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Synopsis

Ensemble data assimilation experiments for a quasi-geostrophic model are conducted
with the deterministic ensemble Kalman filter under an idealized mid-latitude ocean with
double gyres. The model uses the Arakawa Jacobian for the nonlinear term and the
multigrid method to solve the Helmholtz equation. To reduce pseudo correlation and
increase the apparent sample size, the forecast error covariance matrix is localized by Schur
product of a Gaussian function of the distance between two grid points. Localization can be
applied to the blocks of the forecast error covariance separately by variable decomposition.
The innovations of a diagnostic variable (streamfunction) correct the prognostic variable
(potential vorticity) through the forecast error covariance between the two, indicating that
the analysis of the potential vorticity is essential. By contrast, the analysis of the
streamfunction only smoothes vortices in a few cycles and results in an ensemble collapse.
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TYH Yy INAN2r 7 4% (Ensemble Kalman
Filter, EnKF, Evensen, 1994) (&7 s8R
LT, TNV IS S HEE L PHERAE
Wz 5 FET, 2ok —2RkELATREA -
DT — 7 LA FIAI N Tw 5, BHEEIKR
EFVREKPCHEDETNVIEFHROFE A FIKE L
e, TrH Y IV IR e C EDS G,
ETNVOHMEICN LTT vy 7VED v e,
WHOREDRMHENEL, Bl PREDE (£ /
N—ayv) Z#EUNCEITIC KR TE 2w, AR
WPED BB 2 IR T 2 L L bic, A»doaHEZ
W3 FELREAM (localization) TH 5.
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ETREABEE T VIR ZREE Ll L
%h, K& - e 7 — & MbidER Rz 3
LT3, RERBIEDETNVITIZEROFRELLS
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Z ORI, FIERDNEARIC A S W HifE T,
RESPHFEDFRAUTTRLLL 72 & » BIFEN A FEZ R
728, 2RIGHEHIMITR (quasi-geostrophic, QG) €T /L
KR LT, WERNT VY TN AN2r 7408

(Deterministic Ensemble Kalman Filter, DEnKF, Sakov
and Oke, 2008) %3 %. Sakov and Oke (2008) IZ
BT, H2fli CDEnKFOE L 74T X AITD
WOR L %, ST CHEMENRE TOLICH Y 5T
W AEMEETEFE E LTRIIY a7 (Arakawa,
1966) & ZERTIEZMNT 5. H4fiTIX, QGET
)V EDEnKFD 6 % % Y AT L% LT, PRI
B2 REREMKL 77— & H{LFER %2 1T\, Sakov
and Oke (2008) DFGROTIH % RA S .
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EnKFIZBWT, £2 D7 Y4 v 7V FRICKH LT
ANRY 7 4ANY SRR #EALTHErT2E, AL
2V 7 40NF L IR U TR SNl S 1T
LY. BllcEE %5 2 CIngedlid FErBaE
HI (Perturbed Observation, PO) #:T&%H % (Burgers et
al. 1998; Houtekamer and Mitchell, 1998) .

Monte CarloikiZ#E-D { POEICX L, EnSRF
(Ensemble Square Root Filter; Whitaker and Hamill, 2002)
FEHNCBEZ 5 2 2 OIRERN AR 7 1 Ly 03
PEBERINT S (Trippet et al,, 2003) . POIET
FFEGEIL B DINFHED BB 22 L OSE LRIL T,
BB OEARRAZD 7= ®, RNTIR AL B ORERE
FEDVNS WIS EG 7 0/NHIET 2 (P BE T
%) TFIREMEAYE S (Whitaker and Hamill, 2002) . P/
W74 V137 5 v 7V LMl Z Ffb L
TR 24TV, THRT v v 7VEENCE D 6 28T
& CRT T vy IVEBE R RD B

JRFHGIT AR R T REI N TV 203, R FE
ST ORI TS, T R O BREEICRTE T 2
HEz e oMz NS <7 2 REEZEF R AT
TH 5, REEZERMEAT I IRARZ2 M O BRI BT
% Hv> 2 POIREnKFIC IZA S ICHEMTE %25, 7V
¥ 7 WVRRE OGS ATH %2 V> 2 EnSRFIC#E T §
25 3B 2 —> 3ol I FLd 3 B3 H B

(Whitaker and Hamill, 2002) .

EnKFOEB Oz WAL T2 Licky, Bz

H8) 2 5 29 PAERR I TS 2 PUERI T v Y T

WA 7 4)V% (deterministic ensemble Kalman
filter, DEnKF) 232&R & 17 (Sakov and Oke,
2008) . DEnKF (& il a8 22 3655 Hie o> 38 /1N GTAM 235 Al
INTWED, FWT v v 7B D 675 %
ER STl 7 vy 7V BB 2Rk 5, 2070
EnKFRARICIREBZEBRFT LR E S ICHBITE, HE
OEM % R ICFLTE 5.,

ANy 748 (KF) ORI

P2 = (I - KH)Pf (1)
LERINS, 2 THIHEAMTI, KidAr=yirA v

K = PPTHTHPHT + R)™! 2)
HIZBEES 7, Pl P BATHITH 5. KF
DFENTIRAEIL T E FERT, EnKF DRt

P? = (I- KH)P 1 - KH)T 3)
FEA-KHTITBH2A>TH RN I B ERS0 5,
7YY 7VEEOIRIEIV NS W EARE L 72 TE,
FICBWTR)Z2EFEZHMACQRDHEZ BT 5 L

P2 = Pf —2KHP! + KHPTH'KT »~ (I - 2KH)Pf (4)

ks, ZoRiF, PUH Vv IILEHEK/2EH N
i, EROTTRE—KTEIERTBLTNS,

2.2 stEFIR
Z /NG I DEnKE O BRI 72 3 T IE % R 5

1. PHoOT7 vy X LT vy 7L
x{%

f 1i f
x =— ) X %)
mi
Lk ko, FHT VY 7LEHANL

Al =T —xf (6)
LT
2. A v iR
x? = xf + K(y - Hxf) 7
&7 vy y TV E RN %,
3. 2.1 T ORI D F KOs
—HT B k9L, KNRZHWTAY%R

1
AazAf—EKHAf (8)

TKD 5,
4, fETT Y Y IAXADEEDRAMNE R D LI,
FRIT T >3 v 7 NVBENCTg 2 MA %,
X% = A? +[x%, ..., x% ©)
H(®)IT & D R 7o figbranE oy i

Pa=a—KHHﬁ+%KHPﬁﬂKT (10)
L%, i BEETIE, KHD2KTH 3 R10)D

FOEWNI L ERAEELDT, PAry (I-KHPIE %
DEREIGEVRERD L Z ENTES, KHD2RD
HEeEHTE 2w MEy ) FETiEPRsl(10)D 52
HOS P2 K S 4, WitA v 7L —>avel
THRET 5. A (©®)%
1 1
M=5&4§(M—KHM) (1
EELLEARAILOBBME~DHEM (relaxation-to-
prior, Zhang et al. 2004) & %ffiTH b I L3005
(Bowler et al. 2013) .
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i — 7= — cos(2ny)
00l — curl T= - 2msin(2ny)
e N B T
T, curlt
Fig. 1 Idealized wind stress 7 = — cos(2z y) due to

the mid-latitude westerlies and subtropic and
subarctic easterlies (blue) and wind stress curl
(curlt = —dr/dy = — 27 sin(2x y), orange).

£, x, yi& Z NFNREZ & HPE R O R AR, wlEIRAR R
B, J(p.q)3X a7, A=0%/0x>+0%/0y* 137
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g=Ay -Fy (13)
TF =1600CH 5. R(12)DHETFHEIHEIZRE ﬂﬁ@
B, S OB, FIWEIEEMERE, B
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ERTNIAZIE, ZNFNe =107, 4 =2x 10712
ZEEHEL 3%, Sakov and Oke (2008)D 3 (20)D JE)E 11
A= DFFIZIELE>TED, YTV YA T
WIS 208, WMONTZ 5 LRI T 5 FEIF)E
WHA—NDBETHLEEZOND, £, oD
Fig. LTSRS T vy, Mk & bz
DS FTHEICIETH S b3,
REMEBREBISN A —LEDNT Vv R %
Svedrup (1947) V5 &>, dGEBREREVHT (%)
TIHEPERD > 7 & ) BUS2dbm E (FEmE) |
HRE 720, BUGHA—VidEEROEAcE (bl
TIE) &% % (Fig. 1) . SvedrupPfff2» & PR %
BRoTHEHBE (bR E) ottt i3, HEioXr
SHfiEE (H%EHF) coliEEAcidtmE (FHmE)
oL (FEEERE) »4EL, EBRENEER (K
RIEMEER) 2 Efl X415 (Pedlosky, 1987) . 2L
SDODDER (7N v A7) &, KVFEECIRE
BAGHT S OV 0 B & BN AR ) FEBR ISR T 5.
FPEEIEIIE0<x <1,0<y <1 DIETTE#HE &
L, 129x1295512d = 1/128 DRk 1 BESb 3 5.
PRIE DR Ty = Ay = A2y = 0% LINEFEIK D &
R 2 589 %, IR 212134 KX DRunge-Kutta
i, RO)ELE1IEORERE OB I IE =5y
oy Wiyl T Vi1

I~ 14
ox 2Ax (14

ZHW, E2HOWMOBROFIEIE, 3.6
TR B, FEIHOKMEAEE, X3)X D
Ay = q + Fyll BET R & 2 ORPER AL DI T RS
ZHNT S 7527 v DM
_ Pim1,j T Pis1,j T Pij-1 FPijr1 — 4Dij
d2

(15)
Z2EEH SR TRD 3,

31 mINvaery
Yaervi(p, gl

7} dq d dq
J(p,q) =— < d_y>_a_y(pa> (16)

EE VR IZ0TH B, FHEEH O 2L
¥tz Ara74 =ML, DNERAT—NLD
EWD L 2L F—Xi30Th 5. Thbb ekt
JEFE e R (BRI % B 7 K (12)) o #IiE A
WorThbhd, MEIWBorTRIFNIERS 2V
(Fjortoft, 1953) . & 2 ADSEARED

Jilp.q) = (i, j+1 = 9i,j-D(Pit1,j — Pi-1,))

4ﬁ ’ ’ Tan
=i+1,j — 9i-1,)Pi j+1 — Pi,j-1)

ZH 2 ORI LA EER LT S,
Arakawa (1966)3 D DD TERIN, YaL 7y
BIFALXF - R Ma 74 —2RET 5,

1
S(p.q) = 1d2 [(qz+l JH1 = i1, j=DPis1,j

= qi—1,j-1Pi-1,j
=(Gis1,j41 — Gi-1,j+DPi, j+1

—(gi-1,j+1 (18)

+(qi+1,j—1 - %‘—l,j—l)pi,j—l]

J(p.q) = 9i,j+1(Pit1,j+1 = Pi=1,j+1)

d2
=4, j—1Pi+1,j—1 ~ Pi-1,j—1) (19)
—Gi+1,j(Pi+1,j+1 — Pit1,j—1)
+4i-1,j(Pi-1,j+1 _Pi—l,j—l)]
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Fig. 2 V-cycle for a test function. Restricting from the top left (129x129) to the top right
(3%3) and prolonging from the bottom right to the bottom left. See the text for details.

0 20 40 60 80 100 120 0 20 40 60 80 100 120

0.00

(a) true (x2 —x4)(y* — y?) (b) mgrid 12=2.10e-06
0 0

20 20
40 40
60 60
80 80

100 100

120 120

DESEPTH Y, B ERLZEE (Arakawa
(1983)DFig. 2) TRDLbDTH B, T/, L FESL
DROBDT7 7y JABZNENOTH S Z 2R
ZEDBTED (Arakawa (1983)DFig. 3) .

3.2 ZERFE
R12)D 7 777 v 2 RA5)TEDERT 5 &

D = () 4 d’r (22)
4+d’F
LV REAPRO NS, 22 Tm)idnRlHDKER

L, r=Apy®W_FyW_ 4135855 CdH 5. Jacobilk
(Bl INEFRoBERZANHT 2561
Gauss-Seidelik) & WXL 2 T D KAGMREDUCK %
W 570, LEKT (multigrid) EE2HAVS, BT
ZFNOTHIER (restrict) L 72, WIFCoo iR
WRTIER (prolong) T 23BFEZ VYA 7))L LS,
EHN D FRHT

px,y) = (2 —xhHot -y (23)
12X 9 % Poisson /5 FE =,
Ap =-2|(1 - 6x2)y%(1 - y*)+
(24)

(1 - 6y2)x(1 - x?)

RGN p=0DTTRD S (Brigges et al. 2000;
Zingal 2014) . fRREEIX129%129, 65x65, 33x33,
17x17, 9x9, 5x5, 3x3D 7D DFFEIE % v 72,
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multigrid solutions,
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HIBR ¢ KEMBUT S BEE IR & L7228, K8
A% 3 LT KPR ¢ SRR T 2 5
BIIFZEAE BT, ETIE ERZ It KEL
WY #FEMAEZ107% (107) L LzE 22, KER
UM\ A 522, 80, 256, 747, 1905, 3989 (29, 109,
375, 1220, 3740, 10643) [Ml& e -7, HIRICEWTE
MR —VDOREZRBAPIY RN D Z EIckD,
MR Tl 7 o K RITTRITRIE DWW T W 2 EH
4y#2% (Fig. 2) . Fig. 3ICRNHR L FAR#4EE1070
LA ERT, #8134, =210x 1070 TR
POMNDIEEEDRECI LS.
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AKEClE, %2, @TENZTIURNL 27— A{LF
IEDEnKF £ QGE TV 2 flALSbE 27— 7 Ry A
TLAERREEL, PEEREORBRERL 77— 5
LFEE %17 .

4.1 EERERTE
(1) XS X%

EFIVOMRREIZn = 129 X 129 = 16641T, EH%
BROWTRHERZEET 2., ET#HLRE» S
500,000 2 7 v 7O RS 21T 9. 100,000R T v 7
DIBE100 R 7 v 7 HICIREE L 724001 2 7 v 7" & BEAH
KOk =252 vN—%FHRL 73 v 7V FHROWM
T2, BEERDTFHEDIA LAT Yy TR
Ar =125, BfEfkidgsiza =2x 10711 e L7,
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Fig. 4 Structure of a localization matrix for (a) all
elements and (b) a part marked by a white square.
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(3) REBRDOESH
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Wil & 3 2 EEE R R L EREE R TT) . IR
FREIB D A % F > B 8503 07 2 RA13) TR T 3.
(4) BFrr1E

SEATE (Sakov and Oke 2008) Thei & STV 5
o B R BL YR AT L Ba = 1.06, rg = 15 1% 1
EENZFUHVT RFHLRBUE S A8

Pt iz, j2) = oxp (—Ll’ L ’2)) (25)
i)

& L%, IRTED RTINS AR DB RK E 7% 5
B, 2RIGTIE 70y I NATHIRMAZ D ERD

(Fig. 4) .
(5) BHUC & BT DR

QGE TN D FREBIIMNLgD ATH Y, WAL
AN RD SN EBWERTH . TD2EK
22T, HECHERT2n X kD TFMT v v 7L
B, BN Tm x 2nDBHATEET- L T3,

Af =

Af
Z JH=[H, H (26)
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AL AL xkTH B, MRHTREI Y AT
2 X2nEn B0, UTDXIIC, nxnd7 oy 73
BIDRET B ENTES,
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k=1 PyPyy
T @7
F(AFY AT (Af
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eor | PagHg +PgyHy
PH = f gqTopf gT (28)
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fuogT _ f T f T
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PIHTIZ2n x m, HPTHIZm x mTH 2.
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piHT = f""’ ¥ (30)
P, H,
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q
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Fig. 5 Snapshots of the potential vorticity (left) and
streamfunction (right) at t = 1500, 3000, 15000 in
the free run. NB. Each plot uses a different colour
bar.
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ARERLIL, RARAT—LOBEIERINS
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b, MiFEEMEILOERTOT TIEY v A 7 LA E &
7Y, BEF5OWm»MBHINDG (¢t =15000) .

F—2 ELEBEDT5, 150, 225, 30094 7L (300,
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fill) %Fig. 6T/, fRHTHE & Pl IZ Bl & FLorT
DR DTEHEL TV,
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I CIE, MOIREINTEFHTH D, BOEHER 2R
FEOMENRE ST\ 2, T OMFET, EToETE R
BRECHEEZDONAE XSIE LTS, BEAEKSH
DREBRFETEA 7 IVA Y ERHD, Bk
FHPMELEIN TS,

Fig. 6128 T K 9 ICMRITIRAEIE 7 — & LB,
ST U BINRRE O 22 %2 Nl D, F{EIARE
WCESTEEL TS, RAEDKT2MENL 7281,
AT E O R 2% ElnloTR D, PHEE
AT HLD BN DR S 4B,

WL o A% FRICHCIEETY, WHEHw
A LA DTS & e, THBHIER O RS
B DE—HEEEIZ0TH B DN D 5 L EK TIEIC X
DREXCHETEZ L ERLTVS, —KH, Jifk
BRE72 T 2 PRI, 802 TR S EHE L 7
Lo, YA 7NV EHED B EROIRIENNS S D,
7YYV INDRNSECBMEFRML 2L %D, F
bz L oA, syic @iz @ ko 7.
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ZIRTCE TN & D HBEN KRR - WHEE TIVICHE
WHEHBHTIR (QG) B FMICHEMA L, THEDOERER
ZRL 72T T — 2 b EREZ T 7. QGET
NVZHWAFRIZOWT, [ a7 viconT#E
T B ELEBHIC, LHEKETIE X %2Helmholtz/7 2
DIFEDEIER T A b B CHER L 72,

KFE2RITEDQGE TN IE TR TH 210 L 2
WL CdH MMM ED D 5. PREEEORIER 2
B L 72 BRI AZE I X ) BERSHIN E ofiic B
TRBERT 5., Py IVEBD a4, 5
B2 (&I 2 72 O I RFHLAERITH 5.

FNY a7 VIE R 2R TOET EHALGD
FTCIRNLXF - VAR 74 —%EFEL, Hfito
A&7 T2 LICk IR ZEZFHTE S,

LB ARG E NI 2T, RERRT—)L
O EAEREL, Jacobitk X b b KiICA 72w KIE
BIECCHTE D RREICPOR S 2 2 L3 TE 5,

DEnKFIZEIH 0B &) %2 S8 L ¥ 9710, AN
DN 2 BN TE 5. AR 7 4 V& FRRICHRE
FINTH 208, [EE MR TP IR ML
YEDWERZT I, Py Yy IVICEDL ST D
CHERT 720, Schurfiic kX b A IC PG A
PR ERPLTE 5.
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Fig. 7 The root-mean square error (solid lines)
and analysis standard deviation (dotted lines) in
the data assimilation experiments with g,y
(control, blue), g only (orange), yw only (red),
and g, y without localization (green, terminated
at cycle 100).
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Fig. 6 Snapshots of the true streamfunction, analysis
error, standard deviation, and increment (left to
right) in the control data assimilation experiment at
t =375,7501125,1500 (top to bottom). The
circles on the true field represent observations.
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FESTHATHN D E BT B2 AT H T & X D BERINICE
BN TES, PHEAKEDEHEMOKSMEHIET
22L&k, BHEBOBMEZNHETZIELT
% %, DEnKFlZ, HBIEET VIO EHINT WS
(Sakov et al., 2012) DT, KEPHHEDHEMN T
TS 2 2 EDTHETH 5,
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