NONINTEGRABILITY OF DYNAMICAL SYSTEMS NEAR
DEGENERATE EQUILIBRIA

KAZUYUKI YAGASAKI

ABSTRACT. We prove that general three- or four-dimensional systems are real-
analytically nonintegrable near degenerate equilibria in the Bogoyavlenskij
sense under additional weak conditions when the Jacobian matrices have a
zero and pair of purely imaginary eigenvalues or two incommensurate pairs of
purely imaginary eigenvalues at the equilibria. For this purpose, we reduce
their integrability to that of the corresponding Poincaré-Dulac normal forms
and further to that of simple planar systems, and use a novel approach for
proving the analytic nonintegrability of planar systems. Our result also im-
plies that general three- and four-dimensional systems exhibiting fold-Hopf and
double-Hopf codimension-two bifurcations, respectively, are real-analytically
nonintegrable under the weak conditions. To demonstrate these results, we
give two examples for the Rdssler system and coupled van der Pol oscillators.

1. INTRODUCTION

In this paper we study the nonintegrability of systems of the form
&= f(z), xeR" (1.1)

where n = 3 or 4 and f(z) is analytic. We assume that = 0 is an equilibrium,
i.e., f(0) =0, and the Jacobian matrix Df(0) of f(x) at = 0 has (I) a zero and
pair of purely imaginary eigenvalues, A = 0,+iw (w > 0), for n = 3 or (II) two
pairs of purely imaginary eigenvalues, +iw; (w; > 0), j = 1,2, with wy/ws & Q for
n = 4. Here we adopt the following concept of integrability in the Bogoyavlenskij
sense [6].

Definition 1.1 (Bogoyavlenskij). For any integer n > 1, the n-dimensional system
(1.1) 4s called (m,n—m)-integrable or simply integrable for some integer m € [1, n]
if there exist m vector fields f1(x)(:= f(x)), f2(2), ..., fm(z) and n—m scalar-valued
functions Fy(x), ..., F_m(x) such that the following two conditions hold:

(i) fi(x),..., fm(x) are linearly independent almost everywhere and commute with
each other, i.e., [f;, fx](z) = Dfe(z)fj(z) — Dfj(z)fu(x) = 0 for j,k =
1,...,m, where [-,] denotes the Lie bracket;

(ii) The deriwatives DFy(x),...,DF,_,(x) are linearly independent almost every-
where and Fy (), ..., Fy_p(x) are first integrals of f1,. .., fm, i.e., DEg(2)" f;(x)
=0forj=1,...,mandk=1,... ,n—m, where the superscript ‘T’ represents

the transpose operator.

Date: November 16, 2022.

2020 Mathematics Subject Classification. 37J30; 37G05; 34M35; 34C20.

Key words and phrases. Nonintegrability; Poincaré-Dulac normal form; degenerate equilib-
rium; fold-Hopf bifurcation; double-Hopf bifurcation; planar system; Rossler system; coupled van
der Pol oscillators.



2 KAZUYUKI YAGASAKI

We say that the system is analytically (resp. meromorphically) integrable if the
first integrals and commutative vector fields are analytic (resp. meromorphic).

If an ¢-degree-of-freedom Hamiltonian system with ¢ > 1 is integrable in the
Liouville sense [3,26], then so is it in the Bogoyavlenskij sense, since it has not
only ¢ functionally independent first integrals but also £ linearly independent com-
mutative (Hamiltonian) vector fields generated by the first integrals. Thus, the
Bogoyavlenskij-integrability in Definition 1.1 is considered as a generalization of
Liouville-integrability for Hamiltonian systems.

Under our assumptions, by power series changes of coordinates, the system (1.1)
is formally transformed to

B = —wry + g1(2F + 22, 23)x1 — go (27 + 23, 23) 20,
By =wxy + go(x? + 23, 23)x + g1 (23 + 22, x3) 20, (1.2)
i3 =g3 (2] + 25, 3)
with « = (1, 22, z3) for case (I), and to
B = —wiwg + hy (23 + 23,23 + 23)xy — ho(2? + 23, 23 + 23) o,
By =wix1 + ho(x] + 23, 235 + 23)2y 4+ by (23 + 23, 23 + 29) 22, (13)
B3 = — wowy + ha(2? + 23, 23 + 23)x3 — ha(2? + 23, 23 + 23) 24, '
B4 =woxz + ha(x] + 23, 235 + 23)23 + ha(2F + 23, 25 + 23) 14

with & = (21, 22,3, 24) for case (II), where g;(y1,y2), 7 = 1,2,3, and h;(y1,y2),
j =1,2,3,4, are formal power series of y; and yo, which may not be convergent,
such that g;(0,0),D,,93(0,0) =0, j = 1,2,3, and h;(0,0) =0, j = 1,2,3,4. See,
e.g., Lemmas 1.12 and 1.15 in Section 3.1 of [15] for the derivation of (1.2) and
(1.3). Equations (1.2) and (1.3) are, respectively, represented as

T1 = — wWTa + 1123 — Qax2T3,
To =wT1 + aax1T3 + 1 T2T3, (1.4)
i3 =as(z] + 23) + ayr]
up to O(|z|?) for case (I), and as
i1 =—wims + (o (2] + 23) + oz (25 + 23)) 2
— (B1(zF + 23) + Ba(23 + 23))2a,
Gy =1 + (B1(23 + 23) + Ba(a} + 23))an
+ (o1 (2 + 23) + a(x3 + 23))72,
i3 = — woty + (e3(af 4 23) + cu(a3 + 23))z3
— (Bs(z} + 23) + Ba(a3 + 27)) 74,
B4 =wowy + (Ba(af +23) + Bu(a] + 23))s
+ (as(z] + 23) + au (23 + 23))24

up to O(|z|?) for case (II), where a;, 3; € R, j = 1,...,4. Such simplification is also
one of the standard techniques, especially for bifurcations, in dynamical systems.
See Chapter 3 of [15] and Chapters 3 and 8 of [18] for the details. The above cases
are rather standard applications of the technique, as mentioned below.

Our main results are stated as follows:
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Theorem 1.2. Let n = 3 and suppose that the system (1.1) is transformed to (1.4)
up to O(|z|?). If one of the following conditions holds, then the system (1.1) is not
real-analytically integrable in the Bogoyavlenskij sense near the origin:

(i) aqay > 0;
(il) aray <0 and ay/; € Q.

Theorem 1.3. Let n = 4 and suppose that the system (1.1) is transformed to (1.5)
up to O(|x]3). If ay # a3, as # au, and one of the following conditions holds, then
the system (1.1) is not real-analytically integrable in the Bogoyavlenskij sense near
the origin:

(i) a1z or asay > 0
(il) aras, asay < 0 and a1 /asz, as/ay € Q.
We prove these theorems in Section 4. The unfoldings of (1.4) and (1.5),
T] = VT] — WT9 + Q1X1T3 — aXal3,
T = wT1 + VT2 + Q2123 + Q1 T2T3, (1.6)
i3 = pu+ ag(ef + 23) + aqr}
and
i = —wize + (v + ay (@? + 23) + ag(23 4+ 23)) 2y
— (Bi(ai + 23) + Bo(a + 2))z2,
@y =wiz1 + (B (] + a3) + Ba (23 + 2F))an
+ (v + on (2] +23) + 0n (@] + 23))2,
T3 = — wata + (p + az(af +a3) + aq(af + 23))zs,
— (Ba(a? +a3) + Pa(al + a1))za,
&g =wawy + (B3(af +a3) + Ba(2f + 2F))zs
+ (1t as(@] + 23) + aa(ws + 1))z

(1.7)

represent normal forms of fold-Hopf and double-Hopf bifurcations, respectively,
where p,v € R are the control parameters: At (u,v) = (0,0), fold (saddle-node)
and Hopf bifurcation curves meet for the former, and two Hopf bifurcation curves
for the latter. Such codimension-two bifurcations are fundamental and interest-
ing phenomena in dynamical systems and have been studied extensively since the
seminal papers of Arnold [2] and Takens [39]. See, e.g., [14,15,18] for the details.
In [1,42], the nonintegrability of the normal forms (1.6) and (1.7) in the Bogoyavlen-
skij sense were discussed: They were shown to be meromorphically nonintegrable
for almost all parameter values of «;,3;, j = 1,2,3,4, near the x3-axis and the
(z1,22)- or (x3,x4)-plane, respectively, when (u,v) # (0,0), while it was not de-
termined whether they are nonintegrable or not when (u,v) = (0,0). (A special
case of (1.7) in which 8; =0, j = 1,2, 3,4, was actually considered in [1] but their
values do not affect the conclusion, as in Theorem 1.3.) Our results show that not
only the normal forms (1.6) and (1.7) with (i, v) = (0,0) but also the full system
(1.1) is real-analytically nonintegrable if the hypotheses of Theorems 1.2 or 1.3 hold
when it is transformed to (1.2) or (1.3) having the O(|z|?)- or O(]z|®)-truncation
(1.4) or (1.5).
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We provide further backgrounds and related work. For a while, we consider the
system (1.1) in a more general situation in which n # 3,4 is allowed but = 0 is
still an equilibrium.

Definition 1.4 (Poincaré-Dulac normal form). Change the coordinates in (1.1)
such that Df(0) is in Jordan normal form. The system (1.1) is called a Poincaré-
Dulac (PD) normal form if [Sz, f] = 0, where S is the semisimple part of Df(0),
i.e., S =diag);, where Aj, j =1,...,n, are the eigenvalues of D f(0).

We easily see that the systems (1.2) and (1.3) can be written in PD normal form
for (1.1) under our assumptions although they may not be convergent. Actually,
Egs. (1.2) and (1.3) become

21 = iwz1 + (g1(2122, ¥3) + ig2(2122, 23)) 21,
2y = —iwzg + (91(2122, 23) — ig2(21 22, 73)) 22, (1.8)
i3 = g3(2122,73)

and

Z1 = iw121 + (hi (2122, 2324) + 1ha(2122, 2324)) 21,

[

29 = —iw122 + (h1(2122, 2324) — tha(2122, 2324)) 22, (1.9)
23 = iwazg + (h3(2122, 2324) + iha(2122, 2324)) 23, '
24 = —iwozg + (h3(2122, 2324) — tha(2122, 2324)) 24,
respectively, where
21 =T1 + 1T, 29 =21 —1T2, 23 =2T3+ 1Ty, 24 = T3z — 1T4.
We easily see that the systems (1.8) and (1.9) are PD normal forms. Henceforth

we also refer to (1.2) and (1.3) as PD normal forms.
Let A\;, s =1,...,n, be eigenvalues of D f(0), and let

Z} ={p=(p1,---,pn) €L" | p; > =1, py 20,1 # j, p# 0}

forj=1,...,n.
Definition 1.5 (Resonance set and degree). Let

n
Z)\jpjz()}, j:l,...,n,

=1

%j:{peZ?

and let
%=\ %;.
j=1
We refer to # as the resonance set of (1.1) and to
yr = dimg spang#
as the resonance degree of (1.1).

For the PD normal forms (1.2) and (1.3) we easily see that the resonance sets
are given by
Z = spany{(1,0,0),(0,1,1)} and £ = spany{(1,1,0,0),(0,0,1,1)},
respectively, and the resonance degrees are yg = 2. Yamanaka [48] proved the
following result for the general case.
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Theorem 1.6 (Yamanaka). If the resonance degree vygr is less than two, then the
PD normal form is analytically integrable. Moreover, there exists an n-dimensional,
analytically nonintegrable PD normal form with n = g + 1 for yg > 2.

Similar results for Hamiltonian systems are found in [9,10,49,55]. The above re-
sult does not exclude the analytic nonintegrability of (1.2) and (1.3). He also gave a
necessary and sufficient condition for (1.2) to be analytically (1, 2)-integrable in [48].
For example, if the system (1.4) is analytically (1, 2)-integrable, then oy, ag, gy = 0.

On the other hand, Zung [54] proved the following remarkable result on analyt-
ically integrable PD normal forms.

Theorem 1.7 (Zung). Let n > 1 be any integer. If the system (1.1) is analytically
integrable near x = 0 in the Bogoyavlenskij sense, then there exists an analytic
change of coordinates under which it is transformed to a PD normal form.

A similar result for Hamiltonian systems was obtained by Zung [55]. Theorem 1.7
also implies that the corresponding PD normal form is convergent and analytically
integrable if the system (1.1) is analytically integrable. Hence, the system (1.1)
is analytically nonintegrable if the corresponding PD normal form is divergent or
analytically nonintegrable. So we only have to prove the analytic nonintegrability
of (1.2) and (1.3) for the proofs of Theorems 1.2 and 1.3. In their proofs, we assume
that the system (1.1) is analytically integrable and that the power series in (1.2)
and (1.3) are convergent, and show that these assumptions yield contradictions.

For the problem on nonintegrability of dynamical systems, the Morales-Ramis
theory [26,28] and its extension [4,30] were developed and have produced numerous
remarkable results. See, e.g., [24,27,29] for such examples. Recently, the author and
his coworker also applied the techniques and obtained several results on the problem
for nearly integrable systems in [31,43,47], for the restricted three-body problems
in [44,45] and for an epidemic model in [46]. Here we use a different approach
without relying on the techniques. In particular, a useful relation between first
integral and commutative vector fields for proving the analytic nonintegrability of
planar systems is provided.

The outline of this paper is as follows: In Section 2 we reduce the nonintegrability
of (1.2) and (1.3) to that of simple planar systems. For this purpose, we use
Proposition 2.1 of [1], which enables us to reduce a special class of systems, including
(1.2) and (1.3), to planar systems, along with a simple but clever trick. In Section 3
we provide the useful relation on first integrals and commutative vector fields.
In Section 4 we prove the main theorems using the results of Sections 2 and 3.
Finally, to demonstrate our results, we give two examples for the Rossler system
[7,18,20,25,51] and coupled van der Pol oscillators [8,17,23,32,33,37,38] in Section 5.

2. REDUCTION TO SIMPLE PLANAR SYSTEMS

In this section we reduce the nonintegrability of (1.2) and (1.3) to that of simple
planar systems.
Using the change of coordinate (21, z2) = (r cosf,rsinf), we transform (1.4) to

7= gl(r2,x3)r, Ty = 93(7“2,303), 0=w +gg(r2,x3), (2.1)

of which the (r1,r2)-components are independent of §. Using the change of coor-
dinates (x1,x2) = (ricosfy,risinf;) and (xs,24) = (r2cosba, rosinby), we also
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transform (1.5) to
71 = hi(r},r3)r1, 7o = ha(r},r3)re,

) ) (2.2)
01 =wy + hz(rf, r%), 0y = wo + h4(rf,r§)

of which the (r1,r2)-components are independent of 6; and 65. So we expect
that one can reduce the nonintegrability of (1.4) and (1.5) to that of the (r,z3)-
components of (2.1),

= gi(r? ), iy = g3(r®, @), (2.3)
and the (r1,r3)-components of (2.2),
1= h(rf ), 2 = ha(rf,r3)re, (2.4)

respectively. This is true in a more general situation as follows.
Let m > 0 be an integer and consider m + 2-dimensional systems of the form

i':fx('ray% y=fy(33,y), (I,y)ED, (25)

where D C C? x C™ is a region containing the m-dimensional y-plane {(0,y) €
C?xC™|yeCm™},and f, : D — C? and f, : D — C™ are analytic. Assume that
by the change of coordinates © = (21, x2) = (r cosf,rsin ), Eq. (2.5) is transformed
to

r=R(ry), y= fy(r, Y), 0= O(r,y), (ry,0)¢€ D xC, (2.6)

where D c C x C™ is a region containing the m-dimensional y-plane, and R :

D — C, fy : D — C™ and © : D — R are analytic. Note that f,(r,y) =
fy(rcosf,rsinf,y). We are especially interested in the (r,y)-components of (2.6),
7

F=R(ry), = fy(ry), (2.7)
which are independent of 8. In this situation we have the following proposition.

Proposition 2.1.

(i) Suppose that Eq. (2.5) has a meromorphic~(resp. analytic) first integral
F(x1,22,y) near (x1,22) = (0,0), and let F(r,0,y) = F(rcosf,rsind,y).

If fyj(O,y) # 0 for almost all y € D for some j =1,...,m, then

G(r,y) = F(r,0;(y;),y)

is a meromorphic (resp. analytic) first integral of (2.7) near r = 0, where y;
and fy;(r,y) are the j-th components of y and f,(r,y), respectively, and 0;(y;)
represents the 0-component of a solution to

dr _ R(ry)  dye _ fulry) 49 _ O(ry) oy
dyj  fu(ry) Ay fylry) s dui fy(ry)
(ii) Suppose that Eq. (2.5) has a meromorphic (resp. analytic) commutative vector
field
v1(21,22,Y)
v(z1,22,y) = | va(z1,22,9)
vy (1,22, Y)
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with v1,ve : D — C and vy : D — C™ near (z1,x2) = (0,0). If ©(0,y) # 0 for
almost all y € D, then

(i)

_ (vi(rcosf,rsind,y)cosf + va(rcosd,rsinb, y) sin 6
- vy(rcosf,rsinb,y)

is independent of 0 and it is a meromorphic (resp. analytic) commutative
vector field of (2.7) near r = 0.

See Proposition 2.1 of [1] for the proof. Only the case in which first integrals
and commutative vector fields are meromorphic was treated there but its reduction
to the case in which they are analytic is obvious. Using Proposition 2.1 for (1.4)
and (1.5) (once for the former and twice for the latter), we immediately obtain the
following propositions.

Proposition 2.2. If the complexification of (1.1) in case (1) is analytically inte-
grable near (z1,z2) = (0,0), then so is the system (2.3) near r = 0.

Proposition 2.3. If the complezification of (1.1) in case (I1) is analytically inte-
grable near (x1,x2) = (0,0) and near (x3,z4) = (0,0), then so is the system (2.4)
near r1 = 0 and near ro = 0, respectively.

Here we remark that the systems (2.3) and (2.4) only need to have one first inte-
gral or commutative vector field for their integrability, since they are of dimension
two. Moreover, the converse statements of Propositions 2.2 and 2.3 do not hold in
general.

We turn to systems of the general form (1.1) with n > 2 but f(0) =0, Df(0) =
0,...,D*1£(0) = 0 and D¥f(0) # 0 for some k € N. Since f(z) is analytic near
x = 0, we have

fl) =Y fi), (2.8)
=k

where the elements of f;(x) are jth-order homogeneous polynomials of x. Letting
r = ey and changing the time variable as t — ¢¥t, we rewrite (1.1) as

§=>_ & firy)-
=0

We prove the following result.

Theorem 2.4. Suppose that f(x) has the form (2.8) for some k € N. If the system
(1.1) is analytically integrable in the Bogoyavlenskij sense, then so is the truncated
system

g = fr(y) (2.9)
Proof. Let F(x) be an analytic first integral of (1.1) near « = 0, and let

F(z) =Y Fj(z) (2.10)
=t
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for some ¢ € N, where Fj;(z) is a jth-order homogeneous polynomial of z. Here we
have assumed that F'(0) = 0 without loss of generality. Then we have

oo oo

DF(cy)" f(ey) = FHHITDE L ()T fra(y) =0,

in particular,
DF(y)" fu(y) =0,

which means that Fy(y) is an analytic first integral of the truncated system (2.9).
On the other hand, let v(z) be an analytic commutative vector field of (1.1) near
x = 0. Let

v(ey) =D elv;(y),
=0

where the elements of v;(x) are jth-order homogeneous polynomials of z, and as-
sume that vj(y) =0, j =0,...,¢ — 1, and v(y) # 0 for some £ € N. Then we
have

[v, fl(ey) =D f(ey)v(ey) — Do(ey) f(ey)

oo o0

— P FHIHD fi1(y)ves(y) — Duesi () fua(y) = 0,

in particular,

Dfi(y)ve(y) — Due(y) fr(y) =0,
which means that vy(y) is an analytic commutative vector field of the truncated
system (2.9).

Suppose that the system (1.1) is analytically integrable. Then we can choose
the analytic first integrals (resp. commutative vector fields) such that their leading
terms are linearly independent almost everywhere in a neighborhood of x = 0, by
taking their linear combinations if necessary. Actually, for instance, if F'(z) and
G(z) are linearly independent first integrals with (2.10) and

G(z) =) Gja),
j=¢

where G(x) is a jth-order homogeneous polynomials of x, and for some m > ¢,

m—1

Z (ClDFj ($) + CQDG]‘ (l‘)) =0
J=t

for some (c1,ca) # (0,0) but

m

> (&1DFj(z) + &DG;(x)) # 0

j=¢
for any (é1,¢2) # (0,0), then one may take F'(x) and
G(x) = c1F(x) + c2G(x),

for which the leading term is

c1DF,,(2) + coDG,y, (2),
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as two new linearly independent first integrals. So we show that the leading terms
of first integrals and commutative vector fields satisfy conditions (i) and (ii) of
Definition 1.1 for (2.9), along with the above observations. Thus, we obtain the
desired result. (]

Remark 2.5.
(i) In contrast to Theorem 2.4, the truncated system

k+m

g= fix)
=k

with m > 1 may not be analytically integrable in general even if the full sys-
tem (2.8) is analytically integrable. Actually, Yoshida [50] showed that the
truncation of the three-particle Toda lattice [40] with k = 1 is analytically non-
integrable at any order m > 1 although the Toda lattice is analytically integrable
as well known [11,16].

(ii) An argument similar to that of the above proof was used for a three-degree-of-
freedom Hamiltonian system in Section 2 of [36].

Applying Theorem 2.4 to (2.3) and (2.4) and using Propositions 2.2 and 2.3, we
obtain the following.

Proposition 2.6. If the complezification of (1.1) in case (1) is analytically inte-
grable near the origin x = 0, then so is the truncated system

= onres, @3 = azr? + ourd (2.11)
near (r,z3) = (0,0).
Proposition 2.7. If the complezification of (1.1) in case (II) is analytically inte-
grable near the origin x = 0, then so is the truncated system

1= (aar] + aard)ry, 7o = (asri 4+ aur3)r (2.12)
near (r1,r2) = (0,0).
Remark 2.8. If the system (1.1) is real-analytically integrable near © = 0, then
its complexification is also analytically integrable near x = 0. So we only have to

prove that the complexifications of (2.11) and (2.12) are analytically nonintegrable
near x = 0 for the proofs of Theorems 1.2 and 1.3.

3. PLANAR VECTOR FIELDS

In this section we give a useful relation between first integrals and commutative
vector fields for proving the analytic nonintegrability of such planar systems as
(2.11) and (2.12).

Consider planar vector fields of the form

2 =p(z), zeC? (3.1)
where p(z) is analytic in 2. We prove the following.

Proposition 3.1. Let D C C be a region that is covered by nonconstant solutions
to (3.1) almost everywhere. Suppose that the system (3.1) has a first integral Q(z)
and commutative vector field q(x) in D. Let

A(z) = det(p(2),q(2)) = p1(2)q2(2) — p2(2)q1(2),
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where q;(z) and p;j(z) are the jth-elements of q(z) and p(z), respectively. Then
there exists a function x : C — C such that

_ —p2(2)
AEDQE) = @) (25)). 2)
Proof. Let z = ¢(t) be a nonconstant particular solution to (3.1). We begin with

the following lemmas.

Lemma 3.2. If the planar system (3.1) has a commutative vector field q(z) (resp.
a first integral Q(z)), then & = q(¢(t)) is a solution to the variational equation (VE)

of (3.1) along ¢(t),
€ = Dp(p(1))é (3.3)
(resp. then n =DQ(p(t)) is a solution to the adjoint variational equation (AVE) of
(3.1) along (),
i =—Dp(e(t)"n ). (34)

Proof. Let q(z) be a commutative vector field of (3.1). Then
Dg(2)p(2) = Dp(2)a(2) =0,

so that d
7:9(¢(®) = Dp(e(t))a(e(?))-

Hence, £ = q(p(t)) is a solution to (3.3).
On the other hand, let Q(z) be a first integral of (3.1). Then

p(2)"DQ(z) =0,

so that
D(p(2)"DQ(2)) = Dp(2)" DQ(2) + D*Q(2)p(z) = 0.
Hence,
%DQ(w(t)) = D’Q(¢(t))p((1)) = ~Dp((t)) 'DQ(p(1)),
which means that n = DQ(¢(t)) is a solution to (3.4). O

Lemma 3.3. Let ®(t) and U(t) be fundamental matrices to the VE (3.3) and AVE
(3.4), respectively. Then
()T W(t) = const.
Proof. We easily compute
%(q’(t)T‘I’(t)) =0(t)" (1) + @ ()" U (t)
=2(t)" Dp(p(t) " (t) — (£) " Dp(p(t) " ¥ (t) =0,

which yields the desired result. O

We return to the proof of Proposition 3.1. By Lemma 3.2 £ = ¢(¢(t)) and
n = DQ(p(t)) are solutions to the VE (3.3) and AVE (3.4), respectively. Let 7(t)
be another linearly independent solution to (3.4). Noting that & = p(p(t)) = H(t)
is another linearly independent solution to (3.3), we see by Lemma 3.3 that

(P2 ) (D) () = const. (35)
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@zﬁ) bQ() = (c<c§<z>>> (39)

holds almost everywhere in D, where C(Q(z)) # 0 is a constant only depending
on the value of Q(z), since Eq. (3.5) holds at any point z = ¢(t) on the non-
constant solution for the same constant matrix in its right hand side. Note that
DQ(2)Tp(z) = p(2)TDQ(2) = 0 since Q(z) is a first integral of (3.1). The matrix

(2e0)

is nonsigular and its inverse matrix is given by

Azz) (qu2> _plf(g)) '

so that

From (3.6) we obtain

which yields (3.2) with x(Q) = C(Q). O
4. PROOFS OF THE MAIN THEOREMS

We are now in a position to prove Theorems 1.2 and 1.3.

4.1. Proof of Theorem 1.2. By Proposition 2.6 and Remark 2.8, Theorem 1.2
immediately follows from the following proposition.

Proposition 4.1. If one of the following conditions holds, then the truncated sys-
tem (2.11) is analytically nonintegrable.
(i) araq > 0;
(il) aray <0 and ag/; € Q.
Proof. Assume that condition (i) or (ii) holds. We easily see that the system (2.11)
has no constant solution except for (r,xz3) = (0,0) and a first integral
Q(r,x3) = r2*4/*1 (agr® + (a4 — a1)a3),
for which
2o —
DTQ(T, 33‘3) _ (Oél 044) T—2a4/a1—1(a3r2 + CMLU%),
aq
D, Q(r,xz3) = —2(aq — oug)r 20/ gy,

Obviously, Q(r,x3) is not analytic. We have the following lemma.

Lemma 4.2. When ay # 0, the system (2.11) has an analytic first integral near
the origin if and only if a1y <0 and ag/aq € Q.

Proof. We easily show the sufficiency. Actually, if a1 # 0, a1y < 0 and 204 /1 =
—{/m € Q, where ¢, m € N are relatively prime, then

r™(asr? 4 (o — oq)x%)e

is an analytic first integral.
We turn to the necessity. If ajay > 0, then

lim li lim li
Py QU rs) = 0, i, i Q) = 00,
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so that ¢(Q(r,x3)) is not analytic for any function ¢(s). We next assume that
a1 #0, aray <0, ag/ag ¢ Q, and ¢(Q(r,z3)) is analytic for some function ¢(s).

Let
Q(r,z3)) Zz%kr 9637

7=0 k=0

where @i, j.k € Z>o := {l € Z | | > 0}, are constants and the right hand side
is convergent near the origin. Here we can set ¢gg = 0 without loss of generality.
Differentiating the above relation with respect to r and 3 yields

2¢/(Q(T, 373)) (WT1—2a4/a1 + (Mr—m“/“l_lxg))

(€3] e5]
o0 o0
E E ¢]k'rj

7j=1k=0
and
—2¢(Q(r, x3)) (g — ug)r— 204/ @1 gy = Z Z kgjpriach=
3=0 k=1
respectively, where ¢'(s) = d¢(s)/ds. Hence,
oo (oo}
. ; Qy
55 eriatt < - 555 (S0 4 G2t
j=1k=0 j=0k=1 !

which yields

ko . k+2)as .
bok, 91k = 0, <a14 +J+ 2) Gjt2k = —Q%,Hz, Jik € Z>o.
Since
]€OZ4
— +j+2#0 foranyj>0and k>1,
o
we have
(k+2)as [(kay -1
G2j = — T Uy +2j G2(j—1)k+2 =
:(_1)j (k’ + 2)0[3 o (k’ + 2j)0é3
(651 (651
k A k+2(—1 -t
X (M+2]> (((]))044+2> ¢O,k+2j:07
o1 a1
k+2as (ka -t
G2j+16 = — % (044 +25 + 1) Go(j—1) k2 =

=(-1) (k Zf) s, (K +a21]) 3

k , -t k+2(j—1 -t
X(M+2j+1> <((]))O¢4+3) ¢1,k+2j:0
(€3] aq

for any j > 1 and k£ > 0. Thus, we obtain ¢;; = 0, j,k € Z>g, which yields a
contraction. This means the desired result. O
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Assume that the system (2.11) has a commutative vector field ¢(r,x3). Let
p(r, x3) denote the vector field of (2.11). We compute

Q(r,x3)pa(r,zs) _ Q(ras)pi(r,xs) aqr(asr? + (aq — aq)z3)
DTQ(T7 13) Dr;;Q(Ta 1'3) 2(041 - 044) ’
so that by Proposition 3.1
A(r,z3) = Cr(asr? + (ag — a1)z3), (4.1)

where C' # 0 is some constant, since Q(r, x3) is not analytic. We write the Taylor
expansion of ¢;(r, z3) around the origin as

0o

§ k.l
qj(rv {E3) = qiklT T3,

k,l=1

where ¢;i; € C, k,l = 1,2, are constants, for j = 1,2. Substituting them into (4.1)
and solving the resulting equation about p;x;, we obtain

a(r00) =C () + O+ [zaf).
So we have

Dp(r, z3)q(r, z3) — Dg(r,z3)p(z) = C ( Q1res

a3r2 + ayx

) L O + [P,

which means that ¢(r,z3) is not a commutative vector field. Thus, we obtain the
desired result. O

4.2. Proof of Theorem 1.3. As in Section 4.1, by Proposition 2.7 and Re-
mark 2.8, Theorem 1.3 immediately follows from the following proposition.

Proposition 4.3. If a1 # ag, as # ayq, and one of the following conditions holds,
then the truncated system (2.12) is analytically nonintegrable near (r1,7r2) = (0,0) :
(i) anas or asay > 0

(il) agasz, asay <0 and a1 /as, as/ay € Q.

Proof. Assume that a; # a3, ag # a4, and condition (i) or (i) holds. We easily
see that the system (2.12) has no constant solution except for (r,z3) = (0,0) and
a first integral

ro 2(a1—as) a1 — 03)r2 sz —anaa
Qri,r2) = (réz %—Fag—azl ,

2 T3

for which

2(a1 — az)(ag — ag)(azr? + agrd)

r1((a — az)r} + (ag — aq)r3)

2(a1 — az)(ag — ag)(a1r? + agri)
ra((1 — az)ri + (ag — aq)r3)

DrlQ(r17T2) = Q(Tlar2)a

D,,Q(ri,r2) = — Q(r1,m2).

Obviously, Q(r1,72) is not analytic. We have the following.

Lemma 4.4. If a1 # a3, as # aa, and condition (1) or (ii) in Proposition 4.3
holds, then the system (2.12) has no analytic first integral.
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Proof. We first assume that asasz — ajay = 0 and asay # 0 as well as a; # agz.
Then ay # a4 and ayas # 0. Hence, ascy > 0 (resp. < 0) if and only if ayag > 0

(resp. < 0). We see that
71

Qg /Oé4
)

Q(T]_J"Q) =

is a first integral, so that conditions (i) and (ii) do not hold if ¢(Q(r1, 7)) is analytic
for some function ¢(s).

We next assume that ay # ag, as # a4, ajasagay 7 0, and asaz — ajay # 0.
We see that

where
p1 = 2az(ag — ag)/(azaz — aray),
p2 = —2a1 (a2 — ayg)/(azas — agoy),
Py =24 — az)/(aaz — aray),
Py = —2an(a; — az)/(anas — ajay),
is a first integral. We have
Q(ri,m2) =0 or 1/Q(ri,72) =0 (4.2)

as (r1,r2) — (0,0) only if ayas, azay < 0. Hence, if condition (i) holds, then there
is no function ¢(s) such that ¢(Q(ry,r2)) is analytic, since if so, then Eq. (4.2)
must hold.

We additionally assume that condition (ii) holds and ¢(Q(r1,79)) is analytic for
some function ¢(s). By assumption, p; and p;, j = 1,2, are of the same sign, and

A ef@ (4.3)
P2
Let
$(Q(r1,72)) szﬁﬂd’ﬂ"m
7=0 k=0

where ¢;, 7, k € Z>q, are constants, ¢op = 0, and the right hand side is convergent
near the origin. Differentiating the above relation with respect to 1 and ry yields

M(Q3ri’l Yrf 4oyt ! p2 :ZZJ¢]kT1 3

Qo — (1 (Y
20x3 164 —1 k=0

and

_2¢I(Q(T1,7‘2))( p1,.p2—1 PY,.Po— 1) _

k—1
Q1T Ty + aorytry k;(b]krlr ,
Qa3 — (i1

Il
o
Eal
Il

hE
M

j 1

respectively, where (b' (s) = do(s)/ds. Hence,

P+J1p2+k1 p+31p+l~c1
E ]qﬁjk oqrit + agry! ry° )

j=1 k=0
[o Sl o]

1 k—1
sz¢jk ag,rPH-] 1 P2+k 1_|_a TP1+J 52"" ) (4.4)
7=0 k=1
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We consider the following two cases separately: (i) p1 — p} or ps — ph & Z; and

(il) pr — p1, p2 — ph € Z.

Case (i): From (4.4) we have ¢0, dor. = 0, and

(Jor + kaz)djk = (joo + kas) i =0,
ie., ¢jp =0, for j,k € N.

Case (ii): We assume that p1 — p] = jo € Z>o and pa — ph = ko € Z>o. The
other cases can be treated similarly. If jo = 0 and kg = 0, then p; — p} = 0 and
p2 — ph = 0, respectively, so that asaz —ayay = 0. Hence, jo, ko > 0. From (4.4)
we have ¢;o, ¢or = 0 for j,k € N and

(Jag+kas)gpjr =0 for 0 < j < joor0<k <k,
(Jar + kag)dje + ((J + jo)oz + (K + ko) aa)djt o k+ko =0
fOI‘j Zjo and k > k?o,
which yields ¢;, = 0 for j, k € N.
Thus, we have a contraction for both cases. This completes the proof. O

Assume that the system (2.12) has a commutative vector field ¢(r1,72). Let
p(r1,72) denote the vector field of (2.12). We have

Q(ri,m2)pa(r1,m2)  Qry,r2)pi(ri,ra) r( i + i )

- = 3T1T2

D, Q(r1,72) D, Q(r1,72) ?
so that by Proposition 3.1

2 2
A(ri,m2) = Criry + ’ (4.5)
Qg — Oy Q1 — Q3

where C' # 0 is some constant, since Q(r1,72) is not analytic. We write the Taylor
expansion of ¢;(r1,re) around the origin as

o0
_ k1
qj(r1,m2) = E qjkITI T,
fl=1

where gji; € C, k,1 = 1,2, are constants, for j = 1,2. Substituting them into (4.1)
and solving the resulting equation about g;x;, we obtain

q(r1,m2) = — < (T

(a1 — a3)(ag — ay) \T2

) L O(rf2 + Iraf?).
So we have
Dp(r1,72)q(r1,72) — Dg(r1,72)p(r1,72)

2C (ar? + agrg)m) 4 4
= — 0]
(01 — o) (s — o) <(a3r% +agd)rs) T ((r|* + |3,

which means that ¢(r1,72) is not a commutative vector field. Thus, we obtain the
desired result. g

5. EXAMPLES

As stated in Section 1, Theorems 1.2 and 1.3 imply that three- or four-dimensional
systems exhibiting fold-Hopf and double-Hopf bifurcations are analytically nonin-
tegrable under the weak conditions. In this section we give two such examples.
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5.1. Rossler system. We first consider the three-dimensional system

1 = —(x2 +x3), &2 =um1+axe, x3=bx;+x3(x1 —C), (5.1)
where a, b, ¢ are constants. The Rossler system

21 = —(x2 +x3), &2 =m1+ aora, <3="0bo+ x3(x1 — o), (5.2)

which was originally proposed by Rossler [35] and has been extensively studied,
e.g., in [5,12,13,19,21,22,34,41,52,53], is transformed to (5.1) with

co £ /2 — 4dagh
a=ay, b= — o Ry c=%<coi\/cg—4aobo),
2&0
by a change of coordinates
Ti0 T
T T — (3310, -0 10) , Two=1% (Co Fy/cd - 4a0b0)
ap  ag

if ¢ > 4agby and ag # 0, where the upper or lower sign is taken simultaneously,
and with

bo
a=0, b=—, c=c,
Co

by a change of coordinates

if ap = 0 and ¢y # 0. The system (5.1) has also been referred to as the Rossler

system in some references. Periodic orbits, invariant tori, chaos and fold-Hopf

bifurcations in (5.1) were studied in [7,20,25,51]. Moreover, the (1,2)- or (2,1)-

integrability of (5.1) and/or (5.2) was discussed in [21,22,52] and the following

results were obtained:

(1) The systems (5.1) and (5.2) are analytically (1,2)-integrable when a,b,c = 0
and ayg, by, cog = 0, respectively;

(ii) The system (5.2) is neither analytically (1, 2)- nor (2, 1)-integrable near x = 0
when ag # 0.

The second statement above means that the system (5.1) is neither analytically

(1,2)- nor (2,1)-integrable near any point on the line

XT1,T2,T3 T2 = —QT1,T3 = ATy,
{( ) eR?| }

especially near the origin when a # 0 and ¢ = 2ab # 0. However, we cannot deny
from the statement that the systems (5.1) and (5.2) may be analytically (3,0)-
integrable near the origin even when ag # 0.

When b =1 and ¢ = a € (—/2,1/2), the system (5.1) satisfies condition (I) with
w =2 —a?. We compute the coefficients in (1.4) as

a? a®+1 2a a
al:_ﬁ’ Qg = %% OZSZE, a4:§. (5.3)

See Appendix A.1 for the derivation of (5.3). Applying Theorem 1.2, we obtain the
following.

Proposition 5.1. Whenb=1, c =a € (—v/2,v2) and a® ¢ Q, the Réssler system
(5.1) is not real-analytically integrable near the origin.
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5.2. Coupled van der Pol oscillators. We turn to the second example, the
coupled van der Pol oscillators

. 2\ -
Uy — (51 — alul)ul +up = b1UQ,
. 2\ -
Uy — (62 — a2U2)U2 + cug = bouq,
or as a first-order system

il = Ta, iQ = —x1 + (51 — alx?)zg =+ bll‘g, (5 4)
i5 =4, &4=—cx3+ (02— a223)Ts + box1, .

where © = (u1, %1, u2,u2), and 0;,a;,b;,c € R, j = 1,2, and ¢ > 0 are constants.
The coupled van der Pol oscillators such as (5.4) have attracted much attention in
the field of dynamical systems and for instance, their dynamics and bifurcations
with aj =0; >0, j = 1,2, or a; = §; > 0 were studied in [8,17,23,32,33, 37, 38].
For simplicity we assume that a;,b; >0, j = 1,2, and ¢ > 1.

When 6; = 0, j = 1,2, and b1by < ¢, the system (5.4) satisfies condition (II)
with

\/(CH) (c—1)2 + dbibs \/(c+1)+ (c—1)2 + dbibs
w1 = ) Wz =

2 2

if wy/we & Q. We easily see that wy < 1 < wg and that

Witwi=c+1, wiwi=c—bby, (W?—1)(w3—1)=—biby. (5.5)
We compute the coefficients in (1.5) as

. albl(w% — 1)2 + ang(wf — 1)2 o — ((JJ% — 1)(a1b1 + agbg)

T Wi -DWE-ed) T bW )

e — (w% — 1)(@1()1 + a2b2) o — _a1b1(w% — 1)2 + agbg(w% — 1)2 (56)
T i -ed) T T 2@ - DWE -wf)

BJZOa j:17273a4'
See Appendix A.2 for the derivation of (5.6). Using (5.5), we see that the conditions
a1 # ag and as # a4 become
a1bi (w3 — 1)% — 2b1b2) + asba((wi — 1)* — 2b1be) # 0 (5.7)
and
arbr (Wi — 1)(wf +2w3 — 3) + azby(wi —1)(2wi +wi —3) #0,  (5.8)
respectively. Moreover, the conditions ajag > 0 and asay > 0 become
albl(wg - 1)2 + azbg(w% - 1)2 >0
and
ai1b (wf — 1)2 + agbg(wg — 1)2 > 0,
respectively, and both of them always hold since w; < 1 < wp and aj,b; > 0,
j=1,2. Applying Theorem 1.3, we obtain the following.

Proposition 5.2. When 6; = 0, aj,b; > 0, j = 1,2, biby < ¢ and wi/wa & Q,
the coupled van der Pol oscillators (5.4) are not real-analytically integrable near the

origin if conditions (5.7) and (5.8) hold.
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APPENDIX A. DERIVATION OF (5.3) AND (5.6)

We compute the coefficients in (1.4) and (1.5) for the examples in Sections 5.1 and
5.2, and derive (5.3) and (5.6). For the reader’s convenience, we also give general
formulas for computing these coefficients. See Sections 8.7.5 and 8.7.6 of [18] for
the details. We write the Taylor expansion of f(z) around x = 0 as

f(z) = Az + %B(aj,x) + %C’(a:,x,x) + O(|z|*),

where A = Df(0), and B(&,n) and C(,n, () are the bilinear and trilinear vector-
values functions with components

" 9%f; - 0
Bj(&n) = amkgjxl (0)km, Cj(&n, Q) = Z 8xkaxf]8xm( )EkMiCm

k=1 k,lm
forj=1,...,n withn =3 or 4.
A.1. Derivation of (5.3). Assume that f(z) satisfies condition (I). Let vy € R?
and v; € C3 be eigenvectors of A corresponding to the eigenvalues A = 0 and iw,
respectively,
Avg =0, Avy = iwvr,

and let up € R? and u; € C? be eigenvectors of AT corresponding to the eigenvalues
A =0 and —iw, respectively,

ATug =0, ATu = —iwus,

such that (ug,vo) = (ui,v1) = 1, where (,-) represents the inner product in C".
Then we can transform (1.1) to

o = Ko1wg + Koz|wi|® + O(Jwol® + |wi]?),

S 3 3 (A.1)
w1 = iwwy + kppwows + O(Jwol” + |wi]?),
where wg = (ug,x) € R, wy = (uy,z) € C and
Ko1 = %<u07B(U07UO)> €R, ko2 = (uo, B(v1,07)) €R, (A.2)

K11 = <’U,1,B(UO,’U1)> eC
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with the superscript ‘¢’ denoting complex conjugate. Letting 1 = Rew;, 22 =
Imw; and z3 = wo, we rewrite (A.1) as (1.4) with

a; =Rek11, @ =Imki, a3=~FKo, «4==FKo

up to O(|z|?).
We now compute the coefficients «;, j = 1-4, for (5.4) when b=1and c=a €

(—\/5, \/5) We have

0 -1 -1 0
A=|(1 a 0], B(n)= 0
1 0 —a & + &3m
and
a a+iw
vw=|-1], n=|1-a?—-iwal,
1 1
1 [@ 1 a —iw
= | -1 = 21—
1o =2 1] “ 2w?(a? — 1 — iwa) “ 1 e
By (A.2) we obtain
a 2a —a® +iw(a® + 1)

ko1 = w2’ ko2 = 02’ K11 =
which yields (5.3).
A.2. Derivation of (5.6). Assume that f(z) satisfies condition (II). For simplicity

we also assume that B(z,z) = 0. For j = 1,2, let v; € C* be an eigenvector of A
corresponding to the eigenvalue A = iwy,

A’Uj = iLUjUj,
and let u; € C* be an eigenvector of AT corresponding to the eigenvalue —iw;,
ATUj = —iijj,
such that (uj,v;) = 1. Then we can transform (1.1) to

Wy = dwiwy + Kpywy |w|? + Kigws fwa|* + O(jwy |* + |wy|h),

. ' 2 2 4 4 (A.3)
We = lwoWsy + Ko Wa|w1|® + Kogwa|wa|* + O(|w1|* + |w1|?),
where w; = (uj,z) € C, j =1,2, and
k11 = (u1, C(vg,v1,07)), K12 = (u1, C(v1,v2,03)), (A1)

ko1 = (uz,C(v1,v7,v2)), koo = %<U2,C(U27027U§)>

are also complex. Letting z1 = Rew;, zo = Imwy, 3 = Rews and x4 = Im ws, we
rewrite (A.3) as (1.3) with

a1 = Reky1, a2 =Rekia, a3 =Reks, oy =Reko,
Br=Imry1, B2=Imkia, B3=1Imko1, [s=Imra

up to O(|z|3).
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We now compute the coefficients «;, 55, j = 1-4, for (5.1) with §; =0, j = 1,2,
and b1by < c¢. Note that B(£,n) = 0. We have

0O 1 0 O 0
A —01 8 161 (1) e O) = —2a1(§&17m1C2 +g1772C1 + &am 1)
by 0 —c O —2a9(&3m3Cs + £314C3 + Eamsls)
and
ibl/(“ﬁ(%ﬁ —-1)) , “iwlgag —1)/by
vy = —b1/(wi —1) u = YL 1 (w3 —1)/b1
—i/wy ’ 2(w? — w?) —iwy ’
1 1
ibl/(wg(agg —1)) - —mz(w% —1)/by
B B R DT St g G SV
—i/ws 2(ws — w?) —lez
1

Using (5.5) and (A.4), we obtain

a1b? (w3 — 1) + agby(w? — 1)2

T T @ Wi —wf)
(Wi —1)(a1by + asby)
R12 = 2 2 2 )
baws (w3 — wy)
_ (w3 = 1)(a1bi + agbs)
K21 = 2 2 2 )
bawt (w3 — wy)
albl(w% — 1)2 —+ agbg(wg — 1)2
K22 = —

2bowi(wi — 1)(w5 —w?) 7

which yields (5.6).
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