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SHAPE DESIGN OF MEMBRANE STRUCTURE
USING GEOMETRIC INVARIANTS OF DISCRETE SURFACE

B e kER™!, KW A
Kentaro HAYAKAWA and Makoto OHSAKI

Optimization procedures are proposed for design of frame-supported membrane structures. A developable, a minimal, and their intermediate
surfaces are chosen as the target surfaces. The surface is discretized into triangular faces. The developable and the minimal surface are generated
by minimizing the errors of Gaussian curvature and mean curvature, respectively, and the intermediate surface is obtained by solving a
multiobjective optimization problem. It is shown in the numerical examples that the intermediate surface can have better performances than the

minimal and developable surfaces in view of stress distribution in the self-equilibrium shape generated from plane membrane sheets.

Keywords : Frame-supporied membrane structure, Discrete surface, Gaussian curvature, Mean curvature, Multiobjective optimization, Self-equilibrium state
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Table 1 Results of form generation of intermediate surface

with H(X) constraint and area constraint (h =2.0 m, w = 0.5)

constraint KX s <68 D)
[(rad-m=2)?] [m2] [m2] [m?]
H(X) 4.56x107! 11.7 32.4 7.35X107°
Area 1.13%10°5 1.17%X102 32.1 4.41x1078

(a) isometric

(b) elevation
Fig. 4 Intermediate surface generated

with area constraint (h =2.0 m, w = 0.5)
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Fig. 7 Elevations of target surfaces (h = 2.0 m)
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(a.1) target surface (a.2) cutting pattern (a.3) distribution of o (a.4) distribution of ¢,

(a) developable surface

(b.1) target surface (b.2) cutting pattern (b.3) distribution of o (b.4) distribution of ;,

(b) minimal surface

10.

[MPa]

(c.1) target surface (c.2) cutting pattern (c.3) distribution of o, (c.4) distribution of o,

(c) intermediate surface with w = 0.5
Fig. 5 Surfaces generated with cutting pattern 1 (m=4)and h=2.0 m
Table 2 Results of optimization and equilibrium analysis with cutting pattern 1 (m = 4)

surface K(X) H(X) Area D(X9) o, [MPal] o, [MPal Avg.
type [(rad-m2)2] [m—2] [m?] [m2] Min. Max. Avg. COV  Min. Max. Avg. cov of COV
dev. - 3.23x10°1t  20.2 31.3 5.72x105 | -2.95 6.60 0.53 2.43 2.68 4.32 3.55 0.06 1.25
min. - 4.72 6.80x10™* 28.9  6.74x10™ 227 13.81 4.62 0.35 2.53 8.11 4.67 0.12 0.24
0.1 | 2.00x107 17.5 30.9 1.94x10°¢ 0.09 4.98 0.66 1.33 2.30 4.28 3.61 0.06 0.69
1.6 0.3 | 2.86x102 14.1 30.3  1.09x1075 0.38 5.82 1.18 0.80 1.99 5.19 4.17 0.08 0.44
int. 0.5 | 2.28x107! 10.1 29.8 4.15x10°° 0.65 6.57 1.78 0.59 1.95 5.55 4.61 0.10 0.34
0.7 | 7.19x101  6.06 29.4 1.02x10™ 1.12 7.45 2.65 0.46 2.38 5.98 5.05 0.10 0.28
0.9 | 1.89 2.02 29.1  2.72x10* 1.67 8.64 3.76 0.37 3.11 6.25 5.17 0.09 0.23
dev. - 8.35x10°1t  23.3 34.6  1.62x10°% | -0.09 4.68 0.38 2.35 2.72 3.80 3.26 0.04 1.19
min. - 6.80 1.13x103 31.1  1.31x1073 1.03 1591 4.58 0.44 | -0.11 9.53 4.59 0.18 0.31
0.1 | 5.61x10% 20.6 33.8  4.76x10°8 0.11 5.05 0.70 1.25 2.34 4.34 3.62 0.06 0.65
2.0 0.3 | 8.22x102 16.3 33.0 2.13x1075 0.38 5.82 1.18 0.80 1.99 5.19 4.17 0.08 0.44
int. 0.5 | 4.56x1071 11.7 32.4 7.35x107°5 0.64 7.32 1.89 0.65 2.12 5.92 4.63 0.10 0.37
0.7 | 1.27 7.00 31.8 2.13x10™ 1.12 7.45 2.65 0.46 2.38 5.98 5.05 0.10 0.28
0.9 | 3.01 2.33 31.3 5.32x10* 0.73 9.80 3.76 0.45 1.57 6.52 5.08 0.12 0.28
dev. - 7.29x10°10 245 38.2 1.89x10°6( -0.23 4.81 0.38 2.37 2.67 3.88 3.29 0.05 1.21
min. - 8.23 1.26x103 33.8 2.13x10%| -0.40 16.86 4.50 0.52 | -3.15 11.53 4.49 0.26 0.39
0.1 | 4.00x105  22.0 37.1  5.73x10°¢ 0.10 5.39 0.79 1.17 2.54 4.33 3.71 0.05 0.61
2.4 0.3 | 1.65x101 17.1 36.3  3.46x1075 0.34 6.79 1.34 0.87 2.40 5.25 4.23 0.07 0.47
int. 0.5 | 7.23x1071 122 35.5 1.42x104| -0.11 741 2.01 0.70 2.58 6.02 4.64 0.09 0.40
0.7 | 1.84 7.34 34.8 3.57x10*| -1.03 8.43 2.81 0.58 2.04 6.16 4.93 0.11 0.34
0.9 | 4.05 2.45 34.1 8.78x10*| -1.84 10.43 3.77 0.50 0.07 6.89 4.99 0.14 0.32
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(c.1) target surface (c.2) cutting pattern (c.3) distribution of o (c.4) distribution of o,
(c) intermediate surface with w = 0.5
Fig. 6 Surfaces generated with cutting pattern 2 (m=4)and h=2.0 m
Table 3 Results of optimization and equilibrium analysis with cutting pattern 2 (m = 4)

surface K(X) H(X) Area D(X9) o, [MPal o, [MPal Avg.
type " [(rad-m2)2] [m2] [m?] [m?2] Min.  Max. Avg. COV  Min. Max. Avg. cov of COV

dev. & 1.66x10°11  20.2 31.3 1.37x10°| -0.13 5.02 0.45 2.13 2.83 4.41 3.67 0.08 1.11

min. = 4.63 6.80x10™* 28.9  5.03x10 3.29 9.64 4.67 0.13 215 10.71 4.66 0.37 0.25

0.1 | 5.50x103  18.2 31.1 1.08x105 | -0.13 4.80 0.50 1.79 2.50 4.96 3.39 0.12 0.95

1.6 0.3 | 9.60x102 14.1 30.6  2.15x10° 0.18 5.41 0.88 1.03 2.89 6.05 3.83 0.14 0.59
int. 0.5 | 3.44x10' 10.1 30.0 6.05x10° 0.69 5.78 1.43 0.60 3.24 7.47 4.28 0.20 0.40

0.7 | 8.20x101 6.06 29.5 1.30x10* 1.47 6.22 2.34 0.33 3.50 9.14 4.85 0.25 0.29

0.9 | 1.89 2.02 29.1 2.63x10* 2.43 7.05 3.62 0.20 3.32  10.07 5.13 0.29 0.25

dev. & 2.43x1011  23.3 34.6  1.92x107°| -0.28 4.84 0.40 2.28 2.59 5.30 3.57 0.13 1.21

min. = 6.72 1.13x103 31.1  1.07x1073 2.45 8.04 4.57 0.15 | -1.10 13.52 4.58 0.50 0.32

0.1 | 1.71x102 21.0 34.2  1.54x105 | -0.09 4.96 0.54 1.70 2.61 5.03 3.52 0.12 0.91

2.0 0.3 | 2.00x101 16.3 33.4  6.20x10° 0.00 5.48 0.92 0.98 2.77 7.24 3.87 0.21 0.59
int. 0.5 | 6.44x10' 11.7 32.7  1.49x10* 0.47 5.80 1.49 0.58 2.71 9.50 4.33 0.28 0.43

0.7 | 1.44 7.00 32.0 3.00x10* 1.32 6.40 2.35 0.36 2.38 10.95 4.82 0.33 0.35

0.9 | 3.04 2.33 31.3 5.73x10* 2.11 6.69 3.56 0.22 1.17  11.49 5.06 0.40 0.31

dev. & 2.82x10711 245 38.2  2.33x107°| -0.24 4.18 0.32 2.45 1.21 4.33 2.95 0.15 1.30

min. = 8.19 1.26x103 33.8 1.94x1073 0.95 8.18 4.51 0.18 | -3.37 16.53 441 0.65 0.42

0.1 | 3.52x102 22.0 37.7 2.46x1075 | -0.12 4.84 0.53 1.69 2.46 4.80 3.38 0.14 0.91

2.4 0.3 | 3.25x101 17.1 36.7 1.65x10*| -0.23 5.27 0.95 0.94 1.71 9.42 3.81 0.30 0.62
int. 0.5 | 9.66x1071 122 35.8  3.15x10* 0.07 5.83 1.54 0.59 1.23  11.91 4.32 0.37 0.48

0.7 | 2.08 7.34 34.9 6.03x10* 0.79 6.17 2.31 0.38 0.29 13.73 4.65 0.45 0.41

0.9 | 4.13 2.45 34.1 1.02x1073 1.58 6.96 3.57 0.25 | -1.19 14.52 5.01 0.52 0.38
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Fig. 8 Elevations of target and equilibrium surfaces (h = 2.0 m)

Table 4 Errors of z coordinates between center points of

target and equilibrium surfaces

surface cutting cutting

type pattern 1 pattern 2

dev. -0.018 -0.027

min. —-0.005 0.001

0.1 0.003 -0.033

1.6 0.3 -0.022 -0.039
int. 0.5 -0.022 -0.027

0.7 -0.016 -0.019

0.9 —-0.010 -0.008

dev. -0.018 -0.014

min —-0.008 0.003

0.1 0.005 -0.027

2.0 0.3 -0.015 -0.031
int. 0.5 -0.013 -0.021

0.7 —-0.013 -0.015

0.9 —-0.009 -0.006

dev. -0.015 -0.022

min. —-0.012 0.007

0.1 —-0.005 -0.012

2.4 0.3 -0.007 -0.024
int. 0.5 -0.006 -0.017

0.7 —-0.006 -0.013

0.9 —-0.011 -0.003
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The target surfaces of the frame supported membrane structures are generated by using the Gaussian and mean
curvatures. The surface is discretized into a triangular mesh, and the Gaussian and mean curvatures are defined at the
interior vertices of the surface based on the formulations of discrete differential geometry. The minimal surface with zero
mean curvature, which is equivalent to the uniform stressed surface, is often used as the target surface because uniform
stress distribution is desirable. However, while the membrane structure is generated by connecting planar membrane
sheets; i.e. cutting patterns, the minimal surface cannot be developed to a plane without out-of-plane deformation. In this
respect, the developable surface with zero Gaussian curvature may be desirable; however, it cannot realize uniform stress
distribution. Therefore, in this study, the curved surface with a geometric property intermediate between those of
developable and minimal surfaces is generated and used as the target surface of a membrane structure.

The Gaussian curvature at an inner vertex is defined using the angle defect, which is the difference between 27 and
the sum of the angles between edges connecting to the vertex. The mean curvature is defined using a cotangent formula
for the mean curvature vector at the vertices. The developable and minimal surfaces are generated by minimizing the
sum of the squares of Gaussian and mean curvatures, respectively. The positions of the vertices on the outer boundary of
the surface are fixed, and the optimization problem is solved by using the z-coordinates of the interior vertices as variables.
In addition, the intermediate surface can be obtained by solving a multi-objective optimization problem that minimizes
the sum of squares of both Gaussian and mean curvatures. The constraint approach is applied to obtain a Pareto solution;
i.e., the sum of squares of Gaussian curvature is minimized under the upper bound constraint on the sum of squares of
the mean curvature.

After obtaining the target surface, it is flattened by minimizing the sum of squares of differences between the edge
lengths of on the surface in three-dimensional space and those in its development diagram on a plane. The cutting pattern
is obtained by shrinking the obtained development diagram according to the target stress. Then, the equilibrium shape of
the membrane structure is obtained by installing the obtained cutting patterns to the frame. The equilibrium state is
achieved by solving the optimization problem that minimizes the strain energy of the membrane elements.

The effectiveness of the proposed method is demonstrated in the examples of curved surfaces with cylindrical boundary
shapes of various heights. The membrane structure is constructed with four cutting patterns. The intermediate surfaces
obtained by the proposed method have shown to have intermediate properties between the minimal and developable
surfaces with respect to Gaussian curvature, mean curvature, and surface area in every height. The intermediate surfaces
have realized the most preferable distributions of stresses in two directions while the developable and minimal surfaces
have realized the uniform stresses in only one direction. The average values of the stresses in two directions are also
closest to the target stresses when the intermediate surface is used. Therefore, when the intermediate surface is used as
the target surface of the membrane structure, the preferable equilibrium state can be obtained easily without optimization

of the cutting pattern.
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