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Synopsis

The yielding of steel proceeds in successive appearance of flow layers. Having
been taken account of it, the yielding phenomena of bending steel bar has been
fully explained by the authors. In the present paper the yielding phenomena of
twist steel bar is discussed as an another example of yielding of steel under uneven
distribution of stress. In the first part are exhibited the results of measuring the
stress eidsting in a yielding bar subjected to pure torsion. It leads to the conclu-
sion that the twisted bar yields by the same mechanism as that ‘of the yielding
of bent steel beam. Then the problems of elasto-plaétic torsion may generally be
treated analytically in the same fashion as in the case of bending.

I. Introduction

On bending a mild steel beam with rectangular cross-section, the moment
-deflection curve is nearly straight until the applied moment increases as high as
1.5 times of M,, where M, denotes the moment at which the stress of outer-most
fiber reaches the equivalent yielding stress ¢ in tension test. It seems the yield
stress of bent steel bar rises as high as 1.5 times of ¢, owing to the unevenness
of stress distribution. On measuring the surface stress of yielding beam by means
of X-ray, however, the stress exceeding ¢; was not found. As a matter of fact, the
steel is ‘distinguished by such a behaviour of yielding as having the horizontal part
in stress-strain diagram of tension or compression test and as deforming not uni-
formly along its length but sporadic as is noticed by the appearance of Lider’s lines.
Taking account of these facts, the authors discussed the yielding of bending steel
beam and induced formulae applicable to elasto-plastic bending of any kinds of
steel with any forms of cross-section.? This theory will serve to give the full
explanation of the above mentioned views apparently contradictory in simple show,
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As an another case of yielding of steel under uneven distribution of stress, a
number of results of torsion test are found.?> Twisting a mild steel bar of circular
cross-section, the relation of the moment M to the specific angle # of torsion is
. nearly proportional up to as high magnitude of moment as 4/3 times of M,, where
M, means the moment by which the shear stress of the outer-most fiber reaches
Ts. T is the yielding shear stress corresponding to the yielding stress ¢; and is
chosen one half of the latter in the present research. In the analogous way as in-
the case of bending, the yielding stress of twisted mild steel bar might be taken
to rise as high as 4/3 times of 7,. Although the surface stresses of bent beam
have been investigated experimentally by a few researchers, no experimental
work is found which has been perfo_rmed on the stress existing in a yiqlding
steel bar under torsion. From this point of view, the authors measured the surface
stress of mild steel bars subjected to pure torsion of various stage of moment by
means of X-ray. Besides the distribution of stress in the cross-section of yielding
bar were investigated utilizing the residual stress measurement by corrosion
method. In the first half of the present paper the results of the experiments are
exhibited. On surveying the results, such a conclusion will be given that the
twisted steel bar yields by the same mechanism as that of bent beam. In the
latter half, the analogous mode of analytical treatment of the yielding as was
carried out in case of bending is applied for the case of torsion of round steel bar.
The M-0 relations are determined by calculation with regard to various kinds of
steel and its comparison with the experimental results will be exhibited.

II. Experiments

i) Specimens: ‘
The materials of specimens used are illustrated in Table 1, being the same
as those used for the study of bending. After having undergone machining into

Table 1
C%. Mn % Si 9 P 9% S % heat treatment
0.1% © steel | * 010 0.62 0.16 0040 | o044 | 2nnealed at S00°C for
06% Csteel | o 060 | o, | ooz | oo annealed at 780°C for
06% Csteel | 065 062 0.20 0031 | o020 | annealed at 750°C for
gﬁ;’/gcgefi‘ee’ 0.44 0.60 0.20 0027 | o020 | 770°C ‘t’;‘m‘gg“‘:h'
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the form as is shown in Fig. 1, the specimens were heat-treated in vacuum furnace
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under the condition indicated in
the last column of the table. The
A type specimens of 0.1% C steel .
‘were used for the surface stress
measurement by X-ray and the B
type of the same material were
for fhe observation of the distribu-
tion of residual stress utilizing the
The M-0 re-
lations were determined by experi-

corrosion methed.

ment for each material using the
C type specimens.

i1) The stress investigation by means of X-ray.
As to the X-ray stress measurement the detailed description is here spared.®

On twisting specimens, the
‘surface stresses were meas-
ured at several steps of
the moment applied. At
each step theé moment was
released and the residual
stresses existing on the
surface were investigated.
The results obtained are
exhibited in Fig. 2, where
the ordinate 7., denotes the
measured value of stress
and the abscissa ¥ the
one calculated from the
value of applied moment
using the simple formula
The
yielding shear stress 7, of

due ‘to elasticity.

the material had been de-
termined - as 12 kg/mm?2.
The figure shows that, as
far as the applied moment
is less than the ‘magnitude

18 |
16 ’
{3
2 ; ©
N,
12| E Boj8 oo f—
| _‘\ ° ®
10 15 ~
8
6
4
2 ° — j
© T ’fy(mm‘?
o | { ;
0 : 7 Z g 8 10 OI%\ 074 16 18
. ! o) kel
-2 ! R
0 Ty %\
- ¢ T
4 O, | \?
[ Tv- ”
-6 . ' -9
Fig. 2



On the Yielding of Twist Steel Bar 131

of M,, v, rises proportionally to ¥ and no residual stress is found when the
torque applied is released. The applied moment exceeding M,, the increase of
7y i8 not proportionate to that of t* but scarecely rises beyond ¢, and, removing
the applied moment, residual stress is found on the surface. The result of the
X-ray investigation shows that the surface stress of twisted bar tends to behave
likewise as that of bent steel beam.

iii) The stress investigation by the corrosion method.

In a bar subjected to a torsional moment exceeding M, plastic deformation
is supposed to have broken out, as above. The X-ray investigation, however,
gives only the behaviour of superficial stress. For the purpose to observe the

distribution of stress within the cross-

M . -section of twisted bar, the residual stress
/@ measurement by corrosion method was
/@ utilized. Having been subjected to a

i P moment beyond M, and then removed

from the testing machine, the specimen
! _ I . | /@ T was set into the corrosion vessel V,
| : filled with 30% solution of nitric acid as

. ! corrosive agent, as is shown in Fig. 3.
’ | ; A mirror M is attached to the upper end
LG /@ of the specimen. For the purpose to
moderate the temperature of the solution,

cooling water is circulated through the
glass pipe G and the solution is stirred
by the agitator P. Thus by removing

‘laminar portion from the surface of the

]

specimen, which has residual stress

XL

caused by severe twisting beyond elastic

l"-ﬂ{.

it

range, the mirror rotates around the axis
of the specimen. Through the telescope
the rotating angle of the mirror M is

measured by reading the reflected image
of the scale 2500 mm distant from the
mirror. The specimen is put out. of the

B R R R et h b

2

vessel from time to time and the decre-

ment of the diameter is measured. Thus
the relation of the rotation angle of
the mirror to the depth of corrosion is
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obtained. Consider a bar of a diameter 27y, in
which there exists a residual stress as is shown in

Fig. 4. Let 40 be the rotating angle of mirror per

unit length of bar, i.e. the specific angle of rotation,
corresponding to the decrement 2(7o—7y) of dia-
meter, the following relation is given from the con-
dition of equilibrium of moment around the axis of
the bar before corrosion.

— GI.40=2r j "0 L rrdr, (1)
n
where

G : the shear modulus
I,: the polar moment of inertia of the area
after corrosion

Fig. 4

7(r): the residual stress distribution

Dividing the portion between radius 7o and s into # layers and denoting the
radius of each dividing circles as 7y, 72, 73, ...... .,'rn_1 in the order of length, the
continuous distribution of residual stress of the portion is represented approximately
by a stepped one, of which each step corresponds to the mean stress of the thin
layer divided. Let the change of the specific angle of rotation corresponding to
the removal of the stepwise decreasing stress 71, T2, T3, -..... s Tns be 401, 40, 405,
...... , 405, and we get

"‘Glns‘_n::ldﬁn':z_gZzzlﬂa("g.—:{;rz) (2)

from equation (1). Obtaining 46, corresponding to 7.-1 as well as 7, by experi-
ment and utilizing (2), 1, 72, 73, ...... , Tn -are determined in succession as follows:

- Aﬁlrf

T =%G
r3—rd

3 Gdﬂlr‘{'—(401+dﬁz)r§
r}—r3 . (3)

in general,
3 rﬁ-lz?.ﬁdﬂn - 7‘7".23_14%.

Tp=—fr

: A
73—1—‘7'1:

Denocting the distance between the mirror M and the scale as a4, length of
corroded portion of bar as ! and the change of reading of the scale as 46, the
i
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mean stresses of any section are calculated by (4).

n-1

(@) mamia0,- (&) i a0, )
p=A0 2 , (4)
e
0 where
_ A=36d° and dg=274,
25] § 2 toa ™ (n=0, 1.2...n).
[}
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Fig. 5 demonstrates the experi-
mental relation of the change of

reading to the decrement of dia-

meter on the specimens subjected
to the moment of 1.20 M s 1.256 M,
and 1.30 M,.
where the mirror no longer rotated
: the
distribution of residual stress is

In the inner portion
with proceeding corrosion,

linear. Fig. 6 shows the lob_tained
distribution of residual stress, led
from Fig. 5 utilizing the equation
(4). Assuming the material to
behave elastically during the course
of unloading, the stress distribution

" under twisted condition is obtained

using the residual stress distribu-
tion. Thus determined distributions
of stress are exhibited in the same

figure. The stress in the inner

" portion tends to be measured slight-

ly higher because of the inevitable
defect of the corrosion method.
The chain and the dotted lines in
the figure mean the assumed dis-
tribution of stress of elastic and
perfectly plastic state respectively,
derived from the applied momert.
The measured distributions are
different from both of assumed
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ones but, near the surface, the stress is rather lower, yielding to near z, on the
surface, whereas in the inner portion it increases and then decreases again.
Here, the fact attracts our attention that the experimentally determined distribu-
tion of stress in the section of twisted steel bar is surprisingly similar to that of
bent steel beam. ‘

Surveying the results of experiments we could introduce the conclusion. that
the twisted steel bar yields by the same mechanism as that of bent steel beam.

III. Yielding mechanism of steel bar under torsion

Standing on the view point that the yielding of steel bar under torsion is the
same phenomenon as the one under bending; the former may easily be explained
by applying the theory' concerning the yielding of steel under bending moment,
which has been developed by the authors. As far as the applied moment is below
the magnitude of M,, the bar deforms elastically. When the moment just exceeds
M, local plastic deformation occurs here and there near the surface. With increase
of moment, the plastic deformation prevails lengthwise as well as thicknesswise.
In a bar subjected to a moment exceeding M,, therefore, two portions are con-
sidered to coexist, the one elastic and the another plastic. In the discussion of
the yielding of bent steel beam, at the occurence of local slip the strain of slipped
portion near the surface was considered to increase instantaniously from e, to &,
where &, means the elastic >strain corresponsing to the yield stress ¢; and ¢” the
value of total strain at the end point of horizontal line in the stress-strain diagram
of tension test. In the present case, the same may be taken into.account, where
we consider the shearing strains.?, and 7" in place of ¢, and &” respectively.
That is to say, near the surface of severely twisted bar the excessive strain of
plastic portion alleviates the strain of elastic portion and so the stress near the
surface of the latter decreases and yields in average to the value near 7z,. On
the contrary, the stress of the inner portion is obliged to rise, as was shown in
Fig. 6, so as to sustain the applied moment. Such figure of the yielding of steel
under torsion may be treated analytically in the same manner as in the explana-
tion of the yielding phenomena of steel under bending. ,

Let us consider a round steel bar, subjected to a moment beyond M,, whose
unit length on the surface is composed of ¢ of plastic portion and (1—¢) of
elastic one. . Putting

=peg - (5

%k means the ratio of the length of local plastic portion to that of elastic one.
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Similarly ‘as the case of bending,  is represented by

_re-,
k=2 (6)

where 7* and 7 denote the strain given by assuming the stress distribution to be
elastic and perfectly plastic respectively, required to sustain the same moment.
In formula (6) the values of 7, as well as 7' are inherent.to materials and can
be determined by experiments.

T,=%‘ , where G : the shear modulus, (7)
TH=g" , ( 8 )

T* is given simply by assuming the linear stress distribution sustaining M - as
follows : '

_ 16 M . .
7’*—;‘—15 G where d: the diameter, (9)
and 7 is given from the perfectly plastic state assumed as is shown in Fig. 7.
- —r.r
T Tg re
' =3 i _(re\?
! // —47rd r,[4 (r) ] , (10)
- T "z'* where r, denotes the radius of the elastic region

in the assumed state of perfect plasticity.
Substituting (7)~(10) for (6), we have

k=g, (11)

For the moment equal to M,, we have k=0
from (11) or ¢=0 from (5) and it means the
elastic state. For the materials as 7> 7,
e.g. annealed mild steel, the value of ¢ yields

Fig. 7

to unity at the moment nearly equal to 4/3 M,,
when the plastic deformation spreads all over the length. The condition that the
plastic portion prevails through the whole length is given by putting the denomi-
nators of .(11) to be zero. Denoting the moment under the condition as My, we

nave Mo_tf 1(ry7) ™
M, 3 4 \r" '

Fig. 8 is the theoretical relation of My/M, to 7./r’, where My/M, values
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of a few kinds of steel are remarked,

My
4 T v induced from the experimental data of
91%C steel anncaled |- tension test.

. ;Ziﬁ:ﬁ:ﬁ ::Z:Zi:‘; Analy.tical v.iew oii the. growth of
| : : \Z<\ 043C steel guenched the plastic portion with increase of
3T ! {  06%C stest quencheq ~ moment. is obtained using the formulae

J: } : \:{\ " (5)~(11), provided the values of 7', and
| T' : If , 7" are given. Fig. 9 shows the ¢ — M M,
P ! ' \ \ relations. for the specimens made of the
12 " J, f A: materials indicated in Table 1, obtained
; : ': : \\ \ by calculation using the values of 'T,
: \ l| 'l and 7" as are shown in Table 2 induced
b | | ! from the results of tension test. The
I : i ;ﬁ ,L i 4\ feature of each diagram is quite similar
: s : : | | ; \\ i to those shown at the bending of various
% : : : } rkinds of steel beam. That is to say,
0 L ' : ! JI z :%-. as soon as the applied moment exceeds
N 04 06 08 70 M,, local plastic deformation appears
Fig. 8 and with subsequent iricrease of mo-
Ik | , | o ment the plastic portion
135 A ; spreads lengthwise in
130 f—/——ﬁ P I different feature accord-

125 / ﬁ // il Table 2
120 _J/ A l : Ye % | V' %
/ ( A: 017 C steel annealed 0.1% C steel o148 3.14

vi5 / B:04 7 C steel armealed annealed
C: 06 % C steel annealed
o / ' D:042%C steel quenched gAn:/gaIC;gteel 0.179| 131
, .

ros}f | 069 C steel | 0.182| 060
roo N4 042 el | 0337 070

00 0T 02 03 04 05 06 07 08 09 10
Fig. 9 a
ing to the kind of materials. The harder the material is, the more increases the
ratiq of plastic portion and vice versa.
IV. M ={ relation
While the applied moment is less than M,, the M —0 relation is determined
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by the formula from the elasticity. It is reasonable to consider that in a bar
‘subjected to a moment exceeding M, plastic portion distributes uniformly at any
portion along the axis. The resultant shear strain ¥/ of the extreme fiber containg
¢ of plastic portion is, therefore, uniform along the axis and fepresented by
=gt +(1— )T, . - a3)
From the fundamental conception of the present problem, looking at the portion of
infinitesimal length the radii of the bar, havirig been a straight line in free state,

are curved. On the

MM
cmigr Ms| other hand, consider-
4 ing a portion of unit
1000 ' oo length, it is necessary
'z that the initially
10 0') % C steel, j straight radii are not
70 -annealed distorted but kept to be
08 straight. Hence, the
500} g specific angle ‘0 of tor-
sion is represented by
250 O=r7".  (18)
o2 ' ‘ Combining (5),- (6),
oloo 6x10° radjem (13) ‘and (14) ‘the
0 < 4 6. 8 0 Iz 4 16 1B 20 A -f relation is easily
Fig. 10a given. The full lines
cr%y % - _| . ?n Fig. 10 a, b and c
o Ml illustrate the M-8
' - o o ob—a relations obtained by
1200k ‘ calculation ‘for the
materials as indicated
looor 042%C steel in Table 1, using the
aoot annealed | values of 7, and 7"
exhibited in Table 2.
600t 06 ] : : In the figures the small
' f ' circles represent the
4001 o4 experimental results.
200 02 — . We see the curves
L = O xio° rad/em : agree very well with
0 000 2 4 6 012 Ji 16 18 20 the experimental re-

Fig. 10b sults. It proves the
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mlm : validity of applying the authors
CZ% Ms |M' idea concerning the yielding of
Sy
14— + i
. L steel, which has been developed
1200} ;5 [d | - in case of bending, to the present

problem of elasto-plastic defor-

| Ms .
1000t rol———df-=5- mation under torsion.

800t 08 06 7%C steel -

. annealed V. Summary
600y o6 ) ' In the present paper, the
400t 04 j authors proved the mechanism
f ' . of the yielding of twisted steel
2001 02 . ' bar is quite similar to that of
ol 00 - 9x‘103 Md/ cm . * bending. Hence, it is natural
¢ z “ 0 8 oz k the both vyielding phenomena

Fig. 10c

should be explained by the same
analytical treatment. As a concluding remark, the -authors intend to emphasize
that the local yielding and the occurence of relaxation near the surface are the
actual figure of the yielding phenomenon of steel and without taking them into
consideration the yielding phenomena of steel under other conditions of uneven
distribution of stress can not be explained thoroughly.
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