Moduli of logarithmic abelian varieties with PEL
structure

Chikara Nakayama

Abstract

This is a joint work with T. Kajiwara and K. Kato. We construct the fine moduli
space of log abelian varieties with PEL structure, which gives a toroidal compacti-
fication of the moduli space of abelian varieties with PEL structure.
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0. Introduction — moduli @ compact 1t & log 3/r

log 3T TIENA WA ZRBEEIRES A I22WTZED log it (log A) 2EZX 22N TE
5. AlklogA LEABREDLDT, A D moduli 2 {A} TERITZLIZTHL

(0.1) {A} C {logA}
7%, fE> T {log A} H* compact (272> TWHUX {log A} T {A} % compact LT
722 Lilinbd.

log A ® moduli AW DD A X U TEBIZHER I TW5: A=HS, MHS, G-
MHS, Drinfeld module ([KUJ, [KNU3], [KNUS5|, [FKS]. 7275 L G 1248 (M F#Eo
Btk & CEUARNICIZORIERE, B2 1E 2 2T HS 13 PHS O AP IEMTH 5.)

Bl ZIE A=HS ® & 1% (0.1) I

Griffiths domain = {HS} C {log HS} = Kato-Usui compactification
THH, A=MHS D & &
Griffiths-Usui domain = {MHS} C {log MHS},
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A=G-MHS D & Z &
Mumford-Tate domain = {G-MHS} C {log G-MHS}

Thb.

S HDFEEIZ A=abel ZHHA, abel ZHR{E with PEL structure D& TdH 5 (P=polarization,
E=endomorphism, L=level structure) .

abel ZHRIKD moduli @ compact {LIZIZEWERNH 5.

{abel ZFR{K } @ compact ft : Namikawa [Nm], Faltings-Chai [FC], Nakamura [Nk],
Alexeev [A], Olsson [O], ....

{abel ZBR{K with PEL structure} @ compact fb: Fujiwara [F], Lan [L], ....

FGHOXFENFATDZDTH 5.

[la7] Logarithmic abelian varieties, part VII: Moduli, Yokohama MJ, 2021. log abel
SIRRDEBZEDN SIBE D T HAIEDTRBED part TH D A=abel ZIRIKDGEZ P >T NS,
1 Hi TS 5.

[lapel] (title I Z DL D title £[F L) preprint, A=abel Z#k{K with PEL structure
DEEEE->TWDS. 2 fiCTHHT 5.

BBEINSX [FITEL, [F] % log B2 HWNTHELZEDEARTILLTES.

1 Moduli of logarithmic abelian varieties

1 f#iCI3fRE (endomorphism) 72 UDHE (A=abel ZHIKDEGE) ZdHT 5. ik
la7) DNETH 5.
TR/ LOEEZEET S n>3 LT 5.

Proposition 1. Z[1/n] E® moduli problem {g-{RJt principally polarized abelian variety
+ level n structure} 1% smooth 7% algebraic space TRILFIRETH 5.

level n structure DEFZRHEH L TH . A % g ¥Rt abelian scheme & U7z & Z AR
(Z/nZ)* = Ker(n: A — A) % level n structure £\WI D TH o7z, (FFHRDE X étale
site _| locally constant T& - 7z.)

Proof. D@D —DDFEMIE Artin criterion 2 F zv 7352 & THo7=. O

RITRIED O DGEEZRS.

Introduction TH#dR U 72 /5 $F T log ¥z W 5.

log abel ZHAPE R I NS, log abel LKL IZED K D 70d O % fHHFIZFHHT
%. log abel Zkk{RIL abel ZRRIKDEIL L 72H D TH S, log smooth 7 721F Tl <
proper D> DFf object IZR > TWADWRFETH L. iBLL7ZEDEESEHETHIZLT
%, proper TH5DZ & LRGN AS Z & I3 ILFI N U AR, proper model (2133 @
BEREE IX A 572\ U, Néron model @ & 5 IZBEREE %2 Ff /- & 5 & 34UE proper Tl
75, LU log abel ZHRIKTIX proper THD Z & EREGEZFFDZ & WML T
W5, EHEOXRHEBRARS: F3H@EIZ proper model ZHLS & log smooth 121%72 5 H°
FEHE DA 572\, £ % blow down § 5. blow down #fik scheme & U CTIXHH Tl
720D, log scheme & U Cl& monomorphism TdH 5 Z & A point TH . Z ik monoid
DS TIEBIZIE N2 = (2,y) — (z/y,y) = N2 A epimorphism TH 2 Z L IZHHLTW
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%. % Z T proper model D\WA\WA73 log blow down DK (union) % H 2 & & FEIF
TUDPRWDPEREED A S log abel ZRR L X2 W20 ZED LS REDTH S. log blow
down DMER I scheme & UTITIRITTHE D, BEDRWH DIZH S DT, log scheme D
TRWERZ 5N\, log abel ZRMKRIZE L, abel ZARAKIZEE 9 2 GEELER I MG THY 7054
HimaiddrEZOoNTWVWS (£ETETWVWSD 7‘“C R .

log abel Z#RAD moduli problem %% X 5728012\ < DA data ZFEHET 5.

W: finitely generated free abelian group of rank g.

S AW EOXFR 2 KA} @ fan T Auty(W)-stable T orbit (& R TEH A IEE 2
TIEARDEG L —=HLTWBHHD. ([FC] DKFE & [FA U7ZAY smooth fan T2 TH K.
ZDRBDU—ILTNh TS

Theorem 1. log moduli problem {g-{XJt principally polarized log abelian variety + level
n structure, local monodmmy M YT AB } & proper log smooth 78 algebraic space with
fs log structure TRELEE (fine moduli) TdH 5. RBIZEMD underlying algebraic space
D (X B smooth D¥GE) Faltings—Chai @ space T log structure |XHEFRIED divisor
(Proposition 1 @ space DHESE) TR I 5.

Z 2T level n structure (& log D72 \W56E &4 WA, FIAL (Z/nZ)* = Ker(n
A — A) LLTEHINDS. log abel yﬁéﬁi@#ﬁ\,m@ﬁ% log étale site L locally
constant ZRDTH 5.

7. monodromy D% 1£9 LT {g-¥XJt principally polarized log abelian variety -+
level n structure} 72 & proper log smooth 7% log algebraic space in the 2nd sense &\
DEDITIRD. ZTDEFHIE proper log smooth 7% algebraic space with fs log structure T
log étale cover TN TWVWBE VWS EDTH 5. log abel ZHAKEIKS log algebaric space
in the 2nd sense TH D, EFLDZE[M & Theorem 1 DZERM] & 1K, log abel Zkkik & Z D
27 THBATD proper model D K 5 REKRIZHR->TW5.

Theorem 1 @ statement T A/S/Z[1/n] @ local monodromy #% ¥ IZ A% &%, X %
A @ semiabelian part @ torus part @ character group M 729 constructible sheaf & U,
Y % dual log abel ZR{AD Z & U7z & &, canonical pairing X x Y — M’ /05 dH
%73, S E strict étale local IZ f: W =Y BHoTiRZ-T L WD I L THD: LR
D S DJMAEL s IZRL, T D cone o WD Y, AEREDOHEREL h: (Ms/OF)s — NITH L,

W x W =Y, x Y, PS5 X w0y, o (MP/00), B Z o it ihTng

Proof. ([la7] D& & IZW R I N7zGEH T [lapel] IZF 1N TWS.) Proposition 1 & [AIBRIZ
log Artin criterion % F =v 7§ X . O

[FC] DFEEIHIE local IZ/ED ZNZ2 D HH 5 (2-step construction) D TH L. Z
5 51X fine moduli ZSHEMN SO E->TWNWS.

2 Moduli of logarithmic abelian varieties with PEL
structure

2 HiTIHRED D DGEITHD. TNk [lapel] DNATDH 5.
TR LDBE 75:@ j'ﬂ“%f)
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Proposition 2. {g-{XJt polarized abelian variety + endomorphism + level structure} 1
smooth 7% algebraic space TRIATEETH 5.

Z @ moduli problem D% 5D UFHLWERIFIRD@ED TH 5.
B: Q EOHFRIXIT semisimple algebra, positive involution {1 &
O C B: order
ZEET S, 2D EZD moduli problem 1% 4 DO
(A/S,¢,p,m)
DRFMEOESL L TEHI NS, 21T,
A/S: S E®D g-{kjt abelian scheme
12 F2E O — End(A); determinant condition % ji§7z3".
p: polarization A — A*; O OFEH & AJ#,
n: level structure; O OFEA, polarization, Weil pairing & 7] #.

Proof. —DDFEAIZLARDIE D . Proposition 1 (ZJ@#E X 5. 28072 LD moduli (Propo-
sition 1 @ space) ZHRE . 2515 Z & THLH > T, ZNH relative IZRIFAFEE WD
DI End(A) DEBEAHEMSD 5 b2 3 (cf. [GN)). 0

BALH 0 DEGEIZUAE%E log {£T 5.

3: compatible family of complete fans
ZEET 5. FZHE Lan D data £ R U720 smooth TR TH LWL AD—RbINnT
W5,

Theorem 2. {g-IXJt polarized log abelian variety + endomorphism + level structure, local
monodromy M3 X (2 A3 } I& proper log smooth 73 algebraic space with fs log structure T
KIELATRE (fine moduli) TH 5. RBEIZEM D underlying algebraic space B> (X 73 smooth 75
E L] DERMZERTZTHE) Lan @ space T log structure \3IERRIED divisor (Proposition
2 D space DFFESE) THRE 5.

H 5D LU IR LR L DSGE & WATHIZ 4 Dl

(A/S,t,p.m)
DHEMBEOELSL LTERINS. Z 21T,

A/S: S ED g-IkIt log abel Zhkik

12 F2E O — End(A); determinant condition % 57z,

p: polarization A = Ext(A, Giog) (Guyog & T — (T, M) DZ & THD. —fD
A XS 5 dual O BlERARSER TH 5720, target = A* EF TRV, ZTNHHELL 72
EEITIE A CErt(A,Giog) £RDIETTHS.); O OFEA & AL

n: level structure; O OFEA, polarization, Weil pairing & 7] #.
. monodromy DA% X9 LT {g-IXIt polarized log abelian variety + endomorphism
+ level structure} 72 & proper log smooth 73 log algebraic space in the 2nd sense (272 5.

Proof. Theorem 1 (ZJf##& 5. 287 LD moduli (Theorem 1 @ space) (ZHRE « %
BB I ETHDD o T, TN relative IZRIIFATHEE WD DIF End(A) DRI HENED
L5, ZDOREATEEMES log Artin criterion TF zv 7 TES. End(A) IF unramified
72D T Theorem 1 DLW L UAHHETH S, O
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[L] DFEBHIX local IZ/ED 2N %20 GH0E 5D T [FC| K O HIZEMTH LW, T5
51 fine moduli 720 6w HEED E-oTWVWS,

HEE. HEHOM R %2 5 A TH & o7 2022 FFEHIFARBERMF > VR YD LAEEEAD 4
FIZREHT 5. REOILFIWSEE IEH T 5. BEOMIZRE T 5.

References

[A]

[F]

[FC]

1a7]

lapel]

[NK]

[Nm]

V. Alexeev, Complete moduli in the presence of semiabelian group action, Ann.
of Math. (2) 155 (2002), No.3, 611-708.

K. Fujiwara, Arithmetic compactifications of Shimura varieties (I), preprint,
1990.

G. Faltings and C. Chai, Degeneration of abelian varieties, Ergebnisse der Math-
ematik und ihrer Grenzgebiete 3.Folge-Band 22, Springer-Verlag, Berlin, 1990.

T. Fukaya, K. Kato, and R. Sharifi, Toroidal compactifications of the moduli
spaces of Drinfeld modules, I, preprint.

A. Genestier and B. C. Ngo, Lectures on Shimura varieties, Panoramas et
syntheses-Société mathématique de France, 29 (2009), 187-236.

K. Kato, C. Nakayama, and S. Usui, Classifying spaces of degenerating mixed
Hodge structures, III: Spaces of nilpotent orbits, J. Algebraic Geometry 22
(2013), 671-772.

K. Kato, C. Nakayama, and S. Usui, Classifying spaces of degenerating mixed
Hodge structures, V: Extended period domains and algebraic groups, preprint.

K. Kato, and S. Usui, Classifying spaces of degenerating polarized Hodge struc-
tures, Ann. Math. Studies 169, Princeton Univ. Press, Princeton, NJ, 2009.

K.-W. Lan, Arithmetic compactifications of PEL-type Shimura varieties, London
Math. Soc. Monogr. Ser. 36, Princeton University Press, 2013.

T. Kajiwara, K. Kato, and C. Nakayama, Logarithmic abelian varieties, Part
VII: Moduli, Yokohama Math. J. 67 (2021), 9-48.

T. Kajiwara, K. Kato, and C. Nakayama, Moduli of logarithmic abelian varieties
with PEL structure, preprint.

I. Nakamura, Stability of degenerate abelian varieties, Invent. Math. 136 (1999),
659-715.

Y. Namikawa, A new compactification of the Siegel space and degeneration of
Abelian varieties, 1., Math. Ann. 221 (1976), No.2, 97-141; II., ibid. No.3, 201
241.



MODULI OF LOGARITHMIC ABELIAN VARIETIES WITH PEL STRUCTURE

(O] M. C. Olsson, Compactifying moduli spaces for abelian varieties, Lecture Notes
in Math., Vol.1958, Springer-Verlag, Berlin, 2008.

Chikara Nakayama

Department of Economics
Hitotsubashi University

2-1 Naka, Kunitachi, Tokyo 186-8601
Japan

c.nakayama@r.hit-u.ac.jp



