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Spur wheel teeth are at present invariably of cycloidal or of involute

from. In this paper I proposc a form of teeth, which may for the present

be called ““envelope,” as possessing certain advantages over the ordinary

cycloidal or involute form.

The pair of curves for wheel teeth here referred to is a straight line

and its envelope.

Fig. 1,

Let, in Iig. 1, 4 and B be pitch circles,
DE w chord fixed in the circle 4. When
the latter rolls on the circle B, DE occupies
different positions of which an envelope I'PG
is formed, called the envelope of a carried
right line,! Since the moving chord touches
its envelope in each of its positions, the path
of its point of contact at any instant must
be tangential to the envelope; hence the
normal at their common point must pass
through ¢/, the point of contact ot the pitch
circles. The condition of a constant velocity
ratio in toothed gearing iy that the common

normal of two curves in contact must cut the

line of centres at a fixed point. This condition is satistied by our pair,

1) Williamson’s Differential Calculus, Art. 292
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the chord and its envelope. When the envelope FPG is fixed to the circle
B and the two circles are set in motion by rolling contact round 4 and B
as their respective centres, the two lines touch cach other continuously, the
point of contact moving along a certain curve, but for all positions of the
point the common normal passes through €, a fixed point as required.
The curve above referred to or the locus of the perpendicular foot let fall

from ¢ on DE is called limagon and is of the form shown hy the dotted

Fig. 2. Fig. 8.

line in Fig. 2. Two pairs of the chord and the envelope form the work-
ing edges of the teeth in contact ag shown in Fig. 3.
Let us now proceed to compare the new form with the cycloidal and
involute forms in regard to the abrasion of teeth.
Flank In the pair of face and flank, Fig. 4, it
Q, ds, Iy and P, are in contact at the beginning of

b,
Ltes v, /. g . - e
«W% the time dé and ), and ), at the end of it,
SN 1 Ve . .
Q, ds, then the amount of sliding during df is
Face

I“ig. 4, Ijl(Jl— 1)2(22 or C[é‘l—ds-:
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which, divided by ds, is the measure of abrasion' of the flank at P, and
may be called the specific sliding at that point. Or if we denote by 6, and

6, the specific slidings for flank and face respectively

6, = ds,—ds, ,
ds,
ceereseens Crereenrenneerees (1)
6, = ds, —ds,
ds,

=

The expression for the specific sliding in cycloidal, involute and en-
=) A ’

velope teeth will be found in the following:
1. Cycloidal teeth:

Let s, = hypocycloidal are HP,
8, = epicycloidal arc EP,
y = chord CP,
x = arc CP,

a = angle of obliquity of action.

If by the rolling contact the circum-
ferences of the circles R and 4 move

through dx, the corresponding rota-

de .
and —— in the same
s a

tions are

direction. Hence the relative rota-

tion of IZ against A is

B dw( 1 i) .
Fig. 5. : Ta a

This multiplied by y is the length of the clementary arc described by P

ds, = ydux (-l— - L) .

7, a

ie. ds, or

1) The effect of variation of the normal pressure due to the change of obligunity of action

being neglected.
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Similarly the rotations of R and B corresponding to their rolling

. dx da . : o
motion through dzx are —— and ——, now in the opposite directions.

g )

Hence the relative rotation of one againgt the other is

dw (L + L)
Tq [/

and the length of the elementary arve ds, is

ds, = g/(lnc( L + *L)
Py )

Then by (1) we get

(,,‘*Jri)_(_l__i) BN
6 ”, 1/ ?, a b a
2 — - 2’
LI SIS
Tq a 7y o
) . ) ! » N (2
( + _) - (_ - _> 1ot
6. — 7, b 7, a b a
, = : =
LIRS Ly b
Tq b P, b

The specific sliding in cycloidal gearing is a constant for different
points of the face and another constant for different points of the flank,
while in involute and envelope gearings it is a function of y or of the radial
distance of the point of contact from the pitch circle as will be seen later.

For the expression for the maximum angle of obliquity «, in cycloidal

gearing we have, referring to Fig. 6

y = — bsina, + Vb — 0*co a,
and Y = 2r,sin q,, .
Equating (2r, + b)sina,, = Vb7 — PFeodt g, ,
whence sin «,, = ~/ bt — b
dr,(r, + b)
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Fig. 6. - Fig. 7.

2. Involute teeth:
As the circumferences of the pitch circles 4 and B, Tig. 7, move
throngh dz by rolling contact, the moving peint 2 describes on the

material planes of 4 and B clements of involute, whose lengths are

respectively
ds, = (asin a — y) e
«
. dx
and dsy = (bsin a + y) i

Therefore by (1) we have

6, = b a — b
* asina — gy asina — ¥y
L . Ciereieeanes (4)
y(_.}.i‘)b g/(l-}-_)_)
6, = b ¢ = a
! bsine + y bsina + y ")
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where Y= —=Dbsina + VD7 — PO U iviiiiiiiiniinnnn (5)

Therefore dsy = dasin a + ydux (L
7

Then by (1) we have
e 1 (L1,
sine \ @ b

s(Le L)
a b

3. Envelope teeth:

Referring to Fig. 8, if
the civcumferences of  the
pitch circles 4 and B move
through dax by rolling con-
tact, the velative rotation of

one against the other is

. (_L i L)
a b

which, multiplied by ¥, is
the amount of sliding of the

flank over the face or

L + ,1) = ds, — ds,
@

[

ydx (

and

s, = desina.

|
+ .
v)

sinoz+?/(L +—l-)
a b

in which —¥  is still unknown. From Fig. 8

81N «
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y=—bsinag + /0= b s a
or B T Y 4y e (M)
sin a sin a
and ay =asinag —y,

@, being the perpendicular distance from A to 1/
Putting the above value of ¥ in the last equation

ay= (¢ + b)sina — Vb2 — Veosta

whence
Cin g — 2ay(c+0)+ v 40X a + P+ da(a+20) (0, — U*— a ) e
2a(a+2b)
This value- being put in (6) Y i obtained.
sin a

All the forgoeing results are for the path of approach; for the path
ot recess letters @ and b occuring therein are to the interchanged.

The values of the specific sliding in different forms of teeth will be
compared by cxamples.

Example 1. Let the number of teeth ef one wheel be 20 and that of
the other wheel 80.

1. Cydloidal teeth :

Take the diameter of rolling circles in the following ratio:
abir,:ir, =1:4:035:1.

The height of tecth £ above piteh circle is usually taukeu at 0-3 pitch.

Hence onl
bh=b+ =0+ 03 d
80
or hib,=4:4004,
also aza = 1:1004.

The maximuwm angle ot obliquity and the values of 6, and 6, calculated
by (3) amd (2) are

0, 0y
a,, (Hank) (face)
Path of approach 20°, 42/ 067 0-40

Path of recess 90, 1 1-67 063
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2. Involute teeth:
Taking the angle of obliquity at 20° the values of y, 6, and 6; for

different points of paths of approach and recess calculated by (5) and (4) are

6, 4,
Y (flank) (tace)
by=0b+ Iy 0251 3-45 076
bo=b+ 20 0171 125 0-56
Path of approach '?
b= b+ ; I, 0085 04l 0-29
by =10 0 0 0
b= b+ I 0218 095 049
bo=b+ 20 0154 063 0-39
Path of recess 3
by =0+ L hy 0082 032 0-24
by =0 0 0 0

3. Envelope tecth :

Taking ¢, = 0l a and b, = 01 b the values of «, , 0, and 4,

sin o
for different points of paths ot approach and ot recess caleulated by (8), (7)
and (6) are
©) Y 0, g

1
o sin e (flank) (face)
(b, =0+ Iy 209,28 0714 089 047

by=0b+ 2 I, 17°, 17 0667 083 045

(VA ]

Path of approach

—

by=b+ -k 13° 18 0550 069 04l

b, = b 50,44 0 0 0

o

(b =0+ Iy 0°, 6/ 17

-]
=
<
>
.
it

068

bi=b+ 2k 9% 8 1480 185 065
Path of recess 3
by=b+ ; L 70,55 1092 137 058

by = b 5,44 0 0 0
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A

4 | | *
Path of Approack Patk of Recess
3 3
Y| «
S
¢ ‘[DP‘
2 2 ; EW
/ Cyeloid ]
1 / Envelope — 1
14
Cyeloid W
0 0
h
—r— —— |
i 2 !
%hl > '3hl i
Ry > Iy >
Fig. O Fig. 10.

A¢ seen from these results for the three forms of teeth 6, is always
greater than the corresponding valne of 6, We therefore compare 6, alone.

IFig. 9 and 10 are graphical comparisons of 6,. In these figures
" abscissa vopresents the radial distance of the point of contact on the face
from the piteh circle and ordinate the specific sliding of the corresponding
point of contact on the flank forming the pair with the face.

Example 2. Tt the two wheels have each 32 teeth. In this case 6,
6, ete are the same for the paths of approach and recess.

L. Cyecloidal teeth :

Take the diameter of the rolling circles equal to 0-32 of that of the pitch

circles,  Then abirgir=1:1:032:032
by=b4+ 0 =0+ 03 2zh
or bh:b, =1:1059.
The results caleulated by (3) and (2) are
6, 6,
*,, (flank) (face)

15°, 33/ 094 0-48
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2. Involute teeth :

Taking the obliguity at 16° we get by (5) and (4)

by =1+ Iy

2
bi=bt

a=b+%m-

=10

3. Envelope teeth :

Taking a, = 0’1 a as before we get by (8), (7) and (6)

=0+ 1,

bo=b+ 20,

bo=b+ L,
3

[)1 =0

15°, 42/
13°, 28

10°, 48/

2
Y (flank)
0-169 315
0119 BN
0065 062
0

Y

SN «
0630

0571

0466

50, 44/ 0

6, is compared graphically in Fig. 11

Examining Tigs 9, 10 and 11 we see that involute teeth have the

greatest value of 6,,
be taken smaller.!

of the wheel A.

defect is greatly magnified because a tooth of the smaller wheel partakes

in the trangmission several times as often as that of the larger wheel in a

given time.

0-60

0-38

Oy
(flank)

126
114

0-93

destruction of the involute form is easily conceivable.

(face)
076

(fa:}e)
0-56

053

)48

which would come out still greater if the obliquity «
The abrasion is thus very great at the root of the teeth
As the wheel 4 in Ex. 1 is the smaller of the two, the

Moreover as 6, fluctuates greatly along the flank, the quick

1) A calculation with « = 18° in Ex. 1 gave the greatest value of 10°82.
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4+
3
Y
Q“
¢
2
2 /
Envelop?
1 =2
Cycloid
0
| M
3 2
%hy >
hy
Fig. 11.

~

In cycloidal teeth 6, is constant
and is not equal to zero at the
pitch point. This fact may be
considered as a defect. It was
stated that the specific sliding is
the measure of abrasion, but ex-
amining the matter more accurate-
ly there appears another factor.
If the arc of contact is less than
twice the pitch, as is usually the
case, two pairs of teeth come in
contact simultaneously in the first
and last parts of the arc, while in
the middle part only a single pair
is in action. Hence if in Fig. 12
MN be the path of contact MM’

and N'N the parts of the path corresponding to the pitch of teeth, the

pressre between a pair of teeth is one-half’ of the total force transmitted

[\\I/kf—o——tw\r—/
c
Fig. 12,

while the point of contact is moving
throngh MN’ and M’ N, but the pair
has to bear the whole amount while
the point is moving through N'Af’.
Thus during this motion through
N'M' the wearing effect is doubled
and consequently it is desirable that
6, be of small value in the vicinity
of the pitch point. This condition
is satisfied by our envelope teeth.

Fig. 13 is a graphical compari-

——> wearing cffect

4
3
Ewgd“f
2 7 =
/ ;j“/“""“&ﬁﬁ?ﬁ'““

) S

Fig. 13.
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son of actual wearing effect
in the cycloidal and cn-
velope teeth in Ex. 1 for
the path of recess.

The envelope of a car-
ried right line is treated in
Williamson’s  Differential
Calenlus, Art. 292, refer-
ring to which, if CD in
Fig. 14 is the circle of in-

flexion or

] 1 1
d + ) N /YI) ’

the centre of curvature for

P is situated at () the in-

terseetion of, PC° produced

Fig. 14.

with the cirele of inflexion.

For the initial point €, the radius of cnrvature is

ab b
Cl)y= 7 20 =y . . 9)
o +0 a a+ b
L

In e¢picycloid and hypocycloid the radins of curvature for the initial
point is zero, while in the envelope it is finite. Trom this fact it follows
that the envelope can be more closely approximated than cycloids by
a cireular arc.  Moreover the simplicity of the form of cnvelope teeth
facilitates pattern making and the manufacture of milling entters, an

advantage at least when compared with cycloidal teeth.




