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On triality relations of certain 
eight dimensional algebras 

―ある 8次元代数の三対原理ー

N oriaki Kamiya 

University of Aizu, Japan 

この小論では 8次元代数 (symmetriccomposition algebra)の三対原理，つまり

自己同型群と微分の一般化について論究します．以下のような章です．

§0. Introduction, §1. Gell-Mann's pseudo octonion algebra, §2. Automor-
phisms and Derivations, §3. Triality relations of algebras, §4. Symmetric com-
position algebras, §5. Miscellaneous results, References. 

この様な内容について，具体的実例を含め述べさせていただきます（又，これ

らの sectionは独立に読める様に心がけたつもりです）．

§〇.Introduction

我々の三対原理の conceptを複素数 C のとき考えます． C の普通の積を＊，

共役元を豆＝ a-ib(x= a+ib, a,bは実数 i=A)とするとき， newproduct 
をxy= X*yによって定義します．この newproductで

g(xy) = (gx)(gy), d(xy) = (dx)y + x(dy) 

なる自己同型 gと微分 dを考えると，周期 21rで以下のようになります．

Aut C = {ei010 
21r -1+¥/'3i -1-』 i

＝ 
3 
n, n: integer}= {1, 

2 2 
｝竺 S3

21r _ _ 21ri 41ri 
Der C = {d E End Cid= ~in, n: integer}= {O, ~'~} 

3 3'3 

が成り立ちます． product（積）に注意してください．

j = 0,1,2に対して（自然数jをmod3で考えます）， EndCの元で，

gj(xy) = (gj+1x)(g1+2Y), dj(xy) = (dj+1x)y + x(d1+2Y) 

となる 9j,djを考えると，次のような AutC,Der Cの一般化が得られます．

Trig C = {(go,91,92)10:。+0:1+ 0:2 = 0, ei °'j = gj, aj E Re C} 

Trid C = {(d。,d1,ん)|a。+0:1+ 0:2 = 0, i O:j = dj, O:j E Re C}. 

次に nxn次の行列代数 Aで考察すると， j= 0,1,2に対して

叫a)x= aj * x *t巧＋1, dj(p)x=pj*X-X*PHl・ 

た；tこし ajE心：＝ ｛b E Alb *t b = Idn}, Pj E Alt(A) := {c E Al tc = -c}, 
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(x * yはstandardproduct of matrix,紐は転置行列です．）

と定義する．ここで xy= t(x * y)とnewproductを与えると

a-1(a)(xy) = (a-H1(a)x)(a-H2(a)y), d1(p)(xy) = (dH1(p)x)y + x(dH2(p)y), 
乃＝（1-aJ)＊ （1+aJ戸 (Cayleytr皿 sformation)が成り立ちます．簡単な動機
ですが，これらの概念を単位元を持たない非結合的代数で以下考えます．

§1. Gell-Mann's pseudo octonian algebra 

この節ではノーベル賞を受賞した Gell-MannのBaryonとMesonの記述に表

れる 8次元代数 [G]を以下，仁科賞と Wignermedalを授与されている S.Okubo
の本 [O]より抜粋させていただきます（余談ですが筆者は大久保進氏と多数の共

著論文が存在します）．

Letふ(j= 1,... , 8) be the 3 x 3 traceless Hermitian matrices introduced by 
Gell-M皿 n.Here denote i = ✓可． Their explicit forms are 

ふ＝ (>
1 0)  (° -i 

［），ふ＝ （i ゚>)
0 0 ,入2= i 

゜
-1 

0 0 0 

゜ ゜(° O l) （° ° i) (° 0 
［）  

心＝ 0 0 0,ふ＝ 0 0 0'柚＝ 0 0 
1 0 0 i 0 0 0 1 

ふ＝ （［ ~゚゜i)'ふ＝ （予1 ぶ゚,)゜
1 

(1.1) ▽ 
t 

゜
―言

which satisfy conditions with the standard matrix product入j*入kbelow. 

ふ＝冗， T心＝ 0and Tr（ふ＊心） ＝20jk・ (1.2) 

Moreover we have 

2 
8 

ふ＊入k=抄kE+L(djkl+ i加）N
l=l 

(1.3) 

where djkl =』Tr凶＊入k+ふ＊入j)*ふ， Jikl=予Tr（ふ＊入kーふ＊ふ） ＊ふ．
We remark that Jikz defined by (1.3) are the structure constants of the su(3) 

Lie algebra with respect to the product [x, y]* = x * y -y * x as follows; 

1 1 
8 

1 ぃ戸l*= iLf叫ぅふ）． (1.4) 
l=l 

Now we expand any elements X, Yin terms of入jby 

8 8 

X=LJ3x凸， Y＝こ⑮Yjふ (1.5) 

J=l J=l 
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and define a new product by 

Z = XY  = t ¥1'3zJふ， whereZJ = t心仰＋f叫 XkYl・ (1.6) 
J=l k,l=l 

This algebra with the product XY is said to be a pseudo octonion algebra. 

Then by using a symmetric bilinear form < XIY >= ¼Tr(X * Y) where 
X * Y denote the standard product of matrix, we can show that 

8 8 8 8 

<X|Y >＝こ疇1,and（こ叶）（こ砂） ＝こ号 (1.7) 
J=l J=l j=l J=l 

That is, in the new product XY, we obtain the composition law 

< XYIXY >=< XIX >< YIY >, 

and the associativity 

< XYIZ >=< XIYZ >. 

Note that these relations 

< XYIXY >=<XIX>< YIY > and < XYIZ >=< XIYZ > 

⇔ iff (XY)X = X(YX) =<XIX> Y, 

if< XIY > is a non-derenerate and symmetric bilinear form. 

(1.8) 

(1.9) 

(.) 

This algebra satisfying Eqs(l.8) and (1.9) with non-degenerate symmetric 
bilinear form < XIY > is said to be a symmetric composition algebra ([K-
0.2],[K-0.3]), and it contains a class of the pseudo octonion algebra. 

To next section, we will consider the pseudo octonion algebra with respect 
to the orthogornal basis vectors 

巧＝ ⑪朽・ (1.10) 

with the product given by 

8 

e凸＝こ（嘉djkl+加）el (1.11) 

l=l 

equipped with < ej匝＞＝ r5Jk・ Note that the product (1.11) is same as (1.6). 
この algebraを今後の為に A と表す．一方，Bynew product xy = μx * y + 

vy * x -½Tr(x * y)E, whereμ+ v = l, 3μv = l,この xyの積で A は（.)を

満たします．そして， eぃ・・・,esを直交基底として（1.11)の積で考えます． A=
span< e1,・・・，岱 ＞． A is a nonassociative algebra without unit element. 

Aはsimpleですが， B=span< eぃ岱＞ withdim B = 2を考えると，この

BはA=span< eぃ・・・，岱＞の subalgebraです．又C=span< e3,e4,e恥⑬ ＞ 

with dim C = 4もsubalgebraof A, since e均＝ ｝切＋浮es,e3es = e3, etc. 
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Remark. dをpseudooctonion alg. A defined by (1.6)の任意の derivation

とすると， 'v'x,y EAに対して d(xy)= (dx)y + x(dy)より， d[x,y] = [dx, y] + 
[x,dy]and [x,y] = xy-yx = (μ-v)(x*Y-Y*X) = (μ-v)[x,y]＊から (A,[x, y]) 
は8次元の A2typeのsimpleLie algebraとなり，その derivationは内部微分で
す．つまり dは(1.11)により定義された積で， 8次元単純リー代数

span< ad e1, ad e2, ・・・,ad玲＞ （＝ Inner Der(A, [x, y])) = A2 type 

の元として表され， adej (j = 1, • • •, 8)の 1次結合です．

行列代数の場合， B=(『。1)とおくと expt B = (：:：: cos t ) 

が成立し，交代行列と回転群の対応が存在します．これと同様に

Pseudo octonion algebra Aで(e1,...'玲） → （e~,...' 咋）なる End Aで特に

゜J= （↑ ―1)とおき， d＝ ( J J 。)なる 8X 8行列の 1次写像

を考えます．この時'v'x,yEAに対して， forthe product xy is defined by (1.11), 

d(xy) = (dx)y + x(dy) 

が成り立ちます．一方

9 = (:::l：ーc:言）

とおき， 9＝ (Id3 9 9 ）なる l次変換gを考えると， g(xy)~ (gx)(gy) 
が成立します．つまり Aにおける derivationとautomorphismの一例です．行列

と複素数の automorphismand derivationの場合の拡張を考えることができます．

§2. Automorphisms and Derivations of pseudo octonion algebra 

From now on, we assume that the algebra A is a symmeric composition 
algebra ([K-0.2],[K-0.3]) over ch F-/-2, 3 in this section. 

Let 

~={a = (a1,a2,a3) EA門

a凸 ＋1= aH2, < ajlaj >= 1,'vj = 1, 2, 3}. (2.1) 

For a given a= (a1, a2.a3) E ~ ， we introduce a notation 

A(a) = {p = (P1,P2,P砂EA31 

研 J+1+P凸＋1=Pj+2,<Pj匹＞＝ 0,¥/j = 1, 2, 3} (2.2) 

Note that A(a) is a vector space over F. 
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Moreover, we define qj E A by 

qj = a1+1P1+2 = Pj -P1+1aj+2- (2.3) 

From (Th.3.2 in [K-0.3]) and the notation being as avobe, we have the following. 

Theorem 2.1 For any a E I; and p E A(a), if we introduce Dj(a,p) E 

End A by 

Dj(a,p)x = (P1+1x)a1+1 + aj(Xqj)- (2.4) 

Then they satisfy 

Dj(a,p)(xy) = (DH1(a,p)x)y + x(DH2(a,p)y) (2.5) 

i.e., (D1(a,p)，恥(a,p),D3(a,p)) E Trid A (see §3 for this notation). 
Corollary For'va E A, s.t a 2 = a and < ala >= 1, alsoヨpE A,s.t ap + 

pa = p and < alp >= 0. Then D(a,p)x = (px)a + a(xq) is a derivation of 
A, where q = ap. This means the special case of a =釘＝伽＝ a3and 

p = P1 = P2 = p3 in Theorem 2.1. 

この Cor.を満たす idempotentelements aをpseudooctonion algebraにお

いて explicitnessに求める． §1のe1,・・・,esなる基底を用いる．

v'3. 1 
(a= -es,P = e4), (a=-― 釘 ＋ ーes,p = e2), 

2 2 

J3 1 " J3 1 
(a=-― e2 + ~es,P = e3) (a= —一切＋ーes, P =釘）

2 2 2 2 

(a=叫＋巧ー es,p = e5 -ie7), (a = ie5 + e7 -es, p = e4 -ie5) 

(a = e4 -ie5 + e5 -ie7 -es, p = e4 -ie5) 

1 1 1 1 
(a=ー釘十一切＋一切＋ーes,p =釘一切）．

2 2 2 2 

これらの対 (a,p) が Cor の仮定を満たす．これらの 8 個の対より作られた deriva—

tions D(a,p)をD(a1,p1)(j = 1, ・ ・ ・ 8)と表す．つまり D(a1,P1)= D(-es, e4) = 
D1筈と書くことにする．§ 1の結果 (Remark)より D(a1,p1)は次が成り立っ．

Der A=  span< D(aぃP1),・ ・ ・, D(aふ Ps)＞竺 A2(simple Lie algebra of dim 8), 

< D(aj,Pj)xly >= -< xlD(aj,P直＞．

Next we put (by notation of Dj = D(aj,Pj), j = 1, • • •, 8) 

and 

D2 
J ら＝exp D(aj,Pj)(= Id+ Dj +—+ •・・）

2! 

T/j = l11も(j= 1,・・・，8),(that is ry1 = Id). 

(2.6) 



57

Furthermore, we set 

G =< Id, T/2, ・ ・ ・限＞span (as a group), then¥/ g Ea,< gxlgy >=< xly >. 

On the other hand, for 3 x 3 matrix M(3, C) over the complex number field C, 
we set 

GL(3,C) := {A E M(3,C)ldet A-/-O} (general linear group), 

Z(GL(3, C)) :=｛入Id叶入ヂ O}(center), 

PGL(3, C) := GL(3, C)/Z(GL(3, C)) (projective general linear group). 

Then we obtain 
PGL(3,C)竺 G.

Indeed, if f : GL(3, C)→ G を次の様な準同型とするならば，入Id3→Id,and 
f―1仇） → 初 (i= 2, ・ ・ ・, 8)より上の同型を求めることが可能です．

§3. Triality relations of algebras（代数における三対原理）

少し長くなりますが，この節で非結合的代数系における一般的な trialityrela-
tions (local and globalのcases)を筆者の視点で述べさせていただきます．

Let A be a nonassociative algebra over ch F -/-2（以下において， algebraは

有限次元そして必ずしも単位元をもたない場合も仮定する）．

Following ([K-0.2] or [K-0.3]), suppose that a triple g = (g1,g2,g3) E 
(Epi A)3 satisfies a global triality relation 

gj(xy) = (91+1x)(g1+2Y) (3.1) 

where the index j is defined by modulo 3, so that gj土3= gj (this is said to be 
a triality group). We denote 

Trig A =  

{g = (g1, 92, g3) E (Epi A)3lgj(xy) = (gj+1x)(gj+2Y), ¥/j = 1, 2, 3} (3.2) 

This is a generalization of the automorphism group of A. 

In constrast to the algebra triality relations (3.1), we may also consider the 
local triality relation 

ち(xy)= (tj+1x)y + x(tH2Y)-

Analogously to (3.2), we introduce 

Trid A =  

(3.3) 

{t = (ti, t2, t3) E (End A)3IJり(xy)= (tH1x)y + x(tH2y),'vj = 1, 2, 3}. (3.4) 

Then, it defines a Lie algebra with component wise commutation relation. Also 

if (ti, t2，紐） ETrid A, it is easy to verify that we have for any CTj E F, CTj士3= CTj 

3 

t'= (t~, t己） ETrid A, where t~=LCTj―山 (j = 1, 2, 3). 
k=l 
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Furtheremore, if the exponential map tj→ら isgiven by 

DO 

1 
も＝ exp ち＝こ—(t n 

叫
j) 

n=O 

is well-defined, then we can show that 

ら(xy)=（も＋1X)（も＋2Y),

provided that t = (t1, t2，紐） ETrid A and vice-versa. 

(3.5) 

(3.6) 

Next we introduce multiplication operators of A, L(x), R(x) E End A by 

L(x)y = xy and R(x)y = yx. 

Def.3.1. Letも(x,y) E End A, for x, y EA (j = 1, 2, 3) be to satisfy 
(i) 

d1(x, y) = R(y)L(x) -R(x)L(y) 

必(x,y) = L(y)R(x) -L(x)R(y). 

(ii) The explicit form for d3(x, y) is unspecified except for 

d3(x,y) =―d3(y, x), 

(iii) 
(d1(x,y)，ん(x,y), d3(x, y)) E Trid A. 

(3.7a) 

(3. 7b) 

(3.7c) 

We call the algebra A satisfying these conditions to be a regular triality algebra. 
Remark Any Lie (resp. Jordan) algebra with product [x, y] (resp. xy) is 

an example of the regular (in particular, normal) triality algebra w.r.t. L([x, y]) = 
も(x,y)(resp.[L(x),L(y)]) for j = 1,2,3. 

p roposition 3.2 ([K-0.3]) Let A be a regular triality algebra satisfying 

either the condition (B) or (C); (B) AA= A, (C) if some b EA satisfies either 
L(b) = 0 or R(b) = 0, then b = 0. Then we obtain the following. 
(i) For any t = (t1, t2, t3) E Trid A, we have 

[tj, dk(x, y)] = dk(tj-kX, y) + dk(x, tj-kY) 

Especially, if we chooseち＝も(x,y) it yields 

(3.8a) 

[dj(u,v),dk(x,y)] = dk(dj-k(u,v)x,y) + dk(x,dj-k(u,v)y). (3.8b) 

(ii) For any g = (g1, 92叩） ETrig A, we have 

g心 (x,y)汀＝叫9j-kX,y)＋叫x,gj-ky). (3.8c) 

Let A be a regular triality algebra with either (B) or (C), and set 

L。=spanくも(x,y),¥/x,yEA>. (3.9) 
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Then L。isa Lie algebra by (3.8b}. Moreover, it is an ideal of the large Lie 
algebra Trid A by (3.8a), denoted by L。<JTridA. We call an "inner triality 
derivation"(naming of the author) this L。.

Def.3.3 If a regular triality algebra satisfies Eqs.(3.7) as well as 

d3(x, y)z + d3(y, z)x十 d3(z,x)y= 0, 

[dj(u,v),dk(x,y)] = dk(dj-k(u,v)x,y) +dk(x,dj-k(u,v)y)], 

(3.lOa) 

(3.lOb) 

then we call a pre normal triality algebra ([K-0.1]). Furthermore, if we have 

Q(x, y, z) := d1 (z, xy) + d2(Y, zx) + d3(x, yz) = 0, (3.11) 

then A is called a no竹naltriality algebra ([K-0.2]). Next we introduce the 
second bilinear product in the same vector space A with involution x→歪 by

X*Y＝可＝刃豆 (3.12) 

Then the resulting algebra (A, x * y) is said to be a conjugation algebra of A, 
for the new product x * y, by means of切＝Q百andQ E End A, we have 

恥(x* y) = (gj+1X) * (gj+2Y)，み(x* y) = (dj+1x) * y + x * (dj+2Y)- (3.13) 

Remark ([K-0.1]) The conjugation algebra of a structurable algebra which 
contains an alternative algebra is a normal triality algebra. 

Note that the vector space辺。 181Jo with 182 dimension ([S]) appeared Tits 
second construction of恥 isa normal triality algebra. 

Theorem 3.4 ([K-0.2]) The symmetric composition algebra, Lie and Jor-
dan algebras are a normal triality algebra. 

Theorem 3.5 For a normal triality algebra A, if we define 

lj = exp dj (j = 1, 2, 3), (assuming the well -defined) 

then we have 

ら(xy)=（知1X)（も＋2Y),

d 
［ー(exptd凡 (exptdj戸lt=O= [dj, d吋ETrid A. 
dt 

That is, this means that ([dj, d刈，［dj+1,dk+1l, [d1+2, dk+2]) E Trid A. 
Corollary. For the pseudo octonion or para Hurwitz algebras, the same 

result in Theorem 3. 5 holds, as these algebras are a symmetric composition 
algebra and so a normal triality algebra. 

Remark. In the normal triality algebra A, if we define an endomor-

phism by D(x,y) := d1(x,y) + d2(x,y) + d3(x,y), then we have the relations 
D(x, y) = -D(x, y), D(xy, z) +D(yz, x) +D(zx, y) = 0 and D(x, y) is a deriva-
tion satisfying [D(x,y),D(u,v)] = D(D(x,y)u,v) + D(u,D(x,y)v), thus this 
algebra A is a generalized structurable algebra ([Kl]). 
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Remark.([K-0.1]) The conjugation algebra (A, x * y) of normal triality 
algebra (A, xy) with a para unit e (i.e., ex= xe = x) is a structurable algebra 

with the unit e * x = x * e = x, since x * y =可 and岳＝ x.
Remark. Let (A, x * y) be an associative algebra. Then (A, x • y) is a 

Jordan algebra with new product and involution difined by x • y = x * y + y * x 
and歪＝ x,since they satisfy the identities x-y = y-x and (x-y) •丑＝ X· (y・丑）．

Remark. Let A be a normal triality alg. For（く心ふ） ＝ （exp d1, exp d2, 
exp d3) E exp L。,providedthat the exponential map is well-defined, 

'v'g = (g1, g2, g3) E Trig A ⇒ 

砂炉＝g1(expdk)炉＝ exp(g1d丁） Eexp L。.（by (3.8) and (3.9)) 

Therefore G。=＜ふふふ＞s_pan i~ ~n inv~ria?t.s~b~oup of Trig A. We call 
an "inner triality group" (nruning of the author) this G。.

For the details of this section, we would like to refer ([K-0.1],[K-0.2]and 
[K-0.3]), that is, for the concept of normal triality algebras and related topics. 

§4. Symmetric compostion algebras 

Algebraが次の条件を満たすとき， symmetriccomposition algebraという．

（必ずしも単位元を持たない非結合的代数系で考えています）

x(yx) = (xy)x =<xix> y, bilinear form< xly >=< ylx > is nondeg. (•) 

これは <xlyz>=< xlyz>をもつ compositionlawと同値です (cf.§1).

Proposition 4.1([0]) Any symmetric composition algebra with eight di-
mension over a field of ch F =J 2, 3 is limited to be either 

(i) a para-Hurwitz algebra, or 
(ii) an eight dimensional pseudo octonion algebra, 

where the para-Hurwitz algebra is the conjugation algebra of Hurwitz algebra 
(i.e., R, C, H (quaternion), 0 (octonion) if ch F = 0). 

By (Example 2.2 in [K-0.2]), we have results as follows. 
Symmetric composition algebras satisfy the triality relation for the choice of 

do(x, y)z = 2{[L(x), L(y)] -R([x, y])}z = 4{ < xlz > y-< ylz > x }. (4.1) 

Remark. The pseudo octonion algebra has neither unit nor para-unit. 
But the para-Hurwitz algebra has a para-unit, since ex= eTx =歪．

Next, ([T] or [S]), and日本語としては ([To]）における aprinciple of triality 
(local triality relation)として知られている Cayleyalgebra 0 の三対原理を我々

のnotationで表すと次の様になります． X*Yはstandardproduct of 0, xyはthe
product of para octonion algebra (or para Hurwitz algebra with 8 dim)です：

元(x,y)(u* v) = (d1+1(x,y)u) * V + U * (d1+2(x,y)v) m 
ただし元(x,y)= d3_1（瓦y），そして theinvolution x (i.e., x:iy =刃＊百 and
＝ x = x) of 0,とtheproduct x * y＝可のもとで (x* yはX* 
product xyです）

l(x)y=X*Y, r(x)y=y*x 

conjugation algebra's 

(4.2) 
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の記号において (bymeans of Eqs (3.7), (4.1) and Eq (4.2)）変形すると

d。(x,y) = l(y * x―歪＊ y)+ r(y)r(x) -r（歪）r(y)(=d3) = do（歪，i）

]。（x,y)=r(x*'fJ-y＊x)+ l(刀）l(x)-l（百）l(y), and furthermore 

d1(x,y) = l(y)l(x) -l（歪）l(y)=丞 d2(x,y) =直）r(x)-r（正）r(y)= d1です．

Using the notation l(O。)＝ ｛l(a)la = -a}, r(O。)＝ ｛r(a)la = -a}， その時

d。-d1E r(O。)， d。-d2E l(O。)， d1-d2 E r(O。)＋l(O。)and(tt)は

(d。-di)(u* v) = ((d1 -d2)u) * v + u * ((d2 -do)v) (U1) 

等のように表示されます． ttand tt'が初期の local"principle of triality’'です．

勿論，＜も(x,y)ulv>= - < uld1(x,y)v >, and D = d1 +必十 d3は

derivationです．そして Der 0 空 ら(Liealgebra of 14 dim)です，ただし

< xly>＝ ½(x*'f}+y ＊歪） ＝りTr(x* y)で内積を定義します．

(i)はxy=x可］の積 (x* y is the product of the conjugate algebra of the 
para octonion algebra with a product xy)では

も(xy)= (dj+1x)y + x(dj+2Y) (ii) 

となり，そして L。=spanくも＞竺 D4(Liealgebra of 28 dim)<lTrid 0です．

(i)と（翡）を比較すると，（ii)の公式の方が自然のような原理と思えます．

（廿U)is a local principle of triality in the para octonion algebra. 

Remark.([K-0.3]) Aをsymmetriccompostion algebra, a = (a1, a公％） E 
〗とする．そのとき g1(a) := R(a1+1)R(a1+2) (j = 1, 2, 3)と定義すると

g1(xy) = (91+1x)(g1+2Y) and 91+2(a)g1+1(a)gj(a) = Id 

が成り立つ．つまり global triality relationの例です． i.e.,(gぃ92,93) E Trig A. 
一方，［K-0.1]において， structurablealgebraについての三対原理も論究してい

ます．そこではジョルダン代数，交代代数についても論じました．つまり symmetric
compotion algebra以外の非結合的代数系でも我々の概念 trialityrelations（三対

群，三対原理）が適用可能であることを示しています．従って Freudenthalによ

る56次元の metasymplectic geometryに表れる代数系でも適用可能です． For

the triality relation of Lie algebras, we discuss in another paper (see [K-0.4]). 

§5. Miscellaneous results 

この節では色々な事柄について，将来の研究課題を含め論究します．

◎ Symmetric composition algebra Aのとき， aEAをidempotent（砂＝ a)か
つ <ala>=1として g(a)= R(a)R(a)と定義する====}g(a)は自己同型写像，

< g(a)xlg(a)y >=< xly > and g(a)3 = Id. Furthemore, following Theorem 2.5 

in [K-0.3], by using (2.1), Va, b E 1:, then G =< a1(a)化(b)and化(a)aj(b)>span 
is an invariant subgroup of Trig(A), where化(a)= L(a1+2)L(a1+1)パ乃(b)= 
R(bH1)R(bH2). Also if F = R, we obtain G 竺 s0(8),Trid L。竺 D4,since 

< g1xlg1y >=< xly >, Vg1 E G, < d1xly > + < xld1y >= 0, Vd1 E Trid L。•
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◎ Theorem 2.1 in §2の実例として， Forthe pseudo octonion alg. A, 

D1(a,p)x = (P1+1x)a1+1 + a1(xq1), for j = 1, 2, 3 

and a= (a1,a公％） EE,p = (p1,P2,p3) E A(a), q1 = a1+1P1+2 

の記号を用いるとき， Aの韮底 e1,・・・,esによって E,A(a)の具体例を

a= (a1, a2, a3) = (-es, -es,一玲） EE,p = (e2 -e3, e3 -eい釘ー◎） EA(a) 

とexplicitlyに与えると，この (a,p)で (D1(a,p), D2(a,p), D3(a,p)) E Trid A. 
別の例として a'=(ai, afi, a;) = (-es, -es,―⑬)，p'= (0, e2, -e2)によっても

(D1(a1,p1),D2(a1,p1),D3(a1,p1)) E Trid A. 

(Aにおける localtriality relationの実例）． g1(a)= R(aj+1)R(aj+2) is an element 
of the triality group. i.e., (g1, g2血） ETrig A. (global triality relationの実例）．

Also, a= (e1, e2, e3), p = ( 釘， e2,e3), p = (-e2 -es, e1, -e2) is an example. 
これらについての詳しい事柄と実例は別の機会に述べたいと考えます．（勿論 para
octonion algebraのtrialityrelationsの実例についても論及したいと思います．）

◎ Let A1, and A2 be two independent symmetric composition algebras. Then 
their tensor product A1 R A2 is a normal triality algebra with 

D心1Rx2,Y1 Rぬ） ＝心(x1,Y1)Rく 四如＞2id+＜疇1>idR d戸(x2如）
(5.1) 

for XいY1E A1心2如 EA2. We note that this leads to the Freudenthal magic 
square for the Lie algebras of 02, F4, E6, E7 and Es types (see [S], [K-0.2]). 

◎論文 [K.2]and [K.3]の2次代数 Zp[,.fa.]においては自然数pとqに依存して

Trig(Zp虞 l)竺ふ(Symmetricgroup) or Kf (5.2) 

です．ただし Kf= {(g1, g2, g3) E (Epi(Zp[,.fa.]))31(I d, I d,Id), (Id, -Id, -Id), 
(-Id, Id, -Id), (-Id, -Id, Id), (0, 0, 0), (0, -0, -0), (-0, 0, -0), (-0, -0, 0)} 
and 0 is the involution. knot theoryにおける quandleの実例も考察しています．

我々の pseudooctonian algebra Aにおいては {-e8,e8},｛-e8,e8, -e1心｝は乗法

で閉じています，｛一玲｝はquandleですが，｛ーe8,e8,-eい釘｝はquandleではない

です．実際e1(es岱） ＃（e心）（e心）です．しかし｛一岱，浮e1+}知—浮e1+ ふ玲｝
はqu皿 dleです． 叶＝ aなる idempotentを見つけることが重要だと考えます．

◎ベクトル空間 Aを{XIX=3 x 3 matrix, TrX = 0}とする X*Yを行列

の普通の積，そしてμ=年栢五， v＝江戸2とおくとき，

1 
XY  = μX * Y + vY * X -i;Tr(X * Y)E 

3 

とnewproductを定義する (Eは単位行列）．

⇒ <XIX> Y = X(YX) = (XY)X, (symmetric compostion alg.). 

(5.3) 
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ただし <XIY>= ½Tr(X * Y) and Tr(XY) = 0, for new product XY. 

研＝ 1を用いても XY= wX*Y-w2Y*X—竺呂Tr(X*Y)E と定義する．

⇒ <XIX> Y = X(YX) = (XY)X. 

この関係式 (5.3)の定義と概念は S.Okuboの19 8 0年代の論文等 ([O]）に Gell-
Mannの代数を拡張したものとして表れています．我々はそれを一般化した代数

でtrialityrelations (triality group and triality derivation)を考察しています．

最後にこの小論では証明なしで survey的な部分を含む newideaと具体例を

主に述べさせていただきましたので，興味のある方々は [K-0.1],[K-02],[K-0.3]

により一般論を参照して下さい．筆者の力量の少なさの為と時間的節約の理由に

より，この小論が英語と日本語の混在した論文になったことをお許しください．

そして最後に，

This note is a homage to Prof. Okubo (1930-2015). 
Acknowledgment. This work was supported by the Research Institute for 

Mthmatical Science, an International Joint usage/Research Center located Ky-

oto U niveristy. 

References 

[G] M.Gell-mann, Symmetry of Baryons and Mesons, Phys.Rev.,vol.125 

(1962), 1067-1084. 

[K.1] N.Kamiya, On generalized structurable algebras and Lie related triple, 
Adv.Clifford Algebras,vol.5 (1995)127-140. 

[K.2] N.Kamiya, A construction of Quandles associated with Quadratic 

algebras, RIMS Kokyuroku(Kyoto Univ.) vol.2130 (2019)13-20. 

[K.3] N.Kamiya, A construction of Quandles associated with Quadratic 

algebras II, RIMS Kokyuroku(Kyoto Univ.) vol.2188 (2021),34-44. 
[K-0.1] N.Kamiya and S.Okubo, Triality of structurable and pre-structurable 

algebras, J.Alg. vol.416 (2014)58-83. 

[K-0.2] N.Kamiya and S.Okubo, Algebras satisfying triality and S4 sym-

metry, Arxiv.1503.00614, Algebras, Groups and Geometries(A.G.G.) vol.33 (2016)1-

92 

[K-0.3] N.Kamiya and S.Okubo, A triality group ofnonassociative algebras 
with involution, Arxiv.1609.05892, A.G.G.vol. 35 (2018)113-168. 

[K-0.4] N.Kamiya and S.Okubo, Symmetry of Lie algebras associated with 

(s, 8) Freudenthal-Kantor triple systems. Proc.Edinb.Math.Soc. vol.89 (2016)169-

192. 

[O] S.Okubo, Introduction to Octonion and other nonassociative algebras 
in Physics, Cambridge Univ.press.(1995). 

[S] RD.Schafer, An introduction to nonassociative algebras, Academic press, 

(1966). 
[T] J.Tits, Algもbresalternatives, algもbresde Jordan et algebres de Lie ex-

ceptionnelles, I. Consruction, Indag. Math. vol.28 (1966) 223-237. 

[To] S.Togo,リー代数，槙書店，（1984)
Current address; shigekamiya@outlook.jp 

JAPAN, Chigasaki city chigasaki 1-2-47-201 


