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Abstract. 

Matsumura's theory of malleable materials, 
stating that " the elastic failure occurs in malleable 
materials when the maximum shear stress reaches 
a definite value depending on shear strain energy" 
is fairly well applicable to results of experiments, 
so far as the material is ductile ; but the theory is 
not applicable to brittle materials. Extending 
Matsumura's theory to all materials, ductile and 
brittle, the authors propose now a new criterion and 
applying it to the· case of fatigue, they think that 
'' the fatigue failure occurs in ductile materials when 
the greatest maximum shear stress induced by com-. 
bined repeated stresses reaches a definite value 
depending on shear strain energy at the instant, 
and that the fatigue occurs in brittle materials when 
the greatest maximum principal stress induced by 
the combined repeated stresses reaches a definite 
value depending also on shear strain energy at the 
instant." From this new criterion on fatigue, they 
derive the conditions of fatigue failure under the 
combination of various stresses. Comparing the 
results of calculation with those of experiments, it 
is established that the new criterion is fairly well 
applicable to results of experiments in every case. 

I. Introduction. 

There are two kinds of failure in metals, i.e., 
static failure and fatigue failure, the mechanisms of 
which seem at the first glance to be essentially 
different from each other. When materials are 
broken under static stress, considerable deformation 
generally takes place before destruction. So it is 
reasonable to regard the static strength of materials 
as the resistance to elastic break-down, that is, the 
resistance to generation of slip bands in crystals. 
But the resistance cannot be ascertained practically 
without some troublesome measurement. Then we 
can regard the yielding point of the materials ap
proximately as the static strength. On the other 
hand, when materials are broken by fatigue, the 
relation is quite similar: namely when they are 
subjected to repeated stresses, they receive the effect 

which is similar· to the so-called strain-hardening 
and become brittl~ before destruction. At the time 
there are many slip bands in crystals, which ·grow 
gradually to cracks and' lead to destruction. So it 
is also reaso'nable to regard . the magnitude of the 
cyclical stress, which is just enough to generate 
slip bands in crystals, as the fatigue resistance in 
the true sense. But it is not easy to obtain the 
magnitude from experiments. Therefore usually we 
regard the l}lagnit.ude of the cyclical stress which 
is just enough 'to break down the material as ap
proxi'mately the fatigue resista.nce. Generally the 
stress which is just enough to generate slip bands 
in crystals is somewhat lower than the stress which 
is just enough to break down the materiai.<0 As 
above mentioned, when we attribute the strength 
of materials to tl;ie resistance to slip in crystals, we 
are convinced that both the static and fatigue failures 

i are essentially analogous. 
The authors have previously carried out the 

experiments on the strength of metals under com'
bined alternating bending and torsion, and -compared 
the results with some of the theories concerning 
the elastic failure of metals under static stresscs.<2> 

Let n be direct stress and i- be shear stress in static 
cases, then many theories of elastic failure under 
combined direct and shear stresses are generally 
represented by the following relation : · 

f(n, r:)'=c, ........................................ (1) 

where/ is a certain function of a and ,, and c is 
a constant. The form of the function/ is determined 
according to each theory.· For example, in the 
theory of constant maximum principal stress, 

f =-l-a +-l_ ,v n2 + 4,2. 
2 2 

In the theory of constant maximum principal strain; 

f =--1···(1 - _·1-)n+-1-(1 +-1-)v n2+4,2 
2 1ft :;? ,n 

where m is Poisson's constant. In the theory of 
constant total strain energy, 

I= a2 + 2( l + _1_),2 ; 
11t 

(1) •t. Nishihara and M. Kawamoto, "Studies on Fatigue of Mild Steel by a C'.orrosion Method", Memoirs of the College 
of Engineering, Kyoto Imperial University, Vol. XI, No. 3. (1943), p. 31. 

(2) T. Nishihara and M. Kawamoto, "The Strength of Metals under Combined Alternating Bending and ',ror~ion ", Memoirs 
of the College of Engineering, Kyoto Imperial University, VoJ.. X, No. 6, (1941),.p.1 117. 
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in the theory of co_nst~nt shear strain energy,. 

./,:_ o-2 + J,2 
; and 

in the theory of constant maximum shear stress, 

/=-1- ✓0'2+4,2. 
2 

Then we apply these theories to the case of fatigue, 
in which both direct and shear stresses alternate 
between two equal magnitudes of mutually opposite 
signs. Now we consider a as the maximum direct 
stress and , as the maximum shear stress in fatigue 
cases. Then similarly to equation ( 1 ), we can 
represent the condition of fatigue failure under com
bined alternating direct and shear stresses as fol
lows: 

j(n, ,)=c' ....................................... (2) 

where c' is a constant, which is different from c 
and should be determined from fatigue tests. In 
the case of static failure, it is a well-known fact 
that equation (1) is fairly well applicable to ductile 
materials, if we take the maximum shear stress as 
the function /, while it is applicable to brittle 
materials, if we take the maximum principal stress 
as the function f. Similarly, in the case of fatigue 
failure, equation (2) is applicable to ductile or brittle 
materials, if we take the maximum shear stress or 
the maximum principal stress as the function /, 
respectively. Therefore we can consider both static 
and fatigue failures to be essencially the same. 

In the above-mentioned theories, every criterion 
contains no quantity varying according to the nature 
of materials. That is to say, these theories propose 
the criterion of elastic failure of materials with a 
definite expression, no matter whether the materials 
are ductile or brittle. In this point there is un
reasonableness of these theories. So that, these 
theories are not generally applicable to every 
material, though each theory is fairly well appliqble 
to a particular material. So it is proper to attempt 
to make the expressions of these theories to contain 
a variable quantity, which may be chosen appro
priately according to the characteristic of materials. 
Thus we can make the theory applicable to every 
material, ductile or brittle. Let us consider some 
of the theories in such a way. 

I. Matsumura's theory.<3> 

According to · this theory, the condition of 
elastic failure is given by the following equation : 

kn+ ✓ n2 + 4,2=c .............................. (3) 

where k is a constant which varies with the kind 
of materials and must be determined by experiments. 

If we put k-=o in equation (3), this theory becomes 
the constant maximum shear stress theory, and if 
we put k= 1, it becomes the constant maximum 
principal stress theory. So it can be said that this 
theory is the combined criterion of both the extreme 
theories, i.e., the maximum shear stress and the 
maximum principal stress theories. 

Let 
110 = elastic limit under pure direct stress due 

to tension. 
,,=elastic limit under pure shear stress. 

then, determining the constants k and c in equation 
(3), we obtain the following equation : 

( I-
17

~ )a+ 11
~ -v'a2 +4,2 =n, ............ (4) 

2,. 2,, 

2. Mohr's tltcory.<4> 

In this theory the condition of elastic failure is 
given by the envelope of many stress drcles in 
Mohr's stress diagram, which is obtained by ex
periments for each material. But if the envelope 

· cannot be obtained without making many experi
ments, the value of this theory becomes insignificant 
in practice. Mohr then proposed to use the follow
ing straight lines approximately as the envelope: 
that is, common tangent lines to two stress circles 
which correspond to cases of pure tension and pure 
compression, as shown in Fig. I. Now let us 
apply this theory to the case in which direct and 
shear stresses are combined. 

.__ ___ •··--------

Fig. 1. 

Mohr's Stress Diagram. 

Let 
n_,=elastic limit under pure direct stress due 

to compression. 
then, the condition of elastic failure, which is 
represented by the approximate envelope, becomes 
as follows: 

a_,- n•o+ ✓ n2+ 4,2 211_.a. .. .......... (5) 
11_ 0 + 110 11_ 0 + d' 

When a, is equal to a_., equation (5) agrees with 
the constant maximum shear stress theory. When 

(3) . T. Matsumura, J. of the Society of Mech. Eng,; Japan, Vol. XIII, No. 23, (1910), p. 1, 

(4) 0. Mohr, V. D. I., Bd. XXXXIV, Nr. 45, (1900), p. 1524 and 1572. 
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t1_• becomes infinity, equati,on (5) agrees with the 
constant maximum principal stress theory. And 
when a_./a. is equal to Poisson's constant 111, equa
tion (5) agrees with the constant maximum prin
cipal strain theory. Thus Mohr's theory contains 
many other theories as special cases .. 

3. Ono's thcory.<5> 

In this theory, the common tangent lines to 
the three stress circles corresponding to cases of 
pure tension, pure compression and pure torsion, 
are adopted approximately as the envelope in 
Mohr's theory; that is, common tangent lines AB 
and CD in Fig. 2. According to this theory, condi
tions of elastic failure become 

D 

----•---------- .. 
Fig. 2. 

Mohr's Stress Diagram. 

for AB (1 - :: )a+ a: v a2+ 4, 2 =a, ... (6) 
-"e 2"e 

for CD (a-_•-1)~+ a-:_•va2+ 4 , 2=a_ •... (7) 
2.. 2,, 

Equation (6) is the same as equation (4). So Mohr's 
theory with Ono's envelope is identical with Matsu
mura's theory. 

Starting from Mohr's theory, a criterion on 
fatigue resistance under combined stresses has been 
derived by Dr. Ono.rs> 

4. Bailey's· tlteory on ductile materia!s.<1> 

According to this theory, the condition of 
yielding of an isotropic material is given by the 
following equation : 

(a1-aa)2+A(a1-n2)2+ A(a2-aa)2=µ. ......... (8) 

where 0'1, al =o), and <13 are the three principal 
stresses at or near the surface of a test piece, and 
,l and µ are constants. Applying this theory to the 
case in which direct and shear stresses are com
bined, we can obtain 

a2+ 22+A,2=/l ..... : ........................ (~) 
1+A 

If we put A=O, A= I and A= m- I respectivelf'in 
equation (9), this theory agrees with the constant 
maximum shear stres~ theory, _the constant shear 
strain energy theory and the constant total strain 
energy theory, respectively. From equation (9), a 
further discussion has been made on fatigue resist
ance of ductile materials under combined stresses. 

5. Matsumura's tlteory on malleable materia!s.<s> 

This theory is represented by saying that 
" Elastic failure occurs in malleable materials, when 
the maximum shear stress reaches a definite value 
depending on shear strain energy. _ The relation can 
be written as follows : 

(a1 -a3)2=a-/{(a1-a2)2+(n2-a:i)2 
+ (aa-a1)2] ...... (10) 

where ai, a 2, a3 (a1> a2> a3) are the three principal 
stresses; and a and b are constants which depend 
on material and stress distribution. Applying this 
theory to the case in which direct and shear stresses 
are combined, we obtain 

a2 +2 3b+2,2= a .................. (II) 
2b+ I 2b+ I 

m-1 . I 
If we put b=o b= co and b=-:--- respective y 

' 1n-2 

in equation ( 1 1 ), this theory agrees with the con
stant maximum shear stress theory, the constant 
shear strain energy theory and · the constant total 
strain energy theory, respectively. 

II. A New Criterion for Static Failure, . 
Bailey's theory and Matsumura's theory for 

malleable materials are an elliptic law about direct · 
stress a and shear stress ,, as can be ·seen in equa
tions (9) and ( (1 ). The elliptic formula is generally 
applicable with good accordance to every ductile 
material, but it is not applicable to brittle materials. 
According to the authors' experiments, the elliptic 
law is also not applicable to ductile materials with 
comparatively small ductility. 

Then extending Matsumura's theory to all 
materials, ductile and brittle, the authors propose 
the following criterion: -" Elastic failure occurs in 
ductile materials when the maximum shear stress 
induced by combined· · stresses reaches a definite 
value depending on shear. strain energy, and it 
occurs in brittle materials when th~ maximum 
principal stress induced by combined stresses reaches 

(5) A. Ono, J. of the Society of Mech. Eng., Japan, Vol. XVI, No. 29, (1912), p. 37. 
(6) A. Ono, Trans. of the Society of Mech. Eng., Japan, Vol. 6, No. 25, (1940), Part 1, p. 30, a;.d Vol. 7, No. 29, (1941), 

Part 1, p. 7. 
(7) R. Bailey, Inst. of Mech. Eng. Proc., Vol. 143, No. 2, (1940), p. 101. 
(8) T. Matsumura, J. of the Society of Mech. Eng., Japan, Vol. 33, No. 156, (1930), p. 181. 
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a definite 
energy", 
conditions 
follows: 

value depending also on shear strain 
According to this new criterion, the 
of elastic failure can be expressed as 

for ductile materials 
;(a1 -aa)2 + [(a1 -a2)2 + (a2-aa)2 

+(a~-a1)2]=P ...... (12) 

for brittle materials 

~a/+ [(a1 -a2)2+ (a2-aa)2 

+(a3-a1)2]=q ...... (13) 

where a., a2 , and a3 (a1> a2> a3) are the three princi
pal stresses, and f, '1/, p and q are constants de
pending on material and stress distribution and may 
be determined by experiments. 

Now we consider the case in which direct stress 
a and shear stress T · are combined, 

0'1 =-1-a+-I_,..; a2+ 4-r2 l 
0'2=0 

2 2 

............... (14) 

I . I . / 
O'a=-a---va2+ 4-r2 

2 2 

Substituting these in equations (12) and (13), the 
conditions of elastic failure become : 

for. ductile materials 
(~+2)a2 +2(2;+3}r2=p .................. (15) 

for brittle materials 

{a{-+-a++v a2+ 4 .. 2}+ -r2
] 

+ 2(a2+ 3-r2)=q .................. (16) 

Let us then determine the constants f, '1/, p and q. 
Let a. be the elastic limit under pure direct stress. 
From equations (15) and (16) 

P=(; + 2)a,2 ................................. (17) 

q=(YJ+ 2)a? ................................. (18) 

Let 'l', be the elastic limit under pure shear stress. 
From equations (15) and (16) 

P=2(2f + 3)..2 .............................. (19) 

q=(YJ+6)-r.2 ................................. (20) 

Eliminating p or q from equations (17) and (19) or 
equations (18) and (20) respectively, we can deter
mine the constant ~ or '1/· And putting 

1'=~ ....................................... (21) 
a. 

in the results, we obtain 

for ductile materials 

for brittle materials 

3'P2
- I or YJ=2 ¢2 ......... (23) 

I-

Now let us consider in what cases we should 
use the equations for ductile materials, and in what 
cases we should use the equations for brittle ma
terials. Constants f and '1/ are always greater than 
or equal to zero, so that from equations (22) and 
(23) we can derive the following relations : 

for ductile materials 

for brittle materials 

I 
V'~ ,..;-

3 
I 

¢► ,..; 3 

So it is known that we should use the equations 

for ductile materials when ¢'-,;;, ,../1 
, and that we 

3. 
should use the equations for brittle materials when 

¢~ ~. When ¢'= J , both equations for duc-
3 3 

tile and brittle materials become the same. But it 
is of course the better to use the equations for ductile 

materials when ¢'= )-, because of simplicity. · 
3 

In short, the author's criterion can be sum-
marized as follows : 

Let 

V=f(a1-0'a)2+ [(a1 -a2)2+ (a2-aa)2 

+ (aa-0'1)2]. • • • • • • • .(24) 

i'=~a/+ [(a1-0'2)2+ (a2-0'ar+ (aa-a1)2J. .. (25) 

Then the values of function U or V determine 
the elastic failure of materials. And the conditions 
of elastic failure can be represented as 

¢•.;;;;,; ............... (26) 
3 

when 

1'> ; ········· ...... (27) 
3 

V=q " 

It must be mentioned that the static case is 
analogous to the fatigue case in which combined 
stresses are alternating between two equal magni
tudes of mutually opposite signs. (See chapter V 
for details.) 

III. A New Criterion for Fatigue Failure. 

We apply the above-mentioned new criterion 
of static failure to the case of fatigue, and we con
sider that " fatigue failt1re occurs in ductile materials 
when the greatest maximum shear stress (the great
est value of the maximum shear stress) induced by 
combined repeated stresses reaches a definite value 
depending on shear strain energy at the instant, 
and it occurs in brittle materials when the greatest 
maximum principal stress, induced by the combined 
repeated stresses reaches a definite value depending 
also on shear strain energy at the instant." Let a 1 

be the greatest maximum principal stress and a2 

aa(a2> a3) be the other principal stresses at the 
same instant, and also let 
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u - .. =e(t11 -t1a)2 + [(a1 -t1'l)' +(a2-t1a)2 

+(<13-0'1)2] ............... (28) 

V......,=1]0'/+[(<11 -0'2)2+(n2-0'a)2 

+ (aa-t11)2] ............... (29) 

then the value U ""'" or V ma:c is considered to exert 
an influence upon the occurrence of fatigue failure. 
In equations (28) and (29), we assumed constants e 
and 1) to be the same as those in static cases. 
About the propriety , of this assumption we shall 
discuss later. 

But we connot, of course, consider the value 
U ma:c or V,,_ as the only factor that causes fatigue 
failure. Because fatigue failure should be caused 
not only by magnitude of the three principal stresses 
o-0 o-2, and o-3 , but also by the stress ranges of those 
alternating stresses. Then we divide those alter
nating stresses into the tow components: namely, 
the one is the mean stress acting statically and the 
other is the stress amplitude acting alternately be
tween the two equal magnitudes of mutually op
posite signs. Let o-1,,., o-29., and 0 3,,. be the static 
components of O'i, 0 2 and o-3, respectively, and also 
let a1a, a24 and 0 34 be . the stress amplitudes of 0'1, 

0 2 and o-3 ; then 

0'1 =0'1,,. +a1a, t12=0'2m +a2a, O'a=O'am +o-aa 

Now similarly as in equations (28) and (29), we put 

U,,.=!{n1 ... -t1am? + [(a1,,.-a2,,.)2 
+ (O'z,,._-t13,.,)2+ (oa,,.-t11,,,)2]. • • • • .(30) 

Ua=,(01~-aaa)2+[(a1 .. -02a? 
+(a2a-O'aa)2 +(oaa-t11e1)2] ...... (3 I) 

V,,.=~01;,.+ [(01,,.-t12,,.)2 + (a2,,.-oa,,.)2 
+(03,,.-t11,,.)2] ... (32) 

Va=1J01!+ [(ai,.-02a)2+ (02a-O'aa)2 
+(os .. -0'1,.)2] ...... (33) 

And we regard these values U,,. and Va, or V,,. and 
Va, also as factors exerting an influence upon the 
occurence of fatigue failure. 

Now we apply equations (30), (31), (32) and 
(33) to the case in which direct and shearing stresses 
are combined. Let f!ma,. be the maximum direct 
stress, and om and oa be the mean stress and the 
stress amplitude. Similarly let , ma= be the maximum 
shear stress, and 'Z',,. and •a be the mean stress and 
the stress amplitude, then 

Therefore, if direct and shear stresses are in phase, 
we obtain the following relations similarly as m 
equation ( 14): 

t11=: (o,.,+oa) + ~ ✓(t1,,.+f1ir-)2 + 4(,,,. +,11)1 
0'2=0

1 
I. . r (34) 

o-a=2 (a,,. +a«) -2✓(a,,. +oal + 4(,,,.+,a~J 

0'1a=...!___t1a + ...!___ ./ 0',.2 +4•4
2

} 

tT,z~=: 2 ~---- ..................... (36) 

l13a~...!___O'a - ...!___ 1/ 0,.2 + 4•a2 , 
2 2 

Substituting these relations in equations (28), (29), 
(30), (31), (32) and (33), we obtain 

uma .. =(, +2)(0-,,.+o .. )2+ 2(2~+ 3)(,,,.+ t .. )2 
) 

u,,. =(, +2)o,!+ 2(2~+ 3),.! (37) 
Va =(, + 2)0'a2 + 2(~~ + 3)•a2 

v;na.,=>J[(a.,,+aa){ ~ (o-,,.+a,.) 

+ : V(a,,.+"o-a?+4(,,,.+ •a?} 
+ (t,,. + , 4 )

2
] + 2{ (a,,.+ O'a)2 + 3(,,,. + , .. )2} 

V,., =~[a,,.{ :a,,.+ :-V:a.!+4,,;}+,,!] (38
) 

+ 2(0-,! + 3,,!) 

Va =7i[t!a{-¼oa + +✓ Oa
2+ 4•a2

} +•a2
] 

+ 2(aa2+ 3•a2) 

As above mentioned, we consider U,,. and Ua or 
V. and V · to have also an influence upon the 

'" a, 
occurence of fatigue failure. 

Consequently we can represent the conditions 
of fatigue failure by the following equations: 

for ductile materials 
Uma:c+f(Um, U .. )=P ........................ (39) 

for brittle materials 
Vma.,+/(V,.., V .. )=q ........................ (40) 

The second terms of the left sides of these equations 
represent the influence of alt~rnation of applied 
stresses, and are a certain function of U,,. and Ua, 
or V. and V... If we omit these terms, equations 
(39) :nd (40) become the same as 'equations (26) 
and (27), namely of the case of static failure. How 
should the form of the function / be determined ? 
Of course it should be determined applicable to 
experimental results. Now we adopt the following 
form as the function /: 

f(U,,., Ua)= -a.U.,. +PV .. -r✓U:::-u,, ...... (41) 

f(V.,., V .. )~ -a.V.,.+{1V .. -r,.; V.,,. Va ...... (42) 

where a, {1 and r are constants which should be 
determined by experiments, and the sign of each 
term in these expressions is chosen as above for 
convenience. Substituting equations (41) and (42) 
in equations (39) and (40), the conditions of fatigue 
failure become as follows : 
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for ductile materials 

U,_,-aU.,,.+[3U,.-r..,1U.,.. U,.=P ...... (43) 

for brittle materials 

Vma,-aV.,,.+[3V,.-r..,1 Vm. V,.=q ... ...... (44) 

Thus we obtain the conditions of fatigue failure 
under combined bending and torsional stresses. 

But in the above representations, the values of 
constants e:, 71, a, p and r are yet unknown. Let 
us now consider the values of these constants. 

I. Determination of constants ~ and 71. 

First we consider the case in which only direct 
stress alternates between two equal magnitudes of 
mutually opposite signs, e.g., the case of rotating 
bending tests or the case of alternating tension 
compression tests with zero mean stress. Let nw 
be the endurance limit in this case, then 

Ap)Jlying these relations to equations (37) and (38), 
we obtain 

U_,,.=ll,.=(e:+ i)n~, U.,,.=o 
Vmo,.=Va=(71+2)0-~, V.,,.=O 

Then applying these relations to equations (43) and 
(44), we obtain 

(1 +P)(e: + 2)n~=P ........................... (45) 

(1 +/3)(71+ 2)n~=q ........................... (46) 

In a like manner, we consider the case in which 
only shear stress alternates between two equal 
magnitudes of mutually opposite signs, e.g., the case 
of reversed torsional tests with zero mean stress. 
Let •w be the endurance limit in this case, then 

Applying these relations to equations (37) and (38), 
we obtain 

u.,,. ... =ll,.=2(2f+ 3)~. Um=O 

Vma,: = Va=(71+6},;., V.,,. =O 

Then applying these relations to equations (43) and 
(44), we obtain 

2(1 +/3)(2, + 3),~=P ........................ (47) 

(1 +fa)(71+6).~=q ........................... (48) 

Eliminating p, q and p from equations (45) and 
(47) or equations (46) and (48) respectively, we 
can determine the constant e: or 71. And putting 

•w If=-;- ........................................ (49) 
w 

in the results, we obtain 

for ductile materials 

2 e:+2 
'f = 2(2.; +2) or 

for brittle materials 

tp2= 7/ + 2 or 
71+6 

Now let us consider in what case we should 
use the equations for ductile materials, and in what 
case the equations for brittle materials. Constants 
~ and 71 are always greater than or equal to zero, 
so that from equations (50) and (51) we can derive 
the following relations : 

for ductile materials 

for brittle materials 

I 
cp-<. ..,I 3 

I cp, ..,1-
3 

So it is known that we should use the equations 

for ductile materials when 'P~ .. ,) , and that we 
3 

should use the equations for brittle materials when 

cp;,,) . When cp=) , both equations for duc-
3 3 

tile and brittle materials become the same, but it 
is of course the better to use the equations for 

ductile materials when cp= -,,/1 
, because of sim-

plicity. 3 
As we have noticed at the beginning of this 

chapter, we assumed that constants .; and 71 in 
fatigue cases are equal to those in static cases. 
According to this assumption, we can derive the 
following relation from equations (22) and (50) or 
(23) and (51): 

Therefore it can be seen that the above-mentioned 
assumption is appropriate, if we can prove the 
relation of equation (52) to be trtJe, and we have 
already shown that the relation of equation (52) is 
very likely to be true, because both static and fatigue 
failures are essentially the same, as mentioned in 
introduction. Therefore it is quite pror;er to regard 
that constants , and 71 in fatigue cases are equal to 
those in static cases. 

2. Deter111i11atio1t of constant a. 

Let us consider the case in which only the 
dire<.t stress is working and its amplitude n,. becomes 
infinitesimally small. To bring about fatigue failure 
in this case, the ,mean stress n.,,. must be equal to 
breaking tensile strength nT of the material. Hence 
in this case 

Applying these relations to equations (37) and (38), 
we obtain 

,,ma .. =V.,,.=(.;+2)o-2T, U,.=o 
V.,.,,,. = Vm=(71 + 2)i?, V,.=o 

Applying these relations to equations (43) and (44), 



A New Criterion /of the Strength of Metals under Combined Al:ernating Stresses. 71 

we obtain 

(1-a)(~+2)<?=P ........................... (53) 
(1 -a)(?+ 2)<?=q ........................... (54) 

In a like manner, let us consider the case in 
which only the shear stress is working and its 
amplitude 'a becomes infinitesimally small. To bring 
about fatigue failure in this case, the mean stress 
,,,, must be equal to breaking shear stress 'T of the 
material. Hence 

T"m=4p, "t"a=am=oa=O 

Applying these relations to equations (37) and (38), 
we obtain 

• Umn:•=U,,.=2(2f +3),~, Ua=O 
Vma,,= V,,.=(~+6),i, V,,=o 

Then applying these relations to equations (43) and 
(44), we obtain 

2(1-a)(2~+3),i=P ........................ (55) 

(1-,a)(~+6),i=q ........................... (56) 

Substituting for p or q in equations (53) or (54) 
values from equations (17) or (18), o.r substituting 
for p or q in equations (55) or (56) values from 
equations ~19) and (20), we can determine the 
constant a. And putting 

:· · · · • · · .. · .. · · · · · .... · .. · ... (57) 
'T 

in the result, W€ obtain the following relation for 
both ductile and brittle materials : 

I -a=,z} or a= I -v2 
•••••••••••••••••• (58) 

Here we should use the former value in equation 
(57) as the value of v when direct stress acts 
statically, and we should use the latter value m 
equation (57) when shear stress acts' statically. 

The constant a is thus determined. 

3. Detenn,ination o/ constant [,. 

The value of canstant p is considered to be 
different according to whether the combined direct 
and shear stresses are in the same phase or not. 

( i) When combined direct and shear stresses 
are in the same phase. 

Substituting for p or q in equations (45) or (46) 
values from equations (17) and (18), or substituting 
for p or q in equations (47) or (48) values from 
equations (19) and (20), we can determine the 
constant /3. And putting . 

w=~=~ ······························(59) 
Ow 'rw 

in the result, we obtain the following relation for 
b-oth ductile and brittle materials : 

1+P=w2 or P=w2 -1 .................. (6o) 
The constant P is thus determined. 

(ii) When combined direct and shear stresses 
are not in the same phase. 

In this case, constant P cannot be gi~en ·with 
equation (6o), because {3 is considered to be influ
enced not only by mechanical properties of materials, 
but also by. the phase difference of applied stresses. 
So we should determine the value of P by the 
combined fatigue tests with phase differences. 

It must be noticed that Umaz and V ... 0 ., cannot 
be given by equations (37) and (38) in this case, 
because those equations correspond to the case in 
which direct and shear stresses are in phase. When 
direct and shear stresses are not in phase, let 

a =angle of phase lag of shear stress to 
direct stress 

<tJ = angular velocity 
t =time 

then U max and V,,, 0 ., become as follows : 

Umar,;=[(~+ 2) { 11,,.+ 110 COS wt }2 + 2(2~+ 3) 
{ ,,,, +,,.cos ( wt-a) }2]mar,; •.. (61) 

Vma., = [~[(11,,.+ 11a COS wt){-¼(11,,.+ 11aCOS<tJt) 

+~_: V(11.,,, + 11a cos wr)~+4{ ,,,. +•a cos 

(wt -a) }2
} + {,,,.+,a cos (wt-a) }2

] 

+ 2[(11,,. +11a COS <tJt)2 + 3 {,,,. +•a COS 

(<tJt-£1)} 2
]] ..................... •••••• ••. (62) 

m.a;c 

We regard that U,,., Ua, V,,. and V,. in this case 
are also the same as given in equations (37) and (38). 

4. Determinati:m of constant 7. 

We regard r to be a _constant which depends 
not only on material, but also on the kind of com
bination of stresses; stress distributions, methods of 
experiments, and others. Therefore the value of r 
should be determined by experiments in each case. 

In the above, we have derived from the author's 
theory of failure the method of calculation to obtain 
the fatigue limit under combined alternating stresses. 
Let us now apply this method of calculation to 
various special cases and compare the results of 
calculation with experimental. results. 

IV. When direct or shear stress alternates 
between certain maximum and 

minimum values. 

I. Wilen only direct stress alternates bt'tween 
certain maximum aizd 1itinimum values. 

In this case 

Applying this relation to equations (37) and (38), 
we obtain 

U"'°"=(f + 2)(11,,. +11a)2, 
U.,. =(;+ 2)n;., 
Ua =(~+2)n!, 

V,,.ar,;=(~+ 2)(11,,.+11a)2 
v ... =(?+2)11~,. 
v" .=(~+z)~ 
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Applying the relations to equations (43) and (44), 
we obtain 

for ductile materials 

(~+ 2~[(1-a).-rm+(2-r)nmna+(1 + P)a;]=P 

for brittle materials 

<1 +2)[(1 -a)n!,+(2-r)n,.,na+ (1 +P)a;J=q 

Substituting for p and q values from equations (17) 
and (18) respectively, we obtain the following rela
tion for both ductile and brittle materials : 

(1-a)n;.+(2-r)umna+(1 +/9)a;=n; 

Substituting for a and P values from equations (58) 
and (6o) respectively, we obtain 

v2a;,. + (2-r)n,,.na+w2a;=n; ............... (63) 

The constant r should be determined from results 
of experiments. Now let us determine the constant 
r from the following experimental results of the 
authors : that is, " In the enduranc~ limit diagram 
taking mean stress as abscissa and stress amplitude 
as ordinate, the three points, i. e. the point of 
endurance limit with zero mean stress, the point of 
endurance limit with zero minimum stress, and the 
point of breaking static strength, are always on a 
straight line." Let n,,, be the endurance limit, when 
the applied minimum stress is zero ; by putting 

....................................... (64) 

we can represent the above-mentioned condition by 
the following equation : 

2u=v+w .................................... (65) · 

In equation (63), when nm is equal to ~nu, ua should 
I 2 

also be equal to 2 u,. ; hence we can derive 

v2 + 2-r +w2=4u2 

Substituting for u the value from equation (65), we 
obtain 

r=2(1 -v. w) .............................. (66) 

Thus r is determined. Applying this value of r to 
equation (63), we can obtain the following relation : 

vn11, +u•na=n • ................................. (67) 

Therefore the relation between um and na becomes 
linear. For example, when we apply v=o.4 and 
w= 1.1 in equation (67), the relation between um 
and .na becomes a straight line as shown in Fig. 3. 
Thus the result of calculation agrees with the fol
lowing experimental results, previously obtained by 
the authors : that is, " If we take mean stress u,,,. 
and stress amplitude na as both coordinate axes; the 
endurance limit can be represented by the straight 
line through the two points, i. e., the point of en
durance limit with zero mean stress and the point 
of breaking static strength." 

0 

v=0·4 

w=l"l 

1·0 

' 

2·0 

Mean Direct Stress, <1m/<1w 

Fig. 3. 
When Only Direct Stress .Alternates Certain 

Maximum and Minimum Values. 

2. Wizen only shear stress a!ter11ates between 
certain maximum and minimum values. 

Iu this case 

l1m=l1a=O 

Applying this relation to equations (37) and (38), 
we obtain 

Uma,,=2(2f + 3)(z-m + t"a)2, V maz=(1 +6)(rm+ 'a)2 
U.,. =2(2;+ 3}r;,., V.,. =(1+6),;. 
Ua =2(2;+3)r!, Va =(1+6),; 

Applying these relations to equations (43) and (44), 
we obtain 

for ductile materials 
2(2f + 3)[(1-a),!.+ (2-r)rm•a + (1 + P)r!]=P 

for brittle materials 
(1 + 2)[( I -a),;,.+ (2-r)rm•a + ( I + P)r!] =q 

Substituting for p and q. values from equations (19) 
and (20) resr;ectively, we obtain the following rela
tion for both ductile and brittle materials : 

(1-a),;,, + (2-r)•m•a+ (1 + p),!=,! 

Substituting for a and P values from equations (58) 
and (6o) respectively, we obtain 

V 2_2 + (2 r)- - + r,•.2_2 - _2 (68) "n,,. - '-11,"'a lfl "a- "e ••· ··· ••· •· · •·· •·· 

The constant r should be determined by results of 
experiments. Now let us determine the constant r, 
using the fatigue limit of the case in which minimulll 
stress is zero. Let ,,. be the endurance limit, when 
applied minimum stress is zero ; by putting 

'• =it' ................. · ...................... (69) 
'u 

and applying the condition, .... 

=~r,,,, to equation (68), we 
2 

of r as follows : 

r=v2+w2-4u' +2 

I that •a=-, .. for ,.,. 
2 

can derive .the value 

Thus r is determined. Applying this .value of .r 
in equation (68), we obtain 

v2r;,,+ (41/2-v2 -zrl)r,.,ra +wr!=r; ...... (70) 

This is the relation between , m and , a• When we 
represent equation (70) in a diagram, taking ,.,. and 
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t'a in the two coordinate axes, it generally becomes 
an ellipse having its center at the origin and prin
cipal axes generally inclined to the two coordinate 

axes. For special cases, when tt'=_!__(v+w), equa-
. 2 ' 

tion (70) becomes a straight line, and when u' 

= : .../ v2 + w2, it becomes an ellipse with its prin

cipal axes parallel to the coordinate axes. For 
example, when we apply v = 0.4 and w = 1. 1 in 
equation (70), the relation between T',,. and ,,. be
comes as in Fig. 4. That is when tt' = 0.75, it 
becomes a straight line, and when u' = 0.585, it 
becomes an ellipse . with its principal axes parallel 
to the coordinate axes. 

Mean Shear Stress, -r,,,/-r,. 

Fig. 4. 
When Only Shear Stress Alternates Certain 

Maximum and Minimum Values. 

V. When both the direct and shear stresses 
alternate between two equal magnitudes of 

mutually opposite signs and are in phase. 

In this case 

O',,.=,,..=0 ..................................... (71) 

I 
I. When <p-,{,, . ✓-

v 3 
Applying the relations of equation (71) to 

equation (37), we obtain 

U maz= U,.=(~ + 2)a! + 2(2~ + 3),! 
U,,. =O 

Applying these relation to equation (43) we obtain 

(1 +P)[(~+2)a!+2(2~+3),!]=P ......... (72) 

Substituting for p, ! and P values from· equations 
(17), (50) and (6o) respectively, we can derive the 
following relation : 

a! +~r!=o!, ... •· • •·· •·· •·· •·· •· • •· • •·· •·· ... (73) 
<p 

Equation (73) is the required relation between the 
direct and· shear stresses at fatigue limits of the 
combination. 

2. When <p> ✓1 

3 
Applying the relations of equation (71) to 

equation (38), we obtain 

V maz= V,.=~[<1a(: O'a +{- .../ <1!+ 4,!) 

+ ,!] + 2(a! + 3,!) 
V,,. =O 

Applying these relations to equation (44), we obtain 

( l + ;9)[~ { aa(--}aa + ~ -v' <1! + 4,!) 

+,!} +2(~+ 3,!)]=q ... (74) 

Substituting for q and p values from equations (18) 
and (6o) respectively, equation (74) becomes 

~[ O'a(~a + _!__ -v' a!+ 4,!) + ,!-a!,] 
2 2 . 

+ 2(a! + 3,!-o!)=o ... (75) 

Substituting for r; value from equation (51 ), we 
obtain the following equation : 

(1 +<p2)a!+(3<p2- 1)<1a .../ 0';+4,; 

+ 4•! = 4<p2o-;,, ... (76) 

Equation (76) is the required relation between direct 
and shear stresses at fatigue limits of the combina
tion. 

But it is somewhat tediops to calculate the 
values of <10 and •a from equation (76). So let 
us derive an approximate equation for equation (76); 
Considering equation (75), it is seen that an equa· 
tion obtained by putting the first term of equation 
(7 5) equal to zero corresponds to the theory of 
constant maximum principal stress, and that an 
equation obtained by putting the second term of 
equation (75) equal to zero corresponds to the 
theory of constant shear strain energy. Because the 
former ~quation can be obtained by squaring both 
sides of the equation • 

~a+_!__.../ (1~ + 4,2 =17w ·•· ·•·••·•••·••··•·•·(77) 2 2 a a 

which shows the theory of constant maximum prin
cipal stress, and the latter equation ·becomes 

(1:+3,!=0';,, 

which shows the theory of constant shear energy. 
Then substituting equation (77) in the first term of 
equation (75), we obtain 

~(17w<1a+•!-0';,,)+2(0-!+ 3,!-0-;,,)=o ... (78) 

Similarly as in equation (75), there exists the fol
lowing relation in equation (78) : that is, an· equa
tion obtained by putting the first term of equation 
(78) equal to zero corresponds to the theory of 
constant ma}Cimum principal stress, and an equation 
obtained by putting the second term of equation 
(78) equal to zero corresponds to the theory of 
constant shear strain energy. Therefore we can use 
equation (78) instead of equation (75). Then sub
stituting for ~ in equation (78) value from equation 
(51), we obtain the following equation: 



74 Toshio Nishihara and Minoru Kawa'HWto. 

(I -S"2)a!+(3S"~ - 1)a,.,a0 + 2r:=2se12a!, ... (79) 

We can use equation (79) approximately for equa
tion (76). 

For example, substituting S"=0.5 in equation 
(73), and S"=0.6, 0.7, o.8, 0.9 and 1.0 in equations 
(76) and (79), we obtain curves which are shown 
with thick lines in Fig. 5. Curves which are shown 
with full line in Fig. 5 correspond to exact equations 
(73) and (76), and curves shown with broken lines 
correspond to approximate equation (79). As seen 
in Fig. 5, approximate equation (79) is always in 

II, i. e. the static case. If we put w= I, /3 becomes 
zero from equation (6o). Then equations (72) and 
(74) become the same as equations (15) and (16) 
in the static case. Therefore if we regard a0 and r 0 

as static stresses and let a.,, =a., then equations (73), 
(76) and (79) will represent the condition of elastic 
failure under static stresses. 

Now let us for reference apply Matsumura's 
theory of static failure previously ·mentioned in in
troduction, to the case of fatigue. Regarding a and 
r in Matsumura's theory as the maximum values of 

,1' 
--,. Equations (7J) or (76) 
•~-- Approximate equation (79) 

the stresses, which alternate between two equal 
magnitudes of mutually opposite signs and are in 
phase, and letting a.=a.,,, the equation (4) becomes 

(2¥'- 1)a0 + Va!+ 4,!=2S"O'w ......... (80) 
Const. max. principal stress 
Const. max, principal strain· For example, substituting ¥'=0.5, o.6, 0.7, o.8, 
Const. total strain euergy 0.9 and 1.0 in equation (80), we obtain curves 
Const. shear strain energy shown with thick lines in Fig. 6. In Fig. 6 we 
Const. max. shear stress also show for comparison the curves of the various 

ii 
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"' e iii. :O·G .. 
" l 
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.a 
:g_ 
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0-5 
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o·a 

o-2 

o· 

o en o o-a 0-4 0·5 o·& 0·1 o·s 
'Amplitude of Direct Stress, 110 /11.,, 

Fig. 5. 
When Both :Direct and Shear Stresses Alternate Between 

Two Equal Magnitudes of Mutualy Opposite Signs 
and Are In Phase. (The Authors' Theory.l 

the safe side of exact equation (76). Now there is 
no need to compare these curves with results of 
experiments, because equations (73) and (79) are 
the same as the equations previously proposed by 
the authors and shown to be fairly applicable 
to experimental results. <9J For comparison, we 
showed also in Fig. 5 those curves, with thin lines, 
which correspond to theories of constant maximum 
principal stress, constant maximum principal strain, 
constant total strain energy, constant shear strain 
energy, and constant maximum shear stress (where 
we put Poisson's constant as 10/3.) When we put 

'f'=o:5, VI or 1.0; the authors' theory agrees 
3 

with the theory of constant maximum shear stress 
constant shear strain energy, or constant maximu~ 
principal stress, respectively. 

The case of chapter V, i.e. the case when both 
direct and shear stresses alternate between two 
equal magnitudes of mutually opposite signs and are 
in phase, is quite analogous to the case of chapter 

(9) See foot-note (2). 

.. 
" 

other theories with thin lines . 

- Equation (So) 

Con~t. max. principal stress 
Const. max. principal strain 
Const. total strain energy 

Const. shear strain energy 

l o-si--------
rn ... 
C 0"4 

~ 
.-e 0·3 
-a 
8 < 0·2 

0·1 

o n fl ~ ~ n ~ n ~ ~ 

Amplitude of Direct Stress, t1a/t1w 

Fig. 6. 
When Both Direct and Shear Stresses Alternate Retween 

Two Equal Magnitudes of Mutually Opposite Signs 
and Are In Phase. (The Matsumura's Theory) 

In equation (80) the relation between a 0 and , 0 

for 'f' = VI does not coincide with an ellipse having 
3 

its center at origin. While in the authors' theory 

the relation between a 0 and , 0 for <p= ,,) becomes 
3 

simply an ellipse with its center at origin, it is in 
accordance with the theory of constant shear strain 
energy. As can be seen in Fig. 6, the curve of 

equation (80) for 'f'=.) intersects with the curve 
3 

of the theory of constant shear strain energy. But 
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according to the authors' experiments on various 
metals under combined alternating bending and 

torsion, the relation between q 0 and •a for <p=.) 
3 

must be properly represented with ellipse having its 
center at origin. 

VI. When both direct and shear stresses 
alternate between two equal magnitudes 

of mutually dpposite signs and are 
' not in phase. 

In the preceding chapter we considered the 
case in which both direct and shear stresses are in 
phase. In this chapter let us consider the case in 
which those stresses are not in phase, that is, they 
reach their maximum and minimum values at dif
ferent instants. 

I, 
. I 

When 'I' ....;; ,.,;~ . 
3 

In this case we should use equation ( 6J ), 
instead of equation (37), for the value of U """'. 
Therefore applying the relations of equation (71) to 
equations (61) and (37),. we obtain 

U m11 .. =[(~ + 2),,! cos2 wt+ 2(2; + 3).-; 
cos2 (wt-lJ)]ma:r 

U,,. =O 

u,. =(~+2)q!+2(2;+3),! 

Then applying these relations to equation (43), we 
obtain 

[(; + 2)q! cos2 cot+ 2(2~ + 3),! cos2(wt-o)],,'°"' 
+p[(~ +2)'7!+2(2~+ 3).-;] = jJ 

Substituting; for p and ! values from equations (45) 
and (50) respectively, we obtain 

[ 11! ·cos2 wt + ~-! cos9
( co:- lJ) ]ma., 

'P 

+ p[q;+ ~,;]=(1 + /1)<r,,, •••••. (81) 
'f 

where t should be determined as the first term of 
the left side of this equation to be maximum. Now 
let the time, when this first term becomes maximum, 
be as follows : 

l=i_!__ .......................................... (82) 
co 

Putting the expression obtained from differentiating 
the first term of equation (81) equal to zero and 
substituting t by equation (82), we obtain the fol
lowing relation : 

,! 2 - sin i a . cos i a (8 ) 
a! = 'I' sin (1 -i)a cos (1 -t )& ...... ...... 3 

Also substituting t by equation (82), equation (81) 
becomes 

q; cos2 ilJ + __!_
2 
,! cos2 (1 -i)lJ 

'I' . . 

+ P(a'! +-;-,!)=(I+ /1)0';,, ...... (84) 
'P . 

From equations (83) and (84), qa and •a are ob
tained as follows : 

where 

•.. (86) 

1 • • ~ , , ~ , , COS ( I - i)lJ } 
111 = cos- ii,+ .sm iu cos in . ( ')~ sm 1-z u 

h _ sin i lJ • cos i lJ 
2

- sin (1 -, )lJ • cos (1-i)/J 

Considering i as a parameter in these equations, we 
can obtain the relation between n,. and ,,. at the 
fatigue limit of the combination for an arbitrary 
value of lJ, when aw and <p are given. But in above 
equations, p is a constant which depends not only 
on materials but also on the phase difference of 
applied stresses and must' be determined from ex
periments in each case. 

It must be noted that we cannot derive the 
relation between n,. and •a from equations (85) and 
(86), when angle of phase difference lJ is equal to 
90 degree. In this case, the value of i becomes as 
follows: 

i=o when 

" 

i = indeterminate " 
Consequently the relation between <Ta and •a for 
lJ=90 degree becomes as. follows: 

2 fi I ,_2_ '! I I n,. + --0- --2 •a-a.,, when a,.> -•a 
ltp <p 'P 

fi 2 I • ., I (8 ) 
1 + fi a,.+ 7,;.=a;,, '.'. :",.: ; :•,.;... 

7 

O'a = ; •a=<Tw . <p 

It is needless to consider the· cases in which phase 
differences are more than 90 degrees or less than 
o degree. Because those cases can be reduced 
always to the similar cases in which phase differences 
are between o and 90 degrees. 

· Thus the relations between n,. and ,,. at the 
fatigue limit of the combination are made clear for 
every case. Then, as an example, we made cal
culation on the case in which <p is equal to 1/2, 
i.e., the case of maximum shear stress theory. 
Figs. 7 and 8 show the results of calculation for 
lJ=90 and 6o degrees, respectively. Of CQurse, 
when fi is infinity,. the results of calculation agree 
with the case in which direct and shear stresses are 
in phase, i.e. lJ =O degree .. As ·seen in these. figures, 
values of a,. and ,,. at the fatigue limit become 
large, as ~ becomes small or lJ becomes large. When 
lJ=90 degrees and P=o, values of O'a or •a at the 
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Fig. 8. 
On Ductile Materials of ·,p=o.5, when Both Direct and 

Shear Stresses Alternate Between Two Equal 

Magnitudes of Mutually Opposite Signs 
and the Phase Difference IJ=6o". 

fatigue limit become constant, independently of the 
stress applied in addition. 

2. When I 
<p> ✓-3• 

In this case we should use equation (62), in

stead of equation (37), ,for the value of Vma,:• There

fore applying the relations of equation (71) to 
equations (62) and (38), we obtain 

V max= [ '1) [ <Ia COS wt { faa COS wt 

+ : ✓ a! cos2 wt + 4ra cos2 
( wt -:- a)} 

+ ,! cos2 
( wt- a)] + 2 { a! cos2 ttJt 

+ 3,! cos2 (ttJt-a)}] 
ma,: 

Vm =O 

Va =~[aa{ :aa++✓a;+4,! } 

+ ,!]+ 2(a! + 3,!) 

Applying these relations to equation (44), we obtain 

[(1 + 4)a; cos2 wt+ 7iaa cos wt 

✓ a! cos2 wt+ 4,! cos2 
( wt-tJ) 

+ 2.(17+6),! cos2(wt-:-a)Jma,," 

+ ,8[( '1) + 4)a; + 1J0 ), ✓a!+ 4,! 
-t2(7J+6),!]=2q , 

Substituting for q and 1J values from equations (46) 

and (51) respectively, we obtain 

[(cp2 + 1)a! cos2 wt+ (3cp2
- 1)aa cos wt 

. ✓ a! cos2 wt+ 4,! cos2 (wt-a) 
+4,! cos2 (wt-a)],,aa,,+ ,8[(cp2 + 1)a! 

+ (3cp~ - I )aa ✓a;+ 4,! + 4,!] 

=4(1 +,8)cp2a; ...... (88) 

where t should be determined as the first term of 

the left side of this equatipn becomes maximum. 

Now .let the time t when this first term become~ 

maximum be ii_ similarly as before. Then putting 
w .. 

the expression obtained by differentiation of the first 

term of equation (88) equal .to zero, and substituting 

t by ii_, we obtain the following relation-: 
w 

[(cp2 + 1)a! sin ia cos ia-4,! sin (1 -i)a 

cos (1-i)aJ ✓ a! cos2 iiJ +4•! cos2 (1-i)a 

+ (3cp2
- 1)aa[a! sin ia cos2 ia 

+ 2r;{ sin iiJ cos2 
( I --'-i)a-cos i a 

sin (1-i)acos (1 -i)a}]d:o ... ... (89) 

Substituting t by i_!_, equation (88) becomes 
w 

(cp2 + 1)a! cos2 i a+ (3f- 1)aa cos i a 

-v'ifu cos2 i a + 4,! cos2 
( 1 - i iJ) 

+ 4,! cos2 
( I - i)a + PL (cp2 + I )a! 

+ (3cp2
_; 1)aa ✓a!+ 4r! + 4r!] 

=4(1 +,8),p2a; ... ... (90) 

Considering i as a parameter in equations (89) and 

(90), we can calculate values of <Ia and ra at the 

fatigue limit of the combination for an arbitrary 

value of a, when aw and ·cp are given. ,8 must be 

determined from experiments in each case. 
It must be noted that from equation (89) we 

know 

i=o when a=90° and aa> ✓ ! r., 
<p + I 

Therefore the relation between <Ia and ra becomes 
as follows 

4cp2a!+ ,8[(cp2 + 1)a! + (3cp2
- 1)aa ✓ a!+ 4r! 

+4r!]=4(1.+,8)cp2a; ............ (91) 

l ~--90' d > z W 1en u an <Ia ,v 
2 

Ta 

<p + I 

Thus we can calculate values of <Ia and ra at the 

fatigue limit of the combination in every case. As 

an example, we made calculation for the case which 

<p is equal to 1, i.e., tl).e case of maximum principal 

stress theory. Figs. 9 and IO show the results of 
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calculation for J = 90 and 6o degrees, respectively. 

Similarly as in the case of 'I'< ✓1 
, values of qa 

3 
and 'a at the fatigue limit become 
comes sm;ill or J becomes large. 

large, as ~ be-
In the case of 

~=O in Fig. 9, the value of <Ia at the fatigue limit 
is constant independently of the applied shear stress, 
when qa> -v'2 ,,.11 but the value of •a at the fatigue 
limit is not constant, when t7a < -v'2 •a• 

The authors are now carrying out fatigue tests 
on several metals under combined alternating bend
ing and torsional stresses with phase differences . 
Comparing with the test results obtained till now, 
the authors are convinced that the above criterion 
of the strength of metals under combined stresses 
with phase differences is surely applicable to the test 
results on every metal. As for the applicability of 
the above criterion to practical test results, we shall 
discuss fully in the forthcoming report. 

VII. When direct stress alternates between 
two equal magnitudes of mutualJy opposite 

signs and shear stress acts staticaJly. 

Let the amplitude .of direct s~ress at the fatigue 
limit be 0 0 , when shear stress ,,, is working stat
ically. fo this case 

•m=•st, t7,,,=•a=0 ••• •••••••·• ......... ... (92) 

I. When I 
<p,< ✓-. 

3 
Applying the relations of equation (92) to 

equation (37), we obtain 

U mac,=(;+ 2)11! + 2(2; + 3),,/ 
[!,,, =2(2;+ 3),,/ 
Ua =(f +2)q! 

Applying these relations to equation (43), we obtain 

(I+~)(~+ 2)t7!-r ✓ 2(~ + 2)(2; + 3)11a•,t 
-1- 2( I - f..l )( 2; + 3 ), " 2 = /J 

Substituting for p, ~. o. and ~ values from equations 
(17), (50), (58) and (6o) respectively, we can derive 
the following relation : 

<p2w2a!-r'ft1a•,t + v2,st 2 =<p211! . ; ............. (93) 

From this equation, when the applied static shear 
stress , 81 is given, we can calculate the amplitude 
of direct stress aa at the fatigue limit. Taking aa 
and ,,, in rectangular coordinate axes, equation (93) 
can be represented with an ellipse having its center 
at origin and the principal axes generally inclined 
to coordinate axes. 

Then let us examine whether the results of 
calculation from equation (93) agree with experi
mental results. Fig. I I gives the results fatigue 
test carried out by OnoC10> and Lea-Budgen(ll) under 
the combined rotating bending and static torsional 
str~sses. In these results, we see that the fatigue 
limit of rotating bending becomes rather higher, as 

(10) A. Ono, J. of the Society of Mech. Eng., Japan, Vol. XXIII, No. 62, (1921), p. 201. 
(u) F. I.ea and I-1. Budgen, Engineering, Vol. _CXXII, (1926), p. 24:1, 
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Test Results on Ductile Materials under Combined 
Rotating Bending and Static Torsion, 

the applied static torsional stress becomes larger, so 
far as the torsional stress is under a certain limit. 
The curve shown in Fig. I I is that which was 
drawn from equation (93), where we put 91=0.5, 
r=o.32, v=o.4 and w= 1.1, as in the previous 
example. As seen in the figure, the curve calcu
lated from equation (93) is in good accordance with 
the experimental results. 

2, Wltm I 
<p> ✓ 3 • 

Applying the relations of equation (92) to 
equation (38), we obtain 

Vmncc =~[o-a( faa + : -.la; +4.,/) 

+,,i]+2(0-!+ 3.,/) 
V,,, =(~+ 6) • .,2 

v,. =(~+ 2)0-! 

Then applying these relations to equation (44), we 
obtain 

( 
I I ) . 

~[O'a 2 0"a + 2 -v'o-;+4,,/ +,,/] 

+2(0-!+ 3,,/)-u(~+6)r-,/ 

+/3(~ +2)0-!-r-v'(~+ 2)(~ +6) 
• O'a • Z'u·=q 

Substituting for q, ~. u and /3 values from equations 
(18). (51), (58) and (6o) respectively, the following 
relation can be derived : 

(4ur<p2- 3'f' + I )o-! + (3<p2- 1)0-,.-./ o-! + 4,., 2 

-4r<po-,.,,e +4v2r-.e2=4<p20-; ............ (94) 

· This is . the required equation which represents the 
relation between static shear stress r-" and the am
plitude of direct stress o-,. at the fatigue limit. 

To examine whether equation (94) is applicable 

to results of experiments, let us compare the results 
of calculation from equation (94) with the fatigue 
test results made by Dr. Ono for cast iron under 
combined rotating bending arid static torsional 
stresses. (12) Fig. 12 shows the test results. As seen 
in this figure, the limit of cast iron at rotating 
bending decreases gradually from the start, as the 
applied static torsional stress increases. In this case, 
•z,=20.7 kg/mm2 and O"w=7,49 kg/mm2

• Now let 
w= I and <p=o.8 (according to the authors' ex
periments under combined alternating bending and 
torsion, <p=o.808 for cast ironC13>), then v becomes 
0.29. Value of r should be determined from the 
results of experiments in this case. Adopting the 
condition that o-,.=7.okg/mm2 for r-,1 =5.25kg/mm2

, 

r becomes 0.232. Using the above values of the 
constants, equation (94) can be represented as the 
curve shown in Fig. J 2. We see that the curve of 
equation (94) is in good accordance with the results 
of experiments. 

r- ;w=l r,,-..,. f'=011 .... N=0'232 
... 0 

~I" 
r-... 

I 
6 8 10 12 14 16 

Static Torsional Stress r,t, kg/mm2 

Fig. 12. 

~r------
t-... 

18 20 22 

Test Results on Cast Iron under Combined Rotating 
Bending and Static Torsion. 

VIII. When shear stress alternates between two 
equal magnitudes of mutually opposite 

signs and direct stress acts statically. 

Let th~ amplitude of shear stress at the fatigue 
limit be , a, when direct stress o-,, · is working static
ally. In this case 

O'm=O',t, O'a=•m=O •" •····· ·••·•·· .. ·•• ... (95) 

I . When 

Applying the relations of ·equation (95) to 
equation (37), we obtain 

Uma,:= (f + 2)0-,/+ 2(2f + 3)z-! 
Um =(f + 2)0'u2 

U" =2(2?+3),! 

Applying these relaiions to equation (43), we obtain 

(1 -u)(; + 2)0-,/-r✓ 2(~ + 2)(2? + 3)0-u • Z'a 

+2(1 +,8)(2;'+3),!=P 

Substituting for p, f, a and /1 values from equations 

(12) A. Ono, Trans. of the Society of Mech. Eng., Japan, Vol. 6, No. 25, (1940), Part 1, p. 30, 
(13) See foot-note (2). 
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(19), (40), (58) and (6o) resi:;ectively, the following 
relation can be derived : 

v2rh1!-r<p<1B1.'a+uh!=,! .................. (96) 

This is the required relation between static direct 
stress <181 and the amplitude of shear stress , a. at the 
fatigue limit. Taking ,,. and <11, in the rectangular 
coordinate axes, equation (96) can be represented 
with an ellipse having its center at origin and the 
principal axes generally inclined to coordinate axes. 

In order to examine whether the equation (96) 
is applicable to results of experiments, let us com
pare the results of calculation from equation (96) 
with the fatigue test results made by the authors 
with 0.1 % and 0.34% carbon steels under combined 
alternating torsion and static tension. <14> Fig. 13 

15 

• 
\ 

F.quation ( 9 Bl 

w=l·l 
q,=1/3 
T=0-16 

I 
0 5 10 15 20 25 

Static Tensile Stress ,,.,, kg/mm2 

Fig. 13. 
Test Results on 0.1% Carbon Steel under Combined 

Alternating Torsion and Static Tension. 

30 

shows the test results for o. I% carbon steel. From 
the test results, it can be seen that the torsional 
fatigue limit undergoes a little influence of the 
applied static tensile stress, or it shows a tendency 
to become rather higher as the applied static tensile 
stress in.creases. In this case <17.=83.4 kg/mm2 and 

,,0 = 12 kg/mm2
• Now let w == 1.1 and <p = ,,) 

3
, 

then v becomes 0.274 .. The value of r should be 
determined by the results of experiments in this.case. 
Adopting the condition that •a= I 2.44 kg/mm2 for 
<1" = 20.49 kg/mm2

, r becomes 0.16. Using the 

5 
L - -- "'- I -~ f.qu,1bon ( 96) 

w=l·l 

5 ,i,=1✓3 

i=0-16 

0 u 15 20 25 30 
Static Tensile Stress list, kg/mm2 

Fig. 14. 
Test Results on 0.34% Carbon Steel and Combined 

Allernating Torsion and Static Tension. 

--

35 

above values of the CQnstants, equation (96) can be 
represented as the curve shown in Fig. 13. As 
seen in this 'figure, the curve of equation (96) is in 
good accordance with the results of experiments. 

Fig. 14 shows the test results for 0,34% carbon 
steel. In this case also, we see that the torsional 
fatigue limit has a tendency to become rather higher 
as the applied static tensile stress increases. In this 
case <1T=81.2kg/mm2 and •w=12kg/mm2• Now 

let w= 1.1 aud <p=) , then v becomes 0.28. By 
3 

determining r from the condition that ,,.= 12.4 kg/ 
mm2 for <1s1=30.7 kg/mm2, it becomes 0.168. Using 
these values of constants, er..iuation (96) can be 
represented as the curve shown iri Fig. 14. As 
seen in this figure, the curve of· equation (96) is in 
good accordance with the results of experiments 
also in this case . 

2. T,,Vhen I 
<p> ✓-· 

3 
Applying the relations of equation (95) to 

equation (38), we obtain 

V ma:c= "[ <1,e( : <1st+ : ,.,/ <1! + 4,!) + ,;] 
+ 3(<1!+ 3.-!) 

v.,. =(1+2)<1! 
v,. =(1+6),! 

Then applying these relations to equation (44), we 
obtain 

~[<1.,( fa.,++✓ <1!+ 4,!)+ ,!] + 2(<1! + 3:-!) 

-a(1+ 2)<1!+ fi(? + 6),!-r ✓(1+ 2)(1+6) 
<1,e,,.=q 

Substituting for q, 1, a and {, values from equations 
(20), (51), (58) and (6o) respectively, the following 
relation can be derived : • 

(4,zlf- 3yr + 1)<1!+ (3f~- 1)<1., ✓ <1,~ +4,! 

4--,~<1 - +4w2- 2 -4-•i (97) - Ir 81.,a "a- "'e ···•····· 

From this equation, when the applied static direct 
stress <181 is given, we can calculate the amplitude 
of shear stress , " at the fatigue limit. 

To examine whether equation (97) is applicable 
to results of ·experiments, let us compare the results 
of calculation froni equation (97) with the fatiglie 
test results made by the authors for 0.72 % carbon 
steel and cast iron under combined alternating 
torsion and static tension.<15l Fig. 15 shows the test 
results for 0.72% carbon steel. From the test 
results, it is seen that the torsional fatigue limit 
decreases · gradually as the applied static tensile 
stress increases. In this case <TT= 102 kg/nim2 and 
•w=20kg/mm2

• Now let w=1.1 and <p=0.68, then 

(14) T. Nishihara and M. Kawamoto, Nippon Kinzoku Gakkai-Si, Vol. 6, No. 6, (1942), p. 316. 
(15) See foot-note (14). · 
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40 

v becomes 0.317, According to the author's ex
periments under combined alternating bending and 
torsion, <p=o.667 for 0.62% carbon steel. Value 
of <p has ~ tendency to increase with the carbon 
content in steel. And by determining r from the 
condition that .-,.= 16.3 kg/mm2 for a.,= 35.5 kg/ 
mm2

, it becomes -0.153. Using these values of 
constants, equation (87) can be represented as the 
curve shown in Fig. 1 5, which is seen to be pra
ctically in accordance with the results of experi
ments. 

Static Tensile Stress dst, kg/mm2 

Fig. 16. 
Test Results on Cast Iron under Combined 

Alternating Torsion and Static Tension. 

17·5 

Fig. 16 shows the test results for cast iron, in 
which we see that the torsional fatigue limit de
creases rapidly, as the applied static tensile stress 
increases. In this case, <TT=15.55 kg/mm2 and •w 
= 5.7 kg/mm2

• Now let w = I and <p = o.8 as in 
the previous case for cast iron, then v becomes 
0.458. And by determining r from the condition 
that •a=4,5 kg/mm': for a.,=2.5 kg/mm2, it becomes 
-0.83. Using these values of constants, equation 
(97) can be represented as the curve shown in 
Fig. 16, which is seen also to be practically in ac
cordance with the results of experiments. 

IX. Summary. 

( 1) The authors have proposed a new criterion 
stating that " the elastic failure occurs in ductile 

materials when the maximum shear stress induced 
by combined stresses reaches · a definite value de
pending on shear strain energy, and the elastic 
failure occurs in brittle materials when the maximum 
principal stress induced by combined stresses reaches 
a definite value depending also on shear . strain 
energy." From this criterion, the conditions of 
elastic failure have been derived for ductile and 
brittle materials. 

(2) Applying the above criterion to the case 
of fatigue, the authors have also proposed the cri
terion stating that "the fatigue failure occurs in 
ductile materials when the greatest maximum shear 
stress induced by combined repeated stresses reaches 
a definite value depending on shear strain energy 
at the instant, and that the fatigue failure occurs 
in brittle materials when the greatest maximum 
principal stress induced by combined repeated 
stresses reaches a definite value depending also on 
shear strain energy at the instant." From this 
criterion, the conditions of fatigue failure have been 
derived for ductile and brittle materials. 

(3) When the new criterion is applied to the 
case in which only the direct stress alternates 
between certain maximum and minimum values, the 
results of calculation agree with the experimental 
results previously obtained by the authors: i.e. 
"If we take the mean stress nm and stress amplitude 
a" as the two coordinate axes, the endurance limit 
can be represented by the straight line through the 
two points, i. e. the point of endurance limit with 
zero mean stress and the point of breaking static 
strength.'' 

(4) When the new criterion is applied to the 
case in which both direct and shear stresses alter
nate between two equal magnitudes of mutually 
opposite signs and are in phase, the results of 
calculation become the same as the equations which 
the authors have proposed in the previous report to 
be fc~irly applicable to experimental results. 

(5) The conditions of fatigue failure have been 
calculated also for the case in which both direct 
and shear {>tresses alternate between two equal 
magnitudes of mutually opposite signs and are not 
in phase. But we cannot compare the results of 
calculation with results of experiments, because no 
experiments have ever been made for this case. 
The authors are now carrying out fatigue tests on 
several metals for this case. Comparing with the 
test results obtained up to now, the authors are 
convinced that the new criterion is surely applicable 
to results of experiments. As for this case, we 
shall discuss fully in the forthcoming report. 

(6) · Further when the new criterion is applied 
to the case in which either direct or shear stress 
alternate between two equal magnitudes of mutually 
opposite signs and the other stress acts statically, 
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the results of calculation are also applicable to the 
following experimental results; i. e. the fatigue limit 
of ductile material becomes rather higher, as the 
applied static stress increases, and the fatigue limit 
of brittle material becomes lower, as the applied 
static stress increases. 

X. Appendix. 

As previously mentioned in Chapters VII and 
VIII, according to the results of experiments made 
by Ono, Lea-Budgen and the authors on the case, 
in which either direct or shear stress alternates 
between two equal magnitudes of mutually opposite 
signs and the other stress acts statically, the effect 
of static stress upon the fatigue limit is very dif
ferent according to whether the material is ductile 
or brittle. That is, in ductile materials the fatigue 
limit becomes higher as the applied static stress 
increases, and in brittle materials the fatigue limit 
becomes lower as the applied static stress increases. 
And the results of calculation from the new criterion 
are in good accordance with those results of ex
periments. That is, the curves of equations (93) 
and (96) for ductile materials take the · form in
dicating that the fatigue limit becomes higher as 
static stress increases, and the curves of equations 
(94) . and (97) for brittle materials take the form 
indicating that the fatigue limit becomes lower as 
static stress increases. 

But attention must be paid to the fact that 
shapes of the curves represented by equations (93), 
(94), (96) and (97), can take either form according 
as the fatigue limit becomes higher or lower as 
static stress increases, according to an appropriate 
choice of the value -of r.J11> Therefore the new 
criterion is indeed a proper means to represent those 
experimental results in all cases. However, to our 
great regret, the reason for those results of ex -
periments cannot be fully explained theoretica!Jy 
from the above criterion. 

In explanation of those results of experiments, 
Ono<17> and Bailey'19> have reported their theories 
for the case in which direct stress alternates and 
shear stress acts statically. The authors have also 
reported a theory for the case in which shear stress 
alternates and direct stress acts statically. crn> Bailey 
has also recently reported a similar theory for 
ductile materials. <20> · 

Here the authors wish to state the fact that 

the above-mentioned experimental results can well 
be explained on the basis of the following two 
assumptions : 
(i) Taking mean stress '7,.. ( or -:-,..) as abscissa and 

stress amplitude '70 (or -:-0 ) as ordinate, the 
fatigue limit can be represented as the straight 
line through the two points, i. e. the point of 
endurance limit with zero mean stress and the 
point of breaking tensile strength ( or breaking 
shear strength.) 

(ii) In ductile materials, fattgue failure is deter
mined only by the shear stress acting in the 
plane of the greatest maximum shear stress, 
and in brittle materials, fatigue failure is deter
mined only by the direct stress acting in the 
plane of the greatest maximum principal stress. 

I. On ductile materials. 

(I) When direct stress alternates between two 
equal magnitudes of mtitually opposite signs and 
shear stress acts statically. 

Let -.' be the shear stress which acts in the 
plane inclined at angle u. with the cross section of 
a specimen, then 

, I . 
'4 =-<Ta Sin 2a+ •u COS 2tJ. 

2 

Therefore, let the mean shearing stress in this plane 
be -r~, and the amplitude of the shearing stress be 
-r:, then 

-.: =_!_,_qa sin 21..C l 
' 2 ........................ ... (98) 

•m=••t COS 21..C . 

From the above-mentioned assumption 

-'+ V _, -or "a -&.m-'w 
w 

Substituting for -.: and -.:, in this equation values 
from equation (98), we obtain 

I . V ( ) 
-<74 Sin 21..C +-••t COS 2U=•w .......... " 99 
2 W 

Whereas we know that the greatest maximum shear 
stress occurs in the plane of 

a=....!... tan-1 ~ 
2 2,,, 

Substituting this value of u. in equation (99), we 
obtain 

(16) But there .are some reports which give the resi1lts of experiments, that the fatigue Hmit of ductile materials becomes 
lower from the fits! as static stress increases. For example, for the case of combined ~olating bending and static torsion, Davies, 
Inst. of Mech. Eng. Proc., Vol. 131, (1335), p. 66, and for the case of combined alternating torsion and static tension, Hohenemser• 
Prager, Metallwirtschaft, Vol. 12, (1933), p. 342. 

(17) See foot•note (10). 
(18) R. Bailey, Engineering, Vol. CIV, (1916), p. 81. 
(19) See foot-note (14). 
(20) See foot-note (7). 
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This is the relation between static shear stress and 
the amplitude of direct stress at the fatigue limit. 
Fig. 17 shows the relation of equation (100) in a 
diagran1. From this diagram, we understand that 
the amplitude of direct stress at the fatigue limit 
becomes higher as static shear stress increases, so 
far as the latter is under a certain limit. 

1•5r----""""T---~-----,,-------r-------. 

t 
iii 
i 1-oI-~~:t=:::::::"""""'c--l----=~~-~~--~ 
l5 J 
... " 0 .. 
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:= p. 
El 
< 

0 O'S 2'0 

Static Shear Stress, -r:st/llw 

Fig. 17. 
The Case of Combined Alternating Direct and Static 

Shear Stresses on Ductile Material. 

( 2) When shear stress alternates between two 
equal magnitudes of mutually opposite signs and 
direct stress acts statically. 

In the similar manner as in the preceding case, 
we can derive the following relation in this case : 

• + I V • I . /----r;;_ - --<T;', =-'r V (1 +4-2 
4 'lf/ 2 W Bl 'a 

......... 101) 

Static Direct Stress, 1181/1:w 

Fig. 18. 
The Case of Combined Alte.-nating Shear and Static 

Direct Stresses on Ductile Material. 

Fig. 18 shows the relation of equation (101) in a 
diagram. From this diagram, we understand that 
the amplitude of shear stress at the fatigue limit 
becomes higher as static direct stress increases, so 
far as the latter is under a certain limit. But the 
degree of increase of the fatigue limit is smaller in 
comparison with the preceding case. Especially when 
w/v is small, the fatigue limit does not increase. 

2. On brittle materials. 

( 1) When direct stress alternates between two 
equal magnitudes of mutually opposite signs and 
shear stress acts statically. 

Let n' be the direct stress which acts in the 
plane inclined at angle o. with the cross section of 
a specimen, then 

n' = _!.__<1,.( I+ cos 2a)+ -r81 sin 2a 
2 

Therefore, let the mean direct stress in this plane be 
11:,., and the amplitude of the direct stress be <1:, then 

<1:
1

=+711_(1 +c. os w) } .................. (102) 
<1m='<81 sm 2a 

From the above-mentioned assumption 

Substituting for <1: and <1:,. in this equation values 
from equation (102), we obtain 

_!_<1,.(1 + cos w) + ~-r81sin 2a=<1w .... .. (103) 
2 W 

Whereas we know that the greatest maximum 
principal stress occurs in the plane of 

a=_!_ tan-1 2 -r,, 
2 <1,. 

Substituting this value of o. m equation (103), we 
obtain 

o-!+4; ... ~=(2<1;,,-<1,.)v o-;+4..-.i ...... (104) 

This is the relation between static shear stress and 
the amplitude of direct stress at the fatigue limit. 

Static Shear Stress, t1st/1:w 

Fig. 19. 
The Case of Combined Alternating Direct and Static 

Shear Stres;es on Brittle Material. 

Fig. 1i shows the relation of equation (104) in a 
diagram. From this diagram, we understand that 
the amplitude of direct stress at the fatigue limit 
becomes generally lower as the static shear stress 
increases. But it can be seen in Fig. 19 that the 
fatigue limit increases slightly at first, when w/v is 
large. The matter is quite similar as in equation 
(94) or Fig. 12. 121 J 

(2) When shear stress alternates between two 
equal magnitudes of mutually opposite signs and 
direct stress acts statically. 

In the similar manner as in the preceding case, 
we can derive the following relation in this case : 

• I V • I( V ) -r;;+--<181 =- 2rw--<1st 
4 w 4 w 

----Yo-~+4,!•" ...... (105) 
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Fig. 20. 

The Case of Combined Alternating Shear and Static 
Direct Stresses on Brittle Material. 

Fig. 20 shows the relation of equation ( 105) in a 
diagram. From this diagram, we understand that 
the amplitude of shear stress at the fatigue limit 
becomes considerably lower from the first as the 
static direct stress increases. 

(21) The matter is al;o analogous to the results of calculation made by Dr. Ono, that static shear stress exerts no influence 
upon the amplitude of direct stress at the fatigue limit, even when the fatigue failure is considered to be determined only by direct 
stress. See foot-note (10). 


