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A CLASS OF HOLOMORPHIC DIRICHLET-HURWITZ-LERCH 
EISENSTEIN SERIES AND RAMANUJAN'S FORMULA FOR 
SPECIFIC VALUES OF THE RIEMANN ZETA-FUNCTION 

MASANORI KATSURADA AND TAKUMI NODA 

ABSTRACT. We show in this paper that complete asymptotic expansions exist for a class 
of holomorphic Dirichlet-Hurwitz-Lerch Eisenstein series (Theorems 1 and 2), which, 
together with their remainders in exact form (Theorem 3), naturally transfer to several 
(additive and multiplicative) character analogues of Ramanujan's formula for specific 
values of the Riemann zeta-function (Theorem 4 and Corollary 4.1), and further to 
the (quasi) modular relations for similar character analogues of the classical Eisenstein 
series with integer weights (Corollary 4.2). Prior to the (sketched) derivation of our 
main formula, we prepare several basic (but new) results on Dirichlet-Hurwitz-Lerch L-
functions (Theorems 5, 6 and Lemmas 1-3), which play underlying roles in all aspects 
of the proofs; the detailed version of the proofs will appear in a forthcoming article [16]. 

1. INTRODUCTION 

Let S'.茫bethe complex upper and lower half-planes, where the argument of each leaf 
is chosen as 

汀＝｛zE C I -1r < arg z < 0} 釘＝ ｛z EC I O < arg z < 1r }. 

Throughout the paper, s is a complex variable, a,/3，μ and v real parameters, z E.lj士

a complex parameter, and x and心anyprimitive Dirichlet characters modulo f 2:: 1 and 
g 2:: 1 respectively. We frequently use the notations e(s) = e加 is,eh(s) = e(s/h) = e珈 is/h

for h 2:: 1, Xa(m) = x(a + m) and心b(n)＝ゆ(b+ n) for any integers a, b, m and n, also 
c(z) = sgn(arg z) for I arg z I > 0, and further the parameter T = e戸 (z)1ri/2z for z E.lj主
where T varies within the sector I arg叶＜ 1r/2.

We introduce here the holomorphic Dirichlet-Hurwitz-Lerch Eisenstein series F 土
Xa⑮ 

defined by 
(X) 

(1.1) Fい(s;a,/3；μ,v;z)＝こ, Xa(m)心b(n)町{(a+m)μ}町{(/3＋n)v} 

{a+m+(/3＋n)z}s'  
m.n=-(X) 

converging absolutely for u > 2, where (and hereafter) the primed summation symbols 
indicate omission of the impossible terms of the form 1/08, and the argument of each 
summand is chosen such that arg{ a+ m + ((3 ＋n)z} falls within [-1r, 1r[ in F― 

Xa，ゆb,
while 

within]一 1r,1r] in F: 
Xa，初b

. Them狙nobject of study is the arithmetical mean 

1 
(1.2) Fxa，切b(s;a,(3；μ, v;z) = ~{F— (s; a,(3；μ, U; z) ＋ F：立b（s;a,(3；μ,v;z)}, 2 厄叫

for which we show that complete asymptotic expansions exist as T→oo (Theorem 1) and 

T →0 (Theorem 2) both through the sector I arg Tl < 1r /2, whose proofs, by means of 
Mellin-Barnes type integrals, lead us to to extract exponentially small order terms from 
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the remainder (Theorem 3). The asymptotic series in Theorem 2, or even its first deriva-
tive, in fact terminates up to finite terms ifs is at any integer point; this combined with 
Theorems 1 and 3 naturally transfer to several (additive and multiplicative) character 
analogues of Ramanujan's formula for specific values of the Riemann zeta-function (The-
orem 4 and Corollary 4.1), and also of the (quasi) modular relations for similar character 
analogues of the classical Eisenstein series with integer weights (Corollary 4.2). Crucial 
roles in the proofs are played by some basic (but new) results on Dirichlet-Hurwitz-Lerch 
£-functions, which are prepared in Theorems 5, 6 and Lemmas 1-3, prior to the (sketched) 
derivation of our main formulae in the final section. 

Letく(s)denote the Riemann zeta-function. Berndt [3] first studied, in the present 
direction of research, the case(μ, v) = (0, 0) of (1.2), and further derived certain character 
analogues of Ramanujan's formula for specific values of ((s), where the results related to 
[3] have been shown, e.g, in [2][4]; the reader is referred to [15, Sect.I] for more detailed 
history. 

The paper is organized as follows. Our main formulae (Theorems 1-3) are presented 
in the next section, while Section 3 is devoted to stating (additive and multiplicative) 
character analogues of Ramanujan's formula for specific values of〈(s)and of (quasi) 
modular relations for similar character analogues of the classical Eisenstein series of integer 
weights. The results on Dirichlet-Hurwitz-Lerch £-functions are given in Section 4, while 
in the final section the proofs of our main formulae are outlined. 

2. STATEMENT OF RESULTS 

We prepare several notations before stating of our main results. 
Let r be a complex variable, 1 and K, real parameters, and c any integer. We intro-

duce the Dirichlet-Hurwitz-Lerch £-function KxJr，1, K,), together with its companion 
LxJr, 1, K,), defined by 

ヽ

ー

，

ヽ

ー

，

1

2

 

．

．

 

2

2

 

（
＇
ー
、

Kxc(r，ぃ， k）＝区 Xc(k)町(kK,)

-,<k繹
(7 + k)r 

(Rer > 1), 

Lxc(r, I心） ＝〉 Xc(k)町{(,+k)K,} 
＝町(,K,)KxJr,1, K,), 

-,<kEZ 
（ァ十 k)r

which reduce to the Lerch zeta-function ¢(r，ァ，"')and to its companionゆ(r，1,"') respec-
tively if (x, f) = (i, 0) with the principal character i modulo 1, and further to the Dirichlet 
£-function LxJr) if, E Z, "'E JZ and c = -1; the functional equation for (2.1) or (2.2) 
is given in (4.7) or (4.8) below. We write q = e(z) = e-21rT, and introduce the double 

q-series Sr,xc，叫這；"',入；q1fh),defined for any r E IC, any,, o, "',入 E股 andany c, d E Z 
by 

Sr,xc，叫汀； k，入；qlfh)＝区 Xc(K)如(l)町{(7+ k)K}e,｛（6 + l)入｝ （,+k)(J十l)/h

-,<kEZ 
(6 + l)T 

q 

-J＜辱

f-1 g-1 

=g―Tとこ紐）四(j)&（二，二濱，入；qfg/h),
i=O j=O 

f, g 
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where Sr('Y, 8; K,入；q)is the double q-series or generalized Lambert series (defined without 
characters) of the form 

Sr("/, 8; K，入；q)=区 e{（7+ k)氏十 (6+l)入｝ （,+k)(Hl) 

(6+ l)r 
q 

＿,<kEZ 
-klEZ 

=e(〈7〉'K)L 
-J<lEZ 

e{(8 + l)入｝q洲 (Hl)

(8+z)r{l-e（K)qHl}' 

Let伍＝こいx(h)町(h)denote Gauf3'sum associated with any primitive Dirichlet 
character X, I'(s) the gamma function, (s)k = I'(s + k)/I'(s) for any k E Z the rising 
factorial of s. The convention Xc(x) = 0 for any x E恥＼Zand for any (shifted) character 
Xe modulo f 2". 1 is used throughout the following, and hence J(x) = i(x) for any x E良

denotes the symbol which equals 1 or O according to x E Z or otherwise. 
We now state our first main result, which gives a transformation formula for (1.2). 

Theorem 1. Set 

(2.3) AxJs, a,μ)= x(-1) cos(1rs)Lx_Js, -a,-μ)+ LxJs, a,μ) 

(21r / ns 
＝町{(a-a)μ}伍 {x(-l)e1ris/2伝(1-s,μ, -(a -a)) 

2I'(s) 

+e―ms/2伍(1-s, -μ, a -a)}, 

where the second equality is derived by the functional equation for LxJr, 1, 1,,). Then for 
any z E.fj+, any a,(3,μ,v E恥 andany a E Z, on the whole s-plane we have 

(21r/ J)・ 
(2.4) Fx立 b(s;a, /3; μ, v; z)＝砂(-/3)AxJs,a,μ)十町{(a-a)μ}Gx 

I'(s) 

X { e―,ris/2s1-s，ぃ（/3,―μ;v,a-a;q叫

+ x(-1)'l/;(-l)e1ris/2S1-s,ゆ-b,X(ー /3,μ; -v, -(a -a); q叫｝，

the right side of which provides the holomorphic continuation of the left side to the whole 
s-plane. 

~em_ark. The q~series S1-s,.ゆ丑沢（土f3，干μ;土v,土（a-.a); q叫 onthe right side of (2.4) give 
the (convergent) asymptotic expansion as T→oo through I arg TI < 1r /2, since each term 
of the series is of order O[exp{ -21r〈干f3〉'（干μ+m)T/f}]as T→oo (form>土μ).

Next let ex denote the universal covering of the punctured complex plane ex = C¥ {O}, ¥ {O} 
where the mapping ex : X→log Y = log IYI + i arg Y E (('. is bijective (with the range 

of arg Y being extended over股）． Wedefine for any XE(('. and YE  ex the operation 

~X  
(2.5) (('.X ::, Y←→ yx = exp(X log Y) = exp{X(log IYI + i arg Y)} 

= IYlx exp(X arg Y) E C. 

Let e(,,,,) for any代 E股 denotethe point defined by log叩） ＝ 2面,,,,,and writeも(o)= I 
Then e(t,,)7 = e(rt,,) holds for all IE囮 by(2.5). 
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~ ～ --→ 

We introduce here the generating function F Xe (X, Y; Z) for (X, Y) E (C x (Cx with the 
variable Z E C, defined by 

~ f-1zY(X+h)／f (X+h)Z 
(2.6) FxJX,Y;Z) = LXc(h) 

e 

Y1efZ -1 
h=O 

It is convenient for describing specific values of Lxc (r, 1, "") at integer points to use the 
---- ~ ～ 

Sequence Of functions Ck,Xc : (C X (CXう (X,Y)→Ck,xJX,Y) E (C (k = 0, 1,...) defined 
b y the Taylor series expansion 

(2.7) 

00 
~ --

~ --

FXc(X,Y;Z)＝区ck,xJX, Y) 

K! 
z尺

k=O 

centered at Z = O; this reduces to the usual Bernoulli polynomial Bk(X) if (x, f) = 

（ l, 1) and Y = 1, and to the Bernoulli number Bk,xc, associated with a shifted primitive 

character Xe, if (X, Y) = (0,1). We in partucular write Ck(X, Y) = Ck,,(X, Y) for any 

(X, Y) EC  Xさ (k= 0, 1,...) (cf. [11, Sect.6, (6.2)][15, Sect.2, (2.15)]). It is then seen 
from (2.6) and (2.7) that 

(2.8) 
f-1 

Ck,xc(Xい＝fk-1~知(h)Ckい］パ） (k=0,1,...). 

The reciprocal relations for Ck,Xc•(X, Y) are shown in (4.1) and (4.2) below. 
We next state our second main result, which gives the邸 ymptoticexpansion for (1.2) 

邸 T→0through the sector I arg Tl < 1r /2. 

Theorem 2. Let a, /3, μ, v E罠 beany parameters, Xa and仇 withany a, b E Z arbitrary 
(shifte心primitiveDirichlet character modulo f 2'.'. 1 and g 2'.'. 1 respectively, and write 
z = e"i/2T with I arg Tl < 1r /2 for any z E Sj+. Set 

(2.9) Bぃ(s,a,μ)= ix(-1) sin(1rs)Lx_.(s, -a,-μ) 

(21r/ ns 
=i町{(a-a)μ}広 {e"i(l-s)/2八(1-s, -μ, a -a) 

2I'(s) 

+x(-l)e―1ri(l-s)/2伝(1-s,μ,-(a-a))},

(2.10) B2，初b(s,/3,v) ＝ゆ(-l)e"is/2Lゆ—b(s, -/3, -v) + e―,ris/2 L,pb(s, /3, v) 

(21r/g)s 
＝ゆ(-l)e9{(/3-b)v}Gゅ L万(1-s, v, -(/3 -b)), 

「(s)

where the equalities in the second and fourth lines fallow from the functional equation for 
LxJr,1,fi,). Then for any integer J 2'.'. 0, in the regionび＞ーJwe have 

(2.11) Fxa，切b(s;a, {3; μ, v; z)＝如(-f3)B1,x.(s,a,μ)+ Xa(-a)B2，ゅb(s,/3, v)T―s 

+ SJ,xa,心b(s;a, /3; μ, v; z) + RJ,xa,'Pb(s; a, /3; μ, v; z), 

where SJ,xa，ゅbis the asymptotic series of the form 

J-1.j+1 
(2.12) SJ,xa，ゅb(s;a,/3;μ,v;z)= 2x(-l)sin(1rs)とt (s)Jい (s+ j, -a,-μ) 

j=-1 
(j + 1)! 

X CJ+1,ゆb-l/3」（〈B〉,e(v)）召，
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and RJ,x砂 bis the remainder satisfying the estimate 

(2.13) RJ,xa，ゆb(s;a,(3；μ, v; z) = O(ITIJ) 

as T→0 thrnugh the sector I arg T|::::; 1r /2 -T/ with any small T/ > 0. 

: Z) denote Kummer's Let q = e(i/T) = e(-1/z) = e-21r/r,皿 d1F心；Z)and U(K,;入， Z)
confluent hypergeometric function of the first and second kind, defined respectively by 

1Fい）＝t（K)KZk 
k=O 

（入）砧！

for any(,,,,,.¥) E C x (C ¥ Z.:::0) and IZI < +oo, and 

1 r(o+) 

U（氏；入；Z）＝「（k)｛e(k)-1}JOO e―Zww正 1(1+ w)入—`-1dw
for any (,,,,,入） EC2 and I arg ZI < 7r /2, where the latter c皿 becontinued to the whole 
sector I arg ZI < 31r /2 by rotating appropriately the path of integration (cf. [7, p.273, 
6.11.2(9)]). 

An application of the connection formula 

(2.14) 叫；z)=~(入） ec(Z)1r町（K；入； Z) ＋ I'(入） c(Z)1ri（んー入） Z 
r（入— K,) - -¥'.,.., -/'I'(氏）e e 

xU（入— r.,; 入； e―c(Z)1riz) 

for O < I arg ZI < 7r (cf. [7, p.259, 6.7(7)][14, Sect.IO, (10.5)]) leads us to extract the 

exponentially small order terms S1_8，這；（土(a-a)，土v;士μ,干(/3-b)；り1/9)(as T→0) from 
the remainder in (2.11) or (2.13); this eventually yields the following Theorem 3. 

Theorem 3. In the region(J ＞1-J with any J ~ 1 and in the sectors O < I arg Tl < 7r /2, 
we have the formula 

(2.15) RJ,xa,ゆb(s;a,(3；μ, v; z) 

(27r/gT)S 
= eg{((3 — b)v}Gゅ｛心(-l)S1-s,x況；（a -a, v; μ, -((3 -b);qlfg) 

「(s)

+ x(-1)ee(r)1ris S1-s,x，訊ー(a-a), -v; -μ,(3 -b；朽）｝

(s)J(21r / gT)8 
+x(-1)(-lfe9{((3 -b)v}Gゅ S}_Xa得,b(s;a,(3；μ, v; z), 

「(s)I'(l-s) 

where the expression 

(2.16) S；ぷa，心b(s;a,(3；μ, v; z) 

＝1/;(-1) L x(m)屈(n)町｛（ー（a-a)+ m)(-μ)}e9{(v + n)(-((3-b))} 

a-a<m 
-v<n 

(v + n)l-s 

X Fs,J{21r(-(a -a)+ m)(v十 n)/gT}

-ec(T)1ris L ~)厄(n)町{(-（a -a) ＋m)（-μ)｝eg{(-l/十n)((3-b)} 
(-l/十n)l-s

a-a<m 
v<n 

x Fs,J{2u"(T)7ri(-(a -a)+ m)(-v + n)/gT} 
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F.,J(Z) = U(s + J; s + J; Z). 

Fu廿hermore,for any integers J and K with J ;::o: 1 and K ;::o: 0, in the region a > 1-J -K, 
we have the formula 

(2.18) s;,Xa，心b(s;a,(3;μ, v; z) 

-K-1 
心(-s(T))eg{-((3-b)v}G e T)i)J+K+1(s + J)k 

= （2T/ee(T)7r9/2g)s-1 心と (((J+K + 1)！ 
k=O 

xL交(s+ J + k, -(a -a), -μ)CJ+k+l，'P-e(T)b-le(T)(3」(〈c(T)(3〉，e(c(T)v))

X (e£(T)1ri/2T)s+J+k + R~,K,xa,心b (s; a,(3；μ,v; z) 

in the sectors O < I arg TI < 1r /2, where Rj J,K,Xa，加 is the remainder satisfying the estimate 

(2.19) R~,K,x砂b(s; a, /3; μ, v; z) = O(IT|ぴ十J+K)

as T→0 through rJ::::; I argTI ::::;訂2-'r/ with any small rJ > 0. Here the constant implied 
in the 0-symbol depends at most on s, a, b, μ, v, J, K and rJ. 

Remark. The formulae for R, ~,,,, and S~ J,Xa,,Pb 1:LllU u J,Xa，切babove in fact reveal that the instances 
of'exponentially improved asymptotics'and'Stokes'phenomena'respectively, which are 

normally observed in the theory of differential equations in the complex domain, also 
occur in the present situation of generalized holomorphic Eisenstein series. 

3. CHARACTER ANALOGUES OF RAMANUJAN'S FORMULA AND OF CLASSICAL 
EISENSTEIN SERIES 

The combination of Theorems 1 and 2 with Theorem 3 in fact yields several character 
analogues of Ramanujan's formula for ((2k + 1) as well as (quasi) modular relations for 
the classical Eisenstein series of integer weights. 

Theorem 4. Let k be any integer, a,/3，μ and v any real parameter, x and心theprimitive 
Dirichlet characters modulo f ~ 1 and g ~ 1 respectively, a and b be any integers, write 
q = e-21rr and q= e-21rfr, and suppose further that f,g ~ 2 or a,/3rf-Z if k = 1. Then 

we have 

(3.1) 町{(a-a)μ}fk-1伍｛仇(-叫(k,-μ, a -a)+ S紐 b沢(/3,-μ; V, CY - a; qlff) 

+ (-l)k-lx(-1)心(-l)Sk,心-b,叉(-/3，μ;-v, -(a -a); q叫｝

-(-21r)k 
K+1 (-iyc以 a-la」(〈a〉,E(μ)）CK+1-J,ゆb-l/3」(〈/3〉，E(U)）TK-J

と j!（K+ 1 -j)！ 

＝い(-l)e9{(/3-b)v }(-igT)k-lG,/J 

X {xa(-a)伝(k,v, -(/3-b)) + sk,x,豆(a-a, v; μ, -(/3 -b)；朽）

+ (-l)k-lx(-1)い(-l)S似，,ij(-(a-a), -v; -μ,/3 -b；朽）｝，
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which is transformed through the replacement (T, q, x，い） →(1／疇，冗，五） into

(3.2) e9{ ((3 -b)v}l-1切｛豆(-叫(k,v,-((3-b)) 

+s繹，ゅ(a-a, v, μ; -((3 -b);qlfg) 

+ (-l)k-lX(-1)ゆ(-l)Sk,x，ゅ（一(a-a), -v; -μ,(3 -b; qlfg)} 

-（-2がこK+1炉C証b-LB」(〈(3〉，ぞ(U)）CK+1-J,心-la」(〈a〉,E(μ)）TK-J

j!(k + 1-j)! 
j=O 

= x(-1)町{(a-a)μ}(ifT)k-l切｛孔(-(3）八(k,-μ,a -a) 

+Skぃ((3,-μ;v,a-a訳）

+ (-l)k-lX(-1)ゆ(-l)Sk,五-b,X(-(3，μ;-v,-(a-a)；炉）｝．

Remark. It is worth noting here that a hidden (but crucial) role is played by the connec-
tion formula (2.14) in producing various Ramanujan type formulae as in Theorem 4 and 
Corollary 4.1 below for specific values of the Riemann zeta-function. 

Let Lxc，氏（r)for any ri, E IR and c E Z denote the exponential Dirichlet £-function 
attached to a (shifted) primitive Dirichlet character Xe modulo !(2". 1), defined by 

00 

Lxc,"(r) = LxJr, 0, K) = ~ 
Xc(k)町(kK)

kr 
k=l 

(p = Rer > 1), 

and Bk,xc (k = 0, 1,...) the k-th Bernoulli number attached to Xe, defined by 

叫＝Ck,xJO,『） ＝fk-l ~ル(h)Bk(y)· (k=O,l,...). 

The case (a, (3, μ, v) = (0, 0, 0, 0) of Theorem 4 implies the following result. 

Corollary 4.1. Let k be any integer, x and心anyprimitive Dirichlet characters modulo 
f 2". 1 and g 2". 1 respectively, a and b any integer, and suppose further that f, g 2". 2 or 
a,(3 (j_ Zif k = 1. The we have 

(3.3) fk-1伍｛心(b)Lx,-a(k)+ sk，い（o,O; o, -a; q111) + (-l)k-1x(-l)ゆ(-1)

k+l 
X Sk,心-b,X(o,O; 0, a; q叫｝ー (-21r)kt（ーがBJ,xaBK+1-J,` k-J

j!(k + 1-j)! 
j=O 

＝い(-1)(-iTg)k-lGゅ{x(a)如 (k)+ sk,x,五(-a,O; 0, 0；炉）

+ (-l)k-lx(-1)い(-l)Sk,x,切(a,0;0,0；炉）｝，
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which is transformed through the replacement (T, q, x，い） →(1／疇ふ五） into

(3.4) i-l切｛x(a)Lゅ，b(k)+ s只，ゅ(-a,O; 0, O; q119) + (-l)k-lx(-l)心(-1)

xS岐，ゅ(a,O;O,O;q119)}-(-21r)kf呵，五bBK+1-J，交':,_Tk-J
j!(k + 1-j)! j=O 

= x(-l)（汀f)k-l切｛万(b)Lx,-a(k)+ Sk，ぃ（0,0;0,-a；炉）

+ (-l)k-lx(-1)ゆ(-l)Sk,,jj_b,X(o,O; 0, a; qlff) }・ 

Remark. The values of exponential Dirichlet L-functions appear in (3.3) or (3.4) only 
whien (a, f) = l or (b, g) = 1, othewise the formula merely gives the relation between the 
double q-series and the polynomials (in T) with the coeficients of the Bernoulli numbers 
attached to Dirichlet characters; the original Dirichlet L-function cases are thus excluded. 

We next state the (quasi) modular relations of generalized Eisenstein series. Let/3and 
v are any real parameters, x any primitive Dirichlet character modulo f ~ l, and define 

2('(0) if (X, f, k) = (i, l, 0), 
ak,x = ｛L(1-K,x)otherwise, 

似(v,/3）＝｛叫(0,E(U)）＋ 1 +（し(0)＋〈'_Z/(O) if K = 0 and /3E Z, 
¢(1-k, v, -/3） otherwise 

where くん(r)= ¢(r,0,K) ＝ ゆ(r，'Y,K) for 'Y E Z denotes the exponential zeta-function. 
We then introduce the generalizations, Ej,k,x(/3,v; z) (j = l, 2) for any k E Z satisfying 
(-1)k = x(-1), of the classical Eisenstein series Ek(z), defined by 

2 
(3.5) E1,k,x(/3，v; z) = l + -:=--11,k,x(/3,v; q), 

ak,x 

bk(v,/3） 2fK 
(3.6) E2,k,x(/3，v;z) =か＋万，k,x(/3，v;q), 

ak，し ak，冗Gx

where 0,k,x(/3，v; q) (j = l, 2) are the generalized Lambert series of the form 

(3. 7)'1,k,x (/3,v; q) = ~{ S1-k,し,x(/3，O;v, O; q111) + S1-k,し,x(-/3,O;-v,O; q叫｝
= fk-1 [tx(h)文e(〈/3〉＇u)（h/f+n)k-1q位〉'(h/f+n)

h=l n=O 
1 -e(v)qh/J+n 

00 

＋LX(h)とe
{〈-/3〉＇（-v)}(hjf + n)k-Iq〈-f3〉'（h/f+n)

h=1n=0 1 -e(-V)qh/f+n l, 
(3.8) 恥 (/3,v;q) = ~{ S1-k,x，し（O,v;O,-/3；q)+ S1-k,x，し（0,-v;O,/3；q)}

= ~[t,x(h)と e{ （〈V〉'＋ n) （-B) ｝（〈V〉'＋ n)k-1qh( 〈ll〉'＋n)
l -qf(〈ll〉'＋n)

h=l n=O 
00 

＋LX(h)〉:e{（〈-V〉'＋n)/3｝（〈-V〉'+n)k-1qh( (-Z/>'+~I.

h=1 n=0 1 -qf(（-Z/〉'＋n) ] 
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Then the combination of Theorems 1 and 2 with Theorem 3 yields the following (quasi) 
modular relation. 

Corollary 4.2. For any real parameters/3and v, for any primitive Dirichlet character 
x modulo f 2". 1, any integer k satisfying (-1)k = x(-1), and for any z E jj+ we have 

(3.9) E1,k,x(f3,v;-~) =Z鸞，K，x(/3，v;z)+ 
(-27ri)1-K logz 1 1 

~) = zkE2,k,x(f3,v;z) + ~ ［釘心{o(/3） （加i―i)-i} 

＋旦（一1)万塁；ーパ；亨’3.1:12zHk-1], 

which reduces in particular when (/3,v) = (0, 0) to 

(3.10) R1,o，交（0,O; -~) = R2,0,x(O, O; z) --;;:。~{ OJ1 (~ -~ + ¾z) + R2,xZ} 

fork = 0, while fork= 1 to 

(3.11) E1,1,x (0, O;ーり＝直，1,x(O,O; z) + 
B1,xZ 

B1，冗広'

and for k = 2 to 

(3.12) E1,2，交（0,0; —り＝鵡，2,x(O, O; z) + 8/1色
Tt 

4. BASIC PROPERTIES OF DIRICHLET-HURWITZ-LERCH £-FUNCTIONS 

We present in this section several basic (but new) properties Dirichlet-Hurwitz-Lerch 
£-functions, together with several associated results, which play underlying roles in es-
tablishing our main formulae. Let如 denotehereafter Kronecker's symbol. Then the 

reciprocal relations for Ck,xJX, Y) are given as follows. 
. -.. 

Lemma 1. For any (X, Y) E (C x ex, and any c, k E Z with k 2'. 0 we have 

(4.1) C位 1_J1-x, I/Y) = (-l)kx(-l)Ck(x, Y), 

(4.2) Ck,x_JQ,『／Y)= (-l)kx(-1){ ck,xJX, Y) + 6k1Xc(O)} 

= (-l)kx(-l)Ck,xc(X, Y) -6ktX-c(O). 
~ ～.  --• ~ ～ ～ ～ 

where l/Y E ex is the point defined by 11/YI = 1/IYI and arg(l/Y) = -argY. 

Proof. First (4.1) is obtained by comparing the coefficients ofか onboth sides of the 
equality 

(4.3) Fxi-c(l -X,『／Y;Z)= x(-l)FxJXふ—Z),
which is derived as follows: The left side of (4.3) equals 

f-1Z（酬）（1-X＋h)／fe(1-X+h)z f-1 zY(X+h-f)／fe(f-x-h)Z 
とい(h) ~ ～ 

(l/Y)1efZ -1 
= LX(-h-c)~ 

h=0 h=0 Y-1efZ -1 

f-1 五(X+h)/fe-(X+h)Z 
＝LX(-l)知 (h)

1 -Y1e-fZ 
h=O 
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where the surnrnation index is changed as h←f -1 -h in the second rnernber; this 
readily concludes (4.1). 

Next (4.2) is obtained by comparing the coefficients of zk on both sides of the eq叫 ity

(4.4) Fx_JO,l/Y; Z) = x(-l){FxJO, Y;-Z) + Xc(O)Z}, 

which is derived as follows. The left side of (4.4) equals 

J-1 

とい（h)
Z（詞）h/fehZ 

h=O （『バ）柁JZ-1 

zyh/fー 1(f-h)z f 
＝LX(-h-c) 

e (-Z)朽／fe―hZ

h=l 
y-lefZ -1 

＝LX(-I)xc(h) 
h=l 

Y1e-fZ -1 

= x(-1)｛苫Xc(h)~+xcU)(~-z)}

= x(-1)応Xc(h)~ + Xc(O)(-Z) }, 

where the summation index is changed as h→f -h in the second member; this readily 
concludes (4.0)．ロ

Lemma 2. For any 1, t,, E恥， any(shifted) primitive Dirichlet character Xe modulo f：：：：： L 
and any c, k E Z with k：：：：：゚ wehave 

(4.5) Ck,X-c-L --r」（〈一/y〉 ,;~(-K)) =（一l)kx(-1){ Ck,Xc-h」(〈1〉,；r(K))+ 6k1Xc(-,)} 

= (-l)kx(-l)Ck,Xc-h」(〈1〉，で（K))-6k1X-c(r). 

Proof. We first treat the case I ff_ Z. Then -1 = (-1 -L 1」)＋ （1-〈1〉)showsthat 

L-,」=-1-b」and〈一1〉=1-〈1〉,andhence 

Ck,X-c-L→」(〈-1〉，て（一K))= Ck,X1-c+L-r」(1-〈1〉,I庁(K)),

which concludes (4.5) in this case, by (4.1). 

Next for IE Z, we see 1 =［吋，一,=［一1」and〈一1〉=0,giving 

Ck,X-c-L→」(0，ぞ（一K))= Ck,X-c十け」(0,]応(K))

= (-l)kx(-l){Ck,Xcーけ」(0,e(K)) + 6k1Xcじ」（叫，

which concludes (4.5) in this case, since Xc-b」(0)= Xc(-1) for'YE Z. 口

Lemma 3. For any integers c and n, and any (shifted) primitive Dirichlet character Xe 
modulo fミ1we have 

(4.6) 

f-1 

LXc(h)町(nh)= eパーnc)Gx冗(n).
h=O 



49

A CLASS OF HOLOMORPHIC DIRICHLET-HURWITZ-LERCH EISENSTEIN SERIES 

Proof. Let d E Z satisfy c三 d(mod f) with O::; d < f. Then the left side of (4.6) eq叫 s

f-1 /f-1 J+d-1 

~Xd(h)町(nh) =（こ＋ ~')x(h)町{n(h -d)} 

= efh(／dnd)鳳）X（h)町(nh)＋苫x(K+ f)町{n(k+J))]

f-1 

＝町(-nc)LX(k)町(nk),
k=O 

which, together with the standard evaluation of GauB'sum, concludes (4.6)．ロ

The following functional equation holds for KxJr, 1, K) or LxJr，1, K) (cf. [16, Theo-
rem 4]). 

Theorem 5. For any real I and K, any integer c, and any (shifted) primitive Dirichlet 
character Xe modulo f ~ l, we have the functional equation, in the whole r-plane, 

GxI'(l -r) 
(4.7) L叫ぶK)= ~{x(-l)e,ri(l-r)/2応(1-r,K,-(,-c))

Jr(21r)l-r 

or equivalently, 

+e―1ri(l-r)/2応 (1-r,-K,1-c)} 

GxI'(l -r) 
＝町｛K(,-c)}~{x(-l)e冠(l-r)/2八(1 -r,尻一(,-c))

fr(27r)1-T 

+e―1ri(l-r)l2Lx(l -r, -K,, -c)}, 

GxI'(l -r) 
(4.8) KxJr,1,K) = eJ(-Kc)~{x(-l)e1ri(l-r)l2L叉,(1- r, K,ー（'-c)) 

fT(27r）い

+e―n(l-r)/2八(1-r,―K,1-c)} 

GxI'(l -r) 
＝町(-K,)~{x(-l)e,ri(l-r)/2応(1-r,K,-(,-c))

『(21r）い

+e―n(l-r)/2応 (1-r,―K, 1 -c) }. 

Proof. Suppose first that Re r > l. Rewriting the summation index in (2.2) as k→h+fk 
(h = 0, 1,..., f -l; k = 0, l,...), we have 

f-1 

(4.9) LxJr,,, K) = rrと知(h)い(r)-T,K)

f-1 
=f―T I:xc(h)「（~{e1ri(l-r)/2¢(1-r, K,, -~ (27r）ぃ｛e1ri(l-r)/2¢(1 -r, K,, -2¥) 

h=O 

+e―,rz(l-r)/2の(1-r,―"',7り｝，
by the functional equation for cp(r, 1, K) or心(r,1,K)(cf. [15, Proposition 1]). 

Suppose next that Rer < 0. Then the h-sums on the rightmost side of (4.9) equal, 
by changing the order of the h-sum and the inner k-sums (for the defining series of 
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¢(1-r，士代，字(,+ h)/ f)), 

1 
こ（土い十 k)1-rど知(h)町{k（干（1+ h))} 
干K<k h=0 

＝こ
1 

（土代十 k)l-r
町{k（干（1-c))}Gx冗（干k)= X（干1）Kて（1-r，士代，干(,-c))

干区k

respectively, where the second equality holds by (4.6) and the third by (2.1); this readily 
concludes (4. 7)．ロ

Theorem 6. For any 1，r;, E罠， any(shifte心primitiveDirichlet character Xe modulo 
f ：：：：： 1, and any c,j E Z with j：：：：： 0 we have 

、
ヽ
~
、
ヽ
~

0

1

 

1

1

 

．

．

 

4

4

 

（

（

 

町{(,-c)t,,} 
Resr=lLxJr，,,"') = C。,Xc-l,」(〈7汀("'))=~G奴(K,)'

f 
1 

LXc(-J, 7, K) ＝- CJ+1,Xc-L9」(〈iげ（K,))ーもoXc(―,)
j+l 

Proof. It follows from (2.2), (4.9) and 

(4.12) ら (r，r,K,) = LXc-l,」(r,〈1〉，K,)

that the left side of (4.10) eq叫 s,by [15, Lemma 4, (4.4)] and (2.8), 

f―1 ~Xc-b」 (h)Res←1い（r, り〉f+ h，代）＝ f―1 ~ Xc-b」(h)C。(り+h ~ 

h =O'h=O  f'  蜘））

=C。,Xc-l,」(〈1〉，も（K,))'

which further equals, by (4.6), 

f-l 

f―1~ ふ—け」 (h) 町{(〈1〉+ h)心｝J(t,,)= f―1町（〈巫）町｛ー(c-［叫｝信（氏）J(t,,),

and this readily concludes (4.10). 
Next from (4.9), the left side of (4.11) equals, by [15, Lemma 4, (4.5)], 

f-l 

fJどxe-l1」(h)い（ーj,mp, K, 〈衿十 h

h=。 f)
f-l 

=fj~い」(h){-T¼ 凸（け〉f+ h叩））ー 6州(〈1〉f+h)｝,
which concludes (4.11) from (2.9), since J{(〈1〉+h)/f}= t!hob(,) and J(,)xcーけ」(0)= 
知（一1)for any c, 1 E Z. ロ

5. OUTLINE OF THE PROOFS 

Let (u) for u E恥 denotethe vertical straight path from u -ioo to u + ioo. The key 
ingredient of the proofs is the formula 

(5.1) Fxa,ゆb(s;a,(3；μ, v; z)＝仇(-(3）AxJs,a,μ)＋晶(s;z)＋此(s;z), 
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obtained by applying a modification of (so called) Atkinson's Dissection device (cf. [1]), 

where E±(s; z) are the Mellin-Barnes type integrals of the form 

(5.2) 
(21re=f1ri/2 / f)s 1 

ら(s;z)=x（士1）ゆ（士l)Gx 「(s）五~ !u') I'(-w) 

xK迅1-s-w，干μ，士(a-a))L叫 b（一W,土(3,土v)(2訂／f)wdw

with a constant u'satisfying u'< min(-a, -1); these converge absolutely over the whole 

8-plane, and hence the right side of (5.1) provides there the holomorphic continuation of 

the left side. 

Theorem 1 can be shown by substituting the defining series of K迅l-8-W，干μ,土(a-a))

and L心土b（一w,士(3,土v)into the integrands on the right side of (5.2), while Theorem 2 by 

moving the path in (5.2) to the right from (u') to（四） withJ -lく四 <Jfor J E Z:2'.o, 

and then collecting the residues of the relevant poles at w = j (j = -1, 0,..., J -1). 

Theorem 3, on the other hand, can be derived by substituting the functional equations 

for Kx(l 8-W，干μ,士(a-a)) and L応士b(-11)，士(3,士v)into the integrands of E土(8;z) 

after their paths are moved to (uJ), and then apply the connection formula (2.14) to the 

resulting expressions. 
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