a Poisson ideal of R. O

If I is an ideal of J,, R, we define the n-chiral Poisson core of I to be the biggest
n-chiral Poisson ideal contained in I. We denote it by & r(I).
Set X := Specm R. We define a relation ~ on J, X by:

T~y < egZJnR(mm) = L@JnR(my)’

where m,, denotes the maximal ideal of J, R corresponding to x.
Clearly ~ is an equivalence relation. We denote the equivalence class in J, X of
x by €y, x(x), so that

JnX = |_| CanX (JJ)

We call the set €, x () the n-chiral symplectic core of x in J,X.
Similarly to the case of chiral Poisson cores in a vertex Poisson algebra, we obtain
the following facts:

Lemma 7.2. (1) Let I be an ideal of JoR. If I is prime (resp. radical) then

P;. r(I) is prime (resp. radical).

(2) Let I be an ideal of J,R. If I is n-chiral Poisson, then so are the minimal
prime ideals over I.

(3) Let x € J,X. Then ¥ (Z;, r(m;)) is the smallest n-chiral Poisson sub-
scheme of J, X containing €y, x(x).

(4) Let Y be a reduced Poisson subscheme of X, and let x € J,Y. Then
©r,.x(2) = €1,y () and mo (€, x (2)) C Cy (M o(@)).

Lemma 7.3. Let Y be a reduced n-chiral Poisson subscheme of J,X, andy € Y.
Let {a',...,2"} be a generating set for R, and consider the matriz M, (y) as in
Section 5. Suppose that the matriv My (y) has mazimal rank (n + 1)r. Then the
tangent space at y of Y has dimension at least (n+1)r. Moreover, Y has dimension

at least (n + 1)r.

Proof. Since Y is a reduced n-chiral Poisson subscheme of J, X, Y = Spec J,R/I,
where [ is a reduced n-chiral Poisson of J,, R. Moreover, I C m,, since y € Y, where
m, denotes the maximal ideal of .J, R corresponding to y.

The hypothesis implies that the derivations xfk), i=1,...,r, k =0,...,n,
are linearly independent in Der(Oy, x,,C). Indeed, if for some AZ('k), i=1,...,7,
k=0,...,n,

ZZAzk)xék):O in  Der(0y, x,y,C),

i=1 k=0
then

Z)\ék)(xék)(Tlxj)—i—my) =0 forall j=1,...,7,1=0,...,7,
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and so Al('k) =0foralli=1,...,r and k = 0,...,n since the matrix .#,(y) has
rank (n + 1)r.

Since I is n-chiral Poisson and is contained in m,, we get that for all i =
1,...,rand kK = 0,...,n, :cék)(f) C I C my. Hence, the derivations a:l('k), i=
1,...,7, k =0,...,n are also linearly independent in Der(Oy,,,C) since Oy, =
O, x,y/(0g,x,yNI). This shows that the tangent space at y of ¥ has dimension
at least (n 4+ 1)r.

The set of points y € Y such that matrix .#,(y) has maximal rank (n + 1)r is
a nonempty open subset of Y. Hence it meets the set of smooth points of Y. By
the first step, we deduce that for some smooth point y € Y, the tangent space T,Y
has dimension at least (n + 1)r. Therefore Y has dimension at least (n + 1)r. O

Recall that ¢, (resp. too) denotes the canonical embedding from X to J,X
(resp. JoX). For x in X, we simply denote by x,, (resp. z) the element ¢, (z)
(resp. too()).

Proposition 7.4. Let x € X, and set Y := €x(x).
(1) For any n € Z>o,
(T2 0) 7 Yeeg) = V(P r(Ma,))-
In particular, if J,Y is irreducible, then

(2) We have:
JooY = y(g,JmR(mzoo))

Proof. (1) By Lemma 7.2 (4), €, x () = €, v (2n), and
€, x(Tn) C (WXO)_I(%X(CC)) - (7731/,0)_1(}/;69)
since by [BG, Lemma 3.3 (2)], €x (x) is smooth in its closure. Hence

G, x(Tn) C (Wz;o)_l(yreg) C JnY.

Since () ;)1 (Yreg) is an irreducible component of .J, Y (cf. Section 3) and since

JnY is n-chiral Poisson, (7 ()~!(Y,eq) is an n-chiral Poisson subscheme of .J, X.

Hence by Lemma 6.4,
€, x(xn) C V(P y,a(ma,)) C () 0) 7 (Vieg),

where A = C[Y]. Let a',...,2" be generators of A, where r = dimY. By [BG,
Proposition 3.6] (proof of (2)), the matrix .#, has maximal rank r at m,. Hence, by
Lemma 5.1, .4, has rank (n+ 1)r at m,,_ . Since &, a(m,, ) is an n-chiral Poisson
ideal of J,A, it results from Lemma 7.3 that ¥ (22, 4(m;,))) has dimension at
least (n 4+ 1)r. But

dim (w{o)*l(Ymg) =(n+1)r.

Both ¥(#2;,4(m,,))) and (m) ;)" (Yreq) are closed and irreducible, whence the
first assertion of (1). Indeed note that ¥(Z2;, a(m;,))) = ¥ (Z;, r(m;,))) since
Cr,x(Tn) = €1,y (Tn).

The second assertion follows from the fact that (m) o)1 (Y;eq) is an irreducible

component of J,Y.
Part (2) follows from part (1) and Kolchin’s Theorem 3.4. O
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8. PARTIAL STRATIFICATION BY CHIRAL SYMPLECTIC LEAVES

Recall that there is a well-defined stratification of X by symplectic leaves [BG].

We assume in this section that the Poisson bracket on X = Specm R is algebraic,
that is, the symplectic leaves in X are all locally closed. Then [BG, Proposition
3.6] the symplectic leaves coincide with the symplectic cores of X, and the defining
ideal of the symplectic core closure of a point z € X is Zr(my).

Let xp € X, and Zx(xg) the symplectic leaf through g in X. Set

Y = %x(x0) and A=C[Y].
Note that () o)~ (ZLx (20)) is open in J,Y since Lx (xo) is open in its closure Y.
Moreover, (m) o) (Zx (o)) = JnLx (x0) by [EM, Lemma 2.3]. In particular, one
can equip (m) o)~ (ZLx (x0)) with the structure of a smooth analytic variety.

Let x € Jp,-%x(x9). We denote by .Zs, x (x) the set of all y € J,.Lx (x¢) which
can be reach from z by traveling along the integral flows of vector fields a), a € A,
k=0,...,n.

We call Z;, x () the n-chiral symplectic leaf of x in J,X. Note that we defined
n-chiral symplectic leaves only for elements in (J,, .y J»Zx (") which is a priori
different from J,X.

Lemma 8.1. Let z € J,Zx(x0). Then the defining ideal of the Zariski closure of
f}nx(:zr) 18 BZJnR(mm).

Proof. First of all, by construction of %y, x (), we have £, x(x) C J,Y. So by
Lemma 7.2 (4), Z;,r(my) = P, a(my).
We now follow the ideas of the proof of [BG, Lemma 3.5]. Let J#; be the defining

ideal of & x(x).
We first show that &2 a(m,) C . Let

jn\ﬂ// := Specm m, with jn\;l =J, A/ P, a(m,),
and denote by @ the image of a € J,A in J,A. For r > 0, B(r) denotes the
open complex analytic disc of radius r. Let a € A and k € {0,...,n}. Since
agy P, a(mg) C Py, a(my), ag,y defines a derivation on Jn A, which we denote by
a(yy. Consider o,: B(r) — J,Y and o,: B(r) — JnY be integral curves of the
vector fields a(x) and @ respectively, with 0,(0) = =, 0,.(0) = 7.

Viewing J,Y as a subset of J,Y, let us show that o, = o, in a neighborhood
of 0. Let f € J,A. By definition of an integral curve,

(14 2 (roon) =am(f) oo,
(15) L (Fod) =a(f)oa.

d ~ ~
But the left hand side of (15) is d—(f 00,), and the right hand side is a ) (f) 0 0,
2

because &, a(m;) is a chiral Poisson ideal of J,,A. Hence by (14), we conclude
by the uniqueness of flows that o, = o, in a neighborhood of 0. Since the n-chiral
symplectic leaf .Z; x (x) is by definition obtained by traveling along integral curves
to fields a(y), the chiral symplectic leaf £, x (), and so its closure, is contained in
YV (Ps, a(my)), whence

Py almy) C Ay C my,.
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To show the equality £, a(m;) = J, it remains to prove that JZ, is an n-chiral
Poisson ideal of J, A.

Let f € H#;, a € Aand k € {0,...,n}. Let o,: B(r) — J,Y be an integral
curve to a(y), with 0;(0) = 2. Then, by definition of an integral curve, (14) holds.
On a complex analytic neighborhood of x, f o o, = 0 since the image of o, is in
Zj. x(x). Hence

d
0= —(f002)(0) = (aw (f) ° 02)(0) = ag) (f)(2).
As a consequence, a)(#z) C m,, for alla € A and all k € {0,...,n}. Repeating
this argument with z replaced by each of the members of £ x(z), we conclude
that a (A7) C A, foralla € Aand all k € {0,...,n}, that is, that J#; is n-chiral
Poisson. ]

Corollary 8.2. Let x € J,%x(x0). Then the defining ideal of the closure of
Cr.x () is P, r(mg).

Proof. By Lemma 8.1,.%; x(x) C €y, x(x). Indeed, ify € £y, x(x), then L) x(y) =
f}nX(I) and so 7/(9]"3(1117!)) = V(ﬁJnR(mz)) by Lemma 8.1, that iS, WJnR(my) =
P r(my), whence y € €y, x (). So by Lemma 6.4,

V(P .r(me)) = 25, x(x) C €y, x(x) CV(Pg,r(Ma)),

whence the statement. O

Corollary 8.3. Let x € X, and set Y := €x(x). Then
JooY = CgJDOX(xoo)-
Moreover, for n € Zxo, if J,Y is irreducible, then J,Y = €, x(xn).

Here, recall that x,, (resp. xo) stands for ¢, (z) (resp. too(x)) as explained before
Proposition 7.4.

Proof. Recall that .Zx(z) = €x (z) is contained in the smooth locus of Y, and that
w;}J((fX (2)) has dimension (n +1)dimY.

Since P (m,) is the defining ideal of €x (), it results from Proposition 7.4 that
foralln € ZzoU{oo}, ¥ (2, r(My,)) = (1) ) "1 (Yreg), and we have ¥ (2, p(my,, ) =
JpY if J,,Y is irreducible. In particular, JooY = ¥ (s r(Mma_)).

So by Corollary 8.2, for all n € Zx,

Cr,x(tn) =V (P, r(Ms,)) = (1) 0) 71 (Yreg) C JnY.
Taking the limit when n goes to +o00, we obtain:
Croox(Too) = V(P 1r(Ma,)) = JooY.
This concludes the proof. (I

Now assume further that X has only finitely many symplectic leaves. (Note that
the poisson bracket on X is algebraic under this condition by [BG, Proposition 3.6].)
If Xq,...,X, are the irreducible components of X, then for some z1,..., 2, € X,
we have

Xlzdf/(f@R(ml))Z(fx(J}l), izl,...,T,
where my, ..., m, are the maximal ideals of R corresponding to z1,...,z,, respec-
tively, see [Ginl].
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From the decomposition X = X; U...U X,, we get that
JooX = Joo X1 U. ..U J X,

since the X; are closed (see Section 3). Moreover, JoX1, ..., JooX, are precisely
the irreducible components of J,X. Indeed, for i = 1,...,r, JX; is closed in
JoX since X is closed in X, and for any 7 # j, we have Joo X; ¢ Joo X, otherwise,
taking the image by the canonical projection m,0: JooX — X, we would get
X; C Xj.

Hence, as a consequence of Corollary 8.3, we obtain the following result.

Theorem 8.4. Let X be a Poisson scheme. Assume that X has only finitely many
symplectic leaves. Then each irreducible components of Joo X is the closure of some
chiral symplectic core.

More precisely, if X1,..., X, are the irreducible components of X, then for i =
1,...,r, X; = €x(z;) for some x; € X;, and we have:

JooXi = JocCx (x:) = Cr x (Ti,00)-

9. APPLICATIONS TO QUASI-LISSE VERTEX ALGEBRAS

In this section we assume that V' is a vertex algebra (not necessarily commutative
or Poisson).
Recall that V' is naturally filtered by the Li filtration ([Li], see also [A1]),

V=FV>FWV> -DFV>..,
where FPV is the subspace of V spanned by the vectors

1 T
a(fmil) e a/(in'ril)b,

witha® e V,beV, n; € Zxp, 1 + ---+n, = p. The associated graded vector
space grV = @, FPV/FPTV is naturally a vertex Poisson algebra [Li]. We have

F'V = Cy(V) := spanc{a(_2)b | a,b,€ V}.
Let
Ry =V/Cy(V) = FV/F'V c &tV
be the Zhu Cy-algebra of V. It is a Poisson algebra [Zhu], and the Poisson algebra
structure can be obtained by restriction to Ry of the vertex Poisson algebra on
grV. Namely,

1=10),

for a,b € V, where a = a + Co(V).
Let

Ql
>
Il
L
)
>
Q
=
Q.
—
RSl
>
—
Il
£
=
<

Xy :=Spec(Ry) and Xy := Specm(Ry)

be the associated scheme and the associated variety of V', respectively ([A1]).

We assume that the filtration (FPV), is separated, that is, (\FPV = {0} and
that V is strongly finitely generated, that is, Ry is finitely generated. Note that the
first condition is satisfied if V is positively graded.

Theorem 9.1 ([Li, Lemma 4.2], [A1, Proposition 2.5.1]). The identity map Ry —
Ry induces a surjective vertex Poisson algebra homomorphism

JsRy = ClJo(Xv)] = gr V.
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The singular support of a vertex algebra V is
SS(V) :=SpecgrV C Joo(Xy).
We set
SS(V) :=SpecmgrV C JoXvy.

In the above inclusion, J., Xy is viewed as a topological space.
Recall from the introduction that the vertex algebra V is called quasi-lisse if the
Poisson variety Xy has finitely many symplectic leaves ([AK]).

Theorem 9.2. Assume that V is quasi-lisse. Then SS(V) is a finite union of
chiral symplectic cores closures in grV. Moreover, SS(V) = J Xy as topological
spaces.

Proof. Set
L = SpecmgrV = SS(V),
and let Xq,..., X, be the irreducible components of Xy . By Theorem 8.4, we have

(16) Joo Xv :CgJOOXV(xl,oo) U...UCKJOOXV(,TT)OO),

where z; € (X;)peq for ¢ = 1,...,r. By Theorem 9.1, grV is a vertex Poisson
algebra quotient of Jo Ry, that is, gr(V) = Joo Ry /I with I a vertex Poisson ideal
of Joo(Ry ). Furthermore, the surjective morphisms,

JooRV - ng - RVu
induce injective morphisms of varieties,
XV — L — JooXV;

and the composition map is to,. Hence for x € Xy, we get that mo, D I, where
M, denotes the maximal ideal of J,, Ry corresponding to xo,, and so T is a point
of L.

Therefore, by Lemma 6.5, € (x,)(Zi,c0) = €2 (2i00) for any i = 1,...,7. Then
from (16) and Theorem 9.1, we obtain that

L C JuXy = ng(xl)oo) U...u ng(x,n)oo) C L,

since L is closed, whence the first statement and the required equality £ = Joo Xy .
O

Corollary 9.3. Suppose that Xy is smooth, reduced and symplectic. Then gr'V is
simple as a vertex Poisson algebra, and hence, V is simple.

Proof. If Xy is a smooth symplectic variety then J,, Xy consists of a single chiral
symplectic core. So Joo Xy = € x, (x) for any z € Joo Xy . It follows that there is
no nonzero proper chiral Poisson subscheme in Jo, Xy . So by Theorem 9.2, there is
no nonzero proper chiral Poisson subscheme in Spec gr V', too. Hence gr V' is simple
as a vertex Poisson algebra. And so V' is simple since any vertex ideal I C V defined
a vertex Poisson, and so chiral Poisson, ideal gr [ in grV. ([l

For example, if X is a smooth affine variety, then the global section of the chiral
differential operators D ([MSV, GMS2, BD2]) is simple, because its associated
scheme is canonically isomorphic to T*X. In particular, the global section of the
chiral differential operators D¢’ on a reductive group G ([GMS1, AG]) is simple
at any level k.
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10. ADJOINT QUOTIENT AND ARC SPACE OF SLODOWY SLICE

Recall that g is a complex simple Lie algebra. Identify g with g* through the
Killing form ( | ) of g. Let (e, h, f) be an sly-triple, and %y = f + g° the corre-
sponding Slodowy slice, with g¢ the centralizer of e in g. Recall that g* = g is a
Poisson variety and that the symplectic leaves of g* = g are the (co)adjoint orbits.
The algebra R; := C[.#%] inherits a Poisson structure from C[g] by Hamiltonian
reduction [GG]. The Hamiltonian reduction can also be described in terms of the
BRST cohomology, essentially following Kostant and Sternberg [KS]. The sym-
plectic leaves of . are precisely the intersections of the adjoint orbits of g with
s

Let p1,...,p; be homogeneous generators of C[g*]¢ = C[g]® = C[g]®.

Consider the adjoint quotient map

¢;g_>g//(;g(cl7 x}—>(p1($),...,pg($)),
and its restriction ¢ to 7%,
by Sy —g//G=C"
We first recall some facts about ¢, and its fibers ([Prel]).
The morphism 1y is faithfully flat. As a consequence, ¢ is surjective and all
fibers have the dimension r — £, where r = dim g°. Furthermore the fibers of 1)y

are generically smooth, that is, contain a smooth open dense subset of dimension
r — £, and they are irreducible.

Lemma 10.1. Let € € g//G. Then 1/)?1(5) is a finite union of symplectic leaves.
Hence it is the closure of some symplectic leaf closure.

Proof. The proof is standard, we recall it for the convenience of the reader.

We first prove the statement for the morphism . Let z € ¢~1(£), and write
T = x4 + x, its Jordan decomposition. Let g = n_ & h + ny be a triangular
decomposition of g. One can assume that x5 € b, and that x,, € ny since z,, € g*.
Let now y € ¢ ~1(€). Then p;(y) = pi(x) fori = 1,...,¢, and so ys is conjugate to xs
by an element s of the Weyl group W (g, h) of (g, h). Let § be a Tits lifting of s in G,
so that y = §(ws + 5 1y,). Since W (g, ) is finite, it is sufficient to show that there
are only finitely many possible choices of y,, up to conjugation by the centralizer
GY= of ys in G. However, since y,, € g¥ NN and the set g¥* NN consists of a finite
union of (G¥=)°-orbits, where (G¥#)° is the identity connected component subgroup
of G¥=, the assertion follows. In conclusion, 1 ~1(£) is a finite union of G-orbits of
g, that is, a finite union of symplectic leaves of g. Since ¥~1(£) is irreducible and
G-invariant, we deduce that ¢~1(£) is the closure of some symplectic leaf.

Next, gb;l (&) = =1 ()N} and the symplectic leaves of % are the intersections

of adjoint orbits of g with .#. So gb;l (€) is a finite union of symplectic leaves, too.
As wf_l(f) is irreducible [Ginl], 1/);1(5) is a symplectic leaf closure. O

By Kostant [Kos],
Ui (0) =S NN,
with N the nilpotent cone of g.

Proposition 10.2. Let n € Zxo. Then (Jo15)~(0) = n(wgl(O) is a reduced
~H0) = Juo (¥57(0))

complete intersection, and it is irreducible. Moreover, (Jooy)
is irreducible and reduced.
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Proof. The variety .y NN is normal, reduced and is a complete intersection [Gin2],
with rational singularities [AKM, Lemma 3.1.2.1]. As w;l(O) = NN, it fol-
lows from the main results of [Mus] and its consequences that Jn(dJ;l(O)) is also
reduced, irreducible and a complete intersection for any n > 0. Now observe that
(Jntbp)~1(0) = Jn(dJ;l(O)) by the properties of jet schemes (cf. Section 3). This
proves the first part of the statement.

Since 1/1;1 (0) is irreducible, J (wfl(O)) is irreducible by Theorem 3.4 and, from
the above, we get that (Jootpr)~1(0) = Joo(wf_l(())) is irreducible. Because all
Jn(1/1;1(0)) are reduced, Joo(z/J;l(O)) is reduced, too. O

Next, we wish to prove that the other fibers of J1; are also reduced and
irreducible. To this end, we use ideas of [Prel, §85.3 and 5.4].

The Slodowy slice has a contracting C*-action. Recall briefly the construc-
tion. The embedding spanc{e, h, f} = sl — g exponentiates to a homomorphism
SLs — G. By restriction to the one-dimensional torus consisting of diagonal ma-
trices, we obtain a one-parameter subgroup p: C* — G. Thus p(t)x = t*/x for any
zeg;={yeg]hy]=2jy}. Forte C* and z € g, set

(17) p(t)x = t2p(t)x.
So, for any z € g;, p(t)z = t*T% 2. In particular, p(t)f = f and the C*-action of p
stabilizes .. Moreover, it is contracting to f on %, that is,
lim p(t)(/ +2) =
—0
for any x € g°. The C*-action p induces a positive grading on .#%, and so on
Ry = C[#] = Clg°].
Let n € Zzo U {oo}. Similarly, we define a contracting C*-action on J,,.#s and

a positive grading on J, Ry as follows.
Let z',...,2" be a basis of g° so that

JnRy = J,Clg] = Spec Cla(_;_yy;i=1,...,7,j=0,...,7].

One can assume that the x%’s are Slodowy homogeneous. One defines a grading on
JnRy by setting

degxf_j_l) = degz’ + j.
Since the grading is positive, it gives a contracting C*-action on J,.%s. Indeed,
consider the morphism C[J,,-;] — C[J,,.%s] ® C[t,t7 ], f = f ® t4°8 S for homo-
geneous f. Its comomorphism induces a C*-action

Hn : C* x Jnyf — Jnyf

which is contracting since deg f > 0 for any homogeneous f.
The above grading gives an increasing filtration on J, Ry in an obvious way:

Fp(JnBy) = Bj<p(nlly)js  p20.
Given a quotient M of J, Ry, we define a filtration (%, M), of M by setting
FpM =10 (Fp(JnRy)),

where 7, is the canonical quotient morphism 7,: J,Ry — M. We denote by grM
the corresponding graded space.

For M a subspace of J,R; denote by grM the homogeneous subspace of J, Ry
with the property that g € grM N (J,Ry), if and only if there is § € M such that
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Gg—9g € Fp_1(JuRy). Obviously the subspace grM is invariant for the C*-action
tn. If M is an ideal of J, Ry then grM is an ideal of gr J, Ry.

For f € C[J,g] we denote by f its restriction to J,.#;. Then for £ = ({l-(j) |i=
L...,0,5=0,...,n) € J,C* (Jo1p5)~1(€) is the set of common zeroes of the ideal

I = (iji—ﬁi(j) |i:1,...,€,j:0,...,n).
Here, note that J,1s is the morphism:
Inpi JooTp — J.Ct o wes (T9pi(z),i=1,...,0,j=0,...,n).

Lemma 10.3. Let n € Zso U {oc} and £ € J,C'. Then the fiber (Jatbs)~1(€) is
reduced and irreducible.

Proof. Clearly gr.%, ¢ = 0.

Let a € J,, R/, ¢ and suppose that a* = 0 for some k € Zxq. Then o,,(a)* = 0,
where o, is the symbol of a in gr(J,Ry/ Ine) = JnRy/In0. As Fp o is radical,
on(a) =0, and hence a = 0. This proves that .7, ¢ is radical.

Similarly, J,Ry/Zn.¢ is a domain since gr(J,Ry/ I e) = JoRy/ I o is. Hence
I ¢ is prime. O

The Poisson bracket on g is algebraic since all adjoint orbits are open in their
closure. From the inclusion G.x N C G.x N ¥, for z € %%, we deduce that
the symplectic leaf G.x N .#f of ./ is locally closed, and hence the Poisson bracket
on . is algebraic. Indeed, G.x N % is a finite union of symplectic leaves of .7}
and so [BG, Proposition 3.7] applies. As a result, the hypothesis of Section 8 are
satisfied.

Proposition 10.4. For any n € Zxo, the fiber (J,1¢)~(0) is the closure of some
n-chiral Poisson core in J,.%s, and (Jt5)~(0) is the closure of some chiral
Poisson core in Joo 5.

Proof. By Proposition 10.2, Jn(wj?l(())) =~ (Ju)~1(0) is irreducible for any n €
Z>p. The statement follows from Corollary 8.3 because 1/1;1(0) is the closure of
some symplectic leaf. ' (|

Theorem 10.5. Let z be in the vertex Poisson center of Joo Ry, and § € Joo(g//G).
Then z is constant on (Jootbr) ().

Proof. By Proposition 6.6 and Proposition 10.4, any element z in the vertex Pois-
son center of Joo Ry is constant on (Jootpr) 1(0). Let now & € Joo(g//G). Then
the symbol 0oo(2) € gr(JowRf/Fs,e) belongs to the center Z(JooRy/ Ioo0) of
gr(JooRf/F,0). However, Z(JwR;/Is0) = C by the £ = 0 case. Therefore
0c0(%) is constant, and this happens only if z itself is constant in Joo Rf/Z ¢, that
is, z is constant on (Jsotps) 71 (€). O

11. VERTEX POISSON CENTER AND ARC SPACE OF SLODOWY SLICES

The vertex Poisson algebra structure on C[Jo Ry| can be described using coho-
mology of some dg-vertex Poisson algebras, which is a tensor product of functions
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over Jo.g with fermionic-ghost vertex Poisson super-algebra A% (m), where m is a
certain nilpotent algebra m ([A3, Theorem 4.6]):

ClJso Ry] = H(ClJsog] @ AT (m), Qo))
The canonical embedding
Clog] — Cllogl @ AT (m), fr— f®1,
induces morphisms of vertex Poisson algebras,
Z(Clg) — Z(ClTog] ® AT (m)) — Z(H(Clng] ® AT (m), Qo))
Hence we get a morphism of vertex Poisson algebras,
Z(ClJsg]) — Z(ClJxRy]) C ClJoRy].

Note that this morphism corresponds to the restriction map.

On the other hand, we have an isomorphism [RsT, BDI1, EF]: J.(g//G) =
J08//JsoG, where Joog//JooG = Spec C[Joog]’>%. In other words, the infinite jet
scheme J, G acts on Joog and C[J,g]”=¢ is the polynomial ring C[J(g//G)] =
C[T’p;,i=1,...,£,57 > 0]. Therefore, we get the following isomorphisms:

Z(ClJoog]) = ClJocg// oGl = ClJoo(8//G)]-

So the above morphism from Z(C[Jxg]) to C[JsRy] is nothing but the comor-
phism,

(Joo®f)": Joo(8//G) = Joo Ry,

of Jooi/)f

The map (Joot¢)* is an embedding. Indeed, let g4 be the set of regular elements
of g, that is, those elements whose centralizer has minimal dimension £. Since the
restriction of the morphism ¢y to 5 N greg is smooth and surjective (see [Kos],
[Prel, Section 5]), the restriction of J,1f to Jpn(FF N@reg) is smooth and surjective
for any n as well ([EM, Remark 2.10] or [Fre, §3.4.3]). Therefore the morphism
(Jntf)*: C[Jng]""¢ — J, Ry is an embedding for any n. Moreover, the restriction
of Joo¥ s 10 Joo (LrNGregy) is (formally) smooth and surjective, whence the morphism
(Joo®1)*: ClJoog]’>% — Joo Ry is an embedding of vertex Poisson algebras.

The aim of this section is to proof the following result.

Theorem 11.1. The morphism (Jootp)* induces an isomorphism of vertex Poisson
algebras between C[Jxg]”=% and the vertex Poisson center of C[Js-%]. Moreover,
ClJ}] is free over its vertex Poisson center.

Note that C[Jog]’>“NC[g] = Clg]“ and Z(C[J-7])NC[F}] = Z(C[F%]), the
Poisson center of C[.#]. Hence from the above theorem we recover the well-known
result of Ginzburg-Premet [Pre2, Question 5.1] which states that

(18) Z(Cl7y)) = Clg]“.
To prove Theorem 11.1 we first state some preliminary results.

Lemma 11.2 ([GW, Theorem A.2.9)). Let X,Y,Z be irreducible affine varieties.
Assume that f: X = Y and h: X — Z are dominant morphisms such that h is
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constant on the fibers of f. Then there exists a rational map g: Y — Z making the

following diagram commutative: x L) Y

Lemma 11.3. Let X andY be two normal irreducible affine varieties, and f: X —
Y a flat morphism. Then C(Y)NC[X] = C[Y]. Here, we view C[Y] as a subalgebra
of C[X] using f*: C[Y] — C[X].

Proof. Since X is normal and the fibers of f are all of dimension dim X — dimY’,
the image of the set X’ of smooth points of X is an open subset Y’ of Y such that
Y \ Y’ has codimension at least 2.

Let yinY'and x € f~*(y) C X’. Then we have a flat extension of the local rings
Oy,y = Ox ;. Since Oy, and Ox , are regular local rings, they are factorial. For
a € C(Y)NC[X], write a = p/q with p, ¢ relatively prime elements of C[Y] . Since
p, q are relatively prime, the multiplication by p induces an injective homomorphism

Ov,y/qO0y,y = Oy,y/q0y .

Since Ox,; is flat over Oy, the base change Ox ., ®o, , — yields an injective
homomorphism
OX,w/qOX,;E — OX,w/qOX,m-

Hence p and g are relatively prime in Ox ,. In addition, the image of 1 is 0 because
a =p/qis regular in X. As a result, ¢ is invertible in Ox .

Since the maximal ideal of Oy, is the intersection of Oy, with the maximal
ideal of Ox 5, q is invertible in Oy, and so a is in Oy,,. As a result, a is regular
on Y’ and then extends to a regular function on Y since Y is normal. O

Proof of Theorem 11.1. Let us prove the first assertion of the theorem. We view
the algebra J,,(C[g]“) as a subalgebra of J, Ry for any n. We have already noticed
that the inclusion Ju (C[g]®) C Z(JaRy) holds, with Z(Jx Ry) the vertex Poisson
center of JoRys. Conversely, we have to prove that any element z in the vertex
Poisson center Z(JRy) can be lifted to a an element of J,(C[g]®).

Since J.7 is the projective limit of the projective system (J,,-%f, T n), the
algebra Jo Ry is the inductive limit of the algebras J, R¢. The injection j, from
JnRy to Jo Ry is defined by

In(n)(V) = pin(Too,n(V))s  pa € IRy, v € Joo T

Let z € Z(JwRy) C JwRy. As z € JoRy, 2 = 2z, € J,Ry for n big enough,
where z,, is such that
By Theorem 10.5, z is constant on each fibers of Joty. As a consequence, z, is
constant on each fibers of J,¢;. Indeed, let &, € J,Y, and 7,,v,, € an/J;I({n).

Then jn(vn), jn(7;,) are in Joo?/ﬁjl(Jn(gn)) since

Hence,

Zn(n) = 2(Jn(1n)) = Z(]n(%/z)) = Zn(%/z)



24 TOMOYUKI ARAKAWA AND ANNE MOREAU

since z is constant on Joozbfl(jn (&n))-

If z is a constant function, that is, z € C, then clearly z lies in the vertex Poisson
center of Jo,C[g*]. Hence, one can assume that z is not constant. Furthermore,
there is no loss of generality in assuming that z is homogeneous for the Slodowy
grading on Jo Ry because Z(JRy) is Slodowy invariant. Thus for any ¢t € C*,
t.z = t*2 for some k € Zx¢. So one can assume that the morphisms z: Joo.’s — C
and z,: J,-s = C are dominant.

Hence by Lemma 11.2, z,, € C[J,,.%] induces a rational morphism Z,, on J,,(g//G)
since z,, is constant on the fibers of the dominant morphism J,,9¢.

As #; and g//G are affine spaces, J,,.# and J,,(g//G) are affine spaces for any n.
In particular, J,.%; and J,(g//G) are normal and irreducible for any n. Therefore
Lemma 11.3 can be applied because the morphism Jp¥¢: J,,. % — Jn(g//G) is
flat for any n. So, Z, € C[J,(g//G)]. This holds for any n such that z = z,.
Since z = z, for n big enough, we deduce that z can be lifted to an element of
ClJo(8//G)] = C[Jsg]’>%, whence the first part of the theorem.

It remains to prove the freeness. Since .y NN enjoys the same geometrical
properties as N, that is, .fNN is reduced, irreducible and is a complete intersection
with rational singularities, the arguments of [EF, Theorem A.4] can be applied in
order to get that C[Jwo.%] is free over its vertex Poisson center (see also [CM,
Proposition 2.5 (ii)]). This concludes the proof of the theorem. (]

12. CENTER OF W-ALGEBRAS

Let V*(g) be the universal affine vertex algebra associated with g at level k, and
let W¥(g, f) be the (affine) W-algebraassociated with (g, f) at level & € C. The W-
algebra W¥(g, f) is defined by the quantized Drinfeld-Sokolov reduction associated
with f ([FF1, KRW]).

The embedding Z(V*(g)) — V*(g) induces a vertex algebra homomorphism

Z(V¥(g)) — ZW"(g. )

for any k € C. Here, for V a vertex algebra V, Z(V') denotes the vertex center of
V', that is,

Z(V)={2€V |apz=0forallacV,n >0}
Both Z(V*(g)) and Z(W*(g, f)) are trivial unless k = cri is the critical level

cri = —h" with hY the dual Coxeter number of g. For k = cri, 3(g) := Z(V°"i(g))
is known as the Feigin-Frenkel center [FF2].

Theorem 12.1. The embedding 3(g) — V"(g) induces an isomorphism

3@ — 20V (8, 1))
and we have gr ZW< (g, f)) = Z(ClJoo-TF]).
Proof. Recall that there is an obvious vertex algebra homomorphism 3(g) — Z(W< (g, f)),
see [A2]. Hence it is sufficient to show that the induced homomorphism gr3(g) —

gr Z(W<ri(g, f)) is an isomorphism.
First, we have ([FF2])

gr3(8) = ClJog]™C.
On the other hand, we have ([A3, Theorem 4.17])

gt W (g, f) = ClJs 5],
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Z(gr W (g, f)) = Z2(ClJcT5)).

By Theorem 11.1, Z(C[Jso-7f]) = C[Jsog]”>¢, which forces the compound map
Z(ClJoe-7y]) = gr3(@) — gr ZW (g, f)) = Z(gr W (g, f)) = Z(C[Jc-77))

to be an isomorphism. This completes the proof. O

Theorem 12.1 was stated in [A2], but the proof of the surjectivity was incomplete.

Note

that the similar argument as above using (18) recovers Premet’s result

[Pre2] stating that the center of the finite W-algebra U(g, f) associated with (g, f)
is isomorphic to the center of the enveloping algebra U(g) of g.

[AG]
[A1]

[A2]
[A3]

[A4]
[A3]
[A6]

[AK]

[AKM]
[AM1]
[AM2]

[AMS3]

[BLL*]

[BPRvR]

[BR]

[BD1]

[BD2]

[BMR]

REFERENCES

Sergey Arkhipov and Dennis Gaitsgory. Differential operators on the loop group via
chiral algebras. Int. Math. Res. Not., (4):165-210, 2002.

Tomoyuki Arakawa. A remark on the C2 cofiniteness condition on vertex algebras. Math.
Z., 270(1-2):559-575, 2012.

Tomoyuki Arakawa. W-algebras at the critical level. Contemp. Math., 565:1-14, 2012.

Tomoyuki Arakawa. Associated varieties of modules over Kac-Moody algebras and Ca-
cofiniteness of W-algebras. Int. Math. Res. Not., 2015:11605-11666, 2015.

Tomoyuki Arakawa. Rationality of W-algebras: principal nilpotent cases. Ann. Math.,
182(2):565-694, 2015.

Tomoyuki Arakawa. Associated varieties and higgs branches (a survey). To appear in
Contemp. Math.

Tomoyuki Arakawa. Chiral algebras of class & and Moore-Tachikawa symplectic vari-
eties, Tomoyuki Arakawa. arXiv:1811.01577 [math.RT].

Tomoyuki Arakawa and Kazuya Kawasetsu. Quasi-lisse vertex algebras and modular
linear differential equations, V. G. Kac, V. L. Popov (eds.), Lie Groups, Geometry, and
Representation Theory, A Tribute to the Life and Work of Bertram Kostant, Progr.
Math., 326, Birkhauser, 2018.

Tomoyuki Arakawa, Toshiro Kuwabara, and Fyodor Malikov. Localization of Affine
W-Algebras. Comm. Math. Phys., 335(1):143-182, 2015.

Tomoyuki Arakawa and Anne Moreau. Joseph ideals and lisse minimal W-algebras. J.
Inst. Math. Jussieu, 17(2):397-417, 2018.

Tomoyuki Arakawa and Anne Moreau. Sheets and associated varieties of affine vertex
algebras. Adv. Math., 320:157-209, 2017.

Tomoyuki Arakawa and Anne Moreau. On the irreducibility of associated varieties of
We-algebras. The special issue of J. Algebra in Honor of Efim Zelmanov on occasion of
his 60th anniversary, 500:542-568, 2018.

Christopher Beem, Madalena Lemos, Pedro Liendo, Wolfger Peelaers, Leonardo Rastelli,
and Balt C. van Rees. Infinite chiral symmetry in four dimensions. Comm. Math. Phys.,
336(3):1359-1433, 2015.

Christopher Beem, Wolfge Peelaers, Leonardo Rastelli, and Balt C. van Rees. Chiral
algebras of class S, J. High Energ. Phys. (2015) 2015: 20.

Christopher Beem and Leonardo Rastelli. Vertex operator algebras, Higgs branches,
and modular differential equations. J. High Energ. Phys. (2018) 2018: 114.

Alexander A. Beilinson and Vladimir G. Drinfeld. Quantization of Hitchin’s fibration
and Langlands’ program. In Algebraic and geometric methods in mathematical physics
(Kaciveli, 1993), volume 19 of Math. Phys. Stud., pages 3-7. Kluwer Acad. Publ.,
Dordrecht, 1996.

Alexander Beilinson and Vladimir Drinfeld. Chiral algebras, volume 51 of American
Mathematical Society Colloguium Publications. American Mathematical Society, Prov-
idence, RI, 2004.

Federico Bonetti, Carlo Meneghelli and Leonardo Rastelli. VOAs labelled by complex
reflection groups and 4d SCFTs. arXiv:1810.03612 [hep-th].



26

[Bor]
[BG]
[BKN]
[CM]
[CN]
[ccal
[Cre]

[Dix]
[EM]
[EF]

[FF1]

[FF2]

[Fre]
[FILS]
(GG

[Ginl]
[Gin2]

[GW]
[GMS]]
[GMS2)

[Ish1]
[Ish2]

[Kac]

[Kol]
[KRW]
[Kos]
[KS]

(LP]

TOMOYUKI ARAKAWA AND ANNE MOREAU

Richard E. Borcherds. Vertex algebras, Kac-Moody algebras, and the Monster. Proc.
Nat. Acad. Sci. U.S.A., 83(10):3068-3071, 1986.

Kenneth A. Brown and lain Gordon. Poisson orders, symplectic reflection algebras and
representation theory. J. Reine Angew. Math., 559:193-216, 2003.

Matthew Buican, Zoltan Laczko and Takahiro Nishinaka. A' = 2 S-duality revisited, J.
High Energ. Phys. 09 (2017) 087.

Jean-Yves Charbonnel and Anne Moreau. The symmetric invariants of centralizers and
Slodowy grading. Math. Z., 282(1-2):273-339, 2016.

Jaewang Choi and Takahiro Nishinaka On the chiral algebra of Argyres-Douglas theories
and S-duality, J. High Energ. Phys. 04 (2018) 004.

Kevin Costello, Thomas Creutzig and Davide Gaiotto, Higgs and Coulomb branches
from vertex operator algebras. arXiv:1811.03958 [hep-th].

Thomas Creutzig. Logarithmic W-algebras and Argyres-Douglas theories at higher rank,
J. High Energ. Phys. 11 (2018) 188.

Jacques Dixmier. Enveloping algebras, volume 11 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 1996. Revised reprint of the 1977
translation.

Lawrence Ein and Mircea Mustata. Jet schemes and singularities. In Algebraic
geometry—>Seattle 2005. Part 2, volume 80 of Proc. Sympos. Pure Math., pages 505—
546. Amer. Math. Soc., Providence, RI, 2009.

David Eisenbud and Edward Frenkel. Appendix to [Mus]. 2001.

Boris Feigin and Edward Frenkel. Quantization of the Drinfel’d-Sokolov reduction. Phys.
Lett. B, 246(1-2):75-81, 1990.

Boris Feigin and Edward Frenkel. Affine Kac-Moody algebras at the critical level and
Gel'fand-Dikil algebras. In Infinite analysis, Part A, B (Kyoto, 1991), volume 16 of
Adv. Ser. Math. Phys., pages 197-215. World Sci. Publ., River Edge, NJ, 1992.
Edward Frenkel. Langlands correspondence for loop groups, volume 103 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2007.
Baohua Fu, Daniel Juteau, Paul Levy, and Eric Sommers. Generic singularities of nilpo-
tent orbit closures. Adv. Math., 305:1-77, 2017.

Wee Liang Gan and Victor Ginzburg. Quantization of Slodowy slices. Int. Math. Res.
Not., (5):243-255, 2002.

Victor Ginzburg. On primitive ideals. Selecta Math. (N.S.), 9(3):379-407, 2003.
Victor Ginzburg. Harish-Chandra bimodules for quantized Slodowy slices. Represent.
Theory, 13:236-271, 2009.

Roe Goodman and Nolan R. Wallach. Symmetry, representations, and invariants, vol-
ume 255 of Graduate Texts in Mathematics. Springer, Dordrecht, 2009.

Vassily Gorbounov, Fyodor Malikov, and Vadim Schechtman. On chiral differential
operators over homogeneous spaces. Int. J. Math. Math. Sci., 26(2):83-106, 2001.
Vassily Gorbounov, Fyodor Malikov, and Vadim Schechtman. Gerbes of chiral differen-
tial operators. II. Vertex algebroids. Invent. Math., 155(3):605-680, 2004.

Shihoko Ishii. The arc space of a toric variety. Journal of Algebra, 278:666—683, 2004.
Shihoko Ishii. Geometric properties of jet schemes. Comm. Algebra, 39(5):1872-1882,
2011.

Victor Kac. Introduction to vertex algebras, poisson vertex algebras, and integrable
Hamiltonian PDE. In Caselli F. De Concini C. De Sole A. Callegaro F., Carnovale G.,
editor, Perspectives in Lie Theory, volume 19 of Springer INdAM Series 19, pages 3—72.
Springer, 2017.

Ellis R. Kolchin. Differential algebra and algebraic groups. Academic Press, New York-
London, 1973. Pure and Applied Mathematics, Vol. 54.

Victor Kac, Shi-Shyr Roan, and Minoru Wakimoto. Quantum reduction for affine su-
peralgebras. Comm. Math. Phys., 241(2-3):307-342, 2003.

Bertram Kostant. On Whittaker vectors and representation theory. Invent. Math.,
48(2):101-184, 1978.

Bertram Kostant and Shlomo Sternberg. Symplectic reduction, BRS cohomology, and
infinite-dimensional Clifford algebras. Ann. Physics, 176(1):49-113, 1987.

Madalena Lemos and Wolfger Peelaers, Chiral Algebras for Trinion Theories, J. High
Energ. Phys. 02 (2015) 113.



ARC SPACES AND CHIRAL SYMPLECTIC CORES 27

[Li] Haisheng Li. Abelianizing vertex algebras. Comm. Math. Phys., 259(2):391-411, 2005.
[MSV] Fyodor Malikov, Vadim Schechtman, and Arkady Vaintrob. Chiral de Rham complex.
Comm. Math. Phys., 204(2):439-473, 1999.

[Mus] Mircea Mustata. Jet schemes of locally complete intersection canonical singularities.
Invent. Math., 145(3):397-424, 2001. With an appendix by David Eisenbud and Edward
Frenkel.

[Prel] Alexander Premet. Special transverse slices and their enveloping algebras. Adv. Math.,

170(1):1-55, 2002. With an appendix by Serge Skryabin.

[Pre2] Alexander Premet. Enveloping algebras of Slodowy slices and the Joseph ideal. J. Eur.
Math. Soc., 9(3):487-543, 2007.

[RsT] Mustapha Rais and Patrice Tauvel. Indice et polynoémes invariants pour certaines
algebres de Lie. J. Reine Angew. Math., 425:123-140, 1992.

[SXY] Jaewon Song, Dan Xie and Wenbin Yan. Vertex operator algebras of Argyres-Douglas
theories from M5-branes, J. High Energ. Phys. 12 (2017) 123.

[Van] Pol Vanhaecke. Integrable systems in the realm of algebraic geometry, volume 1638 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, second edition, 2001.
[Zhu] Yongchang Zhu. Modular invariance of characters of vertex operator algebras. J. Amer.

Math. Soc., 9(1):237-302, 1996.

IRESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, KYOTO UNIVERSITY, KYOTO 606-8502
JAPAN
E-mail address: arakawa@kurims.kyoto-u.ac.jp

2LABORATOIRE PAUL PAINLEVE, UNIVERSITE DE LILLE, 59655 VILLENEUVE D’AscqQ CEDEX,
FRANCE
E-mail address: anne.moreau@univ-lille.fr



