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We have continued to study on group algebras of R. Thompson's group F. We 
would like to know whether these algebras satisfy the Ore condition or not. This 
question is directly connected to a well-known problem on F called the amenability 
problem. Unfortunately we have not been able to reached the answer. On the other 
hand, recently some research papers on this problem have been published. In this note, 
we first see a brief introduction for the amenability problem on Thompson's group F 

and then we consider Cuba's recent results ([4], [6] and [5]) on this problem. Finally, 
we introduce our approach and the current progress. 

1 Introduction 

An amenable group is a group whose subsets admit an invariant finitely 

additive probability measure. That is, a group G is amenable if for the 

power set P(G) of G, there existsμ: P(G)→ [O, 1] such that μ(G) = 1, 
if S and T are disjoint subsets of G then μ(SU T) = μ(S) + μ(T), and 
if S E P(G) and g E G then μ(gS) = μ(S). Amenable groups was 

introduced by von Neumann in 1929 in response to the Banach-Tarski 

paradox. Many equivalent conditions for amenability are now known. 

Neumann himself showed that finite groups and abelian groups, more 

generally, compact groups and soluble groups are amenable. Moreover, 

he showed also that a group which contains a non-abelian free subgroup 

(i.e., a subgroup which is a non-abelian free group) is non-amenable. On 
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the other hand, it was very difficult to find a non-amenable group which 

has no non-abelian free subgroups. In such a situation, a conjecture 

was stated: a non-amenable group always contains a non-abelian free 

subgroup. It is called the von Neumann conjecture (it is said that von 

Neumann's name was apparently attached to it by Day in the 1950s). 

First counter example for von Neumann conjecture was given in 1980 

by Ol'shanski1 [9], and then Adian showed that free Burnside groups of 

large exponent are also counter examples. In 2003, Ol'shanskil and Sapir 

[10] gave the first finitely presented example. 

Now, it is known that R. Thompson's group F does not contain a 

free subgroup, but it is a torsion free group unlike groups seen just 

above. In 1979, Geoghegan conjectured that R. Thompson's group F is 

not amenable. Since then, it has been the focus of a large amount of 

subsequent research, but this problem is still open. 

There is a well-known manuscript entitled "Thompson's group at 40 

years. Preliminary problem list" by Guba [3], in which he announced 

that if Thompson's group F is amenable then a group algebra K F of F 

over a field K is an Ore domain, and asked whether the converse is true 

or not. In 2019, Kielak gave a positive solution for this Guba's question. 

Recently, motivated by Kielak's result, Guba has studied on amenabil-

ity of F again and submitted several papers. In the next section, we will 

see Guba's recent results and consider what they suggest. After that, 

we will introduce our approach and the current progress. 

2 Recent progress on the problem 

Thompson's group Fis the group (under composition) of those homeo-

morphisms of the interval [O, 1], which are piecewise linear and orientation-
preserving, in the pieces where the maps are linear, the slope is al-

ways a power of 2, and the breakpoints are dyadic. Thompson's groups 
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F ~ T ~ V were originally defined by Richard Thompson in 1965 to 

construct finitely-presented groups with unsolvable word problems [7]. 

All of F, T and V arc finitely generated non-nocthcrian groups. T and 

V are simple groups but F is not so. We refer the reader to Cannon, 

Floyd and Parry [2] for a more detailed discussion of the Thompson's 

groups F, T and V. 

Now, it is known that Fis torsion free, finitely presented and orderable. 

On the other hand, it has no non-abelian free subgroups叫 ikeT and 

V, which leads to our question of whether Fis amenable or not. 

In 2019, Kielak [1] proved the next beautiful theorem: 

Theorem 2.1. (Tamari [11], 1954, Kielak [1], 2019) Let G be a group 

and K a field. Suppose that the group algebra KG  is a domain. Then 

G is amenable if and only if KG  is an Ore domain. 

Recall, in the above, that a domain (i.e., it is a ring with no nonzero 

divisors) Risa (right) Ore domain provided that for each A, B E R with 

B # 0, there exist X, Y E R with Y # 0 such that AY = BX. As is 

well known, if R is a (right) Ore domain then R has the (right) classical 

ring of quotients which is a division ring (a noncommutative field). 

In the above theorem, the necessity for amenability has been well 

known for a long time by V. S. Guba's manuscript [3], in which Guba 

asked whether the converse was true or not. Theorem 2.1 gave a pos-

itive answer for his question. Since Thompson's group F is orderable, 

the group algebra KF  is a domain for any field K, and so Theorem 2.1 

translates amenability of F into the Ore condition of K F. 

Now, F has the following presentation: 

F=〈Xo,X1, X2, ・ ・ ・ Xn, ・ ・ ・, I x-;1xjXi = Xj+l, for i < j〉.

For the above presentation, every non-trivial element of F can be ex-

pressed in unique normal form 

碕ox『0.・・心x;;ctn・ ・ ・X□x戸o,
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where n, o:。,．．．,an9 (3O,・・・ ，ぬ arenon-negative integers such that 

1. exactly one of O:n andぬisnon-zero and 

2. if叩＞ 0and厖＞ 0for some integer k with O ~ k < n, then 
位＋1＞Oor gK+1 > O. 

Let M be a positive monoid of F =〈Xo心1,...I x;l巧叩＝巧＋1,fori < 
j〉andKM  the monoid ring of Mover a field K. In [5], Guba first shows 
that K F satisfies Ore condition if and only if so does KM, and then it is 

shown that KM  satisfies Ore condition, provided for any homogeneous 

elements A, B E KM  of same degree, there exist U, V E KM  such that 

AU = EV. After that, he gives a partial solution to equations appeared 

in Ore condition for KM: 

Theorem 2.2. (Guba [5], 2021, [6], 2022) Let F =〈xo,x1, ・ ・ ・ I x;1的切＝

巧＋1,for i < j〉,andlet M be the positive monoid M of F, K a field 

and KM  (resp. K F) the monoid algebra of M (resp. the group algebra 

of F) over K. Then the following (1), (2) and (3) hold. 

(l) If A=  o:。Xo+ 0:1X1 + ・ ・ ・ + 0:亨 mand B =(3oxo + f31x1 + ・ ・ ・ +(3mXm 

(O:i,(3i EK), then 

AU= BU holds for some U, VE  KM¥ {O}. 

(2) If A=  o:。三＋匈1X⑰ 1+ a。虹0巧十 On吋＋ o:12X1X2and 

B=(3oox5+(3o1Xom+(302XoX2 +(3n吋十(312叫 2(O:ij,(3ij EK), then 

AU= BU holds for some U, VE  KM¥ {O}. 

(3) If A = (l -xo) then for any B E K F ¥ {O}, AU = EV holds for 

some U, Vin KF  ¥ {O}. 

Guba's results above suggest that if we would like to find elements A, 

B in K F which fail to satisfy the Ore condition, these elements need to 

be of somewhat large degree. 
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3 Find elements not satisfying the Ore condition 

Let K F be the group algebra of F over a field K. For elements A, B in 

k『 =KF ¥ { 0}, we consider the following condition (0) A,B: 

(O)A,B There exist U, VE  KF*such that AU= BV. 

By Theorem 2.1, if any two elements A and Bin KF* satisfy the con-

dition (O)A,B, then F is amenable. Actually, we would like to show 

non-amenability of F. Hence, in order to do it, we should just find 

elements A and B which fail to satisfy the condition (O)A,B・

Let A=釘十・ ・ ・ + am and B = b1 + ・ ・ ・ + bn be given nonzero elements 
in K F*, where ai, bi E F such that ai -/= aj and bi -/= bj if i -/= j. Suppose, 

to the contrary, that these two elements satisfy the condition (0) A,B・

That is, 

伽＋・ • • + am)U = b1 + ・ ・ ・ + bn V, 

for some U = 11附＋・・・十 7辺sandV = 61附＋・・・＋砂， where1, 8 E 

K¥ {O}，糾 ESupp(U) and vi E Supp(V). We have thus 

La⑦凸—こ闊見＝ 0.
z,j .

J
 ，
 

.^“ 

The above equation means that a叫 'sandb内 'sare canceled each other 

because of aりjヂ0and /3心ヂ 0,and so for each i, j, there exist p, q 

such that 

(P) {虹J= ap% （i # p,j # q) or ai附＝ b砂:'
見＝ b凸 (i-/=p,j-/= q) or bi巧＝疇q・

Let V = {(a,i,j), (b,p,q) 11 :Si :Sm, 1 :S j :S s, 1 :Sp :Sn, 1 :Sq :S 

t}, p(a,i,j) = a出jand p(b,p, q) = b砂q・ We consider here a two edge 
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coloured graph on V whose two edge sets E and Fas follows: 

E = { vw I v, w E V, v -/= w, pv = pw} 

F = {(v, w) Iv= (a, i,j), w = (a, i + 1,j) and v = (b,p, q), 

w = (a,p+ 1,q) with m+  1 = 1,n+ 1 = 1}, 

where Eis undirected and F is directed. 

We call this triple (V, E, F) a DSR-graph (see [8] for details). A cycle in 
an DSR-graph (V, E, F) is called an DSR-cycle if its edges belong alter-

natively to E and F; more formally, we call cycle (V', E') an DSR-cycle if 

there is labeling V'= { v1, v2,..., Ve} and E'= { v1v2, v沙 3,• • •, V2m-1V2m, V2m町｝
so that V2i-l V2i E E and (V2i, V2i+1) E F. 

By elementary graphical consideration, we can see that the property 

(P) implies the corresponding DSR-graph has a DSR-cycle, which im-

plies an equation w1 ・ ・ ・叫＝ 1in F, where Wi in W(ai, bjlm, n) = 

{ aiai—+\, bjbj~l I 1 :S i :S m, 1 :S j :S n, m + 1 = n + 1 = 1} and 

they satisfy the following condition: 

(Q)｛叫＝aJaJ言⇒ wt+1# aJ+1％占，

叫＝ bjb]占⇒ Wi+l-/= bj+l鱗・
We have thus seen that in order to find elements A and B of K F 

which fail to satisfy condition (O)A,B, we have only to find elements 

a1,..., am and b1,..., bn in F* such that for any finite number of elements 

叫，．．．．WkE W(ai,も|m,n), w1 ・・・Wk-/= 1 under the condition (Q). That 

is, 

p roposition 3.1. If there exists elements a1,..., am and b1,..., bn in F* 

such that for each finite number of elements w1,.... Wk E W(ai, bjlm, n), 

w1 ・ ・ ・ wk # l under the condition (Q), then F is non-amenable. 

When we try to find elements satisfy the condition in Proposition 3.1, 

we should search ones of somewhat large degree because of Theorem 
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2.2. We need also to know properties of chosen elements a/sand bi's to 

confirm that those elements satisfy the property needed in Proposition 

3.1. 

For example, if we choose elements 

4 12 8 -8 24 
釘＝ X砂ii, a2 = X。叫1, a3 = x109 

b1 = X加°祐，的＝ x灼誓，的＝ x各x翡，

then W = W(ai, bjl3, 3) = { a1a2` ％̀炉，b1b21,b2犀，b因｝，

a1a2-=x 7~, a2a3 -= x呼11x12, a3al = x10叫1--x
4 20 -1 8 -8 -24 -1 24 -12 -

0' 

励21= X判xり4,b2炉＝尋xり12x;;24, b3叩＝ x閉x芯％尺

and elements in W satisfy the following properties. If a1ゲ isannihi-

lated, then there exists w1,..., wk, w~,..., wf E W (k, l 2 3) such that 

(a1叫）WI...四 (aぶ）叫・・ • wf(a叫）．

For any aia畠andbib畠inW, we can see that all of those elements have 

similar property. 

Acknowledgments The author is grateful to Prof. Ben Fine for his 

accepting our invitation and giving us an interesting talk at the RIMS 

conference. 

References 

[1] L. Bartholdi, Amenability of groups is characterized by Myhill's The-

orem, With an appendix by Dawid Kielak. JEMS 21 (2019), 3191-

3197. 

[2] J. W. Cannon, W. J. Floyd, and W. R.Parry, Introductory notes on 

Richard Thompson's groups, Enseign. Math. 42(2) (1996), 215-256. 



110

[3] V. S. Guba, Thompson's group at 40 years. Preliminary prob-

lem list AIM Research Conference Center, January 2004, 

https: / / aimath.org/WWN /thompsonsgroup /thompsonsgroup.pdf, 

Accessed May 31, 2016 

[4] V. S. Guba, Amenability of semigroups and the Ore condition for 

semigroup rings, Semigroup Forum, 103 (2021), no. 1, 286-290. 

[5] V. S. Guba, On the Ore condition for the group ring of R. Thompson' 

s group F, Communications in algebra, 49 (2021), no. 11, 4699-4711. 

[6] V. S. Guba, Systems of equations over the group ring of Thompson' 

s group F, arXiv:2201.02308vl, 7 Jan 2022, 16 pages. 

[7] R. McKenzie and R. J. Thompson, An elementary construction of 

unsolvable word problems in group theory,Word Problems, Studies 

in Logic and the Foundations of Mathematics, 71 (1973), North-

Holland, Amsterdam, 457-478. 

[8] T. Nishinaka, On group algebras of R. Thompson's group F, RIMS 

K6kyuroku "Logic, Language, Algebraic system and Related Areas 

in Computer Science", 2193(2021), 107-114. 

[9] A. Ju. Ol'shanskil, On the question of the existence of an invariant 

mean on a group, Uspekhi Mat. Nauk, 35(4)(1980), 199-200. 

[10] A. Ju. Ol'shanskil and M. V. Sapir, Non-amenable finitely pre-

sented torsion-by-cyclic groups, Publ. Math. Inst. Hautes Etudes Sci., 

96(1)(2003), 43-169. 

[11] D. Tamari, A refined classification of semi-groups leading to gener-

alised polynomial rings with a generalized degree concept, Proc. ICM 

3, Amsterdam (1954), 439-440. 


