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1 Introduction 

Let F =艮 orC. Explicit formulas of Whittaker functions on GL(2, F) and GL(3, F) 
and related archimedean zeta integrals have been studied by several authors (cf. [2]). 

In this note we give explicit formulas of Whittaker functions on G = GL(4皇） andits 

application to archimedean zeta integrals. Since the case of principal series are already 

done in [4], we consider the remaining cases -P(2,1,1i and P(2,2i-principal series. As in 
our previous work [2], we derive a system of partial differential equations satisfied by 

Whittaker functions, and give Mellin-Barnes integral representations of moderate growth 

solutions. By using these explicit formulas, we compute the archimedean parts of Bump-

Friedberg zeta integrals ([1]) to give test vectors. 

2 Basic notation 

We define subgroups N, A and K of G = GL(4皇） by

N = {x = (x;,j) E GI x;,; = 1 (1::; i::; 4), Xj,k = 0 (1::; k < jさ4)},

A=  {y = diag(Y1Y2Y3Y4, Y2Y3Y4, Y3Y4, Y4) I Y1, Y2,仰，如＞〇｝，

K = 0(4). 

Then we have an Iwasawa decomposition G = N AK. Let g, n, a and t be the associated 

Lie algebras of G, N, A and K, respectively. Let p be the orthogonal complement oft in 

g with respect to the Killing form, that is, p = { X E g I t X = X}. For 1 :::; i, j :::; 4, the 

symbol E;,j denotes the matrix in g with 1 at the (i, j)-th entry and O at other entries. 

We set Eし＝ E;,j-Ej,i and見＝恥＋尻 (1:::;i,j:::; 4). Then {Ei,j 11:::; i,j:::; 4}, 
{EしI1:::; i < Jさ4}and {E「,jI 1 :::; iさj:::; 4} are bases of g, t and p, respectively. 
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Let gic be the complexification of g, and U(gic) the universal enveloping algebra of gic・

We define a matrix E =（ら）l:Si,j:S4of size 4 with entries in U(gic) by 

E 
Ei,i —号 if i = j, 

i,j =｛尻 ifi# j. 

We define the Capelli elements C1, C2, C3, C4 by the identity 

Det(tl4 + E) = t4 + C1t3 + C2t2＋匂＋C4

in a variable t. Here Det means the vertical determinant defined by 

Det(X) = L sgn(w)ふ，w(l)ふ，w(2)x3,w(3)ふ，w(4), X = （Xi,J-）lSi,jS4 
wE64 

with the symmetric group釣 ofdegree 4. It is known that the Capelli elements C1, C2, 

C3, C4 generate the center Z(9ic) of U(9ic) as a C-algebra. 

We define a character心(c1,c2,c3)of N by 

心(c1,c2,ca)(X) = exp{ 21r✓コ(c戸1,2 + C虹 2,3+ C虹 3,4)} (x = (xi,J) EN) 

for (c1, c2, c3) E配． Thenunitary characters of N are exhausted by the characters of this 

form. We say that心(c1,c2,c3)is non-degenerate if (c1, c2, c3) E（記）3.For c E恥 wedenote 

咋，c,c)simply by仇
We regard C00(G) as a G-module via the right translation. For a non-degenerate 

character心ofN, let C00(N¥G渾） bethe subspace of C00(G) consisting of all functions 

f satisfying f (x g)＝心(x)f(g)(x EN, g E G). For an admissible representation (II, Hrr) 

of G, let 

和，,;,= Hom(gc,K)(Hrr,K, C00(N¥G；心）砂

Here Hrr,K and C00(N¥G国）Kare the subspaces of Hrr and C00(N¥G；ゆ） consistingof 

all K-finite vectors, respectively. We define the subspace I~~ of Irr，ゅ consistingof all n，ゅ
homomorphisms <I> such that <I>(f) (f E Hrr,K) are moderate growth functions. We define 

the space Wh(II，心） ofWhittaker functions for (II，ゆ） by

Wh(II，心） ＝C-span { <I> (f) I f E H rr,K, <I> E Irr，,;,}, 

and define the subspace Wh(II，心）mgof Wh(II，心） by

Wh(II，心）mg=C-span{ <I>(f) I f E Hrr,K, <I> EI悶｝．

Let r_p: VT→Wh(II，い） bea K-embedding with a K-type (T, V7) of II. By definition, 

we have 

r.p(v)(xgk)＝ゆ(x)r.p(T(k)v)(g) (v E Vn x EN, g E G, k EK). 

Because of the lwasawa decomposition G = N AK, r.p is characterized by its restriction 

V →r.p(v)IA to A. We call v→r.p(v)IA the radial part of r.p. 
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Assume that II is irreducible. Then the multiplicity one theorem tells that the inter-

twining space I~-~ is at most one dimensio叫 Itis known that Irrゅヂ 0if and only if II IIゆ

is large in the sense of Vogan [5]. 
For (c1, c2, c3) E（町）叫 thereis a G-isomorphism 

三（C区 2,ca):c=(N¥G；叫） →び(N¥G；心（ci,c2,ca))

defined by三(C1,c年 3)(f)(g) = f (diag(C1C炉3,c2c3, c3, l)g) (g E G). Hence, it suffices to 
consider the case of叫． Inthis note, we give explicit formulas of the radial part of a 
K-embedding ip: VT→Wh(II，妬）mgfor an irreducible admissible large representation II 
of G and the minimal K-type (T, VT) of II. 

3 Representation theory of K 

Let us briefly explain a way of construction of irreducible representation of K. We define 

a representation (Tst, Vet) of K by Vet= M4,1(C) ~ C4 and Tst(h)v = hv (h EK, v E Vet)-
Here hv is the ordinal product of matrices h and v. For 1 ::::; i ::::; 4, the symbol [; 
denotes the matrix unit in Vat = Mぃ(C)with 1 at (i, 1)-th entry and Oat other entries. 

For 1さ i,jさ 4,we define妬＝ （i ̂ら EVat Ac Vat-We define the graded C-algebra 

冗＝〶い星虚（入心） by

R = Sym(Vst) 霰 Sym(¼t Ac 11st)，応＝ Symふ—入2(Vst) 羹 Sym入2(Vst ĉ Vst)． 

Here Sym(V) =④匹0Sym叫V)is the symmetric algebra on V with the usual grading 
for a C-vector space V. We regard Ras a K-module via the action T which is induced 
from Tst. Then n（入心） isa K-submodule of R. 

For v E 11st and v'E 11st Ac V.t, the elements v R 1 and 1 R v'of Rare denoted simply 
by v and v', respectively. Then we note that { [i I 1 ::::; i ::::; 4} U { [jk I 1さj<k::::;4}isa
system of generators of Ras a C-algebra. 

^ ＾ ^  ^  ^  For 1 ::::; i, j, k ::::; 4, we define elementsも＆知k,知， 6234of R by 

[＝（も）2+（む）2+ (6)2 + (t4戸，

＾ ら＝ふ如＋も知＋t3知＋＆ti4, 品k=＆知ーら品＋＆知，

＾ ＾ 知＝ tt1tJ1 + tt2知＋tt3知＋どi4tj4, 6234 = 6264一ふ浜24+ 64~23· 

Let In be the ideal of R generated by 

{.f, &234} U {_[; 11::; i::; 4} U {_f;j 11::; i::; j::; 4} U {_f;jk 11 ::; i < j < k::; 4}. 

We can show t~at the ideal In is K-invariant. The action of Kon R/ In induced from 

7 is denoted by T Let q応 R 3 r H r + In E R/ In be the natural surjection. Let 

入＝ （ふ，極ふ） EZ2 x {0, l} with入1~入2 ~ 0. We define a representation (T入，v入） of
Kby 

T入(k)= (det k)入3テ(k) (k EK), 

Then we can show the following: 

v入＝知（R(ふ必））．
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Proposition 1. Let 

位＝｛入＝（ふ，極ふ） EZ2x{O,l}I入1：：：：：入2：：：：： 0,入2ふ＝ O}.

The correspondence入⇔ T入 givesa bijection between AK and the set of equivalence classes 

of irreducible representations of K. 

Let S入 bethe set of l = (l1, l2, l3, l4, li2, 113, li4, l23, l24, 134) E (Z::,:0)10 satisfying 

li + l2 + l3 + l4 =入1-心， 伍＋ l13 + l14 ＋伝＋ l24十如＝ふ．

For l = (li, l2, l3, l4, l12, l13, l14, l23, l24, l34) E S入， weset 

切＝ q冗（且ぼ，）l，1且こ4応）lJk)

We note that｛叫lES入 formsa system of generators of V;入 asa CC-vector space. It is 

convenient to set u1 = 0 if l (/_ (Z2:0)10. We set O = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0) and 

釘＝ （1, 0, 0, 0, 0, 0, 0, 0, 0, 0), 

匂＝ （0, 0, 1, 0, 0, 0, 0, 0, 0, 0), 

伍＝ e21= (0, 0, 0, 0, 1, 0, 0, 0, 0, 0), 

e14 = e41 = (0, 0, 0, 0, 0, 0, 1, 0, 0, 0), 
知＝伍＝ （0, 0, 0, 0, 0, 0, 0, 0, 1, 0), 

e2 = (0, 1, 0, 0, 0, 0, 0, 0, 0, 0), 

e4 = (0, 0, 0, 1, 0, 0, 0, 0, 0, 0), 
e13 = e31 = (0, 0, 0, 0, 0, 1, 0, 0, 0, 0), 

e23 = e32 = (0, 0, 0, 0, 0, 0, 0, 1, 0, 0), 
知＝ e43= (0, 0, 0, 0, 0, 0, 0, 0, 0, 1). 

For入＝ （ふ，ふ，ふ） EAK, we have the following relations. 

• When入1-入22': 2, for l E Sた (2,o,o),we have 

Uz+2e1 +山＋2e2十山＋2e3+山＋2e4= 0. 

• When入l>ふ＞ 0,for l ES入— (2,1,o), we have 

I:i:::;j:::;4,if-i sgn(j -i)u1十匂＋eij= 0 (1 ~ i ~ 4), 

Ul十釘＋伍― Ul+eJ+eik + Ul十珠＋e,j= 0 (1 ~ i < j < kさ4).

• When入2~ 2, for l ESた (2,2,0),we have 

区区区4，肢｛i,j}sgn((k -i)(k -J)）切＋eik＋匂k= Q (1：：：：：： i,jー：：：：：： 4),

Uz+e12+e34一切＋e13+e24+切＋e14+e23= 0. 
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4 Generalized principal series representations of G 

We recall the definition of generalized principal series representations of G and the as-

sociated L-and c-factors. We specify certain representations of G1 = GL(l, JR) and 

伍＝ GL(2皇） asfollows: 

• For v E <C and 8 E {O, 1}, we define a character X(v,li) of G1 by X(v,li)(t) = sgn(t)0ltl" 

(t E Gサ

• For V E (C and K, E Z;:,2, let Dev,"-l be an irreducible Hilbert representation of G2 such 

that Dぃ(t12)＝戸 (tE恥） andDev,"-)~ D;t① D;;_ as (s[(2，股），S0(2))-modules,
where D店isthe discrete series representations of S1(2，艮） withthe minimal S0(2)-

type: S0(2)ぅ（誓訊。：芯） → e土ご代° E C汽

For n E {(1, 1, 1, 1), (2, 1, 1), (2, 2)}, we associate the block upper triangular parabolic sub-

group Pn = Nn叫 ofGas usual manner. Here Nn and Mn are the unipotent radical and 

the Levi part of Pn, respectively. Because of Vogan's characterization, any irreducible ad-

missible large representation II of G is infinitesimally equivalent to some II(j := Ind',;_(<J), G 
Pn(） 

which is induced from one of the following representations: 

• Case 1 (n = (1, 1, 1, 1)): 

<J = X(v1,li1)図X(v2.li2）図X（叫3)図X（四，04)where乃，匹底凶 E<C andふ，心的，心 E{O, 1} 
with ふミ必~ 63 ~ 64. 

• Case 2 (n = (2, 1, 1)): 

び＝ D伍，"-1)図X（叫2)図X(v3,o3)where乃， v公 U3E C，凡 EZ;:,2 and的，83E {O, 1} with 
82 ~ 63. 

• Case 3 (n = (2, 2)): 

<J=D伍，"-1)図D伍，心） where乃，v2E <C and凡，向 EZ;:,2 with "'1 ~向・

We call II(j a generalized principal series representation of G and the representation space 

of几 isdenoted by H(<J). To discuss three kinds of the generalized principal series 

representations simultaneously, we set r;,1, r;,2 E Z,ふ，82バ％ E{O, 1} and叫E<C as follows: 

• Case 1: r;,1:＝釘一釘，向：＝的一妬，叫：＝ K,1V1+ K,砂4・

• Case 2:ふ三凡 (mod2）， "'2 :=必ー 63, 叫：＝乃•

• Case 3:ふ＝灼 (mod2)，的＝ r;,2(mod 2), 83 := 0,叫：＝ V1・

Then we know T(,,,1ぶ紐3)is the minimal K-type of II(j. 

Let us recall the L-and c-factors of IIび． See[2, §5.1, §5.2] for the precise. The 

equivalence classes of irreducible representations of the Weil group叫 isexhausted by 

the characters吟 (vE <C, 8 E {O, 1}) and the two dimensional representations ¢,,，,,, (v E 

<C, r;, E Z;:,1). The associated L-and c-factors are 

L(s，吟）＝ fIR(s+ V + 0), c(s,吟，妬） ＝ （《）89
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L(s,¢叫＝「c（s+ ll 十~), E(s,</Jv，"'妬） ＝ （《可）K＋1.

nite dimensional Here we set応 (s)= 1r-s/2r(s/2) and fc(s) = 2(21r）ーS「（s). For a fini 

semisimple representation¢ of WJR, we define the corresponding L-and €-factors by 
m m 

L(s, ¢)=IT L(s, ¢ふ c(s, cf>，妬）＝ ITc(s，似叫），
i=l i=l 

where ¢ c::- 〶：：1 ¢; is the irreducible decomposition of ¢. The local Langlands corre-

spondence is a bijection between the set of infinitesimal equivalence classes of irreducible 

admissible representations of GL(n，恥） andthe set of equivalence classes of n-dimensional 

semisimple representations of WJR. For an irreducible admissible representation II of 

GL(n凪）， thecorresponding representation ¢[II] of叩 iscalled Langlands parameter of II. 

We define the local £-factors L(s, II), L(s, II,バ） andE-factors c(s, II，叫）， E(s,II, A汽叫）
by 

L(s, II)= L(s, ¢[II]), L(s, II, I¥り＝L(s,/¥2位[II])),

r::(s, II，切）＝ r::(s,¢[II]，妬）， c(s,II,八汽妬） ＝c(s,八行の[II]），切）．

Here /¥2: GL(n,CC) • GL(~ 
2'  

CC) is the exterior square representation. 

Since the Langlands parameter叫叫 ofirreducible generalized principal series Ilu is 

given by 

鴫l={:［□＿：〗①`〗①¢;：： ：二；：
如，1<1-l①%，"'2_1 case 3, 

we know that 

L(.,, II砂＝『二[1股[SK,〗l/`6;： ＋ l/2 ＋匂五(s＋巧＋釣）

rc(s ＋乃＋胃叫（s+乃十 K,デ）

,rr印＜Jこふ(s+ v;十l/j+ 18; -ら|）

rc(s十巧＋乃＋ 1`2-叫 (s+乃十四＋胃り

L(s, IIのり＝｛ 心 (s+ 2乃＋ふ）丘(s＋乃＋l/3+|必—剣）
r c(s + v1 + v2 + ~叫(s +乃十砂十代1十戸）

｀叫(s+ 2v1＋ふ）丘(s+ 2v2 + 82) 

e(s, II69心） ＝ ｛［口］：1＋＋6622＋十6:：“：二~:
(A)"'1 +"'2 case 3, 

c(s,11"'だ，心） ＝ ｛ （ご）釘十623+2代1

（ご）61,2十ふ，3十釘，4+62,3十必，4+63,4 case 1, 

case 2, 

（ご）釘十62+2"'1 case 3. 

Here we define 8;,j E { 0, 1} by 8;,j三ふ＋も (mod2). 

case 1, 

case 2, 

case 3, 

case 1, 

case 2, 

case 3, 



44

5 Differential equations 

We give a system of partial differential equations satisfied by Whittaker functions belong-

ing to minimal K -type T,（ん1ぶ2，J3)of II". For 1 ~ i ~ 4, let S;(a1, a2, aぁ叫 bethe i-th 
elementary symmetric function: 

ふ(a1,a2,aふ四） ＝こにさ4佑， 函(a1,a2,aふ四） ＝江<;i<j<;4a;aj' 

ふ(a1,a2,aふ四） ＝ a西 a⑩ 4・品(a1,a2,aふ四） ＝区1<:'.i<j<k≪:4a;ajak, 

For 1 :S: i :S: 4, we set 

12= {:：塁＇二刀＿デ，い） ：二：：
Si（乃＋吟， ll←号，乃＋号， l/2 —デ） case 3. 

Then we have 

IIu(Ci)f =礼f for f EH（び）K・

As in [2], we can find that HornK(Vr",,"2,約),H(a)K)= C加 andshow the following: 

• Assume that K1 > K2. For l E S詞 1，氏2必） and1さiさ4,we have 

4 

2叫加（切＋eJ＝LIIu(Ef,k珈（山＋ek),
k=l 

where叫＝ ｛伍ー必）巧＋ (63-応 case1,
乃 cases2,3. 

• Assume that氏22:: 1. For l E S（氏1-l，,;,2-i,o)and 1さi< j :S 4, we have 

2（乃十灰）加(Uz+eij)= II叫克＋見）加(Uz+eij)

(5.1) 

(5.2) 

＋区 {sgn(j-k)IIrr（応）加(ul+ek,)+ sgn(k -i)比（応）加(uz+e,k)}.
1-<;k-<;4, k,t{ i,j} 

(5.3) 

Let cp :凰，氏2，必）→Wh(IIa,灼） bea K-homomorphism. For l ES休1ぷ2必）， wegive a 

system of partial differential equations for cp（切）（y)(y = diag(Y1Y辺3Y4,Y2Y3Y4, Y3Y4, Y4) E 

A). Let秘＝ Yi羞 Since(5.1) with i = 1 implies that 

仇ー ,1)cp（叫(y)= 0, 

we can define a functionゆon（罠＋）3by 

ゃ（山）（y)=（《可）―li+l3-l13+l24 (-1)l2+h4+l23y{/2y髯／2-"'2YJ11Pz(Y1,Y2, y3) 

for l E S伍 叫3). From (5.1), (5.2) and (5.3) we get the following system of partial 

differential equations for <pz. 
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．． 
Proposition 2. (i) FoT l E S伍叫3),we have 

and 

｛ふー (21ry1)Jl12ー(21ry2）Jl23-(2町/3)Jl34}切＝ 0,

｛△3 + (21ry1)(82 -,1).ll12 + (21rぬ）（一仇十83-,1一励）氏23

-(21ry3)82R34 + (21ry1) (21rぬ）R13+ (21r加）（21ry3)R24}切＝ 0 

［ふー (21ry1){(-82+偽一切）（一83+ /1 +砂） ＋ （2可 3戸｝恥

-(21ry2)81 (-83 +,1 + "'2).ll23 -(21ry3){ 81 (-81 + 82) + (21ryi)2}.ll34 

+ (21ry1) (21ry2）（一偽十/1+ "'2)R13 + (21ry2) (21ry3)81.ll24 

+ (21ry1) (21ry2) (21r如）R14+ (21ry1)(21rぬ）R12,34]切＝ 0,

where今，ふ and△4 are the differential operators defined by 

and 

ふ＝ー哨ー噂ー（偽一図）2+8凸＋82仇―叫＋叫偽一砂）

+ (2可 1戸＋ （21r仰）2+ (2可 3)2-咋

ふ＝ 82仇ー偽＋臼）（坊ー 82+偽—叫—叫冴＋哨— 8182 ーあ（偽一四））
+ (21ry1)2(-82 + "'/1) + (21ry2)2(81 -83 + "'/1 + K2) + (21ry3)282 -"'/3 

△4 = 81(82 -81)(83 -82 -K,り（一偽＋刃＋四）

+ (21ry1)2（偽ー 82一励）（一偽十11十K,2)+ (21rぬ）塙（一偽十11+叫

+ (2可 3)気(82―如＋ （2可 1戸(2可 3戸一14,

respectively. Here 

.Yl12切＝ l位l-e1+e2 + l2({!!-e2+e1 

+ [13tpz-e13+e23 + li4'Pl-e14+e24 + [23tpz-e23+e13 + l24({!z-e24+e14, 

且23¢l= l咋l-e2+e3+ l詮l-e3+e2

+ li2'Pl-e12+e13 + [13cpz-e13+e12 + l24({!z-e24+e34 + [34({!!-e34+e24, 

.Yl34切＝ l咋l一切十e4+ [4tp/-e4+e3 

+ [i3lp/-e13+e14 + li4'Pl-e14+e13 + l23({!/-e23+e24 + l24({!/-e24+e23, 

.Yl13切＝ ［l'Pl-e1 +e3 + l詮l-e叶 e1

-li2'P!-e12+e23 + [14tp/-e14+e34 + l23'Pl-e23+e12 -[34({!/-e34+e14, 

.Yl24切＝ l炒l-e2+e4-[心l-e4+e2

+ li2'Pl-e12+e14 -[14tp/-e,4+e12 -l23({!/-e23+e34 + [a4tp/-e34+e23, 

.Yl14切＝ーl位l-e1+E4 -[4tp/-e4+e1 

+ li2'Pl-e12+e24 + l13({!Z-e13+e34 + l24({!z-e24+e12 + [34({!!-e34+e13 
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and 

恥，34¢l

= l1l3(pz-e,一切＋e叶 e4+ l1l4(pz-e,-q+e2+ea十らl詮l-e2一切＋釘十e4+ l2l4(pz-e2-q+e1 +ea 

+ li (l13(pz-e, +e2-e1a+e14 + l14tp1-e1 +e2-e14+e1a + l23(pz-e, +e2-e2a+e24 + l24tp1-e1 +e2-e24+e2J 

+ l2(l13(pz-e2+ei -e13+e,4 + l14(/!z-e2+e23-e14+e,a + l23(/!z-e2+ei -e2a+e24 + l24(/!z-e2+ei -e24+e23) 

+ l3(l13(pz-ea+e4-e13+e23 + {i4rpz-ea+e4-e,4+e24 + l23rpz-ea+e4-e2a+e13 + l24tpz-ea十e4-e24 +e14) 

+ l4(l13(pl-q+e戸 13+e23+ l14¢l-e4+e3-e14+e24 + l23¢l-e4+e3-e23+e13 + l24¢l-e4+e3-e24+e14) 

+ l13([14 + l23 + l)rpz-e13+e24 + l24({i4 + l23 + l)(pz-e24+e13 

+ l14(l13 + l24 + l)(pz-e14+e2a十伝（{i3+ l24 + l)(pz-e23丑 14

+ l13l24(rpz-e,a-e24+2e14 + tp1-e,a-e24+2e2a) + l14伝((pl-e14-e23+2e13+ (pl-e14-e2a+2e2J 

+ l13(l13 -l)(pl-2e1a+e14+e23 + l24(l24 -l)rp!-2e24+e,.+e2a 

+ l14(l14 -l)(pl-2e14丘 13丘 24十如(l23-l)(pl-2e23丘 1a+e24・

(ii) Assume that凡 ＞ ii2. For l E Sc,,,,-1，氏心）， we have 

I t<1-l\,~ 
仇ー円一 2)'Pl+e,+ 21ry坪 l+e2= 0, 

(-81 + 82 一叫—害＋h）如e2-2可 1此 e1+ 2可 2¢l+e3

+l炉l-e2+2e1+ l13cpz+e戸 13+e23+ l14'Pl+e1-e14+e24 

+ l23ifJl+e1 -e2a+eia + l24'Pl+e1-e24+ei4 = 0, 

(-a2 +必一叫＋芳— K,2 -l4)'Pl+e3 -2可 2¢l+e2+ 2可 3¢l+C4

-l玲l一切＋2e4-lia'Pl+e4-e1a+e14 -li4'Pl+e4-e14+e1a 

-l2a'Pl+e4-e23+e24 -l24'Pl+e4-e24+e23 = 0, 

(-83 +,1一叫＋胃-1+ K泣 z+e4-2可 3'Pl+e3= Q. 

(iii) Assume that 砂~ 1. For l E S(ni-lぷrI,o),we have 

⑫―乃ー V2一ん1戸 ＋ 1）如e12+ 21ry炒l+e13= 0, 

（坊ー必＋偽一乃一乃一 k1戸ー l13-l14 -l23 -l24)¢l+e13 

+ 21ry1lpl+e23 -21ry2lpl+e12 + 2町l3¢l十e14

+ l2lpl-e2＋⇔＋e12 + l3¢l一切＋e2+e12+ l13lp/-e1a+2e12 + l24lp/-e24+e12+e34 = 0, 

⑰ -03 + "/1 -乃一乃ーデ＋り）如e14

+ 2TY1¢l十e24-21ry3cp1十e13+ l2'Pl-e2+e4+ei2 + l3cpl-e3+e4+e13 = 0, 
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(-81 +偽ー U1-乃 +~-l4)如e23

-21ry1 C/Jl+e13 + 2勾l3¢l+e24-l炒l-e2+e4+e34-l詮l-e3+e4+e24= 0, 

(-81 + 82 -83 +,1 -附ー 1/2+ん1戸＋ l13 + l14十如＋ l24)此 e24

-27rY1'Pl+e14 + 2可 2'f!l+e34-2可 3'f!z+e23

-l炒!-e2+e3+e34-l詮l一切＋四十e34-{i3<f!!-e13+e12+e34 -l24'Pl-e24+2e34 = 0, 

(-82 + "(1一巧ー砂＋ん1戸ー 1)¢l+e34-2可 2l{Jz+e24= 0. 

6 Explicit formulas of Whittaker functions 

We shall give moderate growth solutions of the system above. Since the case 1 is al-

ready done in [4], we treat the cases 2 and 3. Our key observation is that the function 

如，o,o,14,ti2,o,o,o,o,1g4)(y) satisfies similar system of partial differential equations as that for 

the class one Whittaker functions (case 1 withふ＝ 62= 63 =ふ＝ 0).Then we know 

Mellin-Barnes integral representation of'P(o,o,o,l叫12,o,o,o,o,1g4)(y) and the other孤y)can be 

determined by the equations (ii) and (iii) in Proposition 2. 

Here are our main results. In the following, the path of integration is a vertical line in 

the complex plane, of sufficiently large real part to keep the poles of integrand on its left. 

Theorem 3. (Case 2) Let CY= D(v,,"1)区 X(l/2必）図 X(l/凸） with乃，乃， v3EC,釘 EZ2:2, 
的，必 E{0,1} and必ミ妬 suchthat IIび isirreducible. There exists a K -homomorphism 

和：鳳，62-63，63)→Wh(IIa，叫）mgwhose radial part is given by 

叫叫(y)= y~/2y髯誓→＋1/3. （ご）-h+l3-!,3+ls4 (-1)!2+h4+l23 

x (47f：言）313121,Vi(s1, s2, s3) Y181Y282Y383 ds1ds2ds3 

with l = (l1, b, l3, l4, li2, {i3, {i4, l23, l24,如） ES休1，必ーo3,o3),Here 

½(s1, s2, s3) 

= rc（釘＋乃＋芳）r股伍＋ 2巧＋ l3+ l4＋伍＋如）

x丘(s2+ v戸 乃十 l1+ l2 + li2 + l34)fie(s3＋乃＋乃十 1/3+号力

lu l23 l13 l24 

XLLLL 

X 

X 

i14=0 i23=0 i13=0 i24=0 

1 ! い -q+h+ i14十如＋ i13 + i24m（切一 q十乃＋ k1；り
4ハ仁T.}q丘(s1+況一 q+2v1十l1+ l3 + l4十伍＋如＋i14+如＋ i13+ i24) 

八(s3-q + 2乃＋ [4+ li4 + l23 -iロー加＋応＋i24)

r訊的＋況一 q+ 2v1 +乃＋玲＋ h +ら＋ [4+伍＋ l34+ li4 + b -i14 -i23 + i13 + i24) 

x丘(q十乃＋如＋如＋ ［23 -i23 + i14 + i13 -i24) 

x丘(q+ l/3十伍＋伍＋ {i4-i14 + i23 -i13 + i24) dq. 
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Theorem 4. (Case 3) Let a = D伍，ん1)図 D(v2ぷ2Jwith v1,砂 EC, 1,,1, 1,,2 E応 and
的 2向 suchthat II" is irreducible. There exists a K -homomorphism和： V叫 2,0)→
Wh(IIu,叫）mgwhose radial part is given by 

叫叫(y)= y{/2y髯誓1+2ゅ．（《）―h+l3-l13+l24(-1)l2+l14+l23

x (4ハ[I)3[ [［1 M(s1, S2，況）y戸y戸y383ds1 ds2ds3 

with l = (li, l2, l3, l4, li2, l13, fi4, l23, l24, l34) E S休1 ぷ2,o)• Here 

½(s1, s2, s3) 

= ric(s1 + 1/1 +号）丘(s2+ 2附＋ l3+h十伍＋如）

x「R因＋ 2乃＋ h +ら＋伍＋ l34)い（的＋巧＋ 2乃＋〗―1)

x l1喜言 c14:l23) c13; l24) 

l f r贔— q+li+i+j)応(s2 -q十附十代デ）

X 4バ□［い＋s2 -q + 2n+ h + l3 + h十伍＋ l34 + i +j) 

r艮因ー q+2乃十 l4+ fi4 + b -i + j)丘(q+ 1/2＋デ）
X 

r艮伍＋的一 q+2乃＋ 2v2+ li + l2 + l4 + li2 + fi4十如＋ [34-i十］）
. dq. 

7 Archimedean Bump-Friedberg zeta integrals 

As an application of our explicit formulas, we evaluate the archimedean part of Bump-

Friedberg zeta integral ([1]) which represents the product of the standard and the exte-
rior square L-functions on GL(4) at the unramified non-archimedean places. Let G2 = 
GL(2皇），的＝｛（51) Ix E艮｝， K2= 0(2). We define an embedding'i: G2 x伍→ G 
by 

（小＝（：：誓），92= （:: ：：））→ t(g1，ぬ）＝ （： ： ： ：） 
Let S（配） bethe space of Schwartz functions on配． Fors1, s2 E <C, <I> E S（配） and
WE  Wh(IIa,叫）mg,we consider the following archimedean zeta integral: 

Z(s1,S2,W¢) ＝ J J w(l(g直））<I>((0,1）ぬ）
応＼G2JN2¥G2

x I detg叶 s1-½I detg叶―s1+s2+½ d!J1d!J2-

Here dg is the right Gr invariant measure on N2 ¥G2 normalized so that 

Jふ＼c2f(g) dg = 100100 L2 f(diag(Y1Y2, ぬ）k)dk~『1 2i:2 
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for any compactly supported continuous function f on N2 ¥G2. Here dk is the normalized 

Haar measure on K2 such that J幻 dk= 1. By using our explicit formulas we can compute 

the integral Z (81, 82, W, cl>) to get the following: 

Theorem 5. FoT each II,,., theTe exists (W, cl>) E Wh(II,,.'れ）mgXS（記） suchthat 

Z(81, 82, W匝） ＝L(81,II砂L(82,II,,., A2), 

Z(l -81, 1 -82,和，術＝ c(81,II,,.,加）e（S2,II69叫，AりL(l-81,几）L(l-82,几，八り．

HeTe Wis the contmgTedient WhittakeT function ofW defined by W(g) = W( C 1 1 1)い）

and cl> is the FourieT tmnsjoTrn of cl>. 

Here are test vectors, that is, pairs of (W, cl>) such that the above identities hold. The 

symbol R means the right differential. Since the case 1 is done in [3], we treat the cases 

2 and 3. We defineふ，必，53as before, and define 5 E {O, 1} by 5三ふ十必＋妬 (mod2). 

• Case 2: a=  D伍，"1)図 X(v訊2）図 X(叫 3)with 52 ~ 53. We have 

and 

<I>(x1，叫＝ （《可X1+ Xがexp{-w(xi＋叶）｝

W=（-《可）1<1
ヽ

砂 (wo)

叫叩＋ご四）

(41r）ー1{R(E『,2)“祐(w3,4)-R(Et3)<fJu(W1,4) 

+R(Et4)砂 (w1,2)-R(Ef,4)四 (wぃ）｝

xく(41r）ー1{R(-EK4+ ✓コ葛，3)知（叫）

+R(Ef,4―《可E『,2い（四）｝

砂（一《コ叫，24+ W4,24) 

(41r）ー1{R(E「,2)<fJu(w12)-R(Et3)<p,ア(w23)

+R(E~,4)砂(w叫＋ R(Eい）砂(w14)}

（ふ，62,63) = (0, 0, 0), 

（釘，必，幻＝（1,0, 0), 

（釘，心匂＝ （0, 1, 1), 

（ふ，心幻＝ （1, 1, 1), 

（ふ，心幻＝ （0, 1, 0), 

（ふ，62,幻＝ （1, 1, 0). 

Here we define w0, Wp, Wp,q, Wpq, Wp,qr E Vi"',,62必） （l ：：：：： p,q,r：：：：：り by

Wo =qn(（且＋蒻）1<,/2), Wp =叫（（『＋叶）（1<1-1)/2品），

Wp,q = qn((~i + ~~)(1<1-2)/2~p~q), Wpq = qR(（く『＋ <t)(1<1-1)/2~pq), 

匹，qr=qn((（『＋ ct) （代1-2)/2~心）．

• Case 3: a=  D侶，釘）図 D伍，心） withli1 ~ li2. We have 

<I>(x1五）＝ （《言叩＋疇exp{-1r(xi＋叶）｝
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（ふ，6砂＝ （0, 0), 

（釘，必） ＝ （1, 1), 

ふ-I82. 

Wo =q冗 ((ti+ti)（代1一 "'2)/2t;J), Wp = qn((t『+ct)（Kl一 1<2-1)/2tpt;J)1 

叫＝ qn(（召＋翡）休1一心）／2知索―1).
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