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Abstract

Wind action on ice-covered transmission lines causes galloping, which is a problem because it can introduce

interphase short circuits and cause fatigue of the cross-arms of the power line’s towers and insulators. The

galloping phenomenon is characterised by a combination of large-amplitude, low-frequency vertical,

horizontal, and torsional oscillations. To better understand the dynamic responses of vertical, horizontal and

torsional 3-degree-of-freedom (DoF) galloping on four-bundled conductors, time-history analyses were

conducted for 2D systems of varying DoFs and frequency ratios. The fundamental characteristics of the

conductor’s non-linear 1-DoF vertical response were analysed via time—history analysis, indicating that large

oscillations were caused by inclusion of an angular range of relative angle of attack with a high negative lift-

coefficient slope. By considering the energy balance of the vertical motion over one oscillation period, we

estimated the stable and unstable limit-cycle amplitudes. Then, by comparing the results of the 1-, 2-, and 3-

DoF systems, we clarified the effect of aerodynamic coupling on 3-DoF galloping. The oscillation types in the

3-DoF systems were categorised as vertical-horizontal 2-DoF coupling oscillations, vertical-torsional 2-DoF

coupling oscillations, and vertical 1-DoF oscillations according to the stationary torsional angle. Finally, we

indicated the coupling effects on vertical oscillation by considering the energy balance of the vertical motion

with the defined amplitudes and phase differences of the horizontal and torsional motions. The vertical

amplitude of the vertical-horizontal 2-DoF coupling oscillation can become very large if the horizontal

amplitude increases and the phase difference between horizontal and vertical displacements approaches 180°.

Meanwhile, the range of the stationary torsional angle in which the vertical-torsional 2-DoF coupling

oscillation occurs becomes wide as the phase difference between the torsional and vertical displacements

approaches 90°. However, without horizontal motion, the vertical amplitude has a limited value, even if the

torsional amplitude becomes large.
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1. Introduction

Galloping is low-frequency, high-amplitude oscillation that occurs in a power or transmission line when a

steady wind of moderate velocity flows over cables covered by a layer of ice. The International Council on

Large Electric Systems recognises this phenomenon as an aerodynamic instability that can cause interphase

short circuits, conductor strand burn, and fatigue failure of the cross-arms of the power line’s towers and

insulators (CIGRE, 2007). To prevent galloping-related failures and hazards, the location in the power line

where the phenomenon is likely to occur, the mode by which it will reach the line, and the amplitude of its

motion must be predicted. A solution to the galloping problem should focus not only on the occurrence

conditions but also on the oscillation amplitude under various structural conditions. Furthermore, the ice-

accretion pattern and wind conditions vary continually with respect to atmospheric parameters. Therefore,

several researchers have conducted numerical analyses of full-scale overhead transmission lines (Yu et al.,

1993; Desai et al., 1996; Wang and Lillien, 1998; Shimizu et al., 1998; Liu et al., 2009), along with field

observations (Morishita et al., 1984; Yukino et al., 1995; Matsumiya et al., 2012; Matsumiya et al., 2019).

Different cases should be analysed to understand the roles of the varying parameters related to this

phenomenon, including structural characteristics, accretion shape, angles of attack, and wind speed.

Accordingly, a theoretical understanding of the conditions that facilitate galloping is necessary for conducting

systematic and efficient time—history analyses of the dynamic response of power lines to acrodynamic loading,

In time-history analyses, aerodynamic forces acting on power lines are generally represented as quasi-

steady forces using steady-state acrodynamic coefficients. Kimura et al. (1999) highlighted that, during the

large-amplitude motion of a four-bundled conductor, the aecrodynamic forces exerted on the bundle may differ

from the theoretical quasi-steady aerodynamic forces. Therefore, Matsumiya et al. (2018) validated the quasi-

steady aerodynamic force formulations applied to a four-bundled conductor by employing the results of large-
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amplitude-vibration tests. They performed tests in a wind tunnel using a technique in which a rigid-body

section model of a four-bundled conductor was supported by multiple elastic cords; the resulting action of the

wind (galloping) was studied. They concluded that the quasi-steady aerodynamic forces of a multi-bundled

conductor should be formulated independently for each sub-conductor, even when the independent motion of

each sub-conductor is not considered.

Den Hartog (1956) identified the conditions under which 1-DoF vertical galloping of an ice-accreted

conductor occurs according to the quasi-steady aerodynamic theory. Hence, the galloping criterion is

commonly known as the “Den Hartog” criterion. Nakamura (1980) split the instability term of vertical and

torsional 2-DoF systems into a 1-DoF and classical-flutter types. The 1-DoF type represents the Den Hartog

instability or torsional flutter, whereas the classical-flutter type represents the acrodynamic coupling effect

between the motions of each DoF. Nakamura (1980) derived equations to express the contribution of each

instability type to the damping term. In contrast, Jones (1992) and Nikitas and Macdonald (2014) discussed the

coupling effects of vertical and horizontal oscillations in a galloping conductor with ice-accretion. Furthermore,

He and Macdonald (2016) considered a vertical, horizontal, and torsional 3-DoF system and derived an

analytical solution for its galloping stability. While this analytical solution was derived assuming that the natural

frequencies in the three directions are equal, Lou et al. (2020) derived an analytical galloping stability criterion

for 3-DoF coupled motion using the eigenvalue perturbation method.

In contrast with research on the onset conditions (i.e., the damping characteristics), studies on the

oscillation amplitude characteristics should focus on solving the galloping problem. In other words, in addition

to linear oscillations, research must also focus on non-linear ones. Unfortunately, few studies have focused on

the oscillation mechanism and coupling effect between multi-DoF non-linear galloping. Parkinson and Smith

(1964) described stable and unstable limit-cycle oscillation amplitudes for a square prism in a vertical 1-DoF
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system. These are the typical characteristics of a non-linear oscillator that are caused by non-linear aerodynamic

forces, which were formulated using the quasi-steady theory with the polynomial expression of aerodynamic

coefficients. Novak (1969, 1972) evaluated the effect of mode shapes on the 1-DoF galloping amplitude of long

prismatic structures with elastic continuous bodies rather than rigid ones. Blevins and Iwan (1974) and Desai et

al. (1990) developed a method to analyse the steady-state amplitude of vertical and torsional 2-DoF coupled

galloping. To clarify the conditions facilitating the galloping phenomenon, which is a vertical, horizontal, and

torsional 3-DoF oscillation, the acrodynamic coupling effect among the DoF motions should be discussed

considering non-linear oscillation characteristics.

In this study, to clarify the essential non-linear response characteristics of a four-bundled conductor to

galloping, we conducted a series of time—history analyses on 1-, 2-, and 3-DoF systems by formulating quasi-

steady aerodynamic forces on each sub-conductor. To focus on the fundamental effects of aerodynamic

coupling and non-linearity on the oscillation amplitude, we used a 2D model instead of a 3D full-span model

because the latter considers complex characteristics (i.e., distribution of the angle of ice-accretion and

displacements) along the length of the conductor (Yu et al., 1993; Wang and Lillien, 1998). In addition to time—

history analyses, the work performed by the aecrodynamic force and the energy balance of the vertical motion

over one oscillation period were analysed to describe the oscillation mechanism considering aerodynamic non-

linearity. From these analyses, we provide a substantial description of the acrodynamic coupling effect between

the motions of each DoF and the characteristics of non-linear oscillation caused by non-linear aerodynamic

forces.

2. Time-history analysis conditions of a 2D system

2.1 Cross-section and steady aerodynamic coefficients
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Fig. 1 Cross-sections of ice-accreted four-bundled conductor.

Time-history analyses were conducted for the ice-accreted four-bundled conductor shown in Fig. 1. The
dimensions are identical to those of aluminium conductors steel-reinforced (ACSR) conductors having a
nominal cross-sectional area of 410 mm?. For the cases of wet snow accretion and in-cloud ice-accretion, which
are the main factors inducing galloping in Japan, accretion develops to the windward side with a sharp edge
(Matsumiya et al., 2012; Matsumiya et al., 2019). As a simple imitation of the typical accretion shape, a
triangular tip shape was selected for ice-accretion on the sub-conductors in this study.

The steady aerodynamic coefficients of this section were measured via surface pressure-measurement
tests (Matsumiya et al., 2011). The aerodynamic coefficients of each sub-conductor and the whole four-bundled
conductor are shown in Fig. 2. The equations of the coefficients used in this study are as follows:

1 1 1
Fp; = EPUZDCDD F = EPUZDCLi' Fyi = EPUZDZCML" €Y)
Fpr = %pUzll-DCDf, Fpp = %pUzll-DCLf, Fyy = %pU24DBCMf. 2
Here, Cp;, Cpi, Cy; (i = 1-4) and Cpg, Cr, Cyy are the acrodynamic coefficients of the respective
aerodynamic forces acting on each sub-conductor and four-bundled conductor; Fp;, F;;, and F,; are the
mean values of the drag, lift, and aerodynamic pitching moment around the centre of sub-conductors No. i
(i = 1-4) per unit length, as shown in Fig. 1, respectively; Fps, F r, and Fy are the mean values of drag,

lift, and aerodynamic pitching moment around the centre of the whole four-bundled conductor per unit length,
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Fig. 2 Aerodynamic coefficients of ice-accreted four-bundled conductor (Matsumiya et al., 2011)
122 respectively; p is the air density; U is the wind speed; D is the conductor diameter; and B is the spacing
123  between the centres of the sub-conductors.
124 Figures 2 (b) and (d) show two peaks of the lift coefficient, Cy;, at certain angles of attack: one around

125 20° and the other around 150°. The angles corresponding to the peak lift coefficients are the stalling angles. In

126  the flow field around the sub-conductor, the time-averaged separation shear layer from the upper leading edge

127 of the section reattaches to the conductor surface. Subsequently, a large lift force acts on the conductor when the

128 angle of attack is less than the stalling angle. However, the time-averaged separation shear layer is not

129 reattached to the surface, and the lift force suddenly decreases when the angle of attack is slightly larger than

130 the stalling angle (Matsumiya et al., 2011). A few sub-conductors have lower aerodynamic coefficients than the

131 rest. This is especially true for the drag coefficient. The coefficients exhibit significant reductions at attack
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Fig. 3 Den Hartog summation of ice-accreted four-bundled conductor

angles of 0, 45, 90, 135, and 180°. At these angles, the sub-conductor with reduced coefficients lies in the wake
of another. Hence, the reduced aerodynamic coefficients of the sub-conductors may be attributed to these wake
effects.

Based on linearised quasi-steady aerodynamic theory, vertical 1-DoF galloping occurs when

dCLf My Wy
Cpr + —
PIT da pDU

(3)
Here, m is the mass of the iced-bundled conductor per unit length; ), is the vertical damping ratio; and

Wy is the vertical circular frequency. The left-hand side of the equation corresponds to the Den Hartog
summation (1956), and the right-hand side of the equation is negative and proportional to the structural
damping. For galloping to occur, a necessary condition is that the summation is negative: this condition is called
the Den Hartog criterion. The Den Hartog summation of the four-bundled conductor is shown in Fig. 3. The
Den Hartog criterion is mainly fulfilled for angle ranges that are slightly larger than the stalling angles or are

under the influence of flow interference between sub-conductors.

2.2 Analysis model and conditions
Time—history analysis was conducted on simple mass—spring—damper 2D systems with varying DoFs. The
systems included the vertical 1-DoF, vertical-horizontal 2-DoF, vertical-torsional 2-DoF, and vertical—

horizontal-torsional 3-DoF. The equations of 3-DoF motion are expressed as follows:
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my + 2md, w0y + mwioy = F,
mZ + 2m, w40z + mw2yz = F,, (4)
16 + 21powgo8 + w30 = Fy.

Here, y, z,and 6 are the vertical, horizontal, and torsional displacements, respectively (Fig. 1): I is the mass
moment of inertia of the ice-bundled conductor per unit length; {,o(q = y,z,80) is the damping ratio for each
direction; and wgqo(q = y,2,0) is the circular natural frequency for each direction, whichis 27 times the
natural frequency fgo. The vertical 1-DoF system uses the first expression in Eq. (4). The vertical-horizontal 2-
DoF system uses the first and second expressions. The vertical-torsional 2-DoF system uses the first and third
expressions. Finally, the vertical-horizontal-torsional 3-DoF system uses all three expressions.

In this study, the horizontal and torsional frequency ratios, f,0/fyo and fgo/fyo, were varied,
whereas the vertical natural frequency, f,,y, remained a constant value that corresponds to the frequency of the
first asymmetric mode in an actual transmission line having a span length of 300 m. The parameter values used
in this study are presented in Table 1. The mass and mass moment of inertia in the analysis were identical to
those of the actual conductors having wet snow accretion using a specific gravity of snow accretion of 0.6.
Time-history analysis was performed at a constant wind speed of 10.0 m/s by varying the setup torsional angle,
6,, in each system. The setup torsional angle corresponds to the angle without wind: the stationary torsional
angle with wind, 6, is different from 6, in the vertical-torsional 2-DoF system and the vertical-horizontal-
torsional 3-DoF system. The wind direction is identical to the horizontal axis without a vertical component, as
shown in Fig. 1. Because the value of the right-hand side of Eq. (3) is approximately -0.25 in this condition,

vertical 1-DoF galloping occurs for almost all of the angle range for which the Den Hartog criterion is fulfilled

(Fig. 3).
Table 1 Analysis conditions
Mass of iced-bundled conductor per .
. m| 7.094kg/m |Wind speed U 10.0 m/s
unit length
Mass moment of inertia of iced- ) 0—180°
. 1 0.567 kg'm%m | Setup torsional angle & | . .

bundled conductor per unit length (in 1° intervals)

10
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Spacing of sub-conductor B 0.400 m Vertical damping ratio | o 0.5 %

Diameter of sub-conductor D| 0.0285m |Horizontal damping ratio | x 0.5%

Vertical natural frequency fo| 0393Hz | Torsional damping ratio | g 0.5%
Air density p | 1.225kgm?

F,, F;,and Fy are the acrodynamic forces exerted on the four-bundled conductor in the vertical,
horizontal, and torsional directions, respectively. The forces are derived by combining the quasi-steady

aerodynamic forces of each sub-conductor, Lg;, Dg; and M;, as follows (Matsumiya et al., 2018):

4 4 4 B
i
Fy= ) Ly,F,= ) Dy,Fg= ) My+—=(Ls — Dy = Ly + Dyg) cos (7 +6)
i=1 i=1 i=1 V2 4 (5
B T
+ﬁ (D51 + LSZ - DS3 - LS4) Sin (Z + 9) )
1 .
Ly = EpUrziD(CLi(ari) cos ¢y + Cpi(ar) sin¢y,y),
1 .
Dg; = EPUrZiD(_CLi(ari) sin ¢ + Cpi(ay) cos ¢), (6)
1
Mg; = EpUrziDZCMi(ari)r
U...
A =0+ ¢y, bri = tan™! (U_J”)' Up = N/inz + Uzizi
Zl
Uyy = =3 ——=6cos (Z+8), Upy = U =2 ——=6sin (= +0)
ylz—y—T cos (— , Uy =U—27Z——@0sin(— ,
2 4 V2 4
B . T B . T
Uyzz—y—ﬁesin(z+e),Uzzzu—z+ﬁecos(z+9), 7)
B . T B . T
Uys = —y+59cos(z+9), U, = U—z+595in(z+9),
B . T B . T
Uy, —y+—651n(—+6), Uy = U—z——@cos(—+9).
N AW NG3 2

When the four-bundled conductor exhibits torsional velocity, each sub-conductor will gain velocity in
the circumferential direction. Therefore, the relative angle of attack, «,;, and relative wind speed, U,.;, for each
sub-conductor (i = 1-4) are functions of torsional velocity, 6. By formulating the quasi-steady aerodynamic
forces in this way, the aecrodynamic forces caused by the torsional velocity can be included. Additionally, the
relative angle of attack, «,., and relative wind speed, U,., for the whole four-bundled conductor are derived as

follows:

ar =0+ ¢, ¢ = tan” (=), Uy = V)2 + U =27, ®)

When the torsional motion is not considered, the total aerodynamic forces calculated from each sub-conductor

11



183 independently, using Eq. (7) and Cp;, C;; (i = 1-4), are the same as those calculated for the whole bundled
184  conductor using EqQ. (8) and Cpf, Cpf.

185

186 2.3 Numerical analysis method

187  Time-history analysis was performed using the fourth-order Runge—Kutta method by varying the setup

188  torsional angle, 6,, DoFs, and frequency ratios at a constant wind speed. First, the stationary position and
189 orientation of the conductor with respect to the wind, whose displacements in the vertical, horizontal, and
190  torsional directions are yq, z,, and 8, respectively, are calculated from the time-history analysis with large
191 virtual damping. Then, the displacements at the first time-step of the dynamic analysis with the more realistic
192 damping from Table 1 are setas (y;—o, Zt=0, O¢=0) = (Vs + Ayo, Zs + Dz , 05 + Ago). Aninitial

193  displacement was applied only to the vertical displacement, A,,q, which was set at a series of values from 0.0 to
194 5.0 m in intervals of 0.05 m. In contrast, initial displacements in the horizontal and torsional direction, A,, and
195 Ay, and initial velocities of every direction were zero.

196 The response amplitudes, phase differences between the displacements, and frequencies were

197 obtained from the time-history analyses when the amplitudes reached a steady state. The time step in this
198 analysis was 0.02 s, and the total time taken, which varies with the stationarity of oscillations, was longer than
199 600 s. In this study, the amplitude is defined as a value that is half of the peak-to-peak amplitude. The phase
200 difference between the two motions was calculated from the time difference of the zero crossing-points of
201 displacement and with positive velocity. The frequency was calculated from the time period between the zero
202 crossing-points. In a few cases of small amplitude, the response did not reach a full steady-state oscillation. In
203  these cases, the response characteristics were described by the ensemble average of each parameter from the

204 last 120 s.

12
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3. Characteristics of vertical 1-DoF non-linear oscillations

In this section, the characteristics of the non-linear oscillation caused by the non-linear aerodynamic forces are
described using the results of time—history analysis of the vertical 1-DoF system. The relationship between the
relative angle of attack and the work done by the aerodynamic force was considered to describe the oscillation
mechanism. Then, the characteristics of stable and unstable limit-cycle oscillation amplitudes were clarified by

factoring in the energy balance of vertical motion over one oscillation period.

3.1 Excitation mechanism of vertical 1-DoF oscillation

Figure 4 illustrates the relationship between the torsional angle, 8,(= 6;), and the vertical amplitude obtained
from the vertical 1-DoF analysis, in which the initial value of the vertical displacement, A,,, was 5 m. The
absolute value of the Den Hartog summation (Fig. 3) at the torsional angle does not correlate well with the
amplitude. The largest amplitude was observed when the torsional angle, 6,, was 58°, which is outside the
angle range required to fulfil the Den Hartog criterion. Furthermore, Fig. 4 shows the range of the relative angle
of attack, a,., during the oscillations and value of the lift coefficient for reference. The range of a, for 6, =

20- 38, 48-58° includes the range of angles in which the lift coefficient exhibited a large negative slope (20-

4 — % 17 1T 17 1 1 7 T 7 7 7 m Vertcalamplitude 18
_35 R P S ~--r----r----r--o-r----r----r| —— Range of relative angle of attack o, 1.4
S g | 1 | e Lift coefficient (for reference) R
= 3 Iy T et T 1 —
<5} . .. —.
525 e I el ; L ELEEEY, 0.6 §
EL 2 .r.,,.l 0.2 %
815 fo---bo-jmhasas oot . — bonneif 0.2 &
8 i : : : <
s 1 -0.6 &
> 05 -1

-14
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 210 220

Torsional angle g, (angle of attack) [°]
Fig. 4 Relationship between torsional angle and vertical amplitude with range of relative angle of attack
(results of time—history analysis for the vertical 1-DoF system with initial displacement Ayo =5 m)
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25°). The cause of the large oscillations and the reason for the sudden changes in amplitudes in relation to the
torsional angle were investigated by focusing on the work done by the aerodynamic force in the following.
During vertical 1-DoF oscillation, aerodynamic force F, relative wind speed U, and relative angles

ofattack «a, are expressed as follows:

1 . . (7Y
E, = EpUT24D(CLf(ar) cos ¢, + Cp(a,)sing,), U, = /U2 + y2,a, = 6, + tan™* (7) )
When the response displacement approximates a sine wave, the energy balance over one period, T, is obtained

as follows:

T T
E . . 2 E ™~ . . 2

E; = T(Fyy — 2m,pwy0Y )dt ~ T(Fyy — 2m{,owy0y )dt. (10)
2 2

The first term corresponds to the work done by the aerodynamic force, and the second term
corresponds to that of the structural damping force. Fy is the dynamic component of the aerodynamic force in
the vertical direction, given by F, minus its time-averaged value. At a certain time, when the power F'y y >0,
the fluctuating aerodynamic force in the vertical direction, E,, promotes oscillation. However, when power
ij/ <0, 1:; suppresses oscillation.

Figure 5 demonstrates the time-series of vertical velocity, y, relative angles of attack, a,., and the
variation of the aecrodynamic force in the vertical direction, Fy, at 6, = 38 and 58°. By considering the
relationship between y and «,., the oscillation is excited by the fluctuating aerodynamic force when F'y >0
in the region where the relative angle of attack, «,., is smaller than the torsional angle, 6,, or when Fy <0 in
the region where «,. is larger than 6. Figure 5 also shows the time when oscillation is considerably excited

by the fluctuating aerodynamic force when «, reaches the area around the stalling angle (20°) because both y

and F'y have large absolute values with the same sign. Furthermore, in the case of 8, = 58° (Fig. 5 (b)), the

14
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Fig. 5 Time series of each parameter (vertical 1-DoF system)

oscillation is also excited when the range of «, includes the angle range in which there is a bulge in the lift

coefficient around 80°.

Similarly, the large oscillation seems to be caused by the range of the relative angle of attack,

including the angle range with steep negative slopes for the lift coefficient of approximately 20-25°, 70-80°,

and 150-160°. The range of the relative angle of attack changes according to the oscillation amplitude. The

cause of the large oscillation can be determined by analysing the relationship between the relative angle of

attack and the work performed by acrodynamic forces at a given time, as mentioned previously.

3.2 Characteristics of stable and unstable limit-cycle oscillation amplitudes

Figure 6 compares the vertical amplitude at each torsional angle, 68,(= ), obtained from the vertical 1-DoF

4 . . . .
|—|35 : Ayozo m. e % _____
é 3 1 Ayo:l m.eo i -----
S i| Ay, =2m:eoco !

e} : o !
g 2 : Ay0=3 m:eocoe I
g 2 | Ay =4 mecoee |-
r_r: 15 Ay =5m:eccee
L 4 i
t 1
L
>
o5 b & L

o

0 20 40 60 80 100 120 140 160 180
Torsional angle 6, [°]

Fig. 6 Dependency of initial displacement on the vertical amplitude for the vertical 1-DoF system (results of time—
history analysis, with initial displacement Ay, =0, 1, 2, 3, 4, and 5 m)
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analysis, in which the initial value of vertical displacement, A, is 0, 1,2, 3,4, and 5 m. For some torsional
angles, galloping was observed only when the initial displacement was larger than a certain value. In other
words, this system had an unstable limit cycle. Stable and unstable limit-cycle oscillations are typical
characteristics of a non-linear oscillator. They are caused by non-linear aerodynamic forces in this case. These
characteristics are also observed for a square prism, as described by Parkinson and Smith (1964) and Novak
(1969, 1972). Next, all stable limit-cycle-oscillation amplitudes were selected from steady-state solutions
obtained through time-history analysis with all initial displacements of A, = 0.0-5.0 m (intervals of 0.05 m).
Meanwhile, the unstable limit-cycle-oscillation amplitude is defined as the minimum initial displacement, A,
that is necessary to obtain the corresponding stable limit-cycle oscillation. The description of the characteristics
of stable and unstable limit-cycle-oscillation amplitudes and the relevant estimation method are as follows.

If the vertical displacement is assumed to be y =y + A,, sin wgt, where w; is the circular
frequency of the galloping oscillations, the steady-state solutions (4, and wg) can be obtained from two
equations: the time integral of the multiplication of y on both sides of the equation of motion (the first part of

Eq. (4)) and the time integral of the multiplication of y by the same. The former equation is shown as follows:

T 2

2 A
fys = IZT(Fy - Ay sinwgt) dt —m(w?, — wé)w—yn = 0. (11)
T G

When the vertical displacementis y = ¥ + A,, sin wgt, and the vertical velocity is y = A, wg cos wgt.
Based on Eq. (9), the aerodynamic force is an even function of t. Thatis, F,(—t) = F,(t). From this, the
integral term in Eq. (11) is zero, and the oscillation frequency wg = wyy.

Meanwhile, the latter equation corresponds to E; from Eq. (10),which equals zero. Therefore, the
steady-state vertical amplitude, A,,, for both stable and unstable solutions can be estimated with E+ = 0 and

W = Wy In other words, when the oscillation reaches a steady state, the energy input from work done by the
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Fig. 7 Comparison of stable and unstable limit-cycle amplitudes between time-history analysis and energy-balance
analysis for the vertical 1-DoF system

aerodynamic force is balanced by the energy output of the structural damping force over each period, and
Er = 0. When Er > 0, the oscillation amplitude becomes larger than the assigned vertical amplitude, 4,,
whereas E; < 0 indicates that the oscillation amplitude becomes smaller than the assigned value.

Figure 7 compares the stable and unstable amplitudes obtained from the time—history analysis and the
results of the energy-balance analysis. For energy-balance analysis, at each torsional angle, the range of
amplitude, A,, for which E; = 0, is calculated. The maximum value of A, in the range of Er = 0, where
Er = 0, at each torsional angle indicates the stable limit-cycle amplitude. It corresponds to the steady-state
amplitude and closely agrees with the amplitude value obtained by the time—history analysis. Meanwhile, the
minimum value of A, isinthe range of E; = 0, where E; = 0 ateach torsional angle indicates the unstable
limit-cycle amplitude. This amplitude corresponds to the minimum initial displacement that must be applied for
the oscillation to occur and is in agreement with the amplitude obtained by time—history analysis.

The torsional angle ranges in which galloping occurs with zero unstable limit-cycle amplitude
correspond to the angle ranges where the Den Hartog summation (Fig. 3) is less than a certain negative value
proportional to the structural damping (—mdJ,ow,o/pDU ~ —0.25), as shown in Eq. (3). Furthermore, for the

torsional angle ranges in which there is no value of A, with E; > 0, steady-state oscillations do not occur
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regardless of the large initial displacement. By considering the relationship between the relative angle of attack
and the work done by the acrodynamic force, the unstable limit-cycle oscillation amplitude is determined by
identifying whether the relative angle of attack attaches with the angle in which the aerodynamic force provided
significant positive work to the oscillation. Thus, the angle ranges with steep negative slopes for the lift

coefficient of approximately 20-25°, 70-80°, and 150—160° are shown in Fig. 4.

3.3 Non-dimensional energy-balance formulation in vertical 1-DoF system
By substituting Eq. (7) and y = A, w,,q cOs w,,ot into Eq. (10), the conditional expression of the energy

balance, E; > 0, can be rearranged into a non-dimensional form as follows:

Se
E;=E;—=<>0,

U*
LU 45 4
E} =T (CLf(ar) — Cps(ay) -mcosrp) 1+ (U*) cos?2y pcosy dy, (12)
yJ-m
U _4mmdy,

, Se >—, A =4D.

1 (A oA

a, = 0, —tan (Fcosgb),Ay =A—l, U =Alwy0 oA,

As shown in these equations, the non-dimensional amplitude, Aj, with E; = 0 is defined as a
function of non-dimensional wind speed, U*, and the Scruton number, S.. Furthermore, Eq. (12) indicates
that, when S./U" is relatively small, the limit-cycle-oscillation amplitudes are proportional to the wind speed
and are inversely proportional to the natural frequency. This state is fulfilled when the non-dimensional wind
speed is high or when the damping is small. This relationship is the same as the one described by Parkinson and
Smith (1964), who approximated the aerodynamic force as a polynomial expression.

Figure 8 shows the relationship between the non-dimensional amplitude, A3 /U” (= A, w0/U),

and the non-dimensional aerodynamic work, Ej. The areaof E; = S./U™* corresponds to the area of E; = 0

in Fig. 7. The non-dimensional acrodynamic work, E;, which presents the acrodynamic characteristics of the
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Fig. 8 Relationship between non-dimensional amplitude, A3 /U™, and non-dimensional aerodynamic work, Eg,
for the vertical 1-DoF system

section, can be calculated in advance, depending on the torsional angle. Therefore, by calculating S./U”, the
stable and unstable limit-cycle oscillation amplitudes for the vertical 1-DoF system can be easily estimated
from Eq. (12) for various wind speeds and structural conditions. Furthermore, the amount of damping required
to suppress the amplitude can be easily estimated. However, in the range of large non-dimensional aecrodynamic

work, it is hard to control galloping.

4. Aerodynamic coupling effect of 3-DoF galloping

To clarify the aerodynamic coupling effect of galloping of a four-bundled conductor, another series of time—
history analyses was conducted for 2- and 3-DoF systems in addition to the vertical 1-DoF system. In this
section, to discuss the tuning/de-tuning effect, which is the effect of the frequency ratio on the vertical
amplitude, we first compared the results of the time—history analyses for vertical-horizontal-torsional 3-DoF
systems with varying frequency ratios. Then, in the case with the largest amplitude of 3-DoF systems, the
coupling characteristics and their mechanisms were investigated by comparing the results of the analysis for
vertical-horizontal 2-DoF and vertical-torsional 2-DoF systems. Finally, the potential for the enlargement of
the vertical amplitude by the horizontal and torsional motions was investigated by conducting a non-

dimensional energy-balance analysis on the vertical motion, for which the horizontal and torsional amplitudes
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and their phase differences were assumed.

4.1 Effects of frequency ratio on stable limit-cycle-oscillation in 3-DoF systems
Figure 9 shows the dependency of the vertical amplitude on the torsional frequency ratio for the vertical—
horizontal-torsional 3-DoF system. The vertical amplitude obtained from the analysis, in which only the
frequency ratio between torsional and vertical motion was varied, was given as fo/fy0 =
0.7,0.8,0.9,1.0,1.1, 1.2, 1.3 with the constant fyo, fzo (= 0.393 Hz). In these figures, the horizontal axis
represents the stationary torsional angle, 6, with wind, which was calculated from pre-time-history analysis
with large virtual damping, and 6 is different from the setup torsional angle, 6, in the case considering
torsional motion. All different stable limit-cycle oscillation amplitudes were selected from the steady-state
solutions obtained from the time-history analysis with all initial displacements, A,, = 0.0-5.0 m (intervals
0of 0.05m), A,; =0 m,and Agy= 0°. Furthermore, these figures show the results of time-history analysis for
a special case with an initial displacement of A, , = 0 m. In the 3-DoF system, stable limit-cycle oscillations
occurred in a wider range of stationary torsional angles than torsional angles, 8,(= 6;), of the vertical 1-DoF
analysis, as shown in Fig. 6. The torsional frequency ratio, fgo/fy0, affects the conditions under which
galloping occurs, as well as its amplitude. Larger galloping occurs in a wider range of stationary angles when
the torsional natural frequency is smaller than the vertical natural frequency.

Figure 10 compares the vertical amplitudes between different torsional frequency ratios, fgo/fyo =
0.7,0.8,0.9,1.0(f, = fy0 = 0.393 Hz). In the range in which the stationary angle is approximately 40-90°,
the vertical amplitude is affected by the torsional frequency ratio. The largest amplitude is observed at

foo/fyo = 0.9 with some initial displacement, as shown in Fig. 10 (a). From Fig. 10 (b), in the case of
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Fig. 10 Comparison of vertical amplitudes between different torsional frequency ratios for the 3-DoF system

foo/fyo = 0.9, large galloping is observed in the wider range of stationary torsional angles than for the other
frequency ratio, even without initial displacement, A, o= 0 m. On the contrary, in the range of the other
stationary torsional angle, where 6, = 0-40 and 90- 180°, the influence of torsional frequency ratio on the
vertical amplitude is small: galloping occurs at 6, = 20-40 and 150- 180°, where galloping is also
observed in the 1-DoF vertical systems.

Similarly, Fig. 11 compares the vertical amplitudes between different horizontal frequency ratios in
the 3-DoF system, f,0/fy0 = 0.8,0.9,1.0,1.1,1.2 (fgo = f;0 = 0.393 Hz). In the range in which the
stationary angle is approximately 20—60°, the vertical amplitude is affected by the horizontal frequency ratio. In
the case of f,0/fyo = 1.0, the amplitude is larger than those of the other frequency ratios. The stationary

torsional range in which galloping occurs is narrower when the horizontal natural frequency ratio is larger than
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Fig. 11 Comparison of vertical amplitudes between different horizontal frequency ratios for the 3-DoF system
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Fig. 12 Comparison of vertical amplitudes between different horizontal and torsional frequency ratios for the 3-
DoF system

the vertical natural frequency than when f,4/f,0 = 1.0. When the horizontal natural frequency ratio is smaller
than the vertical natural frequency, the stationary torsional range in which galloping occurs is almost the same
as that when f4/f,0 = 1.0. By contrast, in the stationary torsional angle range of 5 = 150~ 180°, where
the 1-DoF vertical systems experience galloping, the effect of the horizontal frequency ratio on the vertical
amplitude is small.

Finally, Fig. 12 shows differences in vertical amplitude of the 3-DoF system observed when both the
horizontal-vertical and torsional-vertical frequency ratios were varied with a constant f,,o(= 0.393 Hz).
From the results of the frequency-ratio variation in the 3-DoF system, as shown in Figs. 10, 11, and 12, the

largest vertical amplitudes in the wide stational torsional angle range are observed in the case having

fzo/fyo = 1.0 and feo/fyo =09.

4.2 Oscillation characteristics of 3-DoF galloping with f4/f,0 = 1.0, fgo/fyo = 0.9
Figure 13 illustrates the oscillation characteristics for the case having vertical amplitude, horizontal amplitude,
torsional amplitude, amplitude of relative angle of attack, frequency of oscillation, phase difference between

horizontal and vertical displacement, phase difference between torsional and vertical displacement, and phase
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Fig. 13 Oscillation characteristics of 3-DoF galloping (f.o/ fo = 1.0, far/ fy0 = 0.9)
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difference between the relative angle of attack, and the vertical displacement. Up to three different stable

solutions were obtained from the time—history analysis for each torsional angle. The stable solutions are

numbered in descending order of vertical amplitude for each torsional angle. In these figures, only those stable

solutions having vertical amplitudes greater than 0.05 m are indicated. The relative angle of attack is not a

sinusoidal wave, even if the vertical, horizontal, and torsional motions are substantially regarded as such.

However, in this study, amplitude and phase difference of the relative angle of attack were defined the same as

those of the displacements. That is, the amplitude of the relative angle of attack is defined as half of the peak-to-

peak amplitude. Furthermore, the phase difference of the relative angle of attack is calculated by the time

difference of the zero crossing-points of the relative angle of attack and the vertical displacement with positive

velocity, respectively.

The frequency of oscillation is almost the same as the vertical natural frequency, except for a few

cases. The largest vertical amplitude is approximately 4 m, whereas the largest horizontal amplitude is less than

1 m, and the largest torsional amplitude is approximately 15°. The horizontal and vertical displacements have

almost opposite phases when the horizontal oscillation is relatively large (i.e., in the range 85 = 20- 70°,

where the horizontal amplitude is more than 0.4 m). Meanwhile, the torsional displacement is approximately

45-90° behind the vertical displacement when the torsional oscillation is relatively large (i.e., in the range 6, =

30-90° where the torsional amplitude is more than 5°).

The amplitude of the relative angle of attack increases as the vertical amplitude increases. The phase

of the relative angle of attack is approximately 90° behind the vertical displacement. In other words, the relative

angle of attack is mainly determined by the effect of the vertical velocity. Based on these characteristics, the

vertical oscillation is dominant, even in the 3-DoF galloping. Thus, the cause of large oscillations and coupling

effects can be investigated by analysing the relationship between the relative angle of attack and the work done
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by the aerodynamic force in the vertical direction, as was done with the vertical 1-DoF system in Section 3.1.

The oscillation mechanism and the effect of coupling on the 3-DoF galloping are described in the next section.

4.3 Fundamental characteristics of aerodynamic coupling in a 3-DoF system

Figure 14 compares the vertical amplitudes of all different stable solutions obtained from the time-history
analyses for various DoF systems and frequency ratios with f,,; = 0.393 Hz: vertical-horizontal-torsional 3-
DoF system with f,0/f,0 = 1.0, fao/fy0 = 0.9; vertical-horizontal 2-DoF system with f,q/f,o = 1.0;

vertical-torsional 2-DoF system with fgo/fy0 = 0.9; and vertical 1-DoF system. The aerodynamic coupling
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effect between the motions can be clarified by accounting for the effect of each frequency ratio, as mentioned in
Section 4.1, the amplitude of motion in each direction, as mentioned in Section 4.2, and the oscillation
characteristics in 2-DoF systems, as shown in Fig. 14. Focusing on the largest amplitude of each stationary
torsional angle, the stationary torsional angle can be partitioned into three regions based on the coupling effects
as follows:
Region 1: The stationary torsional angle was approximately 20—-60°. The results of the vertical-horizontal
2-DoF analysis (f0/f,0 = 1.0) approaches those of the 3-DoF analysis (f0/f,0 = 1.0) having larger
amplitudes than the others for each stationary torsional angle. In this region, the vertical-horizontal 2-DoF
coupling oscillation is dominant when both frequencies are equal.
Region 2: The stationary torsional angle was approximately 60—80°. The results of the vertical-torsional
2-DoF analysis (fgo/fy0 = 0.9) approach those of the 3-DoF analysis (fgo/f,0 = 0.9) with larger
amplitudes than the others for each stationary torsional angle. In this region, the vertical-torsional 2-DoF
coupling oscillation is dominant when the torsional frequency is slightly lower than the vertical frequency.
Region 3: The stationary torsional angle was approximately 150—180°. The results of all analyses are
approximately equal. The vertical 1-DoF oscillation is dominant in this region.

The oscillation mechanism in Region 3 is simply described by the results of the vertical 1-DoF
analysis, as mentioned in Section 3.1. Thus, the oscillation mechanism of Regions 1 and 2 is discussed using
the results of the vertical-horizontal or vertical-torsional 2-DoF analysis, as follows.

In Region 1, the horizontal motion is coupled with the vertical motion and enlarges the vertical
amplitude. Figure 15 shows the time series of each variable at a torsional angle of 8, = 65 = 56° inthe
vertical-horizontal 2-DoF analysis (f,/fyo = 1.0). To clarify the influence of the horizontal motion, the

relative angles of attack, a,., relative wind speed, U,., and the fluctuating aerodynamic force, K

y, are compared
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with those with a horizontal velocity of Z = 0 in Fig. 15. As shown in Fig. 15 (c), (d), the influence of the
horizontal velocity is predominant in the relative wind speed. Because the phase difference between the vertical
and horizontal motions is approximately 180°, the relative wind speed increases because of the horizontal
velocity when the relative angle of attack is small. In contrast, the relative wind speed decreases when the
relative angle of attack is large. As a result, from Fig. 15 (e), the fluctuating aerodynamic force increases at a
time when the relative angle of attack is approximately 20°, and it exerts a larger exciting force than that where

Zz =0. This is the why the horizontal motion enlarges the vertical amplitude in Region 1.
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Fig. 16 Time series of each variable compared to those without torsional displacement at setup torsional angle
0o = 65° (vertical-torsional 2-DoF system, fyo/f,0 = 0.9, stationary torsional angle 65 = 67.3°)

In Region 2, the torsional motion is coupled with the vertical motion and enlarges the vertical
amplitude. Figure 16 shows the time series of each variable at the setup torsional angle of 6, = 65° in the
vertical-torsional 2-DoF analysis (fgo/f,0 = 0.9). In the case where 6, = 65°, the stationary torsional angle,
6, is 67.3°. To clarify the influence of torsional motion, the relative angles of attack, «,., and relative wind
speed, U,., are compared with those with a torsional displacement of 8 = 6, (constant) in Fig. 16. As shown
in Fig. 16 (d), because the phase difference between the vertical and torsional motions is 45-90°, the range of
the relative angle of attack increases because of torsional oscillation. Thus, the range of the relative angle of
attack can include the angle region around 20°, in which the aerodynamic force has a large positive effect on
the oscillation, although the range does not attach the angle region around 20° with 6 = 6. This is the why the
torsional motion enlarges the vertical amplitude in Region 2.

The essential oscillation types of stable solutions in 3-DoF systems have been categorised according

to the stationary torsional angle, and the coupling effects on the vertical oscillation have been discussed by
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analysing their influence on the relative angle of attack and relative wind speed. Even when focusing on the
occurrence conditions under which galloping occurs from the stationary position (Fig 14 (b)), which
corresponds to the range of stationary angles having a negative damping effect in the linear analysis, the
coupling effects on the occurrence conditions are similar to those on non-linear oscillation amplitudes. When
0s; = 20-40°, the range in which galloping occurs for the 3-DoF system with f,/f,0 = 1.0 is almost the
same as that in which galloping occurs for the vertical-horizontal 2-DoF system. For 6, = 50-70°, the range
of galloping occurrence of the 3-DoF system with fyo/f,0 = 0.9 is almost the same as that of the vertical-
torsional 2-DoF system, except that the amplitudes are different because there are multiple stable solutions. In
6 = 150-180°, the range in which galloping occurs in the 1-DoF system is the same or slightly wider than
the range in which galloping occurs in the other systems. The coupling effect is also pronounced in the unstable
limit-cycle oscillation amplitudes, which are the initial displacements necessary to induce the corresponding
larger-amplitude stable solutions. Although the initial displacement in the time—history analysis was set only in
the vertical direction, an unstable solution should be defined as a function of the displacement and velocity of
every motion (i.e., a combination of their amplitudes and phases). The identification of unstable solutions in
multiple DoF systems, which is a characteristic of non-linear vibrations, requires further investigation using the
results of time—history analysis with various combinations of initial conditions or other theoretical non-linear

dynamics approaches.

4.4. Enlargement of vertical amplitude with assumed horizonal and torsional oscillations
In Sections 4.1-4.3, the coupling effects of the 3-DoF galloping were investigated in a specific case, whose
conditions are shown in Table 1. Under other structural and wind conditions, the horizontal and torsional

oscillations might vary even for the same ice-accretion shape. To indicate more general characteristics for
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enlargement of the vertical amplitude by other motions, the maximum vertical amplitude in the presence of
assumed horizontal and torsional oscillations was investigated using the non-dimensional energy-balance
formulation for vertical vibrations. Hence, the conditions of horizontal and torsional oscillations under which
the vertical vibrations were enlarged for the 3-DoF system were clarified. Even for a multi-DoF system, the
relationship of energy balance over one period of time in the vertical direction, E, with the aerodynamic force
in the vertical direction, F,, is the same as that for a 1-DoF system, as shown in Eq. (10). However, the
aerodynamic force, F,, should be calculated using Egs. (5), (6), and (7). Regarding the sinusoidal coupling
motions in which the oscillation frequency is the same as the vertical natural frequency, the vertical, horizontal,
and torsional displacements can be defined as y =y + A, sinw,ot,z = Z + A, sin(w,ot — P,),0 = 0+
Ag sin(wyot - (Dg), respectively. The amplitudes and phase differences are defined in a steady state in which
the energy balance of each DoF of the multi-DoF system is established separately, and thus the steady-state
oscillations shown in Fig 13 occur. Nevertheless, considering the energy balance only for the vertical motion
and assuming the motions of the other DoFs (defined as four parameters: A4,, @,, Ag, @p), the largest vertical
amplitude, A,, that can occur for each mean torsional angle, 6, can be estimated from E; = 0. Furthermore,
the non-dimensional aerodynamic work for vertical oscillation coupling with horizontal and torsional

oscillations, E,., can be expressed as follows:

E* = v c L AL A, o c A
ac — A_;/f—n {( Lf(ar)< - U—A—COS@/) )) Df(ar) CcoS l/))
2

x\/(l—A*A—cos(ll) <D)> (A;> cos? ycosyp dy
UrA ur Ca3)

*

A
U—’,fcosgb

a, =0+ Apsin(yp — Pg) — tan™! .
A5 A,
1- —*—COS(I,U ?,)

Similarly, as in Fig. 8 using Eq. (12), the maximum value of AJ,/U* in the range of Eg, — S./U* = 0 at

each mean torsional angle, 8, corresponds to the largest non-dimensional vertical amplitude with assumed
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horizontal and torsional oscillations. As shown in Eq. (13), the non-dimensional amplitude, A3 /U, depends
on the horizontal amplitude ratio, A,/A,; horizontal phase difference, @,; torsional amplitude, Ag;and
torsional phase difference, ®g; in additionto S,/U* ateach mean torsional angle, 8. In the following, the
effects of horizontal or torsional oscillations on the maximum vertical amplitudes are explained using the non-
dimensional energy-balance formulation with assumed A,/A, and @, or Ay and Py, focusing on the
vertical-horizontal 2-DoF system or the vertical-torsional 2-DoF system, respectively.

Figure 17 shows examples of the relationship between the non-dimensional amplitude, A3, /U* (=
Ay wy/U), and the non-dimensional aerodynamic work, Eg., for the vertical-horizontal 2-DoF systems with
Az/A, = 0.4,®, =180° and for the vertical-torsional 2-DoF system with Ag = 15°, @y = 60°,
respectively . The horizontal or torsional oscillation is assumed, referring to the galloping observed in Fig. 13.
For conditions used in the time—history analyses, S./U* = 0.79 and the largest non-dimensional vertical
amplitude with assumed coupling oscillation can be estimated by the maximum value of A; /U* in the range
of E;. = 0.79. Compared with Fig. 8, which shows Ej in the vertical 1-DoF system, the boundaries for
obtaining the stable solutions (upper boundary in the range of E;. — S./U* = 0) are affected by horizontal or

torsional oscillation. When the structural damping is small or the non-dimensional wind speed is high, S./U*

Ea A -/
}% ] 6 }%: B L
}:% ] 5 }:%: 5
1:31} 4 {:zgif 4
‘:3 i% ] 3 1:3 i% ] 3
Zob] Zob]
w"ﬁﬁ; 2 w"‘ﬁ@; 2
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Torsional angle 6 [°] Mean torsional angle § [°]
a)Vertical-horizontal 2-DoF system b)Vertical-torsional 2-DoF system
Y Y
(Az/Ay, =0.4,®, = 180°, 49 = 0°) (Ag = 15°, P9 = 60°,4,/A, = 0)

Fig. 17 Relationship between non-dimensional amplitude, A3,/U* (= Ay w,q/U), and non-dimensional

aerodynamic work, E, for the vertical system
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becomes relatively small, and the potential largest vertical amplitude under assumed coupling oscillation can be
estimated from the maximum value of A, /U* in the range of E;. = 0. Because the non-dimensional
potential amplitude, A}, /U", is calculated by using non-dimensional energy balance formulation, the potential
largest vertical amplitude, A,, can be easily estimated under various wind speeds and natural frequencies
unless the effect of damping (S, /U™) is relatively large.

Figure 18 shows the effect of horizontal oscillation on the non-dimensional vertical amplitude for the
vertical-horizontal 2-DoF system. These figures illustrate the largest stable limit-cycle oscillation amplitudes
for each torsional angle obtained from the non-dimensional energy-balance analysis where E;. = 0. Referring
to the actual oscillation characteristic in multi-DoF galloping, as shown in Fig. 13, the non-dimensional vertical
amplitudes with A,/A,, = 0.4 (varying @,) or &, = 180° (varying A,/A,) are shown in these figures. As
shown in Fig. 18 (a), the positive and negative horizontal phase differences have the same effect on the vertical
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amplitude; only the absolute value of phase difference affects the vertical amplitude. For Region 1 (8 =
20- 60°), where the dominant vertical-horizontal 2-DoF coupling oscillation is shown in time—history analysis,
the vertical amplitude increases when the phase difference is greater than 90°; and a horizontal phase difference
of 180° has the highest potential to enlarge the vertical amplitude. This is because the relative wind speed
increases because of the horizontal velocity when the relative angle of attack is small, as mentioned in Section
4.3. As shown in Fig. 18 (b), under the condition of @, = 180°, the vertical amplitude could increase with the
horizontal amplitude ratio, especially for that in Region 1 (8 = 20- 60°).

Figure 19 illustrates the effect of torsional oscillation on the non-dimensional vertical amplitude for
each mean torsional angle for the vertical-torsional 2-DoF system. The largest stable limit-cycle oscillation
amplitudes for the vertical-torsional 2-DoF system are obtained from the non-dimensional energy-balance

analysis wherein E,. = 0, assuming the torsional amplitude, Ag, and phase difference, @4, are independent
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of vertical motion. Referring to the actual oscillation characteristic in multi-DoF galloping, as shown in Fig. 13,
the non-dimensional vertical amplitudes with Ay = 15° (varying @g) or @g = 90° (varying Ag) are shown
in these figures. From Fig. 19 (a), the torsional phase differences of @y = 90° + ¢ are shown to have the
same effect as the other on the vertical amplitude. For Region 2 (8 = 60~ 80°), where the dominant vertical—
torsional 2-DoF coupling oscillation occurs in the time—history analysis, the range of the mean torsional angle
in which the oscillations occur is widened as the phase difference approaches 90°. This is because the range of
the relative angle of attack increases because of the torsional oscillation and reaches the angle range where the
aerodynamic force has a large positive effect on the oscillation, as mentioned in Section 4.3. As shown in Fig.
19 (b), under the condition of @4 = 90°, the range of the mean torsional angles, in which the oscillations
occur, changes as the torsional amplitude increases. However, the vertical amplitude does not increase with an
increasing torsional amplitude; it has a limited set of values, even if the torsional amplitude becomes large.

In summary, the vertical amplitude of multi-DoF galloping becomes larger with increasing horizontal
amplitude (ratio) when the phase difference between the horizontal and vertical displacements is around 180°.
In contrast, torsional oscillations can lead to multi-DoF galloping with the largest vertical amplitudes when the
phase difference between the torsional and vertical displacements is around 90°. However, the maximum
vertical amplitude is not significantly increased, even if the torsional amplitude becomes large. Note that the
assumed amplitude (ratio) and phase difference for horizontal or torsional oscillations in Figs. 18 and 19 seem
to include conditions that cannot be observed in the galloping of the ice-accreted four-bundled conductor.
However, the conditions of amplitudes and phase differences of horizontal and torsional oscillation at which the
vertical amplitude tends to increase are clarified from these figures. By identifying the structural conditions that
induce a coupling effect which have those amplitudes and phase differences, it is possible to predict the

conditions under which large galloping occurs.
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5. Conclusions

To clarify the dynamic response characteristics of a four-bundled conductor to galloping, a series of time—

history analyses were conducted for vertical 1-DoF, vertical-horizontal 2-DoF, vertical-torsional 2-DoF, and

vertical-horizontal-torsional 3-DoF systems by formulating the quasi-steady acrodynamic forces for each sub-

conductor. Then, the reasons for the large oscillations were deduced by analysing the relationship between the

relative angle of attack and the work done by the aerodynamic force.

In the vertical 1-DoF system, the absolute value of the Den Hartog criterion at a given torsional angle

did not correlate well with the oscillation amplitude. Large oscillations occurred because of the range of the

relative angle of attack over the vibration cycle, including an angle range with a large negative slope of the lift

coefficient. By considering the energy balance over one oscillation period, the stable and unstable limit-cycle

amplitudes were identified and interpreted. By considering the relationship between the relative angle of attack

and the work done by the aecrodynamic force, the unstable limit-cycle oscillation amplitude was determined by

identifying whether the relative angle of attack reattaches the angle at which the aerodynamic force had a

positive effect on oscillation. Furthermore, the energy balance of the vertical motion over one oscillation period

was evaluated using a function of the non-dimensional amplitude, non-dimensional wind speed, and the

Scruton number. Using this non-dimensional formulation, the non-dimensional acrodynamic work, which

presented the aerodynamic characteristics of the section, was calculated in advance for a given torsional angle.

Subsequently, the stable and unstable limit-cycle oscillation amplitudes of the vertical 1-DoF system were

easily estimated for various wind speeds and structural conditions, including damping and natural frequency.

The coupling effects of the horizontal and torsional motions on vertical oscillation amplitudes were

observed for the 2- and 3-DoF systems, respectively. The essential oscillation types in the 3-DoF systems were
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categorised as vertical-horizontal 2-DoF coupled oscillations, vertical-torsional 2-DoF coupled oscillations,

and vertical 1-DoF oscillations for different stationary torsional angles. The mechanisms of the coupling effects

on the vertical oscillations, which enlarged the amplitude, were discussed by analysing their influence on the

relative angle of attack and the relative wind speed. Finally, the coupling effects on the vertical oscillation were

clarified by considering the non-dimensional energy balance of vertical motion with the prescribed amplitudes

and phase differences of horizontal and torsional oscillations. The non-dimensional vertical amplitude for multi-

DoF motion depends on the horizontal amplitude ratio and phase difference to the vertical oscillations and the

torsional amplitude and torsional phase difference to the vertical oscillations, in addition to the non-dimensional

wind speed and the Scruton number at each mean torsional angle. Thus, we conclude that the vertical amplitude

of multi-DoF galloping can become large, apparently without limits, if the horizontal amplitude increases when

the phase difference between the horizontal and vertical displacements is around 180°. In contrast, torsional

oscillations can induce multi-DoF galloping with significant vertical amplitudes over a wider mean torsional

angle range, when the phase difference between the torsional and vertical displacements approaches 90°;

however, without horizontal motion, the vertical amplitude is limited, even if the torsional amplitude becomes

large.

Although the fundamental effects of acrodynamic coupling and non-linearity on the oscillation

amplitude of the conductor galloping are presented in this work, the time—history analyses were performed on a

specific structural model and under a certain wind speed. Because the results of non-dimensional energy-

balance analysis have also been presented, stable and unstable limit-cycle amplitudes of the vertical 1-DoF

system can be obtained for various wind speeds and structural conditions. Furthermore, the mechanisms for

enlarging the vertical amplitude for both the vertical 1-DoF and multi-DoF systems, which are explained by the

influence of the relative angle of attack and relative wind speed, are applicable for various conditions. However,
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although the vertical amplitude for a multi-DoF system can be estimated when the amplitudes and phase

differences of horizontal and torsional oscillation are assumed, the amplitudes and phase differences of these

motions are defined in a steady state in which the energy balance for each motion is established separately,

which has not been addressed in this paper. Therefore, it is necessary to perform further time-history analyses

and discussions similar to those in this study by changing various parameters, including wind speed, structural

conditions, and ice-accretion shape. Furthermore, we plan to develop another analytical evaluation method to

obtain complete steady-state solutions, which includes the amplitude and phase differences of all motions, for

non-linear coupled oscillation without using time—history analysis. Using the other evaluation method, we can

obtain not only stable solutions but also unstable solutions in the multi-DoF system. In addition, the

investigation should be expanded to a full-scale 3D model considering the distribution of responses. Eventually,

after the verification of analytical results and theoretical description using experimental results for the 2D model

and observation results for the 3D model, we plan to develop an evaluation method of steady-state galloping

amplitudes for a multi-DoF 3D full-scale model of overhead transmission lines.
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Figure Captions

Fig. 1 Cross-sections of ice-accreted four-bundled conductor.
Fig. 2 Aerodynamic coefficients of ice-accreted four-bundled conductor (Matsumiya et al., 2011)
(a) Drag coefficients of sub-conductors
(b) Lift coefficients of sub-conductors
(c) Moment coefficients of sub-conductors
(d) Aerodynamic coefficients of four-bundled conductor
Fig. 3 Den Hartog summation of ice-accreted four-bundled conductor
Fig. 4 Relationship between torsional angle and vertical amplitude with range of relative angle of attack
(results of time—history analysis for the vertical 1-DoF system with initial displacement Ayo =5 m)
Fig. 5 Time series of each parameter (vertical 1-DoF system)
(a) 6, = 38°
(b) 6, = 58°
Fig. 6 Dependency of initial displacement on the vertical amplitude for the vertical 1-DoF system (results of time—
history analysis with initial displacement Ay, =0, 1, 2, 3,4, 5 m)
Fig. 7 Comparison of stable and unstable limit-cycle amplitudes between time—history analysis and energy-balance
analysis for the vertical 1-DoF system
Fig. 8 Relationship between non-dimensional amplitude, A},/U*, and non-dimensional aerodynamic work, Eg, for
the vertical 1-DoF system

Fig. 9 Dependency of vertical amplitude on torsional frequency ratio for the 3-DoF system
(@) feo/fyo =1.0
(b) feo/fyo =11
(c) feo/fyo =09
(d) feo/fyo =12
(e) feo/fyo =0.8
H feo/fyo =13
(@ feo/fyo =0.7
Fig. 10 Comparison of vertical amplitudes between different torsional frequency ratios for the 3-DoF system
(a) All stable solutions larger than zero
(b) Stable solutions in the case with 4,5 = 0.0 m
Fig. 11 Comparison of vertical amplitudes between different horizontal frequency ratios for the 3-DoF system
(a) All stable solutions larger than zero
(b) Stable solutions in the case with 4,5 = 0.0 m

Fig. 12 Comparison of vertical amplitudes between different horizontal and torsional frequency ratios for the 3-

DoF system
(a) All stable solutions larger than zero
(b) Stable solutions in the case with 4,5 = 0.0 m

Fig. 13 Oscillation characteristics of 3-DoF galloping (fo/ fo = 1.0, far/ fyo = 0.9)
(a) Vertical amplitude
(b) Horizontal amplitude
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(c) Torsional amplitude

(d) Amplitude of relative angle of attack
(e) Frequency of oscillation

(f) Horizontal phase difference

(g) Torsional phase difference

(h) Phase difference of relative angle of attack
Fig. 14 Comparison of vertical amplitudes under various DoF systems and frequency ratios
(Time—history analysis, 4,0 = 0-5m)
(a) All stable solutions larger than zero (4, = 0-5 m)
(b) Stable solutions in the case with 4,,, = 0.0 m
Fig. 15 Time series of each variable compared to those without horizontal velocity
at torsional angle 6, = 6; = 56° (vertical-horizontal 2-DoF system, f,,/f,o = 1.0)
(a) Time series of vertical and horizontal displacements
(b) Time series of vertical and horizontal velocities
(c) Time series of relative wind speed U,
(d) Time series of relative angle of attack «,
(e) Time series of a,., ¥, F, and F,(z = 0)

Fig. 16 Time series of each variable compared to those without torsional displacement at setup torsional angle

8, = 65° (vertical-torsional 2-DoF system, fy/f,0 = 0.9, stationary torsional angle 6; = 67.3°)

(a) Time series of vertical and torsional displacements

(b) Time series of vertical and torsional velocities

(c) Time series of relative wind speed

(d) Time series of relative angle of attack
Fig. 17 Relationship between non-dimensional amplitude, A3 /U* (= A, w,,/U), and non-dimensional
aerodynamic work, E, for the vertical system

(a)Vertical-horizontal 2-DoF system (4,/A,, = 0.4, P, = 180°, 49 = 0°)

(b)Vertical-torsional 2-DoF system (4g = 15°, @y = 60°,4,/A, = 0)
Fig. 18 Effect of horizontal oscillation for the vertical-horizontal 2-DoF system (largest stable solutions of non-
dimensional vertical amplitudes for each torsional angle, upper side of E;. = 0)

() Effect of horizontal phase difference @, (4,/A4, = 0.4)

(b) Effect of amplitude ratio between horizontal and vertical oscillations A4,/A, (P, = 180°)
Fig. 19 Effect of torsional oscillation for the vertical-torsional 2-DoF system (largest stable solutions of non-

dimensional vertical amplitudes for each mean torsional angle, upper side of E;;. > 0)
(a) Effect of torsional phase difference @4 (49 = 15°)
(b) Effect of torsional amplitude Ag (®y = 90°)
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