Linear relations among algebraic points on Drinfeld modules
YEN-TSUNG CHEN

AsstrACT. This is a survey article for a current development about linear relations among
algebraic points on a Drinfeld module defined over a global function field. This result
can be regarded as an analogue of Masser’s theorem for linear relations among algebraic
points on an elliptic curve defined over an algebraic number field.

1. INTRODUCTION

1.1. A theorem of Masser. Let E be an elliptic curve defined over an algebraic number
field K. We embed E in IP? by choosing a Weierstrass model

Y2Z = 4X3 — g X7% — g37°.

Thus, the invariants g, g3 lie in the number field K. Let /1 be the Neron-Tate height
on E(K). We set 71 := infpcpxn\E(k) 1H(P)} # 0 and w = |E(K)or| For x :=
(x1,...,x0) € Z"', we define |x| := max/_,{|x;|}. Then Masser’s theorem is stated as
follows.

Theorem 1.1.1 ([Mas88, Thm. E]). Let K/Q be a finite extension. Let E be an elliptic curve

defined over K and Py,...,P; € E(K) be distinct non-zero points with Neron-Tate heights at
most 2 > 1. If we set

/
G:= {(ﬂl,...,ag> S Zz ‘ le,’Pi = 0} - Zé,
i=1
then there exists a set {my,...,my,} C G such that G = Span,{my,...,m,} with bounded
size
] < 0o /)72
foreach1 <i<w.

In fact, his result includes all connected commutative algebraic groups defined over
an algebraic number field K. This survey article aims to present an analogue of Masser’s
result for Drinfeld modules.

1.2. Drinfeld modules. Let IF; be a fixed finite field with g elements, for g a power of
a prime number p. Let IP}]Fq be the projective line defined over F; with a fixed point
at infinity co. Let A be the ring of rational functions regular away from co and k be its
fraction field. Let ko be the completion of k at co and Co be the completion of a fixed
algebraic closure of k«. Let k be the algebraic closure of k in Ce. Let 6 be a variable. We
identify A with the polynomial ring IF;[6] and k with the rational function field IF;(6).
Let R be an [F;-algebra and 7 := (x +— x7) : R — R be the Frobenius g-th power
operator. We set R[] be the twisted polynomial ring in T over R subject to the relation
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Ta = a7 for &« € R. Let L C k be a finite extension of k. Drinfeld modules defined over
L are 1-dimenstional non-trivial -modules defined over L (see Sec. 2.1 for the definition
of +-modules). More precisely, a Drinfeld module is a pair E = (G,, p) with

pr=0+Kx17+ - +1x7 €L[t], x; €L

so that x, # 0 and r > 1. We define r to be the rank of the Drinfeld module E.
Given finitely many points Py, ..., P, € E(L), we consider the relation module over IF4[t]
associated to these points

G:={(ay,...,a7) € Fy[t]" | pa,(P1) + - - + pa,(Pr) = 0}.

The main theme of this survey article is to establish an upper bound of the size of the
generators for the relation module G over FF,[t] in the case of Drinfeld modules.

1.3. Overview. In Section 2, we review the theory of Anderson t-modules [And86] and
the notion of dual t-motives [ABPo4]. Then we focus on the case of Drinfeld modules. In
Section 3, we state an analogue of Theorem 1.1.1 for Drinfeld modules and then sketch
the main strategy of the proof.
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2. REVIEWS OF ANDERSON’S THEORY

2.1. Anderson f-modules and dual f-motives. In this section, We recall the notion of
Anderson f-modules [And86] and dual t-motives [ABPo4, Def. 4.4.1]. For further infor-
mation of these objects, one can consult [BP20, HJ20, NP21]. We first recall the definition
of Anderson t-modules.

Definition 2.1.1. Let L C k be an A-field and d € Z~. A d-dimensional t-module defined over
L is a pair E = (G%, p) where G¢ is the d-dimensional additive group scheme over L and p is an
Fg-algebra homomorphism
p : Fy[t] — Maty(L[7])
a v pg

such that opy — 61; is a nilpotent matrix. Here, for a € Fy[t] we define dp, := g whenever
Pa = &0 + Y a;T for a; € Maty(L).

Let F be a subfield of k containing L. Then we denote by E(F) the F-valued points of
the Anderson t-module E defined over L. More precisely, it is a pair (G%(F), p) of the

F-valued points of GY together with an [F,[t]-module structure on G4 (F) via p.
For n € Z, we define the n-fold Frobenius twisting

Coo((t)) = Coo((1))
fi= Zaiti > Za?”ti =: f(m),
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We denote by k[t,o] the non-commutative k[t]-algebra generated by ¢ subject to the
following relation:

of = fVe, fek[t.

Note that k[t, o] contains k[t], k[¢], and its center is F4[t]. Now we recall the notion of
dual t-motives.

Definition 2.1.2. A dual t-motive is a left k[t, o]-module ./ satisfying that
(i) A is a free left E[t]—module of finite rank.
(il) A is a free left k[c]-module of finite rank.
(iii) (t —0)" A C oA for any sufficiently large integer n.

In what follows, we explain how to associate a k[t, c]-module .# for a given +-module
E = (GY,p) defined over L. We set ./ := Mat s k[o]. It naturally has a left k[c]-module

structure. The left k[t]-module of .# is given by the following setting: for each m € ./,
we define

(2.1.3) tm := mp;.
Here we define
(2.1.4) oF == af + (ag—l))trg Foot (@)

whenever pr = ag+ Y, ;T with a; € Maty(L). It is clear that ./ is free of rank d over
k[o] and it is a straightforward computation that

(t—0) .ty C oM.

If ./ is free of finite rank over k[t], namely it defines an Anderson dual t-motive, then
the t-module E is called t-finite. In this case, we define r := rankg, ./ to be the rank of
the dual t-motive .#F.

Now we are going to explain how to recover a t-finite t-module E = (G¢, p) from its

associated Anderson dual t-motive .#r = Maty,4(k[o]). Let m = Y ', a0t € Mg with

a; € Mat;,4(k). Then we define
n ) tr
eo(m) := aff € i, e1(m) := (Z al(l)> ek’
i=0

Note that eg : .4t — %d is a k-linear map and €1 : Ag — Ed is an IF;-linear map. We have
the following lemma due to Anderson.

Lemma 2.1.5 (Anderson, [HJ20, Prop. 2.5.8], [NP21, Lem. 3.1.2]). For any a € IF,[t], we
have the following commutative diagrams with exact rows:

0—>%Eﬂ>%gi>Ed—>O

la(» la(» lapﬂ“

OH///E&//{E&EGZHO
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and
0 e (r—=1)(") My —d 0
Ja(» lu(» l (")
0 e N e Sk 0.

In particular, ey and €1 induce isomorphisms:

€0 : My /o Me = Lie(E)(k), e : Me/ (0 — 1)t = E(K)
where € is k[t]-linear and ey is IFy[t]-linear.

Now we recall the notion of t-frame. Let {mjy,...,m,} be a E[t]-basis of .#r. Then

there is an unique matrix ®r € Mat,(k[t]) such that
o(my,...,m)" = ®p(my,...,m)"
Now we define a map
L : Maty ., (k[t]) — ¢
(a1,...,a;) — agmy + - - - + aymy.

We call the pair (1, ) a t-frame of E. Note that for any (ay,...,a,) € Maty,,(k[t]), we
have

ouay,...,a;) =o(ay,...,a;)(my, ..., m)"
= (a(fl) a(fl))
= (a(_l),...,a(_l))thg(rnl,...,mr)tr

= (@Y, ..., al V) dp).

o(my,...,m)"

2.2. Dual t-motives of Drinfeld modules. In what follows, let E = (G, p) be a Drinfeld
module with

or=0+Kx17+ - +17 €L[t], x; € L.
Let .#¢ = k|o] be the associated k[t,c]-module of E constructed in Section 2.1, whose
t-action on the element m € .#F is given by

tm = mp; =m (0 tl o4+ Kﬁfr)a’> .

Note that ./ is free of rank r over k[t] and {1,0,...,0""!} forms a k[t]-basis of ..

Then we have the associated t-frame (1, ) where ®r € Mat,(k[t]) is given by
0 1

(2.2.1) o= o 1 | eMan ).
R v
(=r) (=r) (=r)

Ky Ky

Let P € E(L) be an element in L. Then
e; '(P) = 1(P,0,...,0) + (¢ — 1)Mp € Me/ (0 —1)ME
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where €7 is the induced isomorphism of [F4[t]-modules given in Lemma 2.1.5 between
E(k) and .#¢ /(0 — 1).#¢. The crucial point of our strategy is to identify algebraic points
on Drinfeld modules to elements in the quotient of its associated dual f-motives via €;

and then studying the corresponding question in the f-motivic language.

3. LINEAR EQUATIONS ON DRINFELD MODULES

3.1. The main result. Let L C k be a finite extension of k. For a divisor D of L, we
set .Z(D) to be the FF;-vector space of meromorphic functions f over the curve over FF,,
whose closed points are the places of L, and such that div(f) + D is an effective divisor.
In other words,

(3.1.1) Z(D)={feL*|div(f)+ D >0} U{0}.

Form := (my,...,my) € Fy[t]’, we define deg,(m) := max!_,{deg, (m;)}.
The main result of this survey article is the following theorem, which can be viewed
as an analogue of Masser’s theorem [Mas88] for Drinfeld modules.

Theorem 3.1.2 ([Che20, Thm. 1.2.5]). Let L C k be a finite extension of k. Let E = (G, p) be
a Drinfeld module defined over L and P, ..., P, € E(L) be distinct non-zero elements in L. If
we set

4 :
G:={(ay,...,a7) € Fy[t]" | ;pgi(Pi) =0} C F,[1]",

then there exist an explicitly constructed divisor D of L and a set {my,...,m,} C G such that
G= Span]qu{ml, ..., my } with bounded degree deg,(m;) < dimy, Z(D) + L.

3.2. Key ingredients of the proof. In what follows, we present the key ideas of our
strategy. We shall mention that our approach is different from Masser’s. The first step of
our method is stated as follows which reduces our task to solving Frobenius difference
equations.

Lemma 3.2.1 ([Che20, Lem. 3.1.1]). Let L C k be a finite extension of k. Let E = (Gg, p) be a
Drinfeld I, (t]-module defined over L with ¢y = 6 + 11T+ --- + 1,7 € L[1] and x, # 0. Let
Py,..., Py € E(L) be distinct non-zero elements in L and ay,...,a; € Fy[t] not all zero. Then
the following assertions are equivalent.

(1) pay (P1) + -+ - + pa,(Py) = 0 in E(L).
(2) t(ayPy+--- +llgpg,0,.;.,0) =0in Mg/ (0 —1) M.
(3) There exist 61, ...,6, € k[t] such that

(@Py+ - +aPy,0,...,0) = (6., —s" N0 — (=b1,...,—5,).
(4) There exist 5y,...,5, € k[t] such that
o1 =5 ():f%) +aPr+-tagPy

5§1) =01+ 6 <K(_:(+11))

T

P (;;"1; )
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(5) There exists g € L[t] such that
g 4+ kg — (t—0)g = a1 P + - -+ ayPy.

The second step of our method is to reduce the task from solving Frobenius difference
equations to solving a specific homogeneous linear system over IF,[t]. More precisely,
we have the following result.

Theorem 3.2.2 ([Che2o, Thm. 3.2.1]). There exists an explicitly constructed divisor D of L with
d := dimp, (Z(D)) and a matrix B € Matyxn(Fg[t]) with 0 < m :=rank(B) <n:=d+/{
and deg,(B) < 1 such that the canonical projection

4
7T o= {x € Fg[t]"Y) | Bx" = 0} — G = {(ay,...,a7) € Fg[t]" | Y_ pu,(P;) = 0}
i=1
(gl,...,gd,uh...,ag) — (111,...,115)
is a well-defined surjective IF4[t]-module homomorphism.

Once we have Theorem 3.2.2 in hand, we can apply tools from Diophantine geometry
to analyze the linear system occurs in question. More precisely, we prove an analogue
of [Cas59, Lem. 8 (p.135)] for lattice over F;[t] in [Che20, Lem. 2.4.1]. Then we apply a
function field analogue of Bombieri-Vaaler’s theorem [BV83] which was established by
Thunder in [Thugs]. We consult readers to [Che20] for the related details.
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