Mathematical Theories of Bourdon Pressure Tubes and
Bending of Curved Pipes.

By Masasuke Tueda.

Second Report :
Example of Numerical Calculations.

Second report gives the formulae, process and vesults of numevical calcwlations,
taking for example the % Case I17, that is the bending of curved pipes with the

circrelar cross-section.

I. Formulae of Numerical Calculations.

As an example of numerical calculations, we
take the “ Case II”, that is the bending of curved
pipes with circular cross-section, {from a compara-
tively thick walled pipe to a very thin walled one.

In order to make the range of utilisation of
the results as large as possible, all the values are
given in dimensionless numbers; and, for that
purpose, we now assign the following notations to
the dimensionless values.

== TR (124)
2/’5]&‘ = 222 =% 2217? =4 %=,"' (125)
2&%}2 =& 2/5?1E =& ké{g =M. (126)
=T R = (127)

From the equations (40), (34) and (31) in the first
report we get

. L .
n2=1122_/‘2=i‘l§§#~)"—/‘"

that is, » and B have one to one correspondency

to each other, and neglecting, with sufficient ac-

curacy, ¢ compared to 72,

3(1— ) 1 _ 7

=2/ or — =_" 128
B 3(1—4) (128)
Putting, for the sake of simplicity,
v, 4+ @RS 0y s 0, BSSY g,
4 I+using (129)

the equations (108)y, (109)y, (110)y, (111), (112),
(115) and (122) become as follow ;

sin ¢

a——; a.cos ¢
! # 1+wusin @ I+asmgo
1 J¥
62=—7W’ (131)
1 asin ¢ cos ¢
t - 9 1 0 1]
# 1+asing I+asmgol° (132)

. (130)

& =61_w2'} (133)
§2 =0y— oy,
_ 1 {dl , pacosg
&1 7{T¢+ 1+a$in¢0
_ P posin @ w}
1+asing 1+asing 0"’
1 {,dﬂ acos ¢ (134)
£2="—x /“(/Sp I+using
NP, ML LT ﬂ)o}:)
1+asing It+asing
vR=<—(Iz‘+ sin §0> (ez_wo)r ([35)
ygzr (&1 sin ¢+ 8 cos @)dep, (136)
+_
M= 4j (6,—g») sin ¢ de. (137)

‘2
From the equations (13), (14), (18) and (19), me-
ridional and equatorial stresses o, and o, at any
point in the wall are given by

(L 5\T, 3
"v*(‘*fz w5 TG .
0:([+i __7.:“’_+__%i_ v . (13)
v R) 2k T o

Now let
o, oy be the values of o, and g, at z=+4,
the inside surface of the pipe,

040, 04 be the values at z=o0,
the middle surface of the wall,

d,, oy be the values at 2=~/
the outside surface of the pipe,

and 7, be the mean shearing stress on the equa-

torial section; then
‘ T G
—(I =)o 2/{; ’
436 (139)
”:P =<[ + ) 2“ s
zlz 2/
MOy
7 (140)
WESr
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e (1— 2\ T _ 3G,

¢ R,/ 2k 27’ (141)
v (1t Lo _ 3Gy *
Te= I_,R.>2ﬁ Y/

/\/7
W= (142)
or, with the dimensionless values,

o _ afi sin ¢ 3

E (I+I+asingo 1+ ger (143)
E —(l+.3)0'2 +T"2,
Tov =g,
a ,
oo (144)
=
o _(,_ _4Bsing _3
E I+asin¢ 7 B & )
o';' (145

=(1—p)o, — /9 R 8

T __
=t (146)

The results of the calculations will be given
with the following magnitude, in order to be utili-
sed conveniently, that is, for stresses

1 r — Uw R, 7 ’
FEDY 7= ﬁE‘.IR’ etc etc., (147)a
and for the deformations and displacements
,BIR M S ﬁm #o= ([ Y
D= (xom RiE, _ vy [ 147
M B M AW
Wy
where o, = --W—-T (148)

is the value of @ per unit length of the pipe.

II. Process of Numerical Calculations.

(A)  Complementary Functions of the General
Solution.

Complementary functions of the general solu-
tion are composed of eight infinite series shown
in the equations (102) and (103), among which
011, 015 Vi: and Vi, need not to be calculated for
the circular cross-section due to the equations (119),
(104) and (105), and, therefore, we are to obtain
only the second integrals of the complementary
functions in the present case. These second in-
tegrals must be determined separately in two
ranges, namely
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Range (I): —%g_;ogo,

and Range (II): o§¢§+%;
and, if necessary, we make distinction between
them by adding the index I and II to each nota-
tion. respectively, and, otherwise, all the notations
are recognized to be available in both ranges.
First of all, we assume certain numerical values
to @ and B, or ¢ and », then the equations (56)
y=o0,1, 2
and (76) give ,BW< —o 1,23
¢ separately, and then the coefficients of the series
C., accordingly %, and ;;, are obtained one after
another by the equation (58) as many as necessary.
With these coefficients, series 8,4, 0,4, Vi35 and i,
can be determined up to the desired term.

) to each ranges of

. . I -
For instance, assuming a=-— and z=20 or

1
t
B= 12.106 "~ , the first sixteen coefficients of the

series are determmed as shown in Table 1. The
value of p is assumed as 0.3. In the present
numerical calculations, it is far more.convenient to
assume any round number to #z than f.

(B) Particular Integral.

In order to get the series f, and V,, in the
particular integral, we must calculate the values of
0,(¢=0, 1, 2, 3, 4) by the equations (81)y, (93) and
(101). In the equations (81)y,

2

Ator _—=_3'_(I_—_ __;,

24T %y 2(4?’ 0 20 0

and both 74 and w, are yet unknown constants.

Therefore, &,, or &, in the equation (94), have to
be determined in the form

(149)

0y =ty + Al + LKyt + Fiyty), (150)

where /i, Zw /. and Z, can be calculated easily
by @ and 7 only. In the following we make a
distinction between the coefficients of w, and 7, by
adding the suffix @ and ¢ respectively. Then the
coefficients C," can be given by the equation (94)
in the following form :

Oy =Koy + Enty+ 4 Jostwo + utto),
'év# =}3?mwo + /3::"0»
Jv = v+ fulo.

ie.,

(151)

The required series of the particular integral are
thus determined as the following :

02 = 02-.,100 + Hzcto,

(152)
Veo= Vawwo+ Vo,

where
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0., =cos ¢ Zjﬁ,(sin oF1)y,

=0

0, = cos ¢ ij(sin eF1),

=0

Masasuke

Tueda.

1
12
ple, the coefficients of the above series become as
shown in Table 2.

In the theory of ring shell by Wissler, the

, for exam-

In the case of a=—;—~ and f~

® (153) coefficients themselves of the infinite series in the
V3, =cCOS ¢Z (#j;,"f_,_n,éfw)(sin eF L), particular integral shows no tendency to couverge,
v=0 moreover, the solution has a singular point at ¢ =0,
© and, consequently, another series must be employed
Ve==cos 902 (fw—nku)(sin g F 1), for the part near ¢=o0. Table 2 indicates clearly
v=0 / great improvement in these points.
Table 1.
n a3
Y +—2—-§‘P£° 02‘?@“7
z, 7y natuk, | wi—nky Z, 7y njud, | W=k,
(o] +1I. 0. + 0.3 —20, +1I. o. 4+ 0.3 — 20,
I —0.38889 —LIIIII —22.3389 + 7.4444 +0.25 —1.66667 —33.2583 — 5.5
2 —0.20370 +0.35185 + 6.9759 + 4.1796 —o0.70833 —0.04167 — 1.0458 +14.1562
3 +0.00941 —0.04865 — o.970I - 0.2027 +0.22470 | +40.08879 + 1.8432 — 4.4674
4 +0.03339 -+ 0.02634 + 0.5369 — 0.6599 +0.01281 —0.10652 — 2.1266 — 0.2881
5 —0.02168 | —o0.01508 | — 0.3081 + 04291 +0.00759 +0.00024 + o0.0071 — 0.1518
6 +0.01144 +0.00688 4+ 0.141I — 0.2266 +0.00951 —0.01001 — 0.1973 - 0.1932
7 —0.00581 —0.00288 — 0.0592 + 0.1153 +o0.00274 —-0.00248 — 0.0487 — 0.055%
8 +0.00290 -+0.00117 + 0.0242 — 0.0577 +0.00193 —0.00143 — 0.0280 — 0.0390
9 ~0.00143 | —0.00047 — 0.0098 + 0.0285 +40.00080 | —0.00059 — o.0115 — 0.0162
10 +o0.00070 —+-0.00019 + 0.0039 — 0.0140 +0.00043 -0.00027 — 0.0054 — 0.0086
11 —0.00034. —0.00007 — 0.0016 + 0.0068 -+0.00020 —0.00012 — 0.0024 — 0.0040
12 + 0.00017 +0.00003 -+ 0.0006 — 0.0033 +0.00010 —0.00006 — 0.0011 — 0.0020
I3 —0.00008 —0.00001 — 0.0003 + 0.0016 -+0.00005 —0.00003 —~ 0.0005 — 0.0010
14 +0.00004 4+ 0.0001 — 0.0008 4 0.00002 —0.00001 — 0.0002 — 0.0003
15 —0.00002 + 0.0004 - 0.00001 —0.00001 — 0.0001 — 0.0002
Table 2.
. +Zzezo0 ozpz -
Foe o W= | W=7y e Jue W~ s | W=y
o o. o. o. o. o. o. o. o.
1 4 0.03296 +rrnaIx +21.4937 + 51.85 —0.04944 —166.667 —34.1763 — 8.33
2 +0.34158 — 55.247 —10.9807 —~761.94 —0.86640 —~ 40.625 — 7.8765% +1661.77
3 —0.10600 + 19.489 + 3.8920 +235.48 + 0.09559 —  3.621 — 0.6798 — 179.20
4 +0.00927 — 10.534 — 2.0773 — 2846 -—0.00321 — 16.859 - 3.4237 - 7.23
5 +o0.00654 + 5.658 + L1097 — 815 —0.00274 - 3754 —~ 0.7435 + 298
6 —0.00664. — 2809 — 0.5496 + 1095 +0.00719 -~ 2562 — 0.5165 — 16.04
7 +0.00452 +  1.343 + 0.2623 - 797 +0.00213 — 1.052 — 0.2108 — 499
8 —0.00269 — 0.632 — 0.1233 + 4.90 +0.00183 — o510 — 0.102§ —  3.99
9 +0.00149 + o0.295 + o.0577 - 277 -+0.00084 — 0.236 — 0.0475 - .84
10 —o0.00080 — o.138 — 0.0270 + 150 +0.00047 - oO.Iif — 0.0224 — Loz
11 +0.00041 + o0.065 + o0.0127 -~ 078 +0.00023 — 0.053 — o.0106 — o.50
12 —0.00021 — o0.030 — 0.0060 + 0.40 +0.00012 — o0.02§ — 0.0050 - 026
13 +0.00011 + o014 + 0.0028 — o0.20 +0.00006 — 0.012 — 0.0024 -  o.I3
14 —0.00005 — 0.007 — 0.0013 + o0 +0.00003 — 0.006 — o.0o0r11 — 0.6
15 +0.00003 -+ 0.003 + 0.0006 ~— 005 -+0.00002 — 0.003 — 0.0006 —  0.03
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(C) Boundary Conditions—1.

Since all the necessary series are obtained
separately for each range of ¢ in the above, we
must determine the integration constants B; and B,
for both ranges to satisfy the boundary conditions
at ¢==0, that is the first four conditions of (121).
The values of these series at ¢==0 are given by

Ousho= D) E(F 1),

v=0

(01.4)0 = 2]:(-T |)”,
=0

(Via= D) (et X F 1)
v=0

(Vi = 2 (s—nkY F 1)
=0

(Bl = D)/l F1)

v=0

(0zz)o = 2].::( F 1)",

v=0

(Vaodo= D) (= nku)(F 1),
=0

(Pl = D (W= kX F O }

)= Zwé(mv-
(do“)o 2w(+1)”"

dV‘ ) Z v(ng,+pE X F1),

. 4)0 Z wpgy— B XF 1)
( dﬁo.,,) vzl.zjw(_*_l)v_
< 46, ) 27,]”,(-;- e,

(%)= S elwm— e F 1,

v=1

( aVy, ) 2 v(pyw— kg F 1)

(154)

> (155)

where the upper sign of F corresponds to the
range II, and the lower sign to the range I.

In the case of a=—;—- and ﬂN-I[—z—, for exam-

ple, they become as shown in Table 3.

The four required boundary conditions are

135
then given in the following ;
Bg(ﬁ 1.3)5 + 81(01.4)% + 100(02-.,)I + to(azc)lo
= Bg’(ﬁw){)l + 351(01 4)o + 100(02-.,)11 + l‘o(au)
By (Vs + BY( Vi + @ Vo) + 2(Vahh
= BN (V138 + BI (VL. + 0l Ve )b + 1 Var i
(o). () o 20
+fo( (1024 ) = ng d01 3 + Bn dﬁm)n
do /o (z'go do /o (156)

d0 II

+ (T)*’

1

Yoo 22
12

+,0< ) Bll dV] "1) + ]I dVl 4)

BNUSE S

Solving these four simultaneous equations, we can

P,(dl

determine four integration constants 55, Bj, Bi'
and B as follows;
=B«‘Iiww0+ Bgt f0;
BI=B}ww0+B}t fOr (157)
BY'=Blo+ B t,
BY=Bllw+ Bl 1
I
Table 4 shows these constants for «=— and
[ :
TN
Table 3.
T kid
+~2—g?20 02@2_7
(015)  =+1.2538 (013)F = +0.80257
()’ =+136473 (0r.4)§ =—174083
("' =+31.6708 (713))  =—34.5758
(Vi.4)g"  =—246067 (M14)f  =—16.5736
(208! = +0.40036 (020)f =—0.81326
(82)g'  =—207.379 (62)% = -236.099
(Vaw))!  =—40.5973 (Vaw)y  =—478197
(V)  =-—1039.91 (Va)l =-+144109
d9;.53 \1I 29 I
( e )o =—0:35561 ( d;2)0=—0'29555
( dg;"’ )‘I)I=—2.21976 ( dz;" )z=—2.00809
by g \II dVy g\
( d;'?' )0—.:—44.5018 ( d;"‘ >0=—4o.25o4
dVy 4\l dVya N\
(), =627 (), = +3.30854
I dbo, \I
( "3;"’ )0 = —0.84806 ( d; )°= —1.43135
{:] II 48 I
( 7 ), =-+387.308 ( = )0=-376-243
Vo \I @V \I
E% R -
dVa \IT_ dVg \I
( % )0 = +2135.60 ( 7 )o +2561.58
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Tabe 4.

Masasuke

+- T >p>0
2

So>— T
o2p=>——

Bl=+153297
Bl = y157.430
B = —1.50206
By = +151.484

BL =—z2.01950
B}, =-+133.405
Bl = —1.38217

Bl = —204.542

Tueda.

st«

v=1

—sin goz bu(sin g F 1),

0 __ 2 5 T v—1
o cos 592 Vo, (sin ¢ F 1)

?

(160)

Thus the infinite series § and V% in the equa-
tions (10 ) and (103) and their derivatives can be
obtained as the following :

0=08,- - w,+0,- 4,
V;——— Vvsw - wy+ Vst < loy

v=0
Vo _ cos’ ¢2 Vhy(sin ¢ F1)~!
d¢ v=1
—sin goZ bu(sin o F 1),
=0

a'nd avw=83wéi + B4wj: +j:n
Qye =Bsz'é: + By, ].: +_/'3:

by =B 1]y + phy) + Ba (17— nk.)

a8 40 a4, (161)
—=_Tw . . 158 ok ok
dy ~ dp @ + dy o, (r58) + () o, — 1hin,),
av,_ dl. 1+ WV ., bu =Bu(nf, + p))+ B pj,—nk,)
—_— . (00 . 0 M
de  dy dy ’ +(py e — k).
where 0, =cos 502 Au(Sin ¢ F 1), Coefficients a,,. @., b, and &, for the case
=0 . .
" of cz=~——; and ﬂw—-—llz are given in Table 5, which
6, =cos i F1) .
¢ =008 9!?; a.{sin pF 1) shows further better convergency than do those in
- > (159) Table 1 and Table 2.
V,w=cos 992 by(sin o F 1), After determining the value of V,, the value
v=0 of ¥ can be given as
0
Vi =cos ¢ X b(sin p F 1Y, ¥ =0, 0+¥, 4 (162)
=0
0s ¢
w© where ¥, =V, +-—220¢ ¢,
., =cos® gpz va,.(sin g F1)? ot Itasing (163)
dp v=1 b Wt: I/;t.
©
—sin 502 a,u(sin pF 1), (D) Boundary Condition—.2.
=0
40 © Next, in order to determine the ratio of 4 to
- .2 H T ¢ -1 . .y
——=C0s 592 va,(sin ¢F 1) w, by the sixth condition of (121), we must operate
dsp v=1 . - .
- the integration of the second equation of (115) by
—sin 902 asin @ F 1), the numerical integration. We must, for thaf: pur-
g pose, calculate the values of 6, 6, ¥, ¥, and
Table 5.
k13 T
) + —2-_2_4’ =0 - o=p=— - o
Tyw ‘(71)1 by b Qs [ by bt
o +1.53297 +157.430 + 30.5011 —2982.45 —2.01950 +133.40% +27.0375 +4130.86
I l +1.10576 —118.428 —23.9331 —2337.25 +1.74930 +207.587 + 40.5908 -3320.18
2 | —0.49919 — 34.016 — 6.5649 + 969.43 +0.62167 —126.597 —25.3279 —1372.87
3 —0.01851 + 13.601 + 2.7093 + 52.04 —0.48092 + 8.194 + 17725 + 980.46
4 1‘ 4002089 | — 1287 | — 0.2631 — 4391 | +o0.11816 | 4+ 6.638 | + L2692 | — 232.00
5 ' —000405 | — 0039 | — 00071 | + 835 | —o00I841 | — 2791 | — 05481 | -+ 3497
6 ‘ +0.00055 + 0.034 -+ 0.0071 - LI7 +0.00181 + 0754 + 0.1491 - 2.8
7 —0.00007 -~ 0.008 — 0.0017 + o1y -0.00002 — 0.181 - 0.0338 — oI5
8 l ~+0.00001 + 0.002 4 0.0005 - 003 —0.00009 + 0.040 -+ 0.0079 + 0.26
9 ! — o0.002 — 0.0002 + o001 +-0.00003 — 0.009 — o.0019 - 0.0§
10 4+ o0.001 —0.00001 + o.002 + ©0.0003 + o0.03
11 — 0.001 - 0.0001 -+ 0.01
|
12 } + 0.0001
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their derivatives at each range of ¢ with suitable
intervals as shown in Table 6, for example, for

the case of u=—— and B~—.
3 12

The sixth equation of (121) can be written as
+Z

j 2 (& sin @+ 0 cos p)dp=o0, (164)
-3 ‘

or, substituting equations (133), (131), (130) and

(162) into ¢ in the above,

kil

o .
a sin ¢ cos

wy\ w0, cos p -LNPB P
A I+asin g

P

+T .
ﬂ,j {ac,a_ﬁ;ew

: . d¥,  #’sin’¢ } .
+,usmgod¢ +m¢ do=o0. (165)

Calculating the two values under each integral
sign, and then integrating them by the numerical
integration, we can determine the ratio £, of 4 to
w,, that is

- 7o = loe(Wg.

(166)
In the case of a=—— and ﬂw—il—z—, equations (165)

and (166) become

tpsing a7, }a’;o —2278.5 @y+ 3992009 %,=0,
dyp and £y = 0.0005708.
Table 6.

v 0w 6 v, v, % ‘Zj ”';:'" : “’2‘
-go° o. o. o. o. -—2.0195§ +133.41 +26.944 +4130.9
—85° ~0.1754 + 1170 + 2.362 + 359.0 —~1.9918 +135.25 +27.312 +4077.2
—80° —o0.3460 + 2371 + 4.787 + 708.5 —I.0g2 + 140.60 +28.377 +3916.8
—75° —0.5071 + 36.32 + 7.332 +1039.5 —1.7725% +148.88 +30.026 + 36509
—-70° —06539 + 49.7§ + 10.039 +1342.7 —1.5837 4 159.20 +32.078 +3282.5
—65° —0.7821 + 64.13 +12.936 +1609.6 ~17.3461 +170.42 +34.304 +2817.2
—60° —0.8876 + 79-48 +16.024 +1831.8 —1.0645 +18r.21 +36.442 +2263.5
—55° —0.9668 + 9571 + 19.285 +2002.4 —0.7459 +190.23 +38.218 +1633.9
- 50° —1.0169 +112.59 4 22.677 +2115.3 —0.3992 +196.16 +39.373 + 946.4
—45° —1.0360 +129 82 +26.133 +2166.3 -—0.0355 +197.88 +39.681 + 219.2
—40° —1.0230 +146.98 +29.572 +2153.2 +0.3325 +194.5% +38.969 — 520.1
—35° —0.9783 +163.60 +32.g01 +2075.9 +0.6913 +185.51 +37.131 —1245.6
—30° —0.9030 +179.29 + 36.019 +1937.0 + 1.0266 +170.74 +34.137 —1929.2
—25° —o.8001 +193.30 -+ 38.827 +1741.3 +1.3253 -+ 150.40 ~+30.034 —2543.6
—20° —0.6731 -+2085.30 +41.232 +1495.8 +1.5754 + 125.10 +24.940 —3064.5
- 15° —~0.5268 +214.96 +43.156 +1209.7 +1.7671 + 95.72 +19.037 —3471.6
—10° —0.3666 +221.92 +44.538 + 893.6 +1.8939 + 63.40 +12.550 —3750.1
- 5° | —o0.1983 +225.97 +45.336 + 559.2 +1.9519 + 29.41 + 5.735 —3891.4

o° —0.0279 + 22%.04 +45.537 + 2185 +1.9410 —  4.93 — 1.146 —3893.8
+ 5° +0.1394 +225.14 +45 143 — 116.8 + 1.8644 — 38.28 — 7.803 —3769.8
+ 10° +0.2957 +220.42 +44.187 — 435.8 +1.7274 — 69.55 —14.040 —3522.3
+15° +0.4386 +2I13.09 +42.712 — 7284 +1.5379 -~ 97.79 —19.667 ~3166.1
+20° +0.5629 +203.46 +40.776 — 985.8 + 1.3056 —122.27 —24.543 —2719.9
+25° +0.6655 +191.88 1 38.453 —120I.1 +1.0410 —142.53 —28.576 —2204.5
+ 30° +0.7440 +178.72 +35.815 —1369.2 +0.7549 —158.37 —31.729 —~1641.6
+35° +0.7969 +164.36 +32.940 —1486.9 +0.4580 ~169.85 —34.013 —1052.8
+40° +0.8239 + 149.19 + 29.902 —1552.8 +0.1603 —177.23 —35.483 — 458.2
+45° +0.8251 +133.54 +26.768 —~1567.2 —0.1296 —180.97 —36.230 + 1237
+ 50° +0.8017 4 117.69 +23.597 —1532.0 —0.4038 —181.67 —36.373 + 677.1
+55° +0.7553 + 101.90 + 20.434 —1450.3 —0.6562 —179.99 —36.046 +1188.4
+60° +0.6880 + 86.33 +17.315 —1326.0 —0.8820 —176.66 —35.392 +1648.4
+65° +o0.6022 + 7109 + 14.262 —1164.3 —1.0774 —172.40 —34.553 +2047.3
+70° +0.5009 + 56.24 4 11.286 — 970.6 —1.2398 —167.88 —33.662 +2379.8
+75° +0.3869 + 41.78 + 8.385 — 7510 —1.3674 —163.70 —32.838 +2641.9
+ 80° +0.2633 + 27.65 + 5.550 — 5ILg —1.4592 —160.34 —32.176 +2830.6
+85° +0.1333 + 1376 + 2.762 — 250.2 —I1.5145 —158.18 —31.749 + 2944.4
+90° o. o. o, o. ~1.5330 —157.43 —31.602 +2982.5
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Substituting the equation (166) in the equa-
tions (162) and the first of (158), 6, ¥ and their
derivatives are given in ratio to a single unknown
constant «,, that is

Table 7 shows these values in the case of a=-;—

1
and Ba~——,
f~ 12

00 EL: 0(.: + f()moh
W,

v=2 v, 1.0,

W,

Masasuke Tueda.

(167)

Table 7.

? ) W Z:" dal,:mo
~go° o. o. —1.9434 +29.302
—85° | —0.1688 | 4 2.567 —1.9146 +29.639
—80° —0.3325 + 5.192 —1.8290 + 30.612
—75° —0.4863 + 7.925 —1.6876 +32.110
—70° —0.6255 + 10.806 —1.4929 + 33.951
—65° | —0.7455 +13.854 —1.2488 +35.912
—60° —0.8422 +17.070 —0.9611 +377734
—55° —0.9122 +20428 | —06373 4+ 39.151
—~50° —0.9526 +23.884 —0.2872 +439.913
—45° —0.9619 +2%.369 +0.0775 +39.806
—40° —0.9391 ' +30.801 +0.4436 +38.672
—35° —0.8849 | -+34.086 . to.7971 +36.420
—30° —0.8007 +37.125 i +I.1241 +33.036
—25° —0.6898 +39.821 4 1.4111 +28.582
—20° —0.5559 | +42.086 +1.6468 +23.191
—15° | —0.4041 | -+43.847 +1.8218 +17.055
—10° | —0.2399  +45.048 + 19301 +10.410
— 5° | —o0.0693 +45.656 +1.9687 + 3.514

o +o0.1017 +45.661 +1.9382 — 3.368
+ 5° | +o.2679 +45.077 +1.842;5 ~ 9954
+ 10° +0.4215 +43.938 +1.6877 —16.050
+15° +o0.5602 +42.296 +1.4821 —21.474
+20° +0.6790 +40.214 +1.2358 --26.095
+25° | +o.4750 +37.767 +0.9596 —29.83¢
+30° +0.8460 +35.034 +0.6645 —32.666
+35° +0.8907 -+ 32.091 +0.3611 —34.61;1.
+40° -+0.90g0 +29.016 +o0.0591 —35.744
+ 45° +o0.9014 +25.874 —0.2328 —36.160
+50° -+0.8689 +22.722 —0.5075 —-35.986
+55° | +o.8135 + 19.606 —0.7590 ~35.368
+ 60° +0.7372 . +16.558 | —0.9829 —34-452
+65° | +0.6428 +13.597 | —1.1758 —33.385
+70° +0.5330 +10.732 - 1.3356 —32.304
+75° | +o4107 + 7.956 —1.4609 —3L.330
+ 8o° +0.2790 + 5.257 - 15508 - 30.560
+85° +o.1411 + 2.614 —1.6048 —30.069
+90° o. o. ~1.6228 —29.900

Employing these values

derivatives, we can calculate

of &, ¥, and their
AN

gy Oy
— A ? ’
(UO Wy

’

b
Wy Wy

Lo 8 & R apd YR by the equations (130)

w,’ w2 @, @y
r I
o Fo I ay
~(136); and, further i @ . :
(136); > 1 ' Ew,' Ew,’' FEw, Ew,’

G, .
E:)Z and E:oo by the equations (143)~(146).

(E) Boundary Condition—:3.

Lastly, substituting the values of ¢, and g
into the equation (137), and operating the numeri-
cal integration, we can determine the ratio @, of
w, to N, that is

w,=w,, MN. (168)

In the case of r/.=—;— and ‘BN%, for example,

0.6606 w,=IN,
w, =1.514.

Then, equations (147) give the required results of
the calculations as follows ;

R ,_ o _ ¢ o,
W%_m_ﬁ T, etc., etc.,

RIE o B _ . O
/A e
R?E 0 . a — Nr w,, .
9w =g = (W (69)
RE De—(PrVe=0__[1x Ik “’
M, 3 =4r R ¢=0__|IK__[(IE T
a0~ =" [wo wo)¢=o] B
KiE,_ Pr_ . Vn, On

7 T /

(F) Formulae for Numerical Integrations.
In order to operate the numerical integrations,
the following Simpson’s rules are employed ;
syﬂ'sﬂ =—§—A¢[.vo+ 391+ 3t 27+ 30
+ 37+ 20+ 28
+ 395n-2F 3im-a+ Y, (170)
[ to=tnglt a4

[rdo=Lndl st

IlII. Comparison with the Extreme Cases.

Similarly as Karman and the other authors of
the approximate theories of bending of curved
pipes, we now consider the correction factor KX,
that is the ratio of w; or w, obtained above to
those calculated by the ordinary theory of bending
of straight rods @ or wy, i.e,

_ Wy _

E3 R4
Wy W,

(171)

or wy=Kwy and w,=Kwi.

Now, w; and w; are given by
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* M’o _ SD}
N=TEL T za(l + ) (172)
o == M _ Mmoo
WUET T aa(i+ ) R (173)
R‘I‘E @ = 1 ’

or M amf(i+f)”

where [/ is the moment of inertia of the cross-
section. Then we have

K=2r0(1 + Fw,. (174)
In the case of a=% and ﬂw—l%, K=1.9r15.

As an extreme case of the present problem,
we can take the case =1, that is the bending of
solid curved rods. In this extreme case,

M
@0 = ExFy,

M (175)
R Ry 7% A

where x is a coefficient which depends on the
shape of the cross-section, and # the cross-sectional

area. Then
- I 1
K= xFrl 1+ z2d 4 5a .. ’ (176)
RE I
7 y (177)

M T (2l s
Another extreme case is «==0, the straight

pipes, and in which,
3

T I .
T mpa ]
R, _ 1-f .
WUW _W sin 90, (l78)
_-R_:]s "o__ I+ﬁ : J
Vb " 2nf(1 + F) sin g,
;= w;. (179)

IV. Results of Numerical Calculations.

The calculations are made in the following
six cases :

I 1

n=10 ‘@= A ——
I ' 6.055 6’
a=_-5_,
I
=20, ,3: 3 ! ,
I 12.106 12
d=—
10 1 1
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Results of the calculations are shown in Table 8~
Table 17 and Fig. 5~Fig. 21.

To prove the accuracy of inserting the ap-
proximation of & and e, as equations (29), G; and
G, along with the terms of ¢ and ¢, in them, are
given in the upper halves of Fig. 22~Fig. 25 ; for

the case of ﬂw—é—%, both &; and ¢, become so small

that they cannot be indicated clearly on the dia-
gram. Lower halves of Fig. 22~Fig. 25 and also
Fig. 26 shows the comparison between the accurate
and the approximated values of ¢ and & From
these diagrams, we can easily recognize, that, in
the case of a very thin wall, both ¢ and e may
be neglected altogether, but, in the comparatively
thick walled cases, to neglect of them will surely
cause considerable error in the results, and also
that the errors due to the approximation of the
equations (29) are very trifling compared to the
magnitudes of G, and G, themselves, even in the

- comparatively thick walled pipes.

To compare the results of the present theory
with those of Karman's first approximation, dotted
curves are added in Fig. 5~Fig. 10.

Correction factors K by some approximate
theories are given in Table 18.

V. Conclusions.

1. All the approximate theories only give
04, (—0) and  alone, and the other kinds of
stresses and displacements are obtained accurately
for the first time in the present paper.

2. In the case of very thin walled curved
pipes, so called bending stress o, becomes com-
pressive at the extremity of the tension side, and
similarly becomes tensile at the extremity of the
compression side.

3. In the case of very thin walled curved
pipes, the secondary bending stress &, becomes
considerably greater than o, therefore, the calcula-
tion of strength in such a case must be made with
g, instead of o,.

4. So long as the correction factors K are
concerned, Karmdn’s second approximate theory
offers results sufficiently accurate for practice.

5. The values of X by the approximate
theories are all dependent upon the ratio 8/a only,
which is now proved to be not satisfied accurately
by the present theory.
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Table 8.
Ry 1 V3 1
"5 TR
—go° | —0.9380 ~0.3542 —~1.5218 —0.0063 +0.9973 —1.0099 o. o. + 1.4445
-75° | —0.92I3 —-o.38oé —1.4624 —0.0217 +0.8405 -0.8839 —0.0568 —0.0967 +1.2975%
—606° | —o08580 —0.4402 —1.2759 ~—0.0632 +0.4195 ~0.5458 —0.0972 —0.3175 +0.9295
—45° | —o.7220 —0.4886 —0.9555 —o0.1173 —0.1330 —o0.1017 —0.1090 —0 6863 +0.5117
—30° | —o0.502%1 —0.4760 —0.5283 —0.1662 - 0.6459 +0.3135 —0.0894 —1.0987 +0.2028
—15° | —0.2181 —0.3729 ~0.0633 —0.1938 —0.9711 +0.5836 —0.0464 —1.3835 +0.0562
0° +00849 —0.1826 +0 3525 ° —0.1923 —1.0332 +0.6486 4 0.0051 —1.4085 o.
+15° | +0.3573 +0.0631 +0.6515 —0.1645 —0.8449 +0.5159 +0.0491 —1.1502 —o0.1020
+30° +0.5654 + 0.3205% +0.8104 —0.1206 —0.4864 +0.2453 +40.0749 —0.7428 —0.3552
+48° | +o.y001 +0.5496 +0.8506 —0.0728 - 0.0670 —0.0786 +0.0791 —0.32606 —0.7662
+60° | 407729 +0.7243 +0.8214 —0.0320 +0.3096 —0.3736 +0.0640 —0.0503 ~1.2341
+75° | +o0.8041 +0.8315 +0.7767 —0.0051 +0.5659 —0.5762 +0.0354 +0.0388 —1.6076
+9o° | 408122 +0.8674 +0.7570 +0.0042 +0.6563 —0.6479 o. o. —1.7493
Table 9.
R 1 % 1
a=_r0_l=_5_, ﬁ=Tl 12
] 753 . ] 3 3 3 2 . 52 74
—go° —1.342 +0.086 —2.771 -0.013 +3.392 —3.419 o. o. +11.573
—75° — 1471 —0.134 —2.808 —0.036 +2.956 —3.028 —0.084 — 0.308 +10.411
—60° —1.729 -0.687 —2.771 —0.106 +1.698 —1.909 —o.158 — 1.688 + 7.456
—45° —1.824 —1.289 —2.359 —o0.215 —0.145 " ~ 0.285 —o0.198 — 4.471 + 4.007
—30° —1.514 —1.616 —1.411 —0.333 —2.057 +1.391 —0.179 — 7.931 + 1.403
—135° —0.781 —~1.465 —0.098 —0.412 —3.393 +2.568 ~-0.099 —10.645 + o0.225
o° +o.154 —0.86% +1.169 —o0.418 —3.698 +2.861 +4o0.011 —1I1.358 o.
+15° +0.984 —0.023 -+ 1.990 —0.353 —2.955 +2.248 +o.105 — 9.766 — 0.4II
-+ 30° +1.497 +0.785 +2.208 —0.248 —~1.526 4 1.030 +0.154 - 6.659 — Lg22
+45° + 1.657 +1.382 + 1.931 —0.140 +0.078 —0.358 +0.153 — 3.379 — 4.663
+60° +1.578 +1.726 +1.431 —0.057 +1.433 —1.547 +o0.117 — 1.052 — 7.911
-+75° +1.43% +1.875 +0.996 —0.007 +2.302 —~2.317 +0.061 — 0.066 —10.524
-+90° +1.370 +1.913 +0.827 +0.009 +2.508 —2.580 0. o. —I1.522
Table 10. ’
I /e I
e W)
3 3 : r : : : 2
—9g0° + 343 + 8.53 — 1.68 —0.00 + 10,47 ~10.47 o. o. +485.6
=750 + 257 + 927 — 413 +0.03 +1548 —15.38 +o0.201 - 33 | +4657
—6o° | — 301 + 7.33 —13.36 +0.11 +25.97 —25.75 +0.197 — 345 +394.7
—45° —15.88 — 4.42 —27.34 - 0.24 +25.85 —26.32 —0.232 —139.3 +262.9
—30° — 27.09 —22.77 —35.41 —1.40 — LI3 — L67 —0.805 --341.8 -+110.9
—-15° —2I1.40 —30.37 —12.43 —2.87 —42.49 +36.76 —0.766 —3567.0 + 17.3
0° + 0.99 —16.29 +18.26 —3.39 ~60.74 t 53.96 +0.002 —663.9 o.
+15° +21.18 + 7.36 +34.99 —2.52 —39.92 +34 88 +0.678 —560.7 — 19.4
+30° +24.59 +20.64 + 2855 —1.15 - 3.39 + 1.08 +0.669 —343.0 —113.8
+45° +15.12 +18.40 +11.89 —0.25 +19.38 —19.87 +0.248 —148.5 —264.0
-+ 60° + 4.35 + 9.14 — 0.44 +0.04 -+ 22.25 —22.16 —o0.072 — 4L.3 —401.9
+75° — 1.67 + 1.81 — 5.14 +0.03 +16.44 —16-37 —o0.117 — 4.9 —485.5
+90° - 331 — 0.69 — 5.93 +0.00 +13.19 —13.19 o. o. —5r11.8
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Table 11.
R I A I
sl e
3 3 3 3 3 3 3 ,2 2
—go® | —o.9712 —0.6171 —1.3252 ~+0.0007 +0.5058 —0.5045 o. o. +0.5653
—75°| —0.9385 —0.6100 —1.2670 —0.0065 +0.4327 —0.4456 —0.0271 —0.0906 +0.5050
—60° | —0.8408 —0.5843 —1.0973 —0.0260 +0.2331 —o0.2852 —0.0464 —0.2210 +0.3534
—45° | -o0.6805% —o0.5281 —o0.8330 —0.0518 —0.0327 —0.0708 —0.0527 —0.4116 +0.1747
—30° | —0.4668 —o0.4287 —0.5050 —0.0760 - 0.2888 4 0.1369 —0.0464 —o0.6010 +40.0673
—~15° | —o0.2170 —o0.2802 —0.1538 —0.0917 —0.4665 +0.2830 —0.0253 —0.7313 +0.0161
o° +0.0451 —0.0889 +0.1792 —0.0951 —0.5234 +0.3333 —0.0006 —0.7198 0.
+15° +0.2945 +o.1299 +0.4590 —0.0854 ~—0.4554 +0.2845 +0.0223 —0.5723 —0.0532
+ 30° 4 0.5096 +0.3522 +0.6671 —0.0662 —0.2857 +0.1533 +0.0375 —~0.3317 —0.1998
445° | +0.6779 +0.5538 +0.8020 —0.0428 —0.0698 —0.0158 + 0.0420 —0 1046 —0.4448
+60° [ +0.7957 +o0.7130 +0.8783 —o0.0211 +o0.1360 —o.1782 +0.0354 +0.0309 —0.7229
+75°| +0.8638 4 0.8182 +0.9134 —0.0060 +0.2825 —0.2045 +0.0201 +0.0561 —0.9468
+90° | +40.8862 +0.8494 +0.9231 —0.0005§ +0.3354 —0.3364 o. o. —1.0321
Table 12.
a=t1 1 g A T
70 10 T 12
3 3 3 3 3 3 3 32 7 ,2 7a
—go° -—~-1.828 — 1.040 —2.616 —0.003 +1.836 —1.842 o. o. +5.934
—45° —1.803 —1.085 —2.521 —o.017 +1.582 —1.615 —0.050 —0.298 +5.323
—6q° —1.70I —1.187 —2.214 —0.054 +0.870 -0.977 —0.087 —1.037 +3.798
' —45° —~1.471 —1.253 —1.688 —o.105 —0.102 —o0.108 —o.101 —2.52§ +2.022
—30° - 1.074 —1.179 —0.969 —o0.156 —1.056 +0.745 —0.087 —4.265 +o0.701
—15° —0.529 —0.904 —0.15§ —0.1g0 —1.719 4 1.340 —0.048 —5.738 +o0.110
o° 1 0.087 —0.436 +o0 610 —o0.196 —1.912 +1.520 +0.003 —6.113 o.
+ 15° +0.672 +o.152 + 1.192 —0.175 —1.605 +1.255 +0.050 —5.302 —0.193
+30° +1.138 +0.756 +1.520 —0.133 —0.916 +o0.650 +o0.080 —3.588 —1.008
+45° +1.453 +1.288 +1.618 - 0.083 —0.057 —0.109 +0.086 —1.771 —2.493
+ 60° + 1.614 +1.669 +1.560 —0.038 +0.744 —o0.820 +0.071 —0.503 —~4.434
+75° + '1.685 +1.909 +1.462 —0.008 + 1.304 —1.320 4 0.040 +0.036 —5.977
+4 go° +1.703 +1.986 +1.419 +0.003 4 1.502 —1.497 o. o. —6.813
Table 13.
R I A 1
=T PR
—9o° + o.77 + 7.65 - 6.I1 —o0.00 +20.01 —20.01 o. o. +473.2
—75° — L5O + 555 — 8.56 - 0.00 +20.24 —20.24 +0.001 - 9.5 +436.5
—60° ~ 7.52 — 082 —1y.21 —o0.06 +18.05 —18.8 —o.106 — 50.7 +334.3
—45° —~14.19 ~10.11 —18 28 —0.31 + 810 — 841 ~-0.303 —158.2 +196.4
—30° —16.55 —17.88 —15.22 —0.74 —~10.39 + 8.90 - 0.429 —313.7 + 74.2
—15° —1r.04 —18.46 — 3.62 —1.19 —29.19 +26.81 —-0.315 —470.5 + 110
o° + 0.35 —10.32 +11.02 —1.35 —36.83 +34.13 +0.003 —531.6 o
+15° +11.17 + 2.11 +20 23 —1.16 —28.26 +25.95 +o0.301 —469.1 — 121
+ 30° +15.59 +11.38 +19.79 —0.67 --10.08 + 8.74 +0.391 ~312.7 — 787
+45° +13.23 +14.05 +12.41 —o0.28 + 6.83 — 7.40 +0.282 —154.5 —~199.9
+ 60° + 7.44 +11.34 + 3.53 —0.07 +16.40 —16.5¢ +0.122 - 49.7 —336.9
+75° + 2.37 + 7.31 — 2.57 —0.01 +19.12 —19.13 + 0026 — 57 —439.2
+ go° + 0.4% + 5.70 — 4.81 + 0.00 +19.89 —19.89 o. o. —476.5
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Table 14.
R4 o .
x= - =0, (Straight pipe)
_ 1 _ A I & 1
TR e A=~z P ~%0
¢ ’;; o ]r‘? 7/ ]\’:]; TH /\’:1; ]\’? 0', ]\’? qu A’:]‘ ]"? ’ ]\"? O_II
V7 7 Y 7k 7 Y Y nY 7
o° O. o. 0. O. 0. o, O. 0. o.
+15° | =0.2428 +0.202% +0.2829 +0.495 +0.454 +0.536 +2.492 +2.451 +2.534
4-30° | $0.4691 +0.3916 +0.5466 +0.957 +0.878 4-1.036 +4.815 +4.736 +4.895
+45° | F0.6633 +0.5538 +0.7728 +1.353 +1.241 4:1.465 =+ 6.809 +6.697 +6.922
+60” | =o0.8124 +0.6782 +£0.9466 +1.657 +1.520 +1.704 +8.340 +8.202 +8478
+75° | =£0.9061 +0.7565 +1.0557 +1.849 +1.696 +2.00I +9.302 +9.148 +9.456
+90° | +0.9381 +0.7832 +1.0930 *1.914 +1.756 +2.072 +9.630 +9.471 +9.789
Table 18.
Table 15.
= Value of K calculated by approximate theories.
RE 3§
Val =2
alue of = = — R t r
70 5 10
B 1 t ! Bt LS T I S S B S I
o 6 1z 6o Ky 6 12 60 6 12 60
Karman,
. (1st. approximation)} 1.267 | 1.980 | 7.779| 1.068 | 1.267 | 4.859
5 5759 18.05 479.9 IIV'I'a:umrz;xra.
I\ A an.
. (2nd. approximation) 1.267 | 1.983 | 10.443| 1.068 | 1.267 | 5.169
To 9.966 23.69 520.4 Hovgaard. 1.153 | 1.8o1 | 7.079| 0.972 | 1.I53 | 4.422
Lorenz. 1.275 | 2.099 | 28.473| 1.069 | 1.275 | 7.868
Table 16. .
Fig. 5.
4
Value of R1E_w] F2 o e s g e -
Bl ) 0
& 6 12 6o RS "R/"i;"" (*~2)
1
T 0.07321 | 1.180 3.665 98-37 — — == — Karman (Ist approx.}
1
o | ©007799| 1004 | 2.384 | 4738
o 0.07958| 0.938 1.914 9.63
Table 17.
Value of A
Bl | L | 1
o 6 12 )
4
5 0.92 1.263 1.915 | 10.008
1
s 0.98 1.075 1.245 4.921
o i I. I. 1.

- 9°a —60°

Q° +30°

+60°
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Fig. 16.
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Mathematical Thebries of Bourdon Pressure Tubes and
Bending of Curved Pipes.

By Masasuke Tueda.

Third Report :
A Numerical Example of the Bourdon Tube.

The thivd report gives a numerfgal example of the Bourdon tube, along with an application
of the theorv to a cross-section whick has straight parts in it as in the case of the flat type

of the Bourdon tube.

1. Application of the Theory to a Modified
Form of R!=R}Y= oo,

Recently, the flat type of Bourdon tubes as
shown in Fig. 27 is used more widely than the
elliptic type. In the flat type of the tube, R and
RYY, shown in Fig. 2 in the first report, are both
equal to infinity, and the tube contains a pair of
cylindrical surfaces in it. In order to show a
numerical example of *“ Case I1”’, and an application
of the theory to a modified form of cross-section
at the same time, we give numerical calculations
oun such a flat type of the Bourdon tube. For this
purpose, we begin with the modifications of the
formulae for the cylindrical parts, I and IV, in
Fig. 27.

In each of these cylindrical parts of the pipe
wall, the meridian section of the middle surface of
the wall becomes a straight line, the length of
which, measured from the plane of symmetry, is
represented by the notation s. The greatest value
of s is denoted by /. Then the required modifica-
tions of the formulae will be accomplished easily
by the following substitutions of the values in
formulae given in the first report.

Rdg =T ds,

Rl= o,

sﬂ=:t%, sing=%11, cos¢g=0, (180)

R2=ir) w=$v)

where the upper sign of the double sign corres-
ponds to part IV, and the lower sign to part I.
In the following, we define the notation R, to
represent the radius in parts II and III, then

A=r,—R, AV =p+ R, (181)

Applying these substitutions to the equations

(12), (13), (16), (21), (23) and (30); in the first
report, we get
—dw _ ay

b=+~

- dUu adv
e

u=-+y,

) or v= —-je,a’s, (182)

—w
&=wF—= w,+ %, or p=r(e;—wo),

(]
g,=¢& L 3; s
2 (183)
£y =¢, i7(52~ @),
e _ 8
r—o=0, (184)
TAY—rt 2hter
7, =const. =i[% rx r) ? 4 " 0],
(185)
d. —_
Ti= 2L 4T )
LG.l:tN=O, (186)
ds
G =+__2_}fiE_ d_ﬂ_ﬂ)
SR\ E ) -
G,=+_HE t_”__w_o) (187
==\ S T )
Using the variable V as before,
V=1Nr, (188)
d
and T,= i[%+;’(r¢/l)],
. (189)
N=+—.
r

Substitute the first equations of (185) and (189)
into the equation (184) by the relation (111) in
the first report, and also substitute equations (187)
and (188) into the equation (186), then we have
the differential equations for the present problem
as follows:

arv

'—‘7“3—=i1130:
76 i (190)
d’S? =$}23V;
where Aip= ziE ,>
101
2, = 1= (191)
2 2/ E .J

Eliminating 6 and J respectively from the above
equations, we get
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4
d V +4”8V_
(192)
[(Ziq + 4130 =0,
where ani=12,- ]23=M,
i
(193)

or 7 —~/3(1"
4
As before, § and V are composed of the same
integrals, differing only by the values of the in-
tegration constants. We need, therefore, to solve
only one of the two equations (192). The general

solution of the equation of §, for example, may
easily be written as follows:

0 = B, cosh (n,s) sin (n,s)+ B, sinh (n,s) cos (#,s)

+ B cosh (#,5) cos (1,5)

+ By sinh (7,5) sin (72,5), (194)
where By, B, B; and B, are four integration con-
stants. Then, from the second equation of (190),
we have

a0

1
V=% Aoy S

2
=TF 21”8[81 sinh (7,5) cos (7,5)
28 .

— B, cosh (#,5) sin (7,5)
— By sinh (,5) sin (7,s)
+ By cosh (7,s) cos (7183)]. (195)

Now, the boundary conditions at s=0 are

(Deeo=(2L) _ =(M)eee=o.

or (0)s=0=(V)s=0=0|

from which we get By=PB,=o.
Then, the required solution of the differential equa-
tions are given by

0= B, cosh (us) sin (#,s)
+ B, sinh (7,s) cos (n,s),

}‘ (196)

V= ¢%”—S[Bl sinh (72,5) cos (#,5) (197)

— B, cosh (n,s) sin (nxs)].

All the values of 73, 7, N, Gy, G,, y and v will
be calculated easily by the above formulae,

In the case of the Bourdon tube, the terms
with ¢ and & in G, and G, are neglected alto-
gether. By these neglects, the equations (139),
(140), (141) and (142) in the second report become
as shown in the following, which are applicable
throughout the entire range of I, II, III and 1V.

y 3G

"’~2—/z PYN
T
24’

0'5,0 =

(198)
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7 _Yi 361 J
* T2k 24’
T 3G
=t
W—Z—T}j, (199) .
"o 7; 362
YT n 22
L} ]V'
'l.—,"‘ =2_/l . (200)

Next we must consider the modifications of
the boundary conditions.

(a). The conditions (a) at ;o:i% in the first

report correspond to those at s=o0 in the present
case, which have been employed already in equa-
tions (196).

(b). The conditions (b) at ¢=1¢, correspond to

those at ;a:j-_-’f— and s=/ in the present case,
2 I d0 N\

and —(7—) instead
$/a

v
of ( 3 a’go ( 7, d?’) respectively.

(¢). The codxtlons (c) at ¢=o0 are applicable to
the present case without any modification. It is
more convenient, in the present case, to give the
condition for v in the following form:

a’(i
and we must put +<——

+3
- jl (e)'ds + j .. (e, sin ¢+ 0 cos )R dp
o e

(201)

—f’ (e ds=0.

(d). Lastly, the condition (d) for A7 is given, in
the present case, by

_Y (TuR,— G,)ds

0

+ rz { Ty(r—r0)— G, sin ¢} Ridy
~3

—Y)( T,R\— Ga)ds=o. (202)
A

[I. Process and Results of Numerical
Calculations of a Flat Bourdon Tube.

A tube from a real Bourdon gauge of 400 lbs.
per sq. inch is taken up as a sample for the present
numerical calculations. The dimensions of the tube
are shown in Fig. 27; that is,

R, =2.8 1, 7= 50. 1, 2h=1.1 mm,
2/ =12.5 mm, ¢=270°,
and thence
"« =0.056, 7 =8.40,

n=1.78 [?:7], 7V =1.69 [71”7]
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Fig. 27.
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The material of the tube is brass, the modulous
of elasticity of which is assumed as E=800000
kg.[emt., and the Poisson’s ratio g as u=0.3. The
units of all the numerical values in the following
calculations are derived from [¢72.] and [4g.].
First of all, we must determine all the infinite
series in the solution for parts II and III, among
which the first and the second integrals of the
complementary functions of the general solutions
are determined by the equations (48), (52), (56),
(58), (74) and (76). The values of the coefficients

NG

O

KRR S
|

b
|
—t—

of these series are given in Table 19,

From the equations (81)y, (93), (94) and (ro1),
the series in the particular integral are determined
as containing p and the unknown constants «, and
7o in them ; that is, the coefficients of these series
are given in the form of the sum of the three
terms with w,, 7, and 2.

'é:k ='é::v(00 + '{’:770 + 'é::;ﬁ»

Rk ok sk 4k (203)
Jv = @ot Jutot Jop 2

Table 19.
First Integral. Second Integral.
v -
&y ’ Jv® njutpdy Wiy=—1ky k:, j: ’U':“" P-k: Pj:"”kz
+Z>0>0
2
o +1. o. +o0.3 - 8.4 +1. o. +03 —84
1 o. —0.4448 —3736 —0.133 —0.3498 —o0.1483 —1.351 +-2.894
2 —0.0320 +0.0116 +0.088 +0.273 +0.1344 +0.0350 +0.335 —1.118
3 —0.0030 +0.0005 +0.003 +0.026 —0.0597 —0.0095 —0.098 +0.499
4 +o0.0017 -+ 0.0002 +0.002 —0.014 +0.0270 ~+0.0031 +0.034 —0.226
5 ~0.0006 —0,0001 —0.001 +0.005 —0.0124 —0.0011 —0.013 +0.104
6 -+ 0.0002 —0.002 +0.0087 ~+0.0004 +0.005 —0.048
7 —0.0001 +0.001 —0.0027 —0.0002 —0.002 +0.022
8 +o0.0013 +0.0001 4 0.001 —0.011
>o>-T
oZp=——
o +1I. o. . +0.3 ~8.4 +1. o. +0.3 —8.4
I o. —0.4983 —4.186 —0.150 +0.3139 —0.1663 —1.303 —2.687
2 —0.0402 +0.0146 +o.111 +0.342 +0.1183 —0.0266 —0.187 —1.007
3 .+0.0076 +0.0005 ~+0.006 —0.064 +0.0545 —0.0083 ~0.055 —0.461 *
4 +o0.0013 ~—0.000% ~0.003 —o.011 +0.0244 ~—0.0030 —o0.018 —0.206
5 +-0.0005 —0.0001 —0.004 +o.0107 —0.00I1 —0.006 —0.091
6 + 0.0002 —0.002 +0.0050 —0.0004 --0.002 —0.042
7 +0.0001 —o0.001 +0.0023 —0.0002 —0.001 —0.020
8 4 0.0011 —0.0001 —0.009
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Table 20.
v Fe Fu Jo | i, Wy — kg Wy — kg
+Z>¢>0
2
o o. o. o. o. o. o.
1 +0.00530 +2.793% 10—5 o. +1.235 +40.986x 10—5 + 1.814 X 10—6
2 +0.00424 —1.20§5X » +0.961x 10-8 —0.532 ~T1.427X » - 0.809x 1
3 —0.00029 +0.518 % » —0.194X » +0.228 +0.365X 1 +0.349 X »»
4 —0.00039 —0.232X » +0.010X 1 —o0.102 —0.081X » —0.157X »
5 4 0.00032 40.106X 1 +0018x » +0.047 +0.0I4X +0072X »
6 ~0.00019 --0.049 X 1 —0.0I§X » —0.022 40.001X » ~-0.033X »
7 -+o0.00010 +0.023x » +0.009 X 1 4-0.010 —0.003X » +0.0I5 X »
8 ~0.00005 —0.011 X 1 —~0.005X » —0.005 +0.002X% » —0.007X »
T
02?%—?
o] 0. 0. [s 8 0. O. 0.
1 —0.00594 —3.128%x 1075 o. —1.377 —0.7§3% 10—5 —2.271X 10—
2 —0.01033 —LI4IX » —1.349 X 10—8 —0.503 +0.977X n —0.793X »
3 —0.00163 —0.492X » —0.103X » —o0.217 —0.028X » —0.343X »
4 —0.00039 —0.22IX +0.005 X —0.097 —0.067 X » —0.I54 X »
5 —0.00006 —0.097 X » 40.020X » —0.043 —0.047X » —0.067 X »
6 +0.00001 —0.045X » +40.0I5X » —0.020 —0.028X » —0.03IX
7 +0.00002 —0.021X » +0.009X 1 —0.009 —0.015X » —0.0I§X 1
8 +0.00001 —0.0I0X » +40.005X » —0.005 —0.008X » —0.007X »

Table 20 gives the numerical values of these
coefficients in the present case. In the following,
we make distinctions between the coefficients of «w;,
79 and p by adding the suffix o, # and p respectively.
Then the series in the particular integrals are
determined in tbe following form:

0, =000y + 0,70+ 02p?» } (204)

Veo= Vowtwg+ Vyry+ lep! !

where 8,,, 0, V,, and 1, are given by the equa-
tions (153) in the second report, and , and V,,
by the following similar equations:

f,, =cos 502_/':;‘, (singpF1),

5
v==0

- (205)
Vo, =cos 502 (117 op— k) (sin @ F 1)

=0
Since all the series in parts II and III are
thus obtained, we must next determine the integra-
tion constants from the boundary conditions at

¢=0 and ¢=i—72£— or s=/. The values of the

series at ¢=0 are given by the equations (154)
and (155) in the second report; those correspond-
ing to the terms of p can be obtained by replacing
the suffix w or z by p. Further, the values of the

series at ¢=i—12‘— become as follows :

(01.1)1§='é0= +1,

dﬂm) g —
g )= Fh=Tr
(V1.1)¢'f?‘=(”].0 + ko) =+ pt,
V., (206)

dyp )izf Tt ek)=+p,
( Vll.?»:tf_) =(ﬂ]o— 71/{’0) =—1,

de) = F(o—nky)=tun
2

a’go +%
All the other series become zero at ¢=i%.

Table 21 shows their values in the present case.
Numerical values at s==/ for parts I and IV, which
give the boundary conditions employed here, will
be obtained easily by the formulae in the previous
chapter. Then the equations (120) and the first
four of the equations (121) offer twelve equations
containing twelve unknown integration constants
BL Bé, B}I, B;I, B;{I, B}I, B]lII’ Bé", Bg[l, B}u’ B}V
and B3 for the whole range of I, II, III and 1V ;
and, solving these twelve simultaneous equations,
we can determine the values of all the integration
constants in the form of the sum of the three
terms with «,, 7, and p; that is,

BY=Blon+ Bin+ 530, (k1Y) (D). (207)
In Table 22, their values for the present case are
shown.
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Table 21.
at o= +Z at p=+-0 at p=--0 at cp=—l;_ at p= +% at p=+4o0 at ¢==—0 at p=——
011 +1 + 0.9736 + 0.9695 +1 dj;‘ o. +0.0427 —o0.0473 o.
0 0 o. 4 0.4562 — 04838 o. dj;“" o. —0.4680 —0 4699 o.
015 o. + 1.5943 + 15319 o. %ﬁ -1 —1.0411 +0.9307 +1.
0.4 o. + 0.1978 —~ 0.2063 o. '/3;" o. —o0.2692 —0.2678 o.
O o. — 0.00189 — 0.01831 o. % o. +0.00186 —003303 o.
Oos o. — 4.948x 1078 — 5.165% 10D o. %— o. +8.840x 10-5| —8.833X 1075 o.
02, o. + LII3X 7108 — 1.393X 10§ 0. %%i o. —2.218x 108! —2.660%x 108 o.
11 +0.3 + 4.124 — 3772 +0.3 ’12-‘ o. —3.918 —3.962 o.
Ve —8.4 —~ 8042 — 8.290 —~8.4 d:;-“’ o. —0.499 +0.256 o.
Vs o. + 2.140 — 1272 o. i":’_{* —03 —2.874 —1.970 0.3
Vi, o. —13.333 —~12.932 o. %l 484 +8.663 —7.899 ~84
o o. — 2.186 — 2.276 0. ii_i'%_" o. +3.905 —3.899 o.
For o. — 2.865% 10—5 4+ 0.023 X 105 o. d?‘ o. +5.272X 10~5| 40.221% 105 o.
P
o o. — 3.263x10-6 — 3.688 x 10«6’ o. dTZ)%E o. +5.890% 10~6| —6.240% 10—6 o.
Table 22.
B P, B, B,
B, = —0.06689 B} =—0.3482
I B], = +6.583% 10~6 B], = —1.605x 10~5
B, =+4.979x 105 by, =+3.607x 10—
BN — _o.3100 ZIL = —0.4997 Al = Jo.o1767 Bl =—0.3506 A
I1 Bl = 49.018% 105 Bl = —6.065 x 10-5 B = 1 6.846% 10-5 A = 12446 1078
B = 42.915% 10— FiL = 45.283% 10 -4 Bif =—3.744x 10-5 B = —1.006% 10~
BM= to.3116 b= _0.4800 B~ 40005143 sM= _0.3432
111 A= 4 9.375% 10~5 A= +5933x 10-5 Bil= 46.341% 10-5 BIM=_2059x 10-8
Bill=—2.921x 10-4 Fill= 1 5.546% 10-4 Bill= 4 2.697x 10-5 Bl=—1.107x 104
BY = 1006303 BYY = 403587
v BYY = 1 6.990% 10-5 BLY = —6.601x 10-8
BlY = —3291x 10-5 £V = ~3.951x 10
8, V, and their derivatives in the equations o -
(194) and (105) in the first report are then deter-  where 0, = Z: dufsin pF 1)
mined in the form of the sum of three infinite ‘ V=0
series as follows: ®
z } % . _—\v N
0= ()wwo + 0:70+ ﬂp o +cos ¢ wary de(Sln £+ I) ’
- (209)

Vs= V8w0)0+ V;tT0+ prp’

46

a0

= L) 49, p 208
—(?9—0-— d¢ Wy + dso To + dso p y ( )
AV, dVe . dV. av,
dgﬁ - ({ sp (L) + dso To + '

Vie= D) bufsin g T 1)

=0

.+ cos g)z Hru(sin g F 1Y,

v=0
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Table 23.
& * *
v Ao [, ayt @, Qop By
1
— ==
+ 5 =9=0
o +0.3116 +0.0051 +9.375X 10™5 +6.341x 105 —2.921%x 104 ~+o0.270% 10—4
I +0.2135 +0.0544 —2.639X% » +0.606 X s —2.467X » 40.070X »
2 —0.0156 ~—0.0071 —0.231IX » -—0.360)( ” 40157 X » ~0.002X »
3 —0.0011 +0.0027 —0.025X » 40,141 X 1 +0.012X » —0.006X 1
4 +0.0004 —0.0013 +0.017X » —0.062X »n —0.004X » +0.004X »
5 ~—0.0002 +0.0006 —0.007X » +0.027X » +0.001 X .1 ~0.002X »
6 +0.0001 —0.0003 +0.002X 1 —0.0I3 X » —0.00E X +0.001IX
7 -+ 0.0002 —0.001 X » +0.006 X 1 —0.00I X »
8 —0 0001 —0.003 X s
>-T
0=9=>——
o ~0.3100 +o0.0177 +9.018 % 10-5 +6.846x 105 +2.915% 104 —0.374% 104
1 +-0.2490 +0.0579 +3.022X 1 —1.020X » —2.633X » +0.050X »
2 +0.0052 +o0.0011 ~0.452X » —0.334X » ~0.040X —0.018X »
3 —0.002% +0.0023 +0.066X% —0.12IX 1 +0.025X —0.012X »
4 —0.0001 +o0.0011 +0.015X » —~0.0§5X 1 +0.00IX » —0.006X »
5 —0.0001 4 0.0005 4+0.006 X% —0.024 X » —0.003X »
6 4+ 0.0002 +0.002X 1 —0.0IEX » - 0.002X »
7 +0.0001 +0.00IX » ~0.005 X » —0.00IX »
8 +0.0001 —0.002X
Table 24,
v &'mu b:w ["nt b:[ b’!ﬂ b:P
T~
+?é?go
o +4.135 +2.885 —4.703% 10—4 +0.363 x 10—4 —4.747 % 1073 +0.938x 103
1 —1.100 +0.235 —3.582X » —-0.818X » +1.067X » —0.355X »
2 —0.104 —0.146 +0.245X » +0.093X » +4o0.125X » +0.132X »
3 —0.011 +0.055 +0.018X 1 —0.036X » +0.013X » —0.058X »
4 +0.008 —0.024 —0.006X » +0.018x » ~—0.009 X 1 +0.026 X »
5 —0.002 +o.011 +0.002X 5 —0.009X 1 +0.003 X —~0.012X
6 4 0.001 —0.00§ —0.00I X 1 +0.004%X 1 —0.00I X » +0.005 X
7 - 0.002 +0.001 X 1 —0,002X » 40.001X ~0.003X 1
8 —0.001 40.001 X +0.00I X »
>p=>-T
oZp=——
o +4.104 +2.950 +5.366x 104 —o0.000% 10~4 —4.351X 1073 +0.834 % 10—3
1 +1.373 —0.458 —3.684%x » —1.033X » —1.299X » +0.317X »
2 —o0.205 —0.153 —0.107 X » —0.0585 X 1 +0.213X » 40.108X »
3 +0.030 —~0.056 +0.034X » —0.052X » —0.032X » +0.048X 1
4 +0-007 —0.02§ +0.004 X » —0.024 X —0.007 X » +0.02IX
S ~+0.002 —~0.011 +0.002X » —O0.0ITI X —0.002 X 1 +0.009X »
6 +0.001 —0.005 +0.001X » —0.005 X —0.00I X » +0.004 X »
7 +0.001 -—0.002 +o0.001X » —0.003 X » —0.001 X » +0.002X »
8 —0.001 —0.00IX +0.001X »
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49, . e N
do = cos 502 va,(sin g F 1)~!

v=1

+ cos? 502 va,(sin g F 1)
=1
—sin 502 dy(sin g F 1Y,
v=0 (210) -
dV:m_ - H — .
W—cos 502 vb,,(sin g F 1)1

»=1

+ cos? g)Z vy (sin @ F 1)

v=1

—sin 9"2 G(sin g F1)7,

v=0
Wy =B, %yt By, Jus
To=Bsukyt Buof ot J v
boo = Br(nf,+ ple,) + Bo i, — k), ¢
b =By(nfy+ pk) + Baptfy—1ky)
+ (1o — 1k

The expressions for the terms with 7, and p are
given by replacing the suffix @ by ¢ and # respec-

and

(211)

tively in the equations (209), (210) and (211). In
Table 23 and Table 24, all the coefficients given
by the equations (211) are shown.

In the last process of the calculations, we
must determine the values of e, and 7, by the
boundary conditions (201) and (202), in which the
integration in parts II and HI must be done by
numerical integration. For that purpose, we now
calculate the values of each series at each angle
of ¢, with the angles at suitable equal intervals,
as shown in Table 25. Calculating the values of
en 0, 7, and G, in the form of the sum of the
three terms with w,, 7, and p, and inserting them
in the equations (201) and (202), we can get two
simultaneous equations of wy, 7, and p, which deter-
mine the required values of w, and 7, as follows:

Wy= —0.0007172 p,
7o =+0.1273 2.
The problem is thus solved perfectly, and 8,
V, and their derivatives for parts II and III are
determined as shown in Table 26, and 8, IV and

their derivatives for parts I and IV are given by
the equations (212) and (213).

Table 25.

) 00 0 ) 0p Viw Ve Vep
—go° —0.3100 +40.g02 X 10—4 +2.915X% 104 +4.104 +5.366 x 104 —4.351X 10-3
—60° —0.2639 +1.277X » +2.378X » +5.727 +4.801% » —4.082% 1
—30° —0.1436 +1.582% +1.284X » +7.060 +3.035X » —~4.063% 1

o° +0.0225 +1.695X » —~0.1I0I X » +7.555 +0.437X » —4.136 X »
+30° +-0.1801 FL577X » —1.446X » +7.018 —2.160X 1 —4.224 X »
+60° +0.2816 +1.285 X 1 —2.458X% » -+ 5.706 ~3.9082X 1 —4.387X »
+90° +0.3116 4+0.938X » —~2.92IX » +4.135 —4.703X » —4747X »

B i a8, a0, AV 4 aVy dVap

a9 a9 de 4o dp dp

—go° +o0.0177 +6.846x 10—5 —0.374 X 10~4 +2.950 —0.000 X 104 +8.338x 10-4
—60° +0.1617 +6.978x » —1.629X » +3.033 —2.239X » +2.258X »
—30° +o0.2880 +4.281X 1» —2.463X » +1.867 —4.387 % » ~0.955 X 1

o° +0.3268 —0.095X 1 —2.6908 X 1 ~0.003 —5.268 X 1 —1.563X »
+30° +0.2578 —4.238X » —2.333X » —1.90§ —4.412X 1 —2.044X »
+60° +0.1249 —6.526 X » —1.461X » - 2.937 —2.445X —4.619X »
+g0° —0.0051 —6.341X » —0.270X 1 —2.885 —0.363 X 1 —9.380%x »

For part T:

—z;=o.0001061 cosh (1.78 s) sin (1.78 5) 4 0.0006084 sinh (1.78 s5) cos (1.78 s),

~g—=o.3109 sinh (1.78 ) cos (1.78 5)—1.783 cosh (1.78 5) sin (1.78 s),

1

?

1 dlV_

_— =2

?

ds

das

=0.001275 cosh (1.78 s) cos (1.78 s)—0.0008961 sinh (1.78 s) sin (178 5),

.626 cosh (1.78 s) cos (1.78 s)—3.736 sinh (1.78 5) sin (1.78 5) ;

(212)
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and for part 1V:

)

———= —0.00

—Z-:o.z 149 sinh (1.69 s) cos (1.69 s)— 2.028 cosh (1.69 s) sin (1.69 s),

006922 cosh (1.69 s) sin (1.69 5)—0.0006532 sinh (1.69 s) cos (1.69 s), \

Masasuke Tueda.

1 dY . . (213)
7—Zs—= —0.001219 cosh (1.69 s) cos (1.69 5)+ 0.0009852 sinh (1.69 s) sin (1.69 s),
%%?: — 3.059 cosh (1.69 s) cos (1.69 s)— 3.784 sinh (1.69 s) sin (1.69 s). }

Table 26. layor in the. I:neridian section. of the pipe wa}ll;

and the positions of the sections corresponding

0 L I, 148 1 db, to the ¢ Section No.” in the figures are given

? P 2 de ? o in Table 27. ]
—90°| +5.253x 10~4| —7 226X 10~%| —0.414x 10-4| —1.282x 10-3 Be§ides these results ment'ione.d above,A we
—60°| +4.434% » | —8.128X » | —2700X » | —1g78X » must give the value of 4, which is
—30°| +2.515X » | —0.087x » | —4475X » | —1.490X » 0=0.003539 #.

0% | —0046X » | —9.548X » | —5.043X » | —0.A78X » The deflection A of the énd of the tube under
+30%) —2.537X » | —9284X » | —~4.236X » | +LI6X »  (he pressure of 400 Ibs. per sq. inch (28
+60%) —4.314x » | —=8530X » | —2.440X » | +1613X » kg /em®) can be calculated easily by the values
+90°| —5037X » | ~7773X » | —0314X » | +1IZ7X » of 8, wy, 7, and ¢, and we have, in the present

The required results of the calculations are

shown in Table 27 and in Fig. 28~Fig. 3I.
“each of these figures, the length of the abscissa
is taken as proportional to the length of the middle

In

case,

A\ =0.502 cm==6 mm,

which shows a close agreement with the actual
deflection of the tube.

Table 27.
Section s ¢ R L R oy T X 1. -l‘-v[ cma] L(y,_a)r cms]
No. A I B A B A B A B I W7 7 Uk
o o —61.87| +1.98 | +65.83| —45.30| —19.54| + 6.31 o. o. —3.223x 104
1 .:Tz —58.44| +1.98 | +6240| —41.74| —16.92| + 790! +082 | —0.149X10~5 —3.067X% »
1 2 %/ —47.43] +1.98 | +51.39! —30.89| — 9.38| +12.13| +1.81 —0.272X » —~2.623%X »
3 %1 —26.71| +1.98 | +30.67| —13.16| + 2.14] +17.44| 4+ 3.12 —0.335X » —1.943X »
4 ! | =—90°| + 6.93| +1.98 | — 2.96] +10.58| +1582| +20.99| +4.85 -~ C.32IX » —L.I37X »
I 5 —60°| +48.79| +4.70 | —39.38 +29.o3' +2360| +1817| +470 | +1.349X » —0.446% »
6 —30°| +82.74| +7.16 | —68.41| +35.33 +17.89| 4+ 045| +2.08 +5.140X » —0.072X »
7 0° | 4-95.25| +8.12 | —79.01| +29.00| + 2.82] —23.36] +o.01I +6.947X » o.
- 8 +30°| +81.83] +7.05 | —67.74| +15.47| —11.92| —39.31| —2.86 | +5.353X » +0.080X% »
9 4+60°| +49.11] +4.68 | —30.76| + 2.56| —17.80| —38.16| —4.47 +1.763X +0.456 X 1
10 +90°| 4+ 9.50| 4210 | — 5.30| — 4.I5| —12.35| —20.55| —4.66 | +0.068X » +1.128X »
11 %1 —21.37| +2.10| 425571 — 098| 4 008 + LIi4| —3.07 +0.119X » +1.946X »
v 12 %/ —40.88| +2.10 | +4508] + 3.58| +10.50| +17.41| —1.83 +oar14x » +2.633X »
13 %z ~5L5I| 4200 | 45571 4+ 7.21| +17.32| +27.43| —0.85 +0.068x » +3.087 X »
14 o —54.87| 4210 | +59.07| + 858| +19.69| +30.80 o. o. +3.240X
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Fig. 3o0.
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