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§ 1. Fundamental equations and their solution.

If the field poles be non-salient and laminated and the field and armature
winding be so arranged that the flux distribution circumferentially along the

air gap is sinusoidal, then the-fundamental equations of the single phase
generator are

afv+bd—+c—(ycoswt) d sin wt

a1y+b, T %(mcosm)=0 ........................ (2)

(where @ and b are the resistance and inductance of the armature circuit,
@, and b, those of the field circuit, ¢ the maximum mutual inductance between
the field and armature winding, d=cl;w the amplitude of the induced

E.M.F. due to the exciting current I, and # and y the armature and the field
current)

which, regarding the permanent phenomena, can be solved as follows : —

Put 2= 3 X,V2sin (nwt - ¢,) and y= % Y, V2 sin (nwt — 6,)
n=1

n=1

Then the equation (1) becomes

a § X,V2sin (nwt — ¢,) + bow § nX, V2 cos (nwt — ¢,)
n=1 n=1

; ;lltl:EYn\/251n(n+lwt— n)+2 Y, V2sin (n— 1ot — n)]

=d sin wt
that 1s

a §. X, V2 sin (nwt — ¢,) +bo § n.X, V2 cos (nwt — )
n=1

n=1

n—2

+ % cw [ E n Yy ,cos (nwt — 6,_,) + 2 n ¥, V2 cos (nwt — 0,,+1)}
n=1

=d sin wt
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which, when multiplied by cos net and integrated between wt=— 7 and + ,

gives
~aX,sin ¢, + bnw X, cos ¢, + % cnw (Y, _cos 6, + ¥Y,4,c080,,,)=0
when n$1...... 3)

—aX,;sin ¢, +bwX, cos ¢, + % cwYyco80,=0 when n=1............... “4)
and when multiplied by sin nwt and integrated between wt = — 7 and + 7 gives

aX, cos ¢, + bnw X, sin ¢, + % cnw (Yoysin b, + ¥,4,8in0,,,)=0
when n#1 ... (5)

aX,cos ¢, + bo X, sin ¢1+12—cw Y,sin Bzzﬁd ‘when =1 ..o (6)

Now add equation (3) multiplied by C—ZZ’— to equation (5) multiplied by
— 2 .2 |

v¥/—1--- that is j —. Then we have

cnew chew

2 X, (c05 bu -+ 5in ) +j s X (08 bu -+ 51 )

c ncw

+ Vi (cos 8, +jsinb, )+ Vi (cos 6,4+ 5sin6,,,)=0

that is

20 . 2a . . ,
<7 *J ,E,) Xo e/t Vo e g, Vs eye,@ =0

and similarly from equations (4) and (6) we have

dv2

cw .

@ +j '23) X,. 0%+ Y, %=

¢ cw
Next, similarly equation (2) gives

2b, | . 2a ; ; ;
(‘E—l +J Rﬁ)) Vi el 4 Xy el 4 Xogi. 9P =0
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and
(2_1)1_}_]2_(7“) Y,.GjB‘+X2.€j¢'2=O

4 cw

Therefore, denoting

26 . 2a 26 . 2a
(? +79 C*(;) by t, (7 +7 %> by Toy vevernnionns
(% 2_0’) t
............ P B Y neeeeeeinns
2b, 2a, 20, . 2a,
(WC— + p ) by T, (_C +2 §c_) by Ty ser-aennsnes
20, . 2a,
............ ( o nc—w) by Thoeeesercnnnes
X,.e9 by &, X,. /% by g, vevenennnen. X,. e by ay voniinenn,
Y,.e% by B, Yo.e/% by By cevenrenn. Y,. % by By eevenn.

andj%’g that is jI;¥2 by 4

we have
o, + B, =4 71,31+(12=0)
Bi+ta,+B;=0 and a1+72,32+0t3=0£
i
B2+t3a3+,84=0 a2+7333+a4=0}
that is
oy +B.=A4A 7'131'*'“2:0\
a1+7232+ o; =0 B1+t2“2 +8:=0

Bot+tiay +B8,=0 > and o+ 78+ a,=0
o+ 7B+ a;=0 Bs+ tia, +83:=0

..........................................




that is

and

and

Therefore

Thus

Theory of Single Phase Generator.

B, AN o,
Ly =—=— 4+ —==0
! o o ! 61
o; Oy ,81 ,83
2+ Tt =0 —+ i+ =0
/82 ? B L o ? a,
B B and oy o r
Py 4 20=0 Zhm+2=0
o3 ey Bs T Bs
o o Bs Bﬁ
=+T+==0 Z+4+—=0
B, ¢ :84 oy ‘ a,
.................................... )
A 1 1 1 1
A h -t -z =
T 5 where & h Ty — by — T, — t; — ete.
“ A s, where s,= _Lr 1l
B ? 2 =T t3-—-'r4—t5—-'rc—etc.>
— P 1 1 1 1
—Pr_ s wh I N
o 8 where s,=1, T, — b, — 16— &, — ete.
9=a- where cr—'r—1 1 11
By ! YUYty — iy~ 8, — 15— efte,
—-/81=0_2 where 02=t2—-l 11 1
a; 73—t4—7'5—t6—etc.>
“%_ 5, where <r=7-—1 11
Bs i Sy — 75—ty — T, — ete.
Bi=ty=By=a,= ............ =0
—-A A
==, B, s e eeieineees

319
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that is
L . I3
X, (sing,—jcos¢,) = fq
91
¥, (sin 6, — j cos 6,) = _—SIme $*
1«92
. . I3
X3(51n¢3—-]cos¢3)=g fq =
$1.85. 8,
where
s_<2b+j2a> 1 1
e oew) 7260, . 20 20 . 2a
(?+ zcw>‘(\?+3%>fetc'
%, . 2a, 1 1 '
sz,—(7+927,.;,>_<_2_1)+.gg_ _(2@ 20y
¢ ‘730(0) \c+‘7@>~ec'
9~<@+.ﬁ>_ 1 1
=T Bew <ggl+._z& 2 .2a> .
¢ '741014))—(?-*-'750—,_60'

..................................................................

§ 2. Solution of the fundamental equations, continued.

The series of equations of « and B in the previous article seems at a
glance impossible to solve, because the number of unknown quantities is
greater than that of the equations by one; but if the functions of # and y
are finite and otherwise satisfy the Dirichlet’s condition, so that Lt e, =0

n=w

and Lt B, =0, then the series of equations can be solved as will be described

n=w

in the next few pages.

* This coincides with what was obtained by Prof. Lyle i(Philosophical Magazine
1909). - :
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First 2n equations of the given series of equations are
hoy+8,=4
o+ 78, +a,=0
B.+t0,+B,=0

................................. (1)
Oz + Ton—oBen—s+ tan_y =0 ]
Bon_z ¥+ o101+ Bon=0
: Oy + TonBan + onpr =0
They give, when summed up, S
G+Doa+(m+2)Be+ s+ 2) o+ oeeinnnn
............ + (b + 2) ton + (Ton+ 1) Ben + tna=4.....(2)
Now, take up a special case where a, =0 and denote 3,, a;, By............
in that case by @y, 23, @00l respectively. Then we have the equations
2= A \
ToXy + 23 =0
. Ly +bas+2,=0 ’
S )
Lon—g + Ton—aon—o+ Tan_y =0
Zgn—s + bon—1@on—y + Xa, =0
Zan—1 + TonLan + Tanta1 =0 |
which, when summed up, give
(m+2)z+ G+ Do+ 2o+,
............ + o + 2) By F (ron + D g + 2= 4.0 .(4)
Next, take up another special case wherc a,=1 and 4 =0 and denote
Bay tyy By vieiiiiiinnns, in that case by 4., ¥, %4 covvvenininiininns respectively.
Then we have the equations
L+1.=0 )
14+ 7y+y:=0 ,
Yo+ Lys+1,=0
.............................. ()

Yon—s T Ton—oYon—z + Yon—y = 0
Yan—a + ban—1Yan—1 + Yon = 0
Y F TonYon + Yo = 0
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which, when summed up, give

' GHD+H(+2) e+ G2y + o,
............ + (b + 2) Yones + (T + 1) Yo+ Yongpr = 0.......(6)
Now adding equation (6) multiplied by a, to equation (4) and then
subtracting equation (2) we have
(T2 + 2) (e + @ — Bo) + (b +2) (Y5 + @5 — ) + oo
............ + (tear + 2) (O Yenms + Ty — gny) + (Ton + 1) (04 Yan + Ton ~ Bin)
+ (0 Yan1 + Tony — Ogppy) =0

which, when n =1, becomes
(ra+ D) (g + 2 — Bo) + (s + 25— a;) = 0
and, when n = 2, becomes

(T2 + 2) (s + 13— B2) + (b5 + 2) (s + @3 — o)
+ (14 1) (s + o, — Bo) +(ays + 25— a;) = 0
and so on.
Similarly, when first (2n — 1) equations of the given series of equations

are taken up, we have

(Ta+ 2) (Y + 2, — Bo) + (G + 2) (s + T — @)+ ooveeee
............ + (Ton—z + 2) (0, Yon—s + Ton—s — Ban_s)
+ (on + 1) (al Yon— + Lop—y — a27l—l) + (al Yan + Xop — IB‘m) =0
which, when n = 1, becomes
a1y2+x2_:82=0

and, when 7 = 2, becomes

(Ta+2) (e + 22— Bo) + (b + 1) (95 + 2 — o) + (o, + 2, — B) =0

and so on.

Therefore, we have

Yt z—B=0 ay+a—a=0 oy, +a—B,=0...........

............ & Yan +;z'2n —Beaa=0  &Ysntr+ Tonts = A =0
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so that

B. &, [} &,
on 2n 201-+1 oan+1
— - or = —— — 222

a,= —2n
Yo Yo Yom+1 Yo

But Lt B,,= Lt ayu4, =0 as was said before; while Lt y,, and Lt ypuqy
n=w n=w

n=uw =00

are not equal to zero, for the product ¢.7 is > 1.

Therefore

& &£,
a,=— Lt -2 or =— Lt 2"
n=w Yon n=wo Yont1

But now relation (3) gives

T 1 1 1 K220

T Zm T b — Tamg — eeeereeenns —ti—1 K(2,2n—1)

—@m_, 1 1 1 1 _K@22-1)

T T O —t,—T1, K(2, 2n—2)
— 1 K2 8)

z =7,=K (2 2)
r,=A
so that (=1 = A.K (2, 2n)

where K denotes a continuant such as

KQ,20)=]t 1 0.eeee... 0 0
S T "0 0

0 1 tyeeornnnnn.. 0 0

0 Oureeene, tey 1

0 0 O0........ ... 1 74
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Next, relation (5) gives

“a_, _ 11 1o1_ K(,2m)
Yo e = Taneg — veerinineens —m—t K(I, 2n—1)
Yo _p 1 1 ' 1 1_K(1,2n—1)

Yoot Tamea—bang— cerneerirens —~1,—t K(1,2n-2)

Y T t K(1,1)
—yy=t=K(1,1)
so that (= 1)yoni =K (1, 2n)
Therefore, we have

— i1 _ K (2, 2n) -4 K (2n,1)
Yont1 K, 2n) K (2n, 2)

accordingly
K(2n, 1)
I:{:c <A/ K (2n, 2)>
1 1 1 1
B3 2
n:m[ 1 72_t3— ------------ _tin—1*72n>>
1 1
=A/(tl__'r_2—t_3— ............ tooo)
and since ’§3=ﬁ4——t1=_l 11
9 To—la— Ty— cevirirnannn to
* we have
1 1
Bz—"%/('rz t_3—'_r:—— ............ tooo)
e To_®_ 1 11
and since = T T R e, to
we have
1 1
a3=_'32/<t3_;4—t_5—....‘ ....... tooo>
and so on,

which is what was obtained in the previous article.

Note that we arrive at the same result if we take up the relation

a=— Lt Lan

n=cw Yon
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§ 3. Amplitudes of the higher harmonics of the field and armature
currents.

P\ ¢ ‘72p'cm Sapt1

so that denoting s,4, by g (g9 + jh) we have

bl g .71 2a h
sp= 2| (2 = N\t j (o 2L 4 e
c l:( %2! (92 + ’lv2)> <2P blw b_cb_; (gz + hz)):l

“C- ) i Gy )]
where v = armature leakage coeflicient > 1
and vy = field leakage coefficient > 1
accordingly

_bh, ) g /1 2a h ] .
swown =t (2= 5t em) + (55 i) | 9+

- __ (L 20 b\ g+i
= vyy. (2 vy ( 2+/L2)> +J (2 ‘b w + vy (g’+h’)) (g +3h)
g 74 ¥

of which the modulus is

- 9 V(L2 _1‘7_)2 =y
—wf\/<2 wf(g2+lﬁ)>+(2p'b,w+wf(g2+h2) Ve +

3 1 g
2 2 N - AUS—
which is > 1 when\/g+h >].fOI'wjf(2 h2)<1

for

g 1 1 —
L = — <] and — < 1 when '\/2 hr>1
Ty G

g

[ 10
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But now, when p is sufficiently large, we have

2% 1
RET, 1
Sy

so that ¢ >1 and k=0 when p is sufficiently large.

Therefore we can conclude that [sy8;4,] >1 and hence the higher

harmonics of both the field and armature currents diminish in amplitude with

the orders of the harmonics.

§4. Permanent short-circuit currents in the field and armature circuits.

which is also usually

Usually l%) is = 0 and at short-circuit I% is = aw
) .

= 0. Therefore at short-circuit we have usually

c c c
_%a+v3
¢’ 1
Where 0'=1—"1Tb1—1—;;;f
and Sy = 84 = 8= ererrerrenns

2%, 1 1 1

—UT T W

c c c
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80 that
Xlsin¢1={%g.llc where k=1 + Vo
c
. -—If\/é 1 ~ m c? 1
Y,sin@,= biby '70—2=_If\/2'ﬁ2 where m=b—bl_=y—uf=1——a
¢
. IV?2
X3s1n¢3=f—lj—.%23
c
_ 2
Y,sin0,=— [;¥2. 7%
ete.
and Xicosy = Y,c080,= Xscos¢y=Y,cos0,=............ =0

so that the permanent short-circuit current ; in the armature is

Xy = _bzlf .(cos wt + n cos 3wt + n*cos Swl + ..u......... to )
=~k
¢

(1 —n)cos wt

—2I;
1 — 2n cos 2wt + n?

big
4

_—=2I; (1-n)coswt
B éik (1 +n) —4n cos’ wt
¢

where n=%z
But 1—n=1——1—_o-—*=2~/a' and 14+n==
A +Va) k

10—2
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Therefore
2o ;
- a1, — s w
T Ti2\E  m
_Ck (7{7) —41—05008 wt
clrw Vo cos ot

T o '1—(1-0)cos® ot

which coincides with the result obtained by Mr Boucherot and traces the

curves as shown in fig. 1.
The permanent short-circuit current y; in the field winding, not including

the exciting current Iy, is

Yo = 2Ipn (cos 2wt + n cos dwt + n?cos 6wt +............ to o)
cos 2wt — n
= 2sm 1 —2n cos 2wt +n?

2cos’wt — (1 +n)
1+ n)* — 4n cos? wt

=2In
A

m
m cos® wt — 7

v

= 1 — m cos® wt

(1—o)cos’ wt— (L =Vo)

=1 1-(1—0)cos® wt
accordingly
Vo
ys+]f~If1—(1—a)cosﬂwt

which also coincides with the result obtained by Mr Boucherot and traces

the curves as shown in fig. 2.

§ 5. Maximum and effective values of the permanent short-circuit
currents.

% =0 where 0 = ot gives sin@ =0 or 1 + (1 — o) cos? @ = 0, the latter of

which gives imaginary cos 6.
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Therefore z; is maximum when sin § = 0 that is when 8 =, 27, 8, ete.,
and the value of (@), 18

Olfw 1
Zg) =+ j——
( $/max. blw \/a—
~_ max. value of the E.M.F. induced in the armature
total armature reactance x square root of the dispersion coeff.

=1

Next s _ 0 gives sin f cos § =0 that is sin # =0 or cos 8 =0, the former

do
of which gives 6 =0, =, 2, etc., so that

(1—a)—(1—«/5)= 1-Veo

(ye)positive max, — If I-(1—0) If Vo
and the latter gives 6 = g, 3 —g, 5 %, ete., so that
(Ys)negative max, = — L;(1 — &) which is < I, in magnitude

Accordingly

(3/8 + If)max. = If' ;/lj- and (:’/s + If)min. = ]fv;

Next, since

@y = ;)?If
—k
4

(cos ot +n cos Bwt +n?cos Swt +............ to o)

its effective value (zy)q, 1s

(@)enr. = IfIf %(1 +ntnt4 )
.E. -
/ c 1 -
=Va. L. (=) 3
_ 1 ew 3
W2 b

and since

Ys = 2I,n (cos 20t + n cos 4wt + n? cos 6wl + ............ to o)
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its effective value (ys)en. 18

(ys)efi’.=2lf'%2-\/%(1+712+n4+ ............ )
=«/§.If.1,g(1-n2)—%
=\/i§.1f.(1—~/3).a—i

so that

(ys+If)eﬁ‘. = Ij/\/l + %(1 - ’\/;)2 . o-_é

1

I\/Q.If.«/1+¢r.o'_i

Note that (#;).s can be checked as follows: —

w

01, 2 21— 2]c\? (1-n)cosd ]2
“dt‘_[o( bik ) |:1—2ncos20+n2 dé

kg

(@ e, = % [

0 KL

where a =260

_lf" /—21fc>2 1-—nriQ +cosa)d
T OK bk (1 = 2n cos a + n?) @

-2 (2L J da
T bik)

where p=1—n,¢=1+n and @=tan 2 = tan 0

2
1 (21c\? x 1 q tang
=— . — tan™1 1y
'77'( b:k ) [pz + qza«“ + Pq an puc]tan()

_ IfC 2 1
—2<7h~_lc> 1-n®
so that (ws)eﬂ.=V§%%.(l—)7,2)_%—\—/1_—2_.61)1.1‘&(:’.0"%
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Next (y;)eq. can be checked as follows:—

2 3 cos 20 —n 2
9 == B n-——m————
(YsPenr. - / <ZIf " T 2ncos20 + n?)

_(21,71)—/( COSE"—)Qda

1—-2ncosa+n?

_ LM pogery 2
“<2If"):rjo (Bri) o

P +qw 14a2 ™"
2 (2Im) Y - tan g
'7r((p fq)) [g'(gpgfqzx?) 4 +gpq ipg tan—l;])w+tan“‘xJ0
_2 @Iy (pP+@—dpg T T
—v_r(p—q)2< 2pg '§+§>
_(2Imy
g

. 8N/0' 1 1—-0
that (y,). _21 /\/ =-.T .ot
80 a (y)ff S 1 \/2 S A g
'—‘--‘I\/_ﬁ.l-f(].'—’\/;)0'_i

§ 6. Ordinary treatment of the single phase generator.
In the ordinary treatment of the single phase generator, it is usual

to consider that the average armature M.M.F., of which the magnitude is

1 —~ . . e
énI N2 where nl is the effective armature

ampere-turns, affects the original field as
shown in fig. 3, while that part of the arma-

ture M.M.F. which is alternating in direction _,,

with regard to the original field is quite

inactive. J
With this conception the E.M.F. induced
. S nIVZ
in the armature due to the armature M.M.F. .
Fig. 3.
will be, as stated in the theory of the two i
1 .
and three phase generators, = — Q—ybi% where b; is the total armature in-

ductance, v the armature leakage coefficient and ¢ the armature current.
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Thus in the ordinary treatment the fundamental equation of the
armature circuit will be

'dz'___

1 .
(e + @) + (be Fhit o bi> o =clywsin ot

where a, and b, are the load resistance and inductance and b; the armature
leakage inductance.

Now solving this equation, we have

\/ s (b4 bt o by) o
(@ + a;) +(e+ I+Z 7,) w
\/( e b4 (1= L) o
.ae+ai)+ e+ @< §1—1> (/)]
b; _ 1
for V:bi—bl so that bl—bi(l— v)

so that the effective value of the permanent short-circuit current is

(’L. ) _ CIfﬂ)/’\/é . 1 CIfCO 1

et = . = T

' 1\ V2 b 1
\/ai2+biz(1—2—{}> w? 1—5,—}

Comparing this (4;).q with that (x,).s obtained in the previous article

. . 1 .

we have the ratio 0-41'/(1 - §1—> which, when v = »; so that o =1 — " that is
v

o= V1 — o, becomes as shown in the following table:

o 01 0-2 03 04 1046 05 0-6 1-0

oi/(1—2l> 1007 | 1-21 | 1:27 | 1'3 |[1:305| 13 129 | 10
14

Thus the ordinary treatment is on the safe side with regard to the

effective value of the permanent short-circuit current.
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. . . 1 .
Comparing (%)max, We have the ratio ot / (1 - -2—'—) which, when » =y,

becomes

o 01 | 09 'o-s ‘0-4 046 | 05 }0-6 10
/(1-—) -6 -ml 94

Thus with regard to the maximum value of the permanent short-circuit

104 | 107 {1:095| 113 | 10

current, the ordinary treatment is on the safe side or not according as

ot 21— Ql,_, , that is according as o = 0-36.

§'7. Sudden short-circuit currents.

Below is given an approximate solution of the fundamental equations
for sudden short-cireuit currents.
If we consider y including the exciting current, then the fundamental

equations may be written in the form

aix+bl(jlt+c——(ycosmt)_-
d
Yy + b dt+c—(xcoswt)—-alfj
that is
dx d
ZZ~9+Aw+B@(ycos9)=O ........................... 1)
Y\ Ay+ B2 (woos 0)= 4,1 @)
70 1Y ’d9 PP
@i =4 =° g =
where A_biw’ Al—blw, B—b, B-—b1 and 0= wt

Neglecting for approximation the term containing 4, we have from (1)

z#=—BycosO+k

so that equation (2) becomes

dy
dol—Aly B‘d0[(k Bycos §)cos 8]=A4,1;
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that is
(1 - BB, cos20) +(A +2BB;sinfcos @) y=A,1;+ B,k sin 8

that is
d‘/_’_z—‘l*:l—gm sinfcosd A1+ Bksind
de 1—mecostd I 1 mcosf
1
where m= BB—— —=1-0
bb, vy,

which solves to
A I+ Bksin @

fPds _
ye. 1 -mcos?8

.elPde dg 4 [
A, + 2msin @ cos 0
1—mecosf

where P=

Hence, neglecting the constants & and %,, the principal integral is

A,

jpae | _ “dy
ye 1 —-mcos? 6

.ef P8 df

But ,

A do do — (24/mcos @sin §
Pd&:gf(,_ 9 6 ) v f neososInG g
-[ 2 l—\/mcos0+1+'\/mcos6 T 1—mgos® 8

- +J< Vmsin §df _ V'msin ede)
- ? 1—~mecosf® 1++~mcosé

r 1 4 Amm 1
_ 4 ‘tan ~/1+th 0\, tan- Jl,,*_tng l
NV1-m J1 ~Vm "3 Ji+vm 2

.

+10g(1 —~m cos ) + log (1 + ~/m cos 6)

1+ Vm, 6 fJ1-Vm 8
and tan <;/t7ﬁt 3 + tan J1+'\/,,_ntan§

= tan™! <—\}—_ tan 0)

g

which is nearly equal to 8 when @ is sufficiently large.
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Figure 4 represents the curves of tan™! —1_ tan @) and its components
g P - p

tan—! <1L—ti@ tan g) and tan™? <J1 — \/;75 tan g>
J1-Vm J1+vm

Therefore

J‘Pd()# 4 0 +log (1 — m cos? 8)
V1—m .

so that
Ay
P4 = (1 —mcos? ). V1™

Hence we have

=y = =
y (1 —m cos? @) V1-m =fA,IfeJ1‘m AO=I NT—m.eV1T-m

so that

oy Nl-m . We
T 1—mcost@ F1—(1—0c)costd
and hence

T _BWocos6  clw Vo cos
T I (AT eos 8T hiw '1—(1— o) cos* @

which coincide with those expressions of the permanent short-circuit currents
obtained in Art, 4.
Next, to determine the complementary functions we have the equations

with the right-hand sides equal to zero, namely

d d
d—",;—{-Aa:-}-B@(ycosﬂ):O ........................ (3)
d d

d—Z+A1y+Bld~0(wcos =0 e (4)
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which give, when the terms containing 4 and A4, are neglected,

x=—DBycosd and y=-Bxsinf

so that
/B
@ = i?/\/ B‘]

Note that here for finding particular integrals of equations (3) and (4)
we drop the integration constants.
Now, put this relation between # and 7 in equation (4). Then we have

1 iN/ZTB,cose)g—:z+(Al$~/B—Blsin 0)yy=0

which solves to

log y = — [A1FVmsin® =‘Af +f_\/msined0
07 1 £ ¥/m cos§ "1+ Vmeos8 )1 + ¥mcos 6

24, tan™1 <J1 ¥ Vm tan 0> log (1 + ¥'m cos 6)

Vi-m J1+vm

that is

LY TR (J 1em, g)
y=—il——- € NS «/ldzt\/;z
1+ ~Vmecos6

Therefore the complementary function of y is

G, C, ey (0

-"al(o) + — €

ﬁ'\/'rncosé) 1—vmeos8'

where €, and C, are arbitrary constants

and o (9)— 24, t <:;;+jm tan g)
m
and “l) = 24, " <:;1+«/mtang>
11—+
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and since z =+ y \/ ]_!_lj the complementary function of  is
1

\/E <_ O caw__ G E—azw))
b; \1+Vm cos @ 1—-+Vmeos8

Ifweput y=1= \/ % in equation (3) then, similarly as above, the com-

plementary function of « is

D
1 — E_ﬁl ©® + D2

. S a0
1+ vmecos 1—-~mcosd

where D, and D, are arbitrary constants

24 J1-Vm . 8
o BO)= =t <J1+vm 2>
24 V1+vm 0>
d (0= A e (VLYY
an B( ) )\/l_nl an <\/1_,\/;ﬁ an2
and that of ¥ 1s
lzi,<~_]ﬁ____€—p.<e)__22__,e—w>>
b \1 + Vmcos@d 1 —vmcosd

Now, if we take up the first form of the complementary functions and

put a, (6)=a, (9)#:}1—;10, then the complete solutions of the sudden short-

circuit currents are

?__I_,< Vo Ve )
=3 1+Vmcosf 1—+Vmcos6
4,
( q_’ + C_g )€~~/—;0
1+4meos8@ 1—wmcost
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- R s o)

1+\/—rﬁcos0_1—'\/ﬁcos()

e

1+Vmecosf8 1—mcosf

for

Therefore if the initial condition for fixing the constants C; and C, be
=0 and y=1I;at =6, then we have

L, Vs o)
2(1+N/ﬁcosﬁo 1—+'mcos 6,
4,
Cl 02 ) —\7_00
+ et + — . ¢ =]
<1+'\/mcosﬁo 1—~m cos 6, ¢ 4
{,( Vo _ Vo - )
2\14+~mcos8, 1—+mcosbé,
_4
+( ,0:1 — 32 ).e "/‘;00=0
1+Vmecosf, 1-+vmecosb,
so that
- 4y
s “ﬁ’ 251 .e_ﬁoo—l
1+Vmcos6, 1+ Vmcosé,
that is

)
01=%‘Ij(1 ~ Vo +Vm cos 8;). V0 ’

and similarly

4y
N — P —_—0
02=1§If(1 —Nao —Vmcos 6,). Mo
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Accordingly the complete solutions become

wel Vo L, (1—'\/;+\/Ecos€0+l—V;—Vn_zcoseo) '
y= 1 meostd 277 1+ ¥mcos6 1 —vVmecosd
At 9-9y)
xe Voo
_7 Vo 1-+a—mcos ,cos 6 ‘N/ao )
T 1-mcos?d 7 1 —mecos®*d
and
-7 b, \/mo-cosé? \/b vV cos B, — (1 — o) Vm cos 8
e N B 1 moos' @ ’ 1—mcos*8

A1
—‘\/0—'(6 00)

_7.¢ Nocosd . ¢ (1-Va)cosf—cos b, \/—(0 %)
T b1 —meos? /b 1 —mcos* 0 "€

which, when 4, = 0, become

1 — m cos @,cos 0 ¢ cos d—cosd,
y=1. 1 —mcostd and Ifb T—mecos? 6

If we do not put a,(8)=a,(6) in the above solution, then we have
R NS A
2°V b, ' \1+¥mecos8® 1—~mcosd

E vwg— —a, {0) ._ ‘-0 — —az(o))
+\/bi'<1+x/ﬁcosee 1—Vmoosf

and

gl (_L ‘,.;_f/?._m)
Y 2°\1 +Vmecos 1—~mcosb

0, C,
D emO 2 e “”)
K1+\/mcos0 1—vVmcos 6
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which are also obtained by putting —’g=%‘ in the fundamental equations
1

.as Mr Biermann* did. Putting %’=& in the fundamental equations we

by
arrive at these results without any neglect. This dssumption is however not
allowable in general.

If we take up the second form of the complementary functions and put

B1(0)=B.(0) = % 0, then the complete solutions become

x—-Lf«/E< Vo 3 Vo )
2°V b \1 +¥mcos® 1—Nmcosb
4
6

(, D, D, )e’\/;,
1+~meos@ 1—+Nmeos/ '

?=£f( Vo 4 Vo >
4 2 \1+vmcos8@ 1—+mcosé

: 4

— -2

+\/lﬁ< lll - 132 ).e Vo

b\l +Vmecos8 1—+Vmcos8

so that with the same initial condition as before we have

I, Vo Ve )
2(1+\/7)_zcos(7‘0 1 —Vmcos b,
4
17( D, D, ) ~%°
e e e i . =0
+ b, \14+Vmecos8, 1—+vmcosb, ¢
L E iy
2 \1+Vmcosh, 1—+vmcosb,
4
e e R
b, '\1+~mcos8, 1—Vmcos8/ -
so that
;. No b 2D _ .
f'l—l-\/;?.cosﬁo b, 1+ +m cos 6, 4

* E.T.Z. 1915. p. 579.
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that is

——' _ _ '——_‘90
Dl=%'lf' \/%_(l—v’a+-\/mcos00).e“/"
1

and similarly
4
_‘. . . __'00
D,=-—%.If. \/%—Z.(l-—\/a-- \/mcos@o).e“/"

Accordingly the complete solutions become, similarly as before,

- - 4 -6
¢ WNacosf (1 = Vo) cos 8 — cos 6, G_;/—;( -re

¢
o=l T e b Tomoow 0

3 _ 4 -8
_; Vo 1—Vo—mecosfyeosd ~ g0 %
Y=l =meosoTis 1—mcos?d €

which are nothing other than those found before with 4, changed to 4 and
so give, when 4 is put =0,

1 —mcosf,cos @ ¢ cosf —cosb
0 a d x=—I/. 0

y=1 1 —mecos* 6 b, 1—mcos® 8

which are the same as obtained before by taking up the first form of comple-
mentary functions.

§8. Maximum sudden shorf-circuit currents.

We saw in the previous article that when 4 =4, =0 the sudden short-
circuit currents are

¢ cos @ —cos 6,

e=—_1.¢ — m cos §, cos 8
7 b’ 1—mecos?0

1—-mcostd

and y=If1

Now to find the maxima and minima of these,

oz

_ . .o x . .o
8_00_0 gives sin 6, =0 and 55=0 gives sin§=0

or mcos?d—2mcosf,cos0+1=0 that is cos0=cos€o-i_-/\/cos2t90—l
m

which is imaginary.

8. 11
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Therefore
cosf + 1
P max, = If
: b’ 1 —mcos* @
and
cliw 1
ZTmax. max. — 2. l)ltw . a_
: ¢

Next go— =0 gives sinf#,=0 and ?% =0 gives sin8=0 or

m2cos 0, cos? @ — 2m cos 0 4+ mcos 8,=0

1+V1—mecos?,

that 1s cos @ =
m cos 6,

of which only the negative sign is permissible.

Therefore

1—incos@
71 —meos*d

Ymax, (iDcluding the exciting current /;) =

and

1+m -A-Vl-m)
or I, or I, ——————=m
1—m ' n——(l—\/l—m)2

ymax. max. — If

that is

2
max male(—-—l) or I, or I
Ymax max. = 47\ 2 ! ToNT T - 2(1—m)

2 1 —
=1f(;"1> or I, or B) L1+ Vo)
which shows that the maximum value of y is I, <§_ - 1) and the minimum value
is % I, 1+ Vo)

These maximum values of @ and y as found above coincide with those

obtained by Mr Boucherot. Mr Biermann also arrived at the same result
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by putting % = % and o, (6) = a, (0) = :;: 0= 4 6. Mr Berg’s solution, as
1 a o

described before in the three phase generator, gives too big a figure of the

maximum sudden short-circuit current.

. ¢ l-—cosd
Curves showing 2., = I, b7
t

————  are given in figures 5 and 6
—m cos? @ g g

1~mcos@ .

and those showing v/,,,, =1, TRy BL figures 7 and 8.

Putting 6,=0 in the complete solution of # and y obtained in the
previous article, we have

pa— . - Al
- ¢ WNacost 1-(1-Va)cos§ ~ 7 -
(ws)m*""'T—If’gi'l—mcos29+ I I - meostd €
and
. p Vo 1-Vo—(1—0)cosd “:i/];w‘”f’)
- , v
(ys}ma.x. g f.].—mCOSQB J 1 —mcos2d ‘€

which show approximately the manner in which the instantaneous values of
the maximum sudden short-cireuit currents change with time starting at 6 = 6,.
Curves showing this (#;),,, are given in figures 9 and 10 and those showing

(Ys)max 10 figures 11 and 12. In all these figures A is taken = 3/100.

§ 9. Electromotive forces induced in open phases at short-circuit of
one phase when the armature is wound in two or three phases.

As shown in Art. 4, the permanent short-circuit currents are

¢ Vo cos 8
(®)permanent = — D1 —“meos2 @
Vo

(ys + If)permanent = Ifl_—W—é

where =t and m=1-og.
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Therefore if the armature be wound in three phases, then the EM.F.s

induced in the open phases at steady short-circuit of any one phase are

/\/Ecos(0¥2§7r>}__2_ylbiw;le<c Va cos @ )

=_cw@[1f 1—m cos? @ b: 71— mecos? 6

cos<0$g%r>+} cos 0_'
=—cloVeo i - 2y |
4 dg L 1—mcos? 6 J
[ cos (0 ¥ ?_’T) + 1cos Hjl
2 oL, L 3/ 2 |
T o de’ L 1 —mecos*@ J
3 - d sin @
=+—2«01wa0@\1_7”®826>
_V3 — o —msin? 8
=+?lew'\/0'.m52.0050

which trace the curves as shown in figure 13, and the maximum instantaneous

values of which appear at =0 or 7 and have the value

Next as shown in Art. 7, the sudden short-circuit currents are, when
A=A4,=0,

¢ ,cos@—cosb
(%5)suaden = — [7; v} f m’ where 6, = wt,

1 —mecos é,cos
(¥s + Lsuagen = Ifm
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so that if the armature be wound in three phases, then the EM.F.s induced in

the open phases at sudden short-circuit are, similarly as above,

oo i 1—mcos€000s0 (0_2'”) 1 cos 8 — cos 8,

BT A 1 —mcos® 6 21 —mecos?d
|rcos(0¥2—.7-r>+lcosﬁjl
——-chil 3 2 I
7Tde ! 1—mcos?f |

d {mcos&.cos(ﬁ?gg—r)+%—i
+clfwcosﬁo.d—9!_ T J
=¢§ 7 ) (m——;:m “i;2£2c059
1 d /1—mcos?*8 + V3 mcosfsin b
+§cIfwcosﬁo.@( 1= moos0 )
=¥ 23 el [(; = csoisrfeiz ¢08 6 —m co8 . dﬂlé (181-1-1:1?029 9)]

But

d sin(?cosﬁ) 1-m—(2—m)sin*6
dé (1 — m cos? 8 (1 — m cos® )

Therefore the E.M.E.s induced in the open phases are

V3 .g (0 —msin? @) cos 8 —m[o — (1 + o) sin® 8] cos 6,
2 “? (o + m sin® @)

which are maximum when sin §,= 0 and the maximum E.M.F.s are

V3 (o —msin? 8) cos 6 — m [o — (1 + o) sin? 6]

=t gele (¢ + msin2 0y

Figure 14 shows the curves of

«/3 (o0 —msin® @) cos § —m [o — (1 + o) sin® 6]
2 (o + msin? 0)

when =04 and 01

The maximum values of these curves take place at § = 7 and the maximum

value 1is ﬁlﬂ that 1 V3.2;
2 G 2

If we take another sign of the above expression of the E.M.F. induced,

then we have curves the same in character and magnitude as those shown in
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figure 14, and so we can conclude that the maximum values of the EM.F.s
induced in the open phases are
V3 2—0
+-—. —— .clw
2 o ’
Next if the armature be wound in two phases, then the EM.F.s induced
in the open phase at steady short-circuit of one phase are

Vo cos (6 T g)

I 1— m cos? d

_ d Ve sin @
=+de—0(I )

"1 = mcos?d

— ¢ —msin® @ o
g g C
(1 — mcos? 8)

=¥sIfaM/ sf

which trace the same curves as shown in figure 13 and the maximum instanta-
neous values are

+ % ;o

which coincide with the result obtained by Mr Boucherot.
Next, the EM.F.s induced in the two phase generator at sudden short-
circuit of one phase are

d 1—~mcosf,cos 8 _m
=T 36 [If 1—mcos?f 'COS(0+ §>]

=-cl0.—

do

d(l—mcosﬁocosﬁ -
1—mecos? 8 m )

(¢ — msin? @) cos  —m [ — (1 + &) sin? 8] cos 6,
(o +msin? @)

= ¢ Cljfﬂ)-

which are the same as those for the three phase generator except that the

numerical coefficient %3 18 replaced by 1.

The maximum instantaneous values of these induced E.M.F.s are obviously

2~0
+ —= . ¢l
T pu ro
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which do not coincide with those results obtained by Mr Boucherot. He gives
+ };CI o in place of these maximum instantancous values. Also he does not

give the expressions for the three phase generator, which we have treated in

the beginning of this article.

§10. Permanent and sudden short-circuit between two terminals of
interconnected three and two phase generators.

In the previous article we have considered sudden and permanent short-
circuit of one phase, of two and three phase generators. In this article we

will consider the case when sudden and permanent short-circuit takes place

between two terminals of the interconnected three and two phase generators.
First, consider the three phases in star connection and as before denote

by b and ¢ the total self inductance and the

maximum mutual inductance of one phase. B

Now referring to figure 15, if short-circuit takes

place between the terminals B and C while the \

phase 4 is open, then, since current flows from

B to C or from C to B, we have to place V3¢ /

in place of ¢ and 3b; in place of b; in calculating

the permanent and sudden short-circuit currents

from the formulae for the single phase generator. C

Fig. 15.

As to the calculation of the E.M.F. induced in

the open phase A when short-circuit takes place between the terminals B
and O, the same expressions as given for the two phase generator in the
previous article will do without any change because the resultant field pro-
duced by the two phases B and C carrying current in the direction B to C or
C to B is perpendicular to and hence independent of the phase A. Note
that, in the expressions of the short-cireuit current and EM.F.s induced in the
open phases, the origin of time is that instant when the axis of the coil 4 is
at the neutral point of the original field produced by the exciting current Z,.
Also note that the value of o increases owing to the increase of the armature

leakage flux.
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Next, considering the three phase generator in delta connection and
short-circuited between any two terminals 4 and B as shown in figure 16,
there are two circuits shorted, the one consisting of two phases AC and
CB in series, and the other consisting of the phase AB only. Neglecting

the ohmic resistance, the two circuits carry the currents in the same phase;

and assuming the magnetic leakage of the two circuits equal, the two circuits
have the same total self inductance; so that the total short-circuit current

is nearly double that when only one phase AB is short-circuited. Here note

that, since the magnetic leakage of the circuit consisting of two phases AC

Fig. 16.

ARININ
X AN

and CB is greater than that of the phase
AB only, the total short-circuit current will
be less than double that when only one phase
AB is short-circuited.

Next, if the two phase generator inter-
connected be short-circuited between the out-
side wires, then we have to put ¥2¢ in place
of ¢ and 2b in place of b in calculating the
permanent and sudden short-circuit currents
from the formula given for the single phase

generator.

In conclusion the authors wish to express their thanks to Mr T. Otake

for his suggestions in completing proofs.
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