The Lift on an Aerofoil with a Circular Arc Section placed
near the Ground.*

By Busuke Hudimoto

The outside region of a scgment of a circular arc and a straight
line is transformed conformally into a rectangular vegion and then the
Sow of the perfect fluid and the lift and its moment acting on the
circular arc arve expressed by using the elliptic functions.

The theory of the effect of ground interference
upon the aerofoil has been discssed by many
authors. Betz,” Wieselsberger,” Tani® and Sasaki®
investigated the problems relating to the aerofoil
with finite span, and the problems relating to the
infinite span or the case of the two-dimensional
flow were investigated by Sasaki,” Rosenhead,”
Bonder,” Tani® and recently by Tomotika, Naga-
miya and Takenout{,” The cases discussed by all
of these except Bonder were the effect of the in-
terference of the ground.upon a flat plate placed
near the ground; Bonder treated thé problem of
an aerofoil with a nearly Joukowski section.

The . effect of the ground upon aerofoils in
general is probably not much different from that
upon a flat plate, so the results of the calculations
made by Tomotika, Nagamiya and Takenouti can
be used very conveniently for practical calcula-
tions. But in this paper from the standpoint of
theoretical interest, the author deals with the case
of an aerofoil with a circular arc section placed
near the surface of the ground.

1. Conformal Transformations.

The conformal transformations used here are
quite the same as in the author’s previous paper
on the slotted wing section. -

In Fig. 1 we consider the circular arc BB’
and a straight line, i.e. the surface of the ground.
We denote this plane the z-plane and take this
straight line as the x-axis or the real axis. We
consider here only the case when the circle of
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the arc BB’ intersects the straight line or at least
touches the straight line. The intersections are
denoted A and A’ in Fig. 1. The origin O is
taken at the mid-point of /A’ and the direction
of the imaginary axis y is so chosen that the arc
BB lies on the side of the negative values of y.

Let OA=0H'=a and by
- z+a
| f=log —— (1)
the z-plane is transformed into the f-plane. By

this transformation the half plane on the negative
side of y is transformed into a strip section
parallel to the real axis of f and extending to
both infinities in the fplane, one side of this strip
passing through the origin of the fplane (see

Fig. 2). The height of the strip is 7 and the
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points A and A’ correspond to infinity and the
point of infinity of the z-plane corresponds to the
origin of the fplane. The arc BA’ is transformed
into a straight line parallel to the real axis.
Then we cut off the f~plane by CG or C'G'
passing through the mid-point of BA’ and perpen-
dicular to the real axis, and transform the fplane
into a rectangle in the s-plane by the relation,'”
i= g‘)l(y) p(S)—KJ(/l) (2)
ds PE)—P(r) P—PE)
where § is the @P-function of Weierstrass and ' is -
its derivative and
s=v for point A,
H/
s=p " B.

and
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Integrating the above relation (2), we get
F={ete+ )= tp—))s—p)

. » a(s+v)a(p—v)
a(s—v)e(p+v)

where ¢ is the - -function af Weierstrass.

Let the coordmates of the point B in the fplane
be (p, 0), then the _integration constant is de-
termined and ‘

r={ce+n—cp—n}—p

o(s +Vo(u—v) ,
o(s—v)o(p+v) (3

We denote the breadth of this réctangle by
2w, and the height by ‘"2

—log +const.  (3)

—log +p+ 10

—2, then w, and w, are

the half-periods of the above mentioned §f and
¢ functions.

Now we cut off the region in the fplane
along the straight line CG or C'G’, so f must be
a periodic function with' the period 2w, unless
discontinuity occurs’ along this straight line, and
consequently ¢ and v must satisfy the following
condition :

Lpty) =L (p—r)=21= @
i
where n=_(w)
Fig. 3
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The circular arc BB’ is transformed into a
straight line BB’ in the fplane and its distance
from the real axis is equal to ¢ which is the
angle between two straight lines joining /A and
H' to any point on the circular arc 55’ in the
z-plane.

Let the values of  f at the points ¢ and
be denoted by f, and f,, then

i =f,— f,=21

Y 2
— Wy— 27V
(0 ? ’

where

72 = C((‘)?) ’
7]

then by the relation e

V=—n_— w; (5)
And let the values of f at the points 4 and B
be denoted by f, and f, and the length of B35’
be equal to 2/, then

I=fa=1s

7y (0s— ) — log o{wy+ VYol p—v)

o(w,—v)o(p+v)

Now if g=m+ w, and the d-function is introduced,
m4v

Z9( 2y . )

(%)
2w,

The origin P of the f-plane corresponds to a
point of the s-plane on the real axis and we
denote this point s=s,; then by eq. (3)

/=log —— =1~

(6)

25V N a(so+v)alp—v) A
(o= p)—1 o(ss—v)o(p+v) tp+i=0,
or by using she ¢-function and by eq. (6)
+
0] ( s;w:) )
p=log 2o ) _ »

8 (’0‘“)
! 2wy 7/
When the circular arc B5’ in the z-plane is

given, p, / and 6 can be calculated; then, by
egs. (5), (6) and (7) v, ¢ and s, are determined.

2. Flow of the Perfect Fluid in the
Rectangular Region.

We consider the two-dimensional steady flow
of the perfect fluid in the rectangular region in
the s-plane. :

The parallel flow along the real axis in the
z-plane is equivalent to the flow due to a doublet
placed at s, Let the complex velocity potential of
the flow be I, then the conjugate complex of

dI/V', can be expressed by the
s

the velocity, i.e.

§-function,

aw;

T —wPs—s) ®)

where v, is an unknown constant, and it is deter-
mined in the following way. The parallel flow
along the real axis with the velocity @, in the
z-plane is equivalent to the flow due to a doublet
placed at the origin in the f-plane and in the
neighbourhood of the origin the conjugate com-
plex of the velocity can be expressed in the
following form :

_ 2aw,

f2
When this flow is transformed into the s-plane,
it is expressed in the neighbourhood of the point
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S in the following form,

__ 2aw, (’a’s 4
sy Uar )t e
ds ) . ds _
where <7f 3=3°15 the value of a’_f at §=us,.

Comparing this and eq. (8), w, is determined and
ds
w,=2aw, (a'—/ . ()]

The other type of the flow is the flow
circulating around the circular arc. If this complex
velocity potential is denoted by ¥, the conjugate

complex of the velocity, i.e. ddsz’ can be ex-
pressed in the following form:
ﬁ?:@ (10)

where £ is a real constant.
Combining egs. (8) and (10) the conjugate com-

plex of the velocity is expressed by

ds
dW _dW; , W
ds ~ ds ds
. = —w (s —s0)+ £ (11)

The value of %4 is determined by the condition
that at the point corresponding to the trailing

- edge of the circular arc, in our case at the point

B, dTL;/ must vanish. Let s=1 at the point 5,

then
k=wP(A—s,),

or this is equivalent to

k= P — p—s,).
and

f%zzz—w, {P(S—So)—so(l“-%)} (12)

Integrating aw around the circular arc, the

ds
circulation [I” around this circular arc is deter-
mined :

’ Fig. 4
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(2]
I '=j %/ds=2wsw;,+2w,m,@(2—so) (13)
o

In Fig. 4 the stream lines of the flow in the s
and z-planes are shown in free-hand writing. The
direction of the velocity at the trailing edge
coincides with the direction of the tangent to the
circular arc at the trailing edge. This is easily
verified and so is not described here.

An example was calculated and in Fig. 3,
the circular arc and the plane wall, i.e. the surface

Fig. 5
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of the ground, are shown, the ratio of the length
of the chord to the height of the leading edge
from the surface of the ground being 0.885 and
the ratio of the camber to the chord being o.115
and the angle of incidence is 17° 2,28. The
velocity over the ground surface, denoted in this
figure v, is shown, with the velocity at infinity,
i.e. w, taken as unity. In Fig. 6 the velocity

Fig. 6

—— with interference
——— free streaom

direction of w,

over the circular arc, denoted in this figure 7y, is
shown, with the velocity z, taken as unity and
the velocity when the same circular arc is placed
in the free stream at the same incidence angle is
shown by the dotted line for comparison.
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3. The Lift acting on the Aerofoil.

The lift acting on the aerofoil calculated by
Blasius’ formula. Iet the components of the force
in the directions of the x-axis and the p-axis be
denoted by P, and P, respectively, then

v

; 2
S T T

the integration being performed in the counter-
clockwise direction in the z-plane. Instead of in
the z-plane, the integration may be performed in
the s-plane or more conveniently in the Z-plane,
where the relation between s and Z being as
follows ;

s=(01+(02_%10g21 (15)
hence
AW\ ds df
j(4% )”’”“K & @
wl dVV ds df dZ
ZF a7z (10

The paths and the directions of the integration
are shown in Fig. 7.
Now

(%)2=7032{ (s —350)— 2k P(s—s50)+ 4"},

Fig. 7
&

z Z

-
——

S
where =P(A—s),

and B _PO—E) P(5)—0)
‘ af P’ PO—Pw)

af __ (/=17

dz zacl | .

s _ _ ) PO)—R() P)—P)

(€f+ e S 2) ZLZK‘)I(V) g.)(s)_ga(lu)
and
o = a(p+v)o(s—v) 2;'.’,—‘)“(8—»)+p+io

a(p—v)o(s+v)

Inserting these values into the integral of eq.
(16), we separate the integrand into three parts,

?Ms
the first that multiplied by e¢w» ', the second, that
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° and the last, that not multi-
that

_2niv
multiplied by ¢ -
plied by any of them. The first part ie.

2my ) e .
multiplied by con , is an elliptic function of the
second kind and is expressed by the sum of the
function '
o(t—2v) o
“o()o(2v) ’
and expanded as follows ;

a, A(s—50) + 0 A" (s — 50) + a5 A" (s — 55) + 0, A" (s — 50)
+usA(s+ p)+ aA(s—p),

where «,, a,,...... are constants and A’, A",

are the derivatives of the function 4. After some

calculation the coefficients ay, as,...... can be deter-

mined and the necessary coefficients «;, a5 and ¢,
are as follows ;

e PO)—P() Pl —PE)
TR =P

(s )

'—(63_2516‘2'*'[1 '—-2fc‘1€1) ’

21]1\¢t
1

A(t)-—-: —

WA= 100, s o
T 0 (I A

-

g = Kt)(y) —_ 80(# ) 0201)03(/‘ +¥ ) —3% wtp+i8 x
2aP'(v)  F(W)o(2p)o(p—
{P(p+s)- &Y
=0
where
P’ P(s0)—P(p)

TP =P P—P)

o I _ I
a= (50){ (o) P(1)  P(s0) —P(v) }
Y I R
2 \PG)—P(r)  Pls0)—Fw)
()
(s0)—F() '
_ (s I _ 1
“=7% {8"(-‘0)—{"(/1) 8"’(50)—{"(“)}
o) af(s0) '
Plso)—P) 2 Ps)—PP)}

2!]1\1

The second part i.e. multiplied by ¢ <«  is

“also an elliptic function of the second kind and,

in the same way, it can be expressed by the sum
of the function
_o(t+z2v) - .
BO=Ghaa) ¢
and expanded as follows ;
B1B(s—50)+ B B'(s — 50) + B B/ (s — 50) + £u B (s — ro)

+BsB(s+ )+ e B(s— 1),

2y,
w
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where

| = — L)~ @) 8"’(*0) UGN

2aP()  Po0)—P()

a2 )

—(e3—2c00+ =2k,

ﬂ5={80(v)—‘ K”(/l)}2{80(#_50)__,€1}2€—p€'i1i,,

2af' ()" (1)
Be= PO —P(p) F*(po(p+v)o(p—v) 4711“ wepio
2af'(v) (v)o(2p)
{P(pt+s)—A4Y
=0

The third part is an elliptic function of the
first kind and it can be expressed by the sum of
the @, ', "7 and ¢-functions and we express it

71807 (s— o) + 12§ (s —50) + 750 (s — 50) + 74L(5 — 50)
+7sl(s—p) + 7 l(s+ )+ 10

The coefficients 74, 72, -.....
as follows;

P0)—P() P(s)— ()
6aP'2)  Pls)—Ps)’

< = PO P P(s0)—0(v)
2af'(v)  P(s)—P(1)’

PP P)=PC) ,, L.
7s A0 Pls)—P) AT eTa)

PP Pls)—00)
) PG)—P()

{2kc— (5~ 20105+ &) b

Pl i AIR PO
R 0]

re=A Pt 50— LU= PO

are determined and are

=

af’ (V)P (1)
ri={P(s))— AP L K.)(V)S""(SQ)('U) — 71§27 (50) + 242" (s0)

—738(50) + 7 (s0) + 5L (12)-

The integration of the first and second parts, i.e.
the parts of the elliptic functions of the second
kind, are performed in the Z-plane™ and the
results are as follows;

+% ctg —’:%{%2 6212 —*232—2@}, (17,)
_ 1= F
sin —— {80(# Sl za@’(u)@’(y)
C(@=e) (7
2 PG =P () P(s0)—PC)
200" P(s)—Pp)

(65— 2¢.65+ P —2k)) (17s)

The evaluation of the integral containing §, §’, £’
and {-functions is easily performed in the s-plane

and the results are as follows;

_PO)—P) P(s0)—P)
af@'(v)  P(s0)—P (1)

{ 271((01 — 50)(6'3‘— 26160 -+ 513 - 2%1(:1)

—2pco—c’+2/)},  (18)
_APW=POF rou_ ) p ¥
WP () (P =hE
{27,(w1~m)+w,.|:2c(m)+% } (18,)
+ 20,(ri—1:L(1) (185)
1 ot PO—0() P(s)=0)
2aP°(5)  Pls)—0(p)
(3—‘261(524'51 —2/61) (184)
where es=§wwy). -
Then the air force is
P iPy= 2 4 (1) 4 (17)+(17)
+(181)+(182)+(183)+(184)}. (19)

Now (17;)+(18,)=o0, i.e. the imaginary parts of
the terms in the bracket of the above equation
cancel out each other, hence

F,=o,
Py=—E2L {(17:)+(175)

+(18,)+(18,)+ (185}, (20)
so there acts no resistance, as was expected be-
forehand. .

In the case of the example in paragraph 2,
the ratio of the lift coefficient with ground inter-
ference, ¢,, to that in the free stream, ¢, is

“ —0.825.

20
4. The Moment of the Lift.

The moment of the lift about the origin of
the z-plane can be calculated by Blasius’ formula.
Let the moment be It then

=__§R a’ll (21)
where R means to take the real part of the
integral.

. dWN ds df
Now d < —7 7 e 2ds,
e+
and by eq. (1) F=a——,
hence
AR O (Y (O O YN
df dz 2 P PeH—P»

So the integral of eq. (21) is the same as that
of the lift and moreover the part containing the
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elliptic function of the first kind disappears.

Consequently
im=—%”’fM (22)
where
. vt P —P(1) Pls)—P()
M=—rete o TP =P
(es—2c16 + 0°— 2/4cy)
{p(ﬂ—%) k1} X
Sm“w‘f 100)—P(W)¥
2@ P T

When sy,=w, i.e. when the incidence angle of the

aerofoil is zero,

=0,

€3==0
K‘)(F—So)—h =0,

“and accordingly M=0. That means that the lift
acts along the y-axis, as ‘was expected from the
symmetry of the flow about this axis.

and

5. Special Cases.

(i) When the circle of the circular arc BB’
touches the surface of the ground we transform
the z-plane into the f-plane by the relation

1
f=—2,—-

(ii) In the case of a flat plate we take the

origin of the z-plane at the intersection of two
straight lines, one that of the ground surface, the
other that of the flat plate, and we transform the

z-plane into the f~plane by the relation

J=logz.

6. Summary.

In this paper the author treats the problem
of the effect of ground interference - upon. an
aerofoil with a circular arc section, when the circle
of this aerofoil intersects or touches the surface of
the ground. By the conformal . transformation the
reglon outside the circular arc and the stralght
line is transformed into a rectangle. Then the
velocity of the flow of the perfect fluid is deter-
mined and hence the lift and the moment of the
lift acting on the aerofoil are calculated by Blasius’
formulas.

~ In conclusion, the author expresses his cordial
thanks to Prof. Nisihara for his kind advice and
encouragement throughout this investigation.
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