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Chapter I.

Two Phase Generator.

§1. Fundamental equations.

Let

« and b = resistance and total inductance of the armature circuit,

a, and b, = those of the field circuit,

¢ = maximum mutual inductance between the field and armature winding,

d = ¢y, where I;= the exciting current,
« and y = the armature currents,

2 = alternating current in the field winding.

Then if the field poles be non-salient and laminated and the field and

armaturc windings be so arranged that the distribution of the magnetic flux

circumferentially along the air gap is sinusoidal, the fundamental equations

will be
dz
aw+bd—t+c—(zcosa)—ds1na ........................
aJ+b—~+c (zsma)——dcosa .....................
alz+blflt %(wcosa+ysina).=0
that is
U _a
a§+b g FO g COSA==—COS A o,
dt . d
an +bdt cﬁsma——z)slna ........................

a1§’+b1fl§ <dfcosa+($sma> 0
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where
E=|xdt+k, 7 =J.g/olt+lc2 and ¢= {zdt + ks
so that
% Y= %llt] and z= %

Now, from egs. (4) and (5) we have

b<(fl§cosa+fgsma)=—(g+C;%)—a(fcoso"“’sm“)

so that eq. (6) gives

a1§+blg—§—- - [(—l +c Z§+ a(fco%a+n%1na)1
that is
(bbl—c2)%+ a,b¢ — ca (Ecos a + 7 sin a)—%l=0

so that

281

(bb, ——c?)c(lit§+alb dg —ca [chosa+@sma—m(fsina—ncosa)J=O

dt A dt

that is

(bb, — &) dt‘,+a1bdf+a(a1§‘+b é’)+cam(§sino¢—v;cosoz)=0

't
that is
2
(bb, — 02)%[5"+ (ab, + a]b)(g+ am, &+ caw (Esina—ncosa)=0...
so that
3 9
(bb, — ¢ (jlt_’g + (ab, + a,b) (jl_tf+ aa, g—t§+ chw (flf sing — % cos a>

+ caw?*(Ecosa+ nsina)=0

®)
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But from eqs. (4) and (5) we have

b(d—gsma—(—iﬂwsa)——a(fsina—ncosa)

dt dt
Therefore

ag ca2
(bb, —c) +(ab+ b)%2+c 7

(Esina—mn cos a)

+caw2(fcosa+nsin a)=0

which from (7) and (8) becomes

g d¢
b(bb C)dt3+b(ab +alb)d_t2+a bdt
+a l:(bb1 —c?) ddit§+ (ab, + a,b) %+ aa, {]’

. N4 cd|
+bw [(bbl—c)%+alb§—;-] =0
that is ’
bbb, — 9) L8 - E t (2abb; + a,b? — ac2) + [2aa,b + a2, + b (B — &) 0] 52 f
+ a, (@ + b?0?) & + bedw =0

so that

bbb~ ) % 4 (2abb, + bt — a) T 4 [2a, + @b, + (b, — o) o] %

+a(@?+b0)z=0 ............ 9)

§ 2. Solution of the fundamental equations.

Equation (9) solves to
z=Aet + Beft 4 (et

where 4, B and C are the arbitrary constants and a, 3 and v are the roots of

bbb, — ¢®) A + (20bb, + a,b? — ac®) N* + [ 2aa, b, + a*b, + b (bb; — &) w®] A
+a,(a?+ 0e®)=0
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and if 8= p +jv and y=p —jv, then
z=Ae* + De*t sin (vt + )

B+ C

where D =2+VBC and = tan™' ————— .
and ¥ =t 5 B0

~ But referring to the theory of distortionless alternators, two of the
three roots a, B and ¢ are usually imaginary. Therefore we shall put
z=Ae* + De*tsin (vt + ) for solving « and y. Eq. (4) thus becomes

af+ b dE ;+ Ace*t cos ot +5 Dce"' [sin (v + ot + ) + sin (v — wt + )]

=—-(—-i—COSa)t
w
that is
jf a§+— "‘coswt—i—%ll et [sin (v + ot + ) + sin (v — wt + V)]

=—§cosm
w

which solves to

Ee [bdt b eb COSwtdt—M/ ) cos widt

_1 1;9 ( )¢ [s1n(v+wt+\[f)+sm(v—wt+"")]dt'i'k
that is
- bw Ac b
— _ -1 T at _— R
de3+ b w? cos (a)t tan a) ’\/sz 2 c08 (a)t ban™ a+ba>
1 De R _ b(l/+(0))
—§'\/(a+b,u)2+b2(l/+w)2€“ sm(v+wt+‘1”‘ta ' a+bp

U
2V (a+buy+0(v—w)

b(v— w))

€#? sin (v—wt-i- yJr — tan™! P

_a,
+ke b
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that 1s

d . _bw
L =————"—— 81N (a)t—tan 1
~/a2+b2w" a

AcVe® + o . _
e —— ¢* sin | wf — tan™
- V(a+bay+be?

bao — tan™! ﬁ)
a+ ba ®

1 De \/m ..... et

T2V A ap v P+ o)

N ) B v_+_w>

sin <u+wt+\[r—tan‘ b

(1 DeVErGTey
2N (@t by 4 b (0 = @f

sin <y——_gt + 4 — tanl =7 4 tan™ v w)
a+bu ©
a
=Lk
that is
x= X V2 sin (ot — ¢,) + 4,6 sin (ot — 6,) — D, e* sin (v + ot + Y + )

N @
— Dyetsin (v — wt + +1[r2)+kle_bt

where
X =t $u = tan= 22
SIYRLIL T - 6. — tanms G2+ b @+ )
V(a +ba) + b w? aw
=Py (j ix/bz;:r(z;:vwfw)ﬂ =ty b:)(:: ¥ ()v Ty
D—p ANVEXG—w) . e-w)

Bl Ve +bp)r+0* (v — )

@+ b u+b(w—wy
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Next from eq. (5) we have

d Ac 1 De
dz +b n+—I; et sin ot ~ 5 et [cos (v + wt + ) — cos (v — wt + )]
=— d sin ot
[}
which similarly as before solves to
)
an/a"+b2 = sin Kwt— tan™ a)
— ’—__——A_.—Li__ Gat Sin (wt — tan™! bw )
V(a+ ba)y + b*w? a+ba
1 Dec —_— b(v+ o)
1 o (5wt 9 a4
+2'\/(a,+b;1.)‘2+b2(1/+w)2 cos (v -+ wb o+ —tan a+bu
1 Dc b(v—w)
— 9 7 “co ( — ot + Y — tan™ —— )
S V@b b ey BTty “a+bu
2t
+ke b
so that
—d bw
et —tan™ —
«/a2 o cos <wt an™ — >
ALET e cos (wt — tan™ bo tan™! g)
'\/(a+ba)2+b2 a+ba
L Doyt (vtal .
2 V(a+buy+ b*(v+ow)
€08 (v + wt +r — tan™! bo(:_:bi) + tan™? l’—jf’)

1 Devy +(v—-m)
T 2N (a+buy+ B (v — o)

eut

b(v~w) _v—w)

— —_ —1 1
cos(u wt + Y —tan atbp + tan .
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that is
y=YV2sin(wt—¢,) — 4,6 cos (0t — 0,) + D, e* cos (v + wt + ¥ + )
— Dyettcos (v —wt + Y + ) + ke~ g ¢

where YV2=X V2, ¢,=¢, +% and others arc all the same as those of .

Now putting these solutions of «, ¥ and z in the fundamental equation

of z, we have
a [Ae! + Dett sin (vt + ‘l’)] + b, (‘% [4et + Det sin (vt + )]
+c g—t {[4,¢% sin (ot — 8,) — Dy "t sin (mt + 9+ 4)

— Dye*tsin (v — wt + ¥ + ) + k,e_%t] cos ot
—[A,e cos (wt — 6,) — Dy e cos (v + wt + ¥ + )
+ D, et cos (v — wt + Y + ) — k'l'e% t] sin wt} =0
that is
[(a,+ba) A —cA,asin 6.] e + [(a, + byp) Dsin (vt + ) + by D cos(vi+)] e+
— Dic[psin (vt +4 +4n) +veos(wi+ ¢ + Yrp)] ert

— Dy [psin (vt + Y+ ) + v cos (vE+ r -+ )] et

d _Et _ k‘
—c [e b NP+ k*sin (mt+tan—1 17:)} =0

so that the conditions sufficient for k, =k, =0 are

(a+ba)d —cdasind, =0

(ay+ byp) D — cp (D, cos Yy + Dy cos yr,) + cv (D sin yry + Dy sin ) = 0
and

bivD — cu (D, sin yr, + D, sin yry) — cv (D, cos Y, + D, cos ¥r,) = 0
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But referring to the theory of distortionless alternators we know, ‘by inter-
changing the letters @, b and a,, b,, that all these conditions are satisfied.

Therefore, we have k; =k’ =0.

§ 3. Sudden short-circuit currents.

=0 too; so that, if ¢ be

Now 2 =0 usually and at short-circuit i
bo bw

not so small, then referring to the theory of distortionless alternators, we

have
a=—§m, #=—%(1+0)%“’ and v=o
where P=b?—;, and q=b‘.zi,
so that 22f20
w w
accordingly
X2=vvis L 42T g en

a\? a; o a\?

1= 5
a;  a\? b; a;
b/ (G + o) + 1 bew
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1 q
plp w10 _"30*De  1peiye Ym0
T b 270 g 1 Y20 1—o =
Therefore
a,'s=l;d;sin<wt—-g)+12—.ce“‘sin(wt-—-g)——lé.%‘e“tsin@wt+\{r)

- Ac , 1 ¢ ¢
—bi—wcosm——[;e COSwt—é.E(DCOS’\[/‘)e"‘ sin 2wt
—% -If(Dsm«p)e"‘( to +cos2wt>

ys=~9l— sin (wt — ) _4e et cos (wt— g) + 1 Do €4t cos (2wt + )

biw bz é bz
- % !Zc Z et cos Y
= ;-w sin of — %_‘E €% sin wt — % b (D cos ) et (—1»—+—Z ~ €08 2wt)
1ec¢ . .
~3p et (D sin ) sin 20t
(2

2; = Ae*t + (D cos ) e sin wt + (D sin V) e cos wt

so that putting Dcosyr=E, Dsiny=F and 1 i—‘; =k, we have

— - . 1 F
Ty=1 d cos wt — ATC € cos wt — élgf e*tsin 2wt — 5 ~-E et (k + cos 2wt)
i 0 i i
—-d dc , 1 Ee , 1 Fe ,, .
Ys = sin @t — - €* sin wt — 5 ¢ (k — cos 2wt) — g+ p, € sin 2wt

= Ae*  Eett sin wt 4+ Fe*t cos wi
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Now to determine the arbitrary constants A, £ and F, suppose that the
alternator runs at no load before short-circuit and at ¢={, the short-circuit

takes place suddenly in two phases. Then putting w?, =8, we have

Aebcos B+ § Eettosin 28 + § Fetto (k + cos 28) = — % coS Beriiin.. )]
Aeosin B + & Eette (k — cos 28) + 4 Ferbosin 28 = — c%) sin B......... 3]
Aeto + Eettosin B+ Fetocos B=0 uce.ovviviiiiiniiiiniiniiiniiniiiinnn... (3)

s0 that from (8) x cos 8 — (1) we have

Fe#'o—%d /C) cos 3= d(l )COSB

and from (2) x sin 8 — (1)

2d . —d(l-o0) .
Tebo — . .0 = 7
Eet co (1=F) sin B - sin 3
accordingly from (3)
Ao — -2d _d(l-o0)

cw (1 —Fk) ~ two

Thus when a two phase generator running at no load is suddenly short-

circuited at t =+¢,, we have the expressions of the field and armature currents
as follows:

d 1 d 1-o
€ (t~to) - 2 ett (b=t} o _
b — cos wt — o' o cos wt + bo' 20 € cos (2wt — wiy)
d l+a
L T ghit—te)
+ o' 2o e (=t cos wi,

- 1-— )
= —d .| cos wt + 1-o e 1) cos @t — — = ¢4 (10 cog (20t — wt,)
b; 0 o 2¢

17+a'

ek (=t cog i,
ua'
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—-d . d 1- . d 1- .
Ys =g S0 wt—m.—afe““—‘ﬂ) sin ot + ba T en it—to) sin (20t — ot,)
(] (3 b
d l+o .
& @ (t—to)
+biw' G € o s1n wi,
-d [ . - . 1-— .
=bw.[smmt+1 T en -t sin @t — o_aef‘““")) sin (2ot — wt,)
i
- 12i’ e t—to) gin wto]
ag
d 1- d 1-
gy = Ea; . ———(;—o-. et t—to) 767(1;‘ 7;£ L6+t cos @ (t - to)
l-a t—t t—t
=-7.If.[€°‘“°’—e"(_°’ cos o (t — &,)]

It is interesting to see that the shape and size of the curve of z; with
o (t —1t,) as abscissa is indifferent to wt,. It takes the shape as shown in
figures (1), and (1), the shape depending upon the relative value of a and u
and the size depending upon the value of o.

The shape and size of the curves of z; and y, change with the value of
wt,. Curves representing approximately the maximum sudden short-circuit

currents will be shown in the next article.

§ 4. Maximum sudden short-circuit currents.

Putting —ZL-) = S %= 0 in the expressions of @, y, and 2 just obtained, we
have ,
xs =1k [cos o — M cos (2a — B) — IV cos 8]
ys=Fk[sin a — M sin (2a — B)— N sin 8]
zs=Fk[1 — cos(a—B)]
—d 1—

where k=bi—w;,k'=—ng,M=%(1—o-),N:%(1+a-),a=wt and A = wt,.

a
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Now to find the maximum values of #,, we have, from

-0 and 0z, _

oa B~ 0
sina—2Msin(2a—B)=0 and Msin(2a—B)—NsinB=0
so that sin a = 2N sin 8

accordingly

Nsin B —4MNsinB.V1—4N%sin?B.cos 8+ M (1 —8N?sin?B)sin 8 =

so that

291

0

sinB=0 or N—4MN.¥V1-4N*sin*B.cosB+ M (1—8Nz2sin>38)=0

that 1s

sin3=0 or (M+ N)—SMstin2B=4:MN.\/i”— 4N?sin? B .cos B

that is
0 or singey/AFNFNGIN /T
sinB=0 or sinB= 16MN*(1—4MN) 'V (1-c)(1~-0)o®
.1 2-a
" 1-0 1-¢°

which is > 1 for 1 > > 0.
But sin 8> 1 is impossible.
Therefore sin 8 =0 only gives (¥s)max.-
Now putting 8 =0 we have

(Zg)max. = K (cos a— M cos 2a — V)

that is
(@) = b [c08 (@ = 8) = M c08 2 (= B) = )
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which is maximum when sin(a—28)-2Msin2(a—8)=0 that is when

sin(a—B)=0 or cos(a—B)=2f(1?1_7) that is when a—8=0 or 7 or
1

cos™? m.

But when a —8=0, we have

(@ max. = b [1—%(1—a)—%(1 +a)]=0

and whena—- B =1

1

(ws)max.=kt_ 1—5(1 —0')—%(1 +0'):| =—2,Ic=b2d

Mol

2L
and when a — 8 = cos 50— o)

(@)max. = & [2*(‘11_——0) - —;—(1 — ) (2—(1}_——}-)2 - 1) - % (1+ a'):l

=k (4(11— o) ")

_—@ (1-20p
T biwa 4 (1~ o)
Lo d . .
which 1s < in magnitude when o < 0°5.
b;wo
. 2d
Therefore (5)max. max. appears usually at a — 8= and (#)yaz max, 18 = b

Figures (2), and (2), represent the curves of
(ws)max. = IG[COS (a—B) — M cos 2 (d-—-B) - N]

o being taken = 05 in figure (2), and 01 in figure (2),.
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If we put 8=, then we have
(£5)max. = K (cos a+ M cos 20 + N)
that is (Zhnax. = = k [cés (a—B)—Mcos2(a—B)—N]

which is equal in magnitude to that (#,)y., When 8= 0 but has the opposite
sign. This (%), traces the curves shown in figures (2), and (2), with the

sign changed and we can immediately write down that ()., 18 =0 when

a—B=0, 18 = bioo when a— 8=, and is = Brws 4 (1= o) when
1 . —2d
R e = 7
a— 3 =cos S(1—0) and (2g)max. max, 18 bioa"

Next, from %—Zf =0 and %’ =0 we have, similarly as before, cos 8=0 or

1 2—a* C . .
i s gl the latter of which is impossible.

Now putting B =;—T we have

Y)max. =k (sin a+ M cos 2a — N)
that 1s
(ys)max. = k [COS (a - B) —MCOS 2 (a _B) _N]

which is the same as that ()., When 8= 0, as shown in figure (2).

If we put 8=3 g, then we have

(Ys)max. = ke (sina — M cos 2a+ N)

that is

(Yodmax. = — k[cos(@—B) — M cos 2 (a— B) — V]

which is the same as that (#;),,, when 8=, as shown in figure (2) with
the sign changed. Thus (¥s)max. max. 18 just the same as (%) max. max.

8. 8
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To prove this more simply, writing ¥, in the form

o=l (o) o[ (e=5) - (8-5) - s (- )

we can, referring to what we saw in a,, write down that y; is maximum

when B——% =0 or 7; and when B——g:O that is when B=% we have

(:'/s)max. = IC{:COS (a_B) —Mcos2 (a_B)_N]

which is the same as that (#3),, when 8=0; and when B-—;—T=7r that is

when 8=3 ;_r we have

(ys)max.=—]C[COS(OL—,@)—MCOS2((X—-,8)—N]

which is the same as that ()., When 8=

Next (2)max. 18 Obviously 2k that is 21—;—a— I;and so

2
(o + Luae = I (; - 1)
It takes place at a— B =.
Note that, since we assume % = ’% = 0, those maximum a;, y; and z, as

found above are not true maximum values but of course they are on the safe

side.

Also note that putting wt,=0 or = and a)to=7§r

in the expressions of @, and y, given at the end of the previous article, we

or 3% respectively

have

Xs =Yg

IS

- 1—
= [cos w(t—1t)+ Tq et cos w (t —1,)

o

;

1-0 1+0
T et — — L r(t—t)
P e cos 20 (t —t,) 95 © :I
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which shows approximately the manner in which the instantancous values of
the maximum sudden short-circuit currents in the armature change with

time, starting at t — ¢, =0.

a 1 a8 _ o
m_fo—é,a—a}_looand =05 or

-2 -5 p =45 -9 . .
706 ° 106 and o= 100 °F oo e given in figures (3)

Curves showing these x, or y, with

02 so that & =
w

and (4).
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Chapter II.
Three Phase Generator.

§ 5. Fundamental Equations.

Let

z, y and z=armature currents in the three phases,

w = alternating current in the field circuit,

a and b’ = resistance and total inductance of each of the three phases,
a, and b, = those of the field circuit,

¢, d and I; = the same as in Chapter I,

¢’ = mutual inductance between any two of the three phases.

Then under the same assumptions of the field poles and flux distributions as

in Chapter I, the fundamental equations will be

w+b’%¥+cd(wcosa)+c t(y+z)=dsina ......... 1)
ay+b’ y+c (fwcosB)+c (z+w)=dsin,8 ......... (2)
az—l—b’d +cg(wcos Y+ ¢ (:v+y) d sin (3)
7i v T Voo
aw+ b dt+c——(a:cosa+g/cosB+zcos'y) 0 (4)

and «y=wt+—2lr.

wherea:wt,B:wt—%’—r 3

3

Now, for simplifying deductions assume «+y+2z=0. (The case when
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z+y+2% 0 will be explained in the next article.) Then putting b’ — ¢ =b

the fundamental equations become

de d .
aw+ba~t+cgt(wcosa)=ds1na

........................... (5)
aJ+b—g+c (wcos,@) dsinB i, (6)
dz d .
az+bﬂ+c%(wcosy)=dsmy ........................... )
b dw ( 0
CUR NI +cdt zcosa+ ycos B+ zcosy)=
so that similarly as in Chapter I, we have
‘g’ d
.f+b dtcosa——;cosa .............................. (8)
dn , dy d
an+b- +cdt cosB——;cosB .............................. 9
d d
af+b é’+c7)l—tcos'y=—z’cosry ........................... (10)
alx+bl Fi (3§cosa+(§2cos,3+g—fcos7> 0.ieens (11)

Now from equations (8), (9) and (10), we have

3 (dfcos a) —Tl [(d +c *) 3, cos’a + a3 (£ cos a)]

But Scos’a=%2(l+cos 2a)=g

Therefore from (11), we have

c[8rd  d
a1x+b,d& [—)l:—( +07)§>+a2(§cosa):|=0

that is

(bb ——cz>(2§+ lbx—g.%?-caz(fcosa)=0 ......... (12)
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which by diﬁ'erentiation and insertion of equation (11) becomes

(bb -3 ") (flt)f+alb d’f+a<a1x+b >+caw (Esina) =0
that is
d*y dx N
(bb1 ° ) “X 4 (aby + a,b) Kot awyy +aw X (Esin @) =0 ...(13)
so that

dix dx < (€ s
(bb ) 7 + (ab, +a,b) e X} aa, gp T cae [q (8? sin a) +m..,(§cqs a)
=O

But

3, (((%: sin a> :bl [(% —c (Z%) (sin acos a) + a3 (€ sin a)} =— %2 (Esina)

Therefore

<bb >(ilt3 +5(ab, + alb) e +¢wlbdx—cww [aS(Esina)—bo 2 (Ecos a)]

de
=0
Therefore from equations (12) and (13)
b (b~ 5 ) DX+ (2abb + e - § ) X
+ [2ua1b +a*b, +b (bb1 - % ¢ > ] (jtt +a, (@ + bPw?) x
3
— § de(l) =0
accordingly
b(bb @) T+ (2abb, + b - S act) T

+ [2aalb + b, +b (bbl -~ gc) wz] % +a (aF + Do) w=0
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b
€

2

distributed uniformly and the flux distribution sinusoidal; and denote the

Now to determine bb, — = ¢? if we assume the armature winding to be

number of turns per phase by n, the reluctance of the equivalent magnetic
circuit for the total sine flux by ® and the leakage coefficient of each phase

by v, then we have

600|00 ¢
oO

1 +y 1r+,34 4 1 +y
e A3 AT _y dmn? 1
b —mg')'l <[ ® metdu)dB_v. ® .27|_72cos,8d,8

-y \NJB
87n? sinvy
=i ———
®R "y
2w 9
’ 1 +7+-3_ i X ?+'y
Sk 2ol S il dB:ifT‘i 2 cos Bd3
2w ® ® 27 2w
_'y+§ ﬁ 43_7
____4471’712 siinry
®R -~ v

i 2 b=b'—c'=b'(1+1>
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accordingl};
3, 1\, 3 1 EN 1 WNpr
b, Ec—(1+2y>bbl<l—§. 1‘b’bl)“K1+Z/>bb“’
1+ 5
2v
=bb,o’
where o'=1- ) 11
(§V+§)V'f

where vy is the field leakage coefficient.

Note that ¢’ lies between 1 and 0.

§ 6. Solution of the fundamental equations.

Since bb, — % ¢t = (1 + él;) b'b,o’ = bb,c’ where 1> ¢’ >0, equation (14)

solves to

w=A4e + Dettsin (vt +Y) .ooieiiiniiinn (15)

where a and g + jv are the roots of

b (bb, — 6% N + (2abb; + a, 0% — §ac®) N* + [2aa, b + a2b, + b (b, — 3 ¢*) 0] A
+a,(a*+ HPew?)=0

that is
52b, 0’ N? 4 (abb, + a,b*+ abb,a’) A* + (2aa,b + a*b, + b*b,0’ ) N + @, (& + HFw?) =0

that 1s

O (e S ) O 2 s )
0<B)+(5€)+l)l—w+bwo)<w + 2bw'b,w+b2w”+6 kw)
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that is
L AN o (N N2 "
o (;) +(p+q+qa)(;> +(2pq+q2+o’)<g)>+p(qz+1)=0

where p=-2 and q=

e
b w bow

so that, when p and ¢ arc small and o not so smell, the expressions of a,

u and v are, referring to the theory of distortionless alternators,

=—-i-)(‘)’ q:—%(l-{-o’l)%w and V=0

7
g

Now since w takes the same form as z in Art. 2, the expressions of the

armature current will be, similarly as in Art. 2,

z=X V2sin (ot — ¢,) + A, sin (ot — 0,) — D, ¢*t sin (v + wt + Y + ¥)

a

— Dyt sin (Tt + YY) F e P e, (16)

y=XV2sin (mt—cﬁx—g;) + A, e sin (mt—ﬂu——g,f->

L 2
_D@wm@+m+¢+%—ls

3
Y 27 .y
— D,e*tsin (v —ot+ Y+ Y+ "ﬁ_) +ke ° L. an
— . 27 . ‘ 2
z=X~2sin <a)t— b+ ~3~> 4+ A,e* sin (a)t— 0, + ,3>

N 2
——Dle“‘sm(v+wt+\!r+\lfl+ ;)

2

a
—Dze""sin(v—wt+\[r+'\[r2—-3)+k36—5t ...... (18)

where X, 4,, D,, D,, ¢y, 6., ¥, and +, denote the same things as in Art. 2.

Now put these #, y and 2 in the fundamental equation

alw+b1%¥+c§t(wcosa+g/cos8+zcos7)=0
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Then we have

'

@, [4e + Detsin (ot + )]+ b o[ Aest + Destsin (vt -+ )]

- g c (%[Ale“t sin 0, + D, €% sin (vt + Y + Yr,) + Dye#t sin (vt + ¥ + )]

a
-
+cc%[e b (ky cos a+ k,cos B+ kycos 4)] =0
that is

[(OL1 +ba)d - % cd, asin 6’.,:| et
+ [(a1 +bu)D - % cp (D; cosyr, + D, cos yry)
+ g cv (Dysinyr, + D, sin \[/‘2)] et sin (vt + )
+ [buD _ gw (D, sin ¥, + D, sin ¥)

- % cv (Dy cosyr, + D, cos \[/‘2)] € cos (vt +r)

’ d 1 1 -2 V3 -,
+°Et[(kl_§k2_§k3>e b coswt+~2— (ka—ky)e b smwt}=0

But similarly as stated in the theory of distortionless alternators, we can prove
that the coefficients of e** and e are = 0.

Therefore we have
2k —ky—ky=0 and k,—k;=0

But since #+y+2=0 as assummed 1n the previous article, we have, by
summing up the equations (16), (17) and (18), k, + &k, + k= 0.

Therefore, we can conclude that k, =k, =k, = 0.

Note that heretofore we have assumed that 2 +y+2=0. We shall now
explain the case when this sum is not equal to zero.

Summing up the equations (1), (2) and (3) and denoting (¥’ + 2¢’) by b”
we have , '

a(a;+y+z)+b”%(w+g/+z)=() .................. 19
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which gives
a

-t
z+yt+z=ke °

so that equations (1), (2) and (3) become

dz d . .
4 p 2 i A
aa,+bdt (wcosa) d ( > dsina

. v
ay+b(fl‘;+c—(w008,3)+c'k; ( b_”t>=dsin8

dz L odf -2y .
az+b%+cdt(wcosy)+ckai(e b ):dsmry

so that we have

dE d -t
had ) “@X Y o b
§+b +cdtcosa ~cosa c'ke

a

an +b-—+cd—cosB——§cosB—ck v

¢, d d -
al+b 5 +cd—fc05ry=—;cosy—cke b
from which we have the equation of w quite the same as equation (14),
accordingly the expression of w the same as shown in equation (15), and those
of , y and z equal to those of equations (16), (17) and (18) respectively added
all and each by

-1.%(0'/«6';‘ [e(g";’>tdt)

b

, a
. C - =1
that is ?cib.e b

a

. 1, -5t
- . bl’
that is 3 ke

Now putting these z, ¥ and 2 In equation (19), we have

a
(a—b”%) (ky+ by + k) e 5 =0 that is & + b+ &y =0
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and also putting the same , y, and z in the fundamental equation
alw+blcf)l—1§+c(g(wcosa+ycosﬁ+zcosy)=0
we have, similarly as before,
2k ~ky—tky,=0 and k,—k,=0
so that we can as before conclude that
ky=ly,=k,;=0
The solutions of @, ¥ and z are therefore
z=X V2 sin (ot — ¢,) + A, sin (b — 0,) ~ Dy e sin (v + wt + Y + ¥r,)
— Dyetisin (v — wt + Y + ) + % ke it
y=X~2sin (wt—¢m >+A1e“‘sm (wt 0, — )

— D, e* sin (v wt+\p+\[/1——>

a
1 it
2euisln<1/ ot +r + Y, + >+3,lce b

Z=X\/§sin<wt—¢z+23)—I-Ale“‘sm wt— )

a

(
) euts1n(u+wt+\1f+\p1 2”)
(

-t
Lt Sin | v — wb + Y + Yy — )+ ke

a
. . -t .
and, since the sum of these #, ¥ and 2z is ke Y, we can conclude that if

(# +y+ 2)1—,= 0, that is the load be balanced just before the sudden change
of load, then % will be zero, that is, all the terms containing % in the solutions

of #, y and z will vanish.
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§ 7. Sudden short-circuit currents.
At short-circuit we have

Py g=-Ltai e -
a==50 ¢= 2(1+a’)g,m and v=o0

[¢2
where p= Z;i =
1@

A

0 and g¢= =0

biw

so that g$ﬁ¢0
w ()

and hence, similarly as explained in Chapter I, Art. 3,

XVa=¥Vva=zvis L
$a 5 9”2/=2+21‘37'r ¢z_727__231T
44 Dl%'% D=%%itz
625 V=0 Ve =0

Therefore

wsxg%lcos wt _de €*f cos wt—l.gg e*! sin (2wt + )

b; 3T
1 Decl+e , . 1, -%,
—_— = - t it b
25 1= gk

—_dcos t-27r\—é-9 2t cos t——2—7r
ys—biw (a) 3) b; ¢ (a) 3)

1 De . 2
— § . l)’ €“t sin (th + '\I" — §)

(1

1 Do 1+ , . o9\ 1, - %,
—“2’. b’;.l_fo_, e** sin (’\ll‘ +'3)+§ ke by

305
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_—d p 27r>__{1£ at t+2'n’)
2o = cos (w + g, & cos <w 3
—%.%e"‘ sin (2wt+«lr+ gZ—T)
i 9
' - %
—%.%.%—}g—, et sin (\ll’ ——27?) +%ke 5!
= Ae*t + Dettsin (wt + )
Hence, denoting Dcosy by K, Dsiny by F and — b} k, we have

-+

Ac 1 Ifc .
—— cos wt — =~ e“‘ cos wt — = . —~ e* sin Qwt

1 Fe 1 ey
_ﬁ'EG“t(k+COSth)+§k€ IRz
—"‘do<t 2—77>—-14¥cato —
ys—biwcsw—3 bi€ cs(w ——3)
1 Ee¢ ut . Q7 . 27
5 bwe {sm (th—r—s)+ksm§_]

3 :

o

——% %e“t[co&(2wt—g~>+k 2%]'{-.1]06“?)7/{

Zg=

d 2
cos <mt+ ) -

Ac , o7
bo 3 Te cos (wt+—)

i 3

1 E¢ ol 2 . O
%, et [sm (2wt+?)—ksm~3~J
Ly

Fe t‘ 2 2w ‘ 1
—_— - bN
3D e+ COSKQ(Dt’{- 3>+IC(3033 +3]€

1

= Ae* + Ke*' sin wt + Fett cos ot
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Now, to determine the arbitrary constants, suppose that x=y=z=w=0 at

t=1, and denote wf, by B. Then since /=0 in this case, as said at the end

of the previous article, we have

Aeeos B+ % Eettsin 28 + % Ferto(k + cos 28) = :—:’i COS B e (20)

27 1 . Q7 . 27
aty —_ el bl g = i
Ae*bcos (B 3 > + 3 e l:sm (28 3 ) + ksin 3 }

L preuts _?z) ceos 27 | = =@ _2m
+2Fe" [cos(?ﬁ 3 +keos 3]—00’ cos( . )

Ae*tocos (,8 + g;_r) + % Eeto [sin (2,8 + gE) — ksin 255]

1 to 27‘-) 277' ——_d 2_7T)
+§Fe“‘ [cos(2ﬂ+§ +lccosf3f]_ . cos</3+ 3

..................... (22)
Aetto+ Eerbosin B+ Fecos B =10 ..eiiiiiiiiiiirtiiiiiniiciniie e (23)
the two middle ones of which give (by subtraction)

Actosin B + 5 Bests (k — cos 28) + 5 Festsin 28 = %(;il R S (24)

Thus we have three equations (20), (24) and (23) for determining
A, £ and F, just the same as those we had in the case of the two phase
generator (see Art. 3). Therefore

d 1-¢ —d 1—¢' . -d 1-¢'
A=~ " g F=_— ——~ethiginB F=— . "7 etbcosf
cw o cw o cw o
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accordingly the expressions of the sudden short-circuit currents are

—-d 1-4 1-4
@y =3— | cos ot + s =t cos wt — 5o ¢ =t cos (2wt — wt,)
3

1+6
— et cos wf,

/

—d [cos (a)t - 277) + 1;}{ eait—t) gog (wt _ %”)
@ 3

ys - 5 3 g
1 L
- 20_7 ¢ =% cog (2wt - -27; - a)to)
1+4 2
R N { 2 7] —
L 557 € cos (a)to 3 ):‘
—d 27 1—¢" 2qr
—_ - =T gttty o
Zs hw [cos(wt—l— 3)+ g € cos (cot+ 3>

’

T T e lt=td gog <2a)t + 2 _ wto)

3

1+ 2w
a2 (E=1g) =
507 é cos (wto + 3 )]
1—¢'

wy= = Iy [ — e =0 cos (ot — wly)]

Now to find the maximum values of these sudden short-circuit currents,

put ,% zg =0. Then, denoting
—d 1-¢ , 1 , 1 ,
b“i_w——a-' by £, —;_,—‘If by ¥, Q(l_a) by M, §(1+o') by N,

wt by a and wf, by B, we have

@y =k [cosa— M cos (2a — 8) — N cos 5]

s o527 202 =) (5-2)]

[

- s (1 2) e [2 (1 27) - (8- 22)] - oue (8- 2]
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\ <2a+2§—ﬁ)—NCOS<B+%7E>:|

2=k [cos (a+ ?Ij — M cos
3 v
2 i 2 \

=k {COS (a+4371>—Mcos LQ <a+—.§:> = (B+—2;)] —~ N cos (/34_2,37?)}

wsy=Fk[1—cos(a—B)]

(0] (0] o)
O (o} o OO
O

O0p00©

@) O
o Oplo©

Fig. 6.

Therefore, as explained in Art. 4, (), takes place at 8=0 or 7 and

a—B = and () 15 = .
b;wo
2
5 =0 or m and a—B=m and

Similarly (¥s)max takes place at B — 3

(ys)max. is = (ws)max.
(25)max. takes place at B + 2?7 =0 or mand a— B = and

(Zs)max. is = (‘xs)max.
(Ws)max, 18, as sald in Art. 4, equal to 2k’ that is 21;,0 I; and

(Ws + I )nax. = I (? - 1). It takes place at a — 3=

Note that the shapes of the field current and the approximate maximum

sudden short-circuit currents in the armature are the same as given in

Chapter I.

S.
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Now, for comparing the maximum values of the permanent and sudden
short-circuit currents in the two and three phase generators as shown in
fig. 6, let L, and L; be the total internal inductance of each phase of
the two and three phase windings respectively. Then since the numbers of
turns of the two and three phase armatures per phase are in the ratio 2:3,

the ratio Ly to L is, referring to Art. 5,

W . T
o [SinG sin 2 b, ( 3
= <§> Vs 1]_ vy z = (g) . 172. \2'—\/"§>
6 4
But b= Loy and b= (14 5 ) I
12 12 3 21}3 3

Therefore
o= () 6)-0)- G
But the ratio of the induced E.M.¥. in each phase of the two and three phase
Q)65
E, " \8/\2v2

which is exactly so when the winding is in fine distribution. Therefore the

armatures is

ratio of the magnitudes of the permanent short-circuit currents in the two

and three phase armatures is

B
Xy 3/\2v2 3 1 w
Xo 1N /2N (m\/ 3 \ 2° 1 v,
()6 (DGR "1,
which is roughly =1 for 1 + 1.3 and 2 =1
2y, ~ 2 v,

Also since g + 31— =1 we have, referring to Art. 5, ¢’ = ¢ and hence the
Vs

maximum sudden short-circuit currents of the two and three phase armatures

are roughly equal in magnitude.
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§ 8. Ordinary treatment of the two and three phase generators.
In the ordinary treatment of the three phase generator we are used to

consider the armature M.M.F., of which the amount is gnl ~2, where n

is the number of turns and 7 the effective current of each phase, acting in
the direction as shown in figure 7 (¢ being
the phase angle between the current I and
the induced E.M.F. due to the original
field N—S8). Therefore the E.M.F. induced

. —N 5
in each phase of the arinature due to the 5
reactive M.M.F. will be !
—g-nl
=—knk nlv2 V2 d [s1n (0t — ¢)]
Gz Fig. 7.
-3 [I V2 sin (ot — ¢)]
2 (R dt
-3 b
T2y de

where £ is a factor due to the distribution of the winding, ® the reluctance
of the equivalent magnetic circuit for the sine flux produced by the armature
current, and b;” and v are as before.

Thus the fundamental equation in the ordinary treatment of the three
phase generator will be

, dt
(ag+a)) i+ (b, +b;)—~—-ds1n t—-2- ;bz b7

where a, and b, are the load resistance and inductance and b/ the leakage
inductance of the armature winding of each phase.
That is
31

(ae+a,)z+(b +b/ +§ = b )d =d sin w
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A (b6+b/+§.1b;)w'
d . _ 2y
; sin \ wt ~ tan™? ‘

which solves to

7=
a,+a;
J(ae+ai)2+(be+b;'+§.1bi’) w’ ¢
2y
b =b 1 . ' 1
B SN . r— = ’
ut b ” that is b, (1 y) b; |

so that

, 31, , 1 31 1 ,
biage b=t (1= 45 ) = (14 5, )b

. . < [bc+(1+~21—y)bi’]m>

\/(ae +a) + [b,+ (1 + Zz) bi’] w? o

which coincides with the result obtained before by the complete a;,naly'tical

and hence

solution.

At short circuit, that is when ¢, =b,=0 and ¢; is negligible compared

with {1+ 1 b/, 1.e. b;, we have
2v
Ly = e COS (01 = —d cos wt
1 ’ biw
1+ — bi w
2v

As to the maximum sudden short-circuit current we have, according to

Mr Berg,
' +2d-

(l)sudden max. = blfw

while the complete analytical solution gives

2d 1 | 2d | 2d ¥

(1 e *
( )sudden max. b,-w p biwa biw('r + Tf)

where 7 and Ty are the ratios of the leakage flux to the difference of the total
and the leakage flux produced by the armature and the field current

respectively.

* See the theory of distortionless alternator, Art. 22.
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In the case of the two phase generator we have, from ordinary treatment,

the amplitude of the permanent short-circuit current

d _ d
Y e P R

which coincides with the result from the complete analytical solution.
Similarly as in the three phase generator, maximum value of the sudden
short-circuit current in the two phase armature, according to Mr Berg,

deviates very much from that obtained by the complete analytical solution.
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Frgure. 3.
- Armatiye curyent al sudden short-civcuit.
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