On the Conformal Transformations of Circles, Circular Arcs,
~and Straight Lines.*

By Busuke Hudimoto.

In this papery a few different methods of the conformal tmnsj.')rmaiiom-qf a circulay
arc and flap wing section from a circle will be discussed. And as further applications oy -
these methods the problems of tiplanes and special latticed wings will be treated.

In hydrodynamics and especially in aerody-
namics it is common to use the conformal trans-
formations to solve the problems of two-dimensional
flow of a perfect fluid. In aerodynamics the most

remarkable and commonly used method to cal-

culate the lift of the aerofoil is the transformation
used in the case of the Joukowski section. A
circle' in the z-plane is transformed into a portion
of a straight line or circular arc in the {-plane
by the relation of the following form:
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" A more generalized form ot this is the v.
Karman and Trefftz’s? transformation ; also, the
transformations for arbitrary aerofoil sections were
attempted by W. Miiller,” F. Hohndorf® and Th.
Theodorsen.”” So there is nothing new to be
solved, but in the present paper the author will
discuss the problems of the transformation of the
circle into a circular arc, straight line or their
combinations by a somewhat different interpreta-
tion with the purpose of sclving the problems of
the arbitrary biplane**® with sections of straight

lines or circular arcs and also the problems of

the latticed wings with unequal pitches and un-
equal chords.

1. Ceheral Principles. o

The problems of the two-dimensional irrota-
tional and steady flow of a perfect fluid around a
circle can be solved rather easily and also the
flow around two circles can be solved exactly by
introducing the elliptic functions® and we make
use of these flow patterns. And let us con-
sidet in the zj-plane a source and a sink of the
same strength, as in Fig. 1. The source placed
at P and the sink at @Q,. As the fluid flows out
from the point P, towards the point (@), the
stream lines of this flow are all circles passing
through both 7 and @,. On the other hand we
consider a circle or two circles in the z,:-plane as
in Fig. 2, in which the case of two circles is
shown. We denote these circles by ¢ and G,

i

* Received March 23, 1934.

and we consider a flow outside of these circles

due to a source at the point F, and a sink at the
point O, of the same strength as in the z-plane.
In Fig. 2 the probable stream lines are shown.
Let the complex velocity potentials of the flow
in the z-plane and z,-plane be denoted by I#}

Fig. 2.

and W, respectively, then the conjugate complexes
: dl; and dw,
'dgl dzg )
If this flow pattern in the z,-plane is conformally
transformed into-that .of the z-plane, then '

AW, _dw, dn
. dz . dmy da

of the velocities are expfessed by

#% C, Ferrari has already treated the same problems of the biplanes with and without slagger of both;straight line séction and
circular arc section, but it seems” that the author’s methods are somewhat different from those of Ferrari so they are published here

again.
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or
dZ’] : dl/[/; dz’l
(lgz ng dM ’

Integrating the above relation we get the func-
tional relation between 2z and 2. And then by
this relation the circles ¢ and (, in the z:-plane
which form the portions of the stream lines are
transforrqed into two circular arcs K; and K,
which also correspond to the. portions of the
stream lines in the z;-plane. In the case of two
circles we may more conveniently transform the
outside region of these circles into a rectangular
region of the s-plane following Lagally, and con-
sider the flow by a source and a sink in this

_region. If the complex velocity potential in the
s-plane he denoted by I, then

dw, _dW, ds

dz, - ds dZ’l :

Integrating the above relation we get the func-
tional relation between z and s.
In the above lines we treated the case of a

Fig.

And in this case the circle of radius 1 formes one
of the stream lines.

Now if in the z-plane a source of strength ¢
be placed at the origin, then I¥; is expressed by

» I/I/I=2;,n_ log 2y
and in this case the real axis of the z-plane is a

stream line of the flgw and

aww, _ g 1
dz, 2% 3z

Combining these velocities we get
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Here ¢ s the integration constant, which deter-
mines the ratio of the sizes of the figures in these
3.

Zy

source and a sink, but in the same manner we
can find the functional relations between the z
and 2z, or s-plane by a properly chosen pair of
irrotational vortices or doublets.

2. Cases of one Circle.

At first we investigate the problems of trans-
forming a circle into a straight line or their com-
bination.

(a) We consider in the z-plane a circle
with radius 1—in the following lines we take the

radius of the circle to be 1 for simplicity —with its-

centre at the origin, and place two sources with
equal strength of ¢. at the points g,=7 and —i,
and a sink of the :same strength at the origin,
Fig. 3, then I} is expressed as follows :

M——log (22—z)+ loor (zg+z)—~——log32
or

dV”-‘-L{ ' ! _;}

dz, 2n | 25—t 244 2y

J

planes, and this is exactly the same as the usual
transformation applied in aerodynamics.

(b) In the same way as in the previous case
we place two sources ¢, and ¢, on the circle at

the points z=¢"* and ¢, but with unequal
strengths, Fig. 4. Then ’
Fig. 4
2z Ve
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= @ite log (22— (zy—e7"j*
47 22 ’
where Ke=—-—2—q’—, .
91+92 :

This circle corresponds to a stream line.
In the sz-plane place a source of strength

@’i on the origin, then

I/I/'1 =_Z]4‘_+7r—q2 log 21,

from these equations we get

(22— ) (zg— ™) *
2y ’

Zy=c

Again ¢ is the integration constant and by this
relation the circle in the z,plane is transformed
into a straight line aerofoil with hinged flap. And
this is exactly the same as that deduced by the
method of Schwarz-Christoffel’s transformation.”

Fig.

22

3. Cases of one Circle.

We shall now treat the problems of trans-
forming a circle into a circular arc or their com-
bination. '

(a) Cousider a circle in the z,-plane with its
centre at the origin, and a source and a sink
with same strength ¢ at the points z,=—¢"* and
¢, as in Fig. 5. Then

"’2‘*‘% log (2, + e‘f)——2—97? log (zs—e™%),

Fig.

Z2
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and thé circle of radius 1 is a stream line.

In the z-plane we place a source and a sink
at the points z=—a gnd a _with strength %,
then

= q . -—__Z.. [ .
I/V,——4?‘log (z1+a) yr log (:1—a).
From above two equations we get
(325)

By this relation the circle in the zy-plane is
transformed into a segment of a circular arc from
the point zy=—a to the point z,=a.

21+a
sr—a

2+ e
3‘2_ e_‘?

If instead of the strength %, we place a
source and a sink of strength %-‘at the points z;=

—a and a, we will get the following‘relation

5.
2y
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This is the generalized fransformé.tion by w.
Karman and Trefftz. And when z=1, the circle
in the z,-plane is transformed into a circle in the
z-plane. |

In the same way if we take a source and a
sink of the strength ¢ outside of the circle in the
zs-plane, as in Fig. 6, then

6.
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. . efﬂ .
W,= -Z? log (4 re"’)‘ + 2q—7r .log (32 + T)

).

where the positions of the source and sink are
represented by —72*° and r¢~*° respectively. Then
e
Z+

i0 ...l_>
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By this relation the circle in the z-plane is trans-
formed into a portion of a circular arc passing
through the points zy=—a and a.

(b) Next we’ place two doublets of unequal
strength 72, and s, but with their axes lying in
the same direction at the points z,=7 and —7 on
the circle, as in Fig. 7a; then

. .—L o — pp—i8)
P log (s,—re™")
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W= "y
Ta—r | st
Fig. 7a.
Z2 Z
and in the z-plane a doublet of strength o

at the origin would give us

W, = y+ 212,
23
From these we get

2y Ze—1

2~k
3'2+z té

where ¢ is the integration constant and

2my

c=0 =,
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By this relation the circle in the z-plane is trans-
formed into a portion of a circular arc passing
. through the origin of the z-plane.

When A=1 and ¢=o0, the circle is trans-
formed into a straight line and

).

The above transformation is the simplest case.
More generally by using the doublets, source and
sink, properly placed on“the circumference of the

I
21 =—(3'2 +
2
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circle we can transform the circle into an aerofoil
section composed of two segments of circular arc
with different radius but with common tangent at
their connection as shown in Fig. 7b, which has
already been treated by Sonnefeld.”

Fig. 7b.
/

~— |\

(c) Next we place a source of strength

—Z‘—%i’i at the point 7¢" and two sinks of strengths

¢ and ¢ at the points ¢ and £ respectively

on the circle of the z-plane, Fig. 8, then

ft 8o

)

+ .o +
I/sz%ni log (3'2 __reﬂ) )_}_% log (3'2_
N o gt)_ T2 o — i92),
o log (z.—e™*) - log (z,—¢'%2)

Fig. &.
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In the s-plane we may place a source and a

sink of strength # on the points z,=—a and
a, then
I/l/]= %’*‘92 log .C/]‘*“(l .
o4m H—a
Hence
- &%\
nta (gzgr"m)(g“’— 7 )
zi—a (72— ) (z,—e® )Pk
where
p —
91+92

By this relation the circle in the z-plane is
transformed into an aerofoil section of circular arc
with hinged flap. -

When the source goes to infinity in the #
and z,-planes, by taking a=0 we get an aerofoil
section of straight line with hinged flap as already
treated in the previous section of this paper.
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In the preceding transformations we used
mainly the source and the sink, but we can also
conveniently apply the irrotational vortices.

4. Cases of two Circles.

Let us consider two circles ¢, and ¢, in the
zy-plane with their centres on the real axis as
shown in Fig. 9, and assuming that the position
of the origin was properly chosen—the method is

found in the paper of Lagally—then by making a
cut between these circles along AB we can trans-
form this outside region of two circles into a
rectangular region in the s-plane, Fig. 10, by the
following relation

Zota ’
s=log 2 -,
Zo—a

where @ is a real constant determined by Lagally's
method. ‘

Fig. 10.
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In the s-plane the height of the rectangle is
equal to 2m; the circumferences of two circles ¢
and (, are transformed into two .straight lines /|
and _/, parallel to the imaginary axis. passing
through s=« and s=—f respectively; and the
cut 4F5 is transformed into two straight lines A8
and A’'B' parallel to the real axis as shown in

69

Fig. 10. The point of infinity of the z:-plane is
transformed to the origin of the s-plane, ie. s=o0
or more generally to s=+2um where n=o0,1,2,
3y.0.00, SO s is a periodic function with period
2ni, Hence if we start from a point s, and reach
to the point s,+ 277, the corresponding point in
the z,-plane returns to its initial position.

(a) For our first example we shall discuss
the transformation of the s-plane into the outside
region of two segments of a straight line, i.e. the
case of a tandem biplane, Fig. 11.

The parallel flow with velocity # along the
real axis in the z,-plane is equivalent to the flow
due to a doublet placed at the origin with its
axis along the real axis in the negative direction
in the s-plane. This flow is represented by an
elliptic function, and the conjugate complex of the
velocity in the s-plane is expressed as follows:

t

Fig. 11.
[ s 3 z,
o Jr
. 1 .
—
S
%”sﬂ= _ uf(s) +uf(s + 28) + ik,

where § is the elliptic function of Weierstrass
with periods 20,=2(« + ) and 2w,=27n/ and 4 is
an.unknown real constant. .

In the z-plane the flow along the real axis
with the velocity # is represented by

. Wi=uz.
From these we get
=0(s)~ (s + 2B) + icys+ oy
where ¢ is the (¢-function, ¢, is an integration
constant, and c,-—:%. ’

Now the condition to be satisfied by the
above relation is that when we start from a point
s, and reach to the point s+ 2w, 2, must return
to the initial value, in other words 2; must have
a period of 2@, By this condition ¢ is deter-
mined, namely '

27— 2792+ z'qz(o;:o,
7.={(w),
¢ =0.
f7=L(s)—C(s+ 2,['})+£2.

By this relation the s-plane is transformed into

where
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the outside region of a tandem biplane in the
zr-plane, as in Fig. 11, and the last term deter-
mines the position of the aerofoils in the z-plane.

(b) Another case is that in which the flow is
along the imaginary axis in the z,-plane. In this
case

dW

=f(s)+ zz'@(s +283)+ 24,

where 7 is the magnitude of the velocity at
infinity in the z-plane. Hence we get the rela-
tion between 2z, and s;

a={(s)+{(s+2B)~ias+a
. Fig. 12.
s ' z,

Jr /(zl

ISV S ' T

where ¢, and ¢ are - integration constants and ¢,
can be determined as before, and we get

J / K

\
Ommta—
\

6= — 2V2 i
W,
and
2‘1—C(S)+C(3+219) 20T 4o,

By thxs relation the s-plane is transformed into
the outside region of a biplane with parallel
chords without stagger in the z-plane, as shown
in Fig. 12. ‘

(c) Combining the above two cases as in
Fig. 13, we can represent the flow in the s plane
by

DVe - —fp(s) 1705+ 28) ¥ i,

where w=u—1w and w=u+12.

And in the z,-plane we take

aw;

=u—iv.
dgl 7

Fig. 13.
s -z,
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From these we get

zy={(:

where ¢ is the integration constant. Iet % be
determined as before, then
h=2"Y0e
w,
_ u+ zzz 20t
={(s) Gt 2B)H s st e

By this relation we get in the z,-plane a biplane
with parallel chords and with stagger.

(d) Next we consider the case when the radii
of the two circles are equal, ie. a=f. In the
s-plane we place a source of strength ¢ at the
origin and a sink of the same strength at the
point @ on the imaginary axis, Fig. 14. The
flow due to these source and sink is represented

by
dw,

LA BT C—im it
where s=im for point O, wy=u=g, and w,=mn7.
Hence

Ww,=92_ 10g_’i~‘)_+,'/gs+y,
2z % g(s—un)
Fig. 14.

where ¢ is the o-function and # is the integra-
tion constant.

On the other hand, we may consider in the
#-plane a sink of strength ¢ placed at the origin.
Then

A= -7 log 2y
and we get
o(s—im .
log z,=log (a(s) )—u‘ls+£2,
or
=y etere a(s—im)
! Ca(s)

where ¢ and ¢/, are constants and ¢, is determined
by the condition that z; must be a periodic func-
tion of s with period 2w, hence
i Cimi L0
o(5)
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By this relation the two circles are transformed
into a biplane with decalage in the z-plane. This
transformation is also useful to investigate the in-
terference effect of the ground upon the flat plate.

In the case «=FB, a sink is placed at the
point s=s instead of at a point on the imaginary
axis, then

AW — 24+ s+ 2B)— L —m)

—{(s+2B+m)}+ik,
where 7' is a complex number, 7z is its conjugate
complex, w;=a+f, and w,=mi.

Combining this and

I/V,=——-2%Tlogz,

we get
NGl o(s—ma(s+ 2B + m)
o()os+26)
where ¢ is the integration constant.
By this generalized relation we get a biplane of
unequal chords with stagger and decalage in the
2r-plane.

s=ce

5. Cases of two Circles.

In the preceding section we investigated the
problems of biplanes with sections of straight
lines. Now we proceed to the cases of circular
arcs.

(a) For the sake of simplicity let u=p, and
place a source and a sink with same strength ¢
at the points P and Q on the imaginary axis of
the s-plane, Fig. 15. Then

DTt = 9 {els—im)~C(s+in)}+ ik

o(s—im)
o(s ) +iks+#,

where s=im for point P,

V=9 1o
or . W, 2ﬂlg‘

s=—1n for point Q,
and 2 and # are constants.

In the z-plane we consider a source and a

Fig. ls.

sink of the same strength placed at the points 7
and (@, then the flow due to this source and smk
is represented by :

Wi loe 2
where £,=—7b for point A,
s =tb w » O
Hence '
log :i:ﬁ =log Z((i:_z;”)) + z'r,s-l-{e |
or ’
a1+zb = s a(s—1im)

—1b o(s+in)

where ¢ and ¢, are constants. ¢ can- be .deter-

o Zlmtm) 4o
, . .

determined by the condition that s=o0 cdyresponds
to z;=o0, and we get ' '

=t ib -
2'1“1'0

mined  as before and equal t

o(s —im)o(in)

1 el mtn) .
€. wi . —=
a(s+in)o(— i)

. By this relation we get two segments of circular

arcs symmetrically situated with - respect to the
imaginary axis in the z-plane, whose circles cut
each other at two points on this axis. This
relation may be used for calculating the inter-
ference effect of the ground upoa an aerofoil with
section of circular arc which is placed fairly near
the ground surface.”

(b) Instead of a source and a sink we now
place a pair of irrotational vortices with circula-
tion of I” at the points P and Q, Fig. 16, then

aw, il i N
s Yyt 2,
7 > C(s—m)- o C(s+m)+z
where s=— for point P,
S=1u »” » Qn
m is the conjugate complex of 7,
and £ is a real constant.
Hence :
i a(s—m) | . v
l—;l g_l"(S'i'ﬁZ) +2k5+:€'.
Fig. 16.
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On the other hand we consider a pair of vortices
placed at the points A and (; in the z-plane,
then

i 28—
Wy="-1log-2
2n gte
where z,=—c¢ for point A,
gy=c ” ”» Ql-

From these we get
#H—c a(s—m)
s+e a(s+m)

Determining the constants ¢ and :2- as before, we
get

log =log

+ 15+ ¢,

ZH—c =eﬂ%, o(s—m)a(m)
f1ite o(s+m)o(—m) *

By this relation we get two segments of circular
arcs symmetrically situated “with respect to the
imaginary axis and whose circles do not intersect
anywhere in the z-plane. This transformation is
also useful for the investigation of the ground
effect.*

{c) More generally we consider the case a=}=f3
and place a source and a sink of the same
strength ¢ at the points P and ¢ in the s-plane,
Fig. 17, then

—‘ia,.“z— 7 {C(s—-m) L(s—n)+L(s+m+2B)
(s +7+2p)}+ik,
where w,=a+f, w,=mi,

s=m for point P,

s=n . Q;
and 72, u are the conjugate complexes
of m and 7 respectively.

Fig. 17.
s
o |
Y 0 Jr
e —t—a
Hence
W,=-2_log o(s—~m)a(s+m+ 2p3) kst

2m 08 o(s—n)r(s+7n+2p3)

As in the preceding cases, again we may con-
sider a source and a sink at the points 7 and Q,
in the z-plane, then

I% Og 2]—'Z.a ’
where z,=ia for point 0, and

H=—la,, ”» Pl-

From these we get

st ia -2 (nem-ntw)
—_— = wg

ame a(s—m)o(s+m+ 28)a(n)a(n+ 28)
o(s—n)o(s+ n+ 28)o(m)o(m + 28)

By this relation we get a general biplane of
aerofoils of circular arc section in the: z-plane.

(d) When the circles of X; and X; do not
intersect anywhere in the z,-plane, we take a pair
of properly chosen irrotational vortices instead of
a source and a sink in the same way as the case
(b) of this section.

6. Cases of two Circles.

(a) 'In.the cases described in sections 4 and
5 we placed source and sink in the interior of the
rectangular region of the s-plane; now if we place
them on the vertical side of the rectangle we
have a circle and a circular arc in the z-plane,
Fig. 18, And if we transform this circle into the

Fig. 18.

Joukowski section by applying the usual trans-
formation, we get a .Joukowski section with an
auxiliary aerofoil™, i.e. a slotted wing section as
shown in Fig. 19a. And it is also possible to
investigate the effect of the slot and flap, as
shown in Fig. 19b, by applying suitable trans-
formation as mentioned in section 3 of this paper.

(b) As a further application of the method,
Jet us investigate the two-dimensional flow through

* The lift and its moment acting on the aerofoil can be calculated by the same method as described in the author’s previous
paper * The lift on an aerofoil with a circular arc section placed near the ground.”®» It needs only to rephce a in the eq. (1) by
a pure imaginary number 7z and v in the eq. (2) by & wlnch is also a pure imaginary number.
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the latticed wings. In the z-plane, we consider
a source and a sink placed at the points z,=-—a
and 4 and transform this into the z-plane by the

relation
2ot a
2'1=10g 2 .
2"—'ﬂ

Then the stream 'lines in the z.-plane are trans-
formed into the parallel lines in the direction of
the real axis and the whole plane of z, is trans-
formed into a strip domain of height 27 in the
z1-plane.

If instead of a source and a sink we place a
pair of irrotational vortices at the points z,=—a
and @, and transform the z,-plane into the z,- plane
by the following relation
& o Zta .

- zl_zloggz—_;, ,
then the stream lines in the ze-plane are trans-
formed into parallel straight lines in the direction
of the real axis, and the whole plane of z, is
transformed into a strip domain of breadth 27 in
the z-plane. -

Applying such transformatlons to the ﬂow

Fig. 20
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around a circle whose centre is at the origin, a
flow due to the source and sink at the points
g;=—a and a respectively or to a pair of irrota-
tional vortices, we have latticed wings of equal
pitch and equal chord whose axes are parallel or
perpendicular to the chord of each wing™. Also
if we apply the same method to the ﬂow around
two circles we get latticed wings of unequal
pitches and unequal chords in the z-plane, as
shown in Fig. 20.* o
Further more, combining these transforma-
tions we get latticed wings with inclined axis to
the chord of each wing. By applying to this
latticed wing further transformation as z=log?,
we get a circular latticed wing with sections of
logarithmic spiral in the #-plane as shown in Fig.
20, which has applications to the theory of water
turbines, centrifugal pumps, and turbo-blowers.
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