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Synopsis

A method giving an approximate solution is explained by the application of
a formula analogous to that of the slope deflection method used in the solution
of rigid frames to the case when a symmetrical load is applied to a circular plate
whose thickpess is only a function of the radial distance.

1. Introduction ‘

Circular plates of non-uniform thickness are sometimes encountered in the
design of machine parts, such as diaphragms of steam turbines and pistons of
reciprocating engines. The thickness of such plates ié usually a function of the
radial distance, and the acting load is symmetrical with respect to the center of
the plate.

The investigation of the bending of the circular plates of non-uniform thickness
was made about such cases first by H. Holzer and latter in detail by O. Pichler®’,
R. Gran Olsson®’ and H.D. Conway®.

" Criticizing some of these investigations, Pichler’s method by the form of power
series and Olsson’s by the hypergeometric series are both very complicated as they
faithfully solve according to the equation of thickness, viz. flexural rigidity.

For the solution of rectangular plates of non-uniform thickness, the author has
formerly derived a formula analogous to the sldpe deflection method used in the
solution of rigid frames and by applying this formula has shown that a satisfactorily
approximate. solution can be easily obtained without troublesome calculation®>. A
solution was done following the same principle in the case of a circular plate of
non-uniform thickness, and as satisfactory results were obtained, a general outline
will be explained in the following. ' ' ’

2. Derivation of the fundamental equation.
"As shown in Fig. 1, the case when a ring plate with a uniform thickness is
subjected to a uniform load p symmetrical about the center will be considered.
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As the differential equation of deflection

surface is unrelated to § in this ‘case, <
d( didw, 1dw) _p ‘
dr{rdr( dr2+rd7)}_— N (1) /\

where, w: deflection
N=ER*/12(1 —»?): flexural rigidity -
h: thickness of plate

v: Poisson’s ratio

-

Solving ed. (1) and putting r/a=p gives,

w = pa 64N° 4+ C1+Cg02+ Cap? log o+ Cyulog o :
, (2) P
22 LLLXL
From the above equation 5 B A
dw _ {pa 3+2C20+C3p(1+2lo0g o)+ } | ~
dr 16Nﬂ 2! 3 g 0 o g —
(3> A Fig. 1
_ 2+ at 3+ Cs, 1—v
My = == [16N Hi+v)’ +CZ+CS{2(1+ y+log ”} 2 1) (45
_ _4N GCs_pa
pf - aa 0 2 0 (5)

Where, M, = radial bending moment
p» = radial shearing force

Now, let the deflection and the deflection angle at both circumferences p=u=1
and p=8(0<B<1) be represented as follows,
A: o=u=1 w=204, dw/dr=20,
B: p=p w=20p, dw/dr=_0g
For the sake of convenience the next notations will be used,

)

B+)/2A+v)=e, A—v)/2A+v) =f, a®—p2 =g, a®logu—P2logB =h,
loga—logB =j, etloga=k, fl2=1, e+tbgp=m, f/f2=mn,
c(1+2loga) =q, PBA+2logh)=s

Using the above notations, the following three equations are derived from eq. (2),
(3) and (6),
Cy:g+Csh+tCy-j =(04—0p)—pa'(u*—pB*)/64N
2C2-a+C3-q +Cs(1/0) = afl y— pat-«3 /16N (7
2C3-B+C3-5+Cy(1/8) = allg—pat-52 /16N
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The values of Cs, C3 and C, are obtained as follows by solving eq. (7),

4:Cz2= (pa*/16NYD+(04-0a)E+al - F+als-G
4-C3 = (pa*[I6NYH + (04— 0T +all4- J+alz-K (8)
4:-Cy=(pa*/I6NYL+(04—ug)M+al 4P +allz-Q

where 4 = (1/u)(28h—gs)+(1/B)X&q—2uh)+2j(us—Bq),

- %(ﬁuw)zz —B3F -G, H— %(B“—a“)[——:ﬁ]—ﬁ"‘K,

L= - M-wP-§Q, E=4-2, F=-(k-sj), 6=-(sj-2),
1=%-2 j— (28j-%), K=-(£-24j), M=20s-26a,
= —(sg—2Bh), Q= —(Q2uh-gq)

Following the example of eq. (6), the radial bending moment and the radial
shearing force at both circumferences will be represented as,

A: p=a=1, Mr=Mr4, Dr=Pra

B: 0=8 , Mi=Msn, tr=1trs (9)
Therefore, from eq. (4, (5), (8) and (9)®
My, a= —ZIEON PG 2 Dok 1LY+ (34— 0B + I~ 1M
+al (F+ k] ~1P)+al G+ RE ~1Q))}
Mg = ~ELEONIPE (g2 Do mB 1LY+ (0535 )CE-+mI —nM)
+a04(F+mJ—nP)+aHB(G+mK—nQ)}
proa= W oum0Lvan T san, K} - (B0, 20 H)
brin = —B0u00) [ ratdvan, ) - (Mg 28]
Simplifying the above equations gives, |
Mea=N(e0,4a,-222040 )+ 5 (pat) .
Mo = (770, /0,82~ 00 ) 4 v e } o
Proa= —%V( 04+ 05 BB;BAk’)Jru’(pa) ] an
pron =~ (100 w6522 240) v/ (pa |

If the rule of signs adopted in the slope deflection method used in the solution of
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rigid frames is employed here for the sake of convenience, then

1. In eq.(10), My, 4 becomes -My, 45, Mr, 5 becomes My, g4 and the sign stands

as it is.

2. The signs of 04 and 05 remain unchanged.
3. As for the signs of s’ and ¢, only s’ changes in accordance with 1.
4. In eq. (11), as pe=0, suffix » is omitted, and pr 4 and Pz are expressed

as pas and Ppa.

By rewritting eq. (10) and (11) following the above explanation, the next two
fundamental equations are finally derived®.
L]

Mr, AB = %kcﬁA—FdﬂB

Op—04 6,4

) +s(pa®)

/ s
My pa= %(fﬂA+gﬂB‘o—BTaAh>+i(j‘(£2)

Das

pBA

I

ﬂ41;’(

i

e lﬁA+m03

A 044 027 =24) + uCpa)

On— 6,1

) +v(pa)

|
|

(12)

(13)

If the coefficients of the above equations are calculated for the four cases of
B=4/5, 3/4, 2/3 and 1/2 when «=1, the result is as shown in Table 1, where v
is assumed as 0.3.

Table 1. Values of several coefficients.

a=1, B=4/5 a=1, 8=3/4 | x=1, B=2/3 a=1, B=1/2
¢ 19.285 538 15.281 077 11.273 461 7.256 414
d 8.948 278 6.932 972 4.905 348 2.838 228
e ~139.689 902 — 87683 915 ~ 47677 338 — 19.668 074
f 11.185 364 9.243 991 7.358 039 5.676 456
g 20.856 963 16.908 145 13.010 216 9.312 827
h ~162.060 727 ~106.171 681 — 62393 412 — 31.020 988
i 34.922 472 21.920 952 11.919 334 4917 018
i 32412 133 19.907 203 10.398 899 3.877 623
k —338.057 754 —168.463 392 — 67.866 966 ~ 18282 213
! 43.653 093 29.227 936 17.879 001 9.834 037
m 40515 167 26.542 937 15.598 349 7.755 247
" - 422,584 693 ~224.617 856 ~101.800 449 — 36564 427
s 0.003 220 0.004 946 0.008 624 0.018 657
¢ — 0.003 498 — 0.005 551 - 0010 149 —~ 0024 689
u — 0095 333 - 0117705 | - 0157 387 - 0220793
v 0.105 834 0132727 | 0.186 119 0.308 414
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Next, the case when a circular plate of a radius @ is subjected to a2 uniform
load p and a radial bending moment is uniformly distributed at the circum-
ference will be considered (Fig. 2). This is the case when C; and C4=0 in
equations (1) and the following eq. are obtained. ' '

re) A

a—-it%a——J

Fig. 2

o OO Ia s e

4 d 1 4 '
w= 6%%‘044‘ C1+Ca0?, ag] = E(le’SLN‘OM‘ 2C2p>
_2(1+V)N{pa"‘ - 3+v

— haliiN 2
M, = & UGN 3+’ +Cz}

Putting p=1, dw/dr=0, in the above equation gives,

2
Mypsm LN, 08

If expressed following the expression of the slope deflection method,

74 .
My, 10 = %(1+v)04+% A
pa

-In this case, pio=— 5 is easily obtained.

3. Solution of a circular plate of non-uniform thickness by the slope deflection
method?®,

Here, a circular plate whose flexural rigidity is a function of the radial distance
is refered to as a circular plate of non-uniform thickness and the case when the
load is symmetrical with respect to the center of the plate will be considered.

The following method is applied to obtain the bending, the deflection and etc.
of a circular plate of non-uniform thickness by the slope deflection method.
Fig. 3 shows the circular plate of which the bending, the deflection and etc. will
be obtained. Let the rigidity at the center of the plate be represented as N, and
the radius as a. The plate is divided into #—1 circular ring plates and a center
circular plate. It is convenient to make the width of the rings constant.

The rigidity of each circular ring and the center circular plate is considered
as approximately constant. Thus, the rigidity of the original circular plate changes
step by step. In the calculation of a circular plate of non-uniform thickness by
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the slope deflection method, the circular plate
is substituted by the above mentioned step
shaped circular plate, and the calculation is

done concerning the step shaped circular
plate. Therefore, the result of the calculation
is that for the step shaped circular plate /
and not that for the actual given plate. How-
ever, by increasing the number of circular
ring plates into which the circular plate is

divided, a value which is practically
sufficient is obtained.

Next let us consider the load. As for the
load, it is usual to consider a uniform load T T

for such a problem, but when it is a distri-
buted load which is a function of the radial e Y , sy
distance then the load is divided in the same '

manner as the plate was, the load being B —r_‘_

considered as constant where the rigidity of ' At 1
4

the ring and the center circular plate are = _J__f—‘

assumed constant. That is, the load is con-
sidered as step shaped just like the rigidity Fig. 3
of the plate was.

As shown in Fig. 3, numbers 1,2,3,...,m,...,# will be attached to the stepped
points of the step shaped circular plate which was substituted for the plate of
non-uniform thickness whose bending, deflection and etc. are to be obtained.

At any stepped point m, equilibrium equations between the bending moments
and between the shearing forces must exist. The equilibrium condition equation of
the radial bending moment at point »z is

M m-m-1y+ Mrym—cm+1y =0 (15>

The equlibrium condition equation of the shearing force is as follows except
the case when the ring load exists along the division circle between the neighbouring
two circular ring plates

 Pro—tm-1>+ Dmme1y = 0 (16)

For the case of the ring load, the right hand of the above equation is substituted
by the intensity of the ring load instead of O.
There is no need of considering the condition of the deflection and the deflection

angle at the stepped point, as they are already shown in formula (12) and (13).



On the Solution of a Circular Plate of Non-uniform Thickness

As for the boundary conditions, 6 =0 and M =0 can be used if simply supported,
and 6=0 and =0, if fixed.

The values of ¢ and # are obtained by solving the equation of the first order
concerning 6 and 6, derived from eq. (12)~(16), and the value of M, is obtained
from eq. (12). The deflection and the bending moment at the center circular plate
can also be obtained from the well known formulas?’. The tangential bending
moment can be obtained by the method explained in the next article.

4. Numerical Example

a) The case when a circular plate with N=N,-exp (—1.5 o*), as shown in
Fig. 4, is subjected to a uniform load p will be solved!®,

LTI i bgP

2a

N- cli 6500m
/—-——"_ﬁ—j

\

[
\

T ——t—

stibstituted N-dialgram

Fig. 4
The value of N for the various values of p from 0 to 1.0 are shown below.

p= 0.0 0;1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
N/Ng = 1.00000 0.99985 0.99760 0.98792 0.96233 0.91051 0.82333 0.69757 0.54096 0.37374 0.22313

As is clear from the above values, the change in the value of N is very small
while the value of o ranges from 0 to 0.4. Thus, the given circular plate will be
divided into three ring plates and a center circular plate, the dividing radius being
p=08, 0.6 and 0.4. As for the plate rigidity which is assumed constant, half of
that of both ends may be taken, but in this case as the number of division is
small, the rigidity of the middle point 0=0.9, 0.7, 0.5 and 0.2 is taken for the sake
of convenience. ' .

As the ratios of inner and outer radii of the rings are 4/5, 3/4 and 2/3, Table
1 can be employed.
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' The equlibrium condition equation of the radial bending moment becomes as
shown in Table 2 and that of the shearing force as shown in Table 3. Table 4 gives
the values of f and ¢ obtained by solving the above equations. Computing Mr from
Table 4 gives Table 5. The computed values of Mm-(m-1, take negative signs, but

become positive when changed to the ordinary rule of sign of bending moment.

Table 2.
1 3T No  {19.285538 00+ 8.9482780, — (~130.689902) } 0003220 pa2=0
2. 037—314 Vo 111 185364.05+20:856963 0, - (162060727 2L 1 -0.003498 pa>
06977)’5876'% {152810770,"+ 693297205~ (~ 87. 683915) T} +0.001946 p (023)2 =0
999319’—0 { 92439910, 4169081450, - (- 106.171681) > 8 e} - 0005551 5 (0.80)2
091856171-59 {11.27346102,-}- 4905348 05— (— 47.677338) °° 33 }+o.008624 £ (06a)2=0
4 Qg—lg%lﬂ { 7358039 ,4-13.010216 05~ ( - 62.303412) 23 53—} ~0.010149 p (06a)?
0.99760 N
e " ¢1.30, 40,125 p (0.42)2=0
Table 3.
1 4% No {43.653003 00+40.515167 0, - (- 422.584693) - } +0.105834 pa
069757 N
~ 400 a2 {21.9209520, 4199072030, — ( - 168.463392) B2 } ~0.117705 p (0.8a)=0
069757 N,
4 OSTT0 (20227936 9, +26.542037 0, (~ 224 617856) oT} +0.134727 p (08a)
—4 09(1(?2;)‘;" © {11.9193340, 1103988990, ~ (~ 67.866966) " } ~0.157387 p (0.62)=0
3 4% 9(1(?2;)5 © {17.8790010,+15.598349 0, ~ (~ 101.800449) — } +0.186119 5 (064)
~05 p (04a)=0
Table 4. Table 5. (unit pa?)
point 0 1 2 3 Mp, | Mry | My,
0 ~0.134 981-0.120 374 ~0095 463-0.066 825 (s ous| 0151 732 0.196 658
5 (pat/No) 00 0026 285 0048 174 0064 558

Next, the deflections and the bending moments of points p=0.2 and 0.0 will be
obtained. As the center part is assumed as a circular plate with a rigidity
0.99760 N, the formula for the circular plate with a constant rigidity subjected to
a uniform load p and uniformly distributed bending moment My,3=0.196658 pa’® at
the circumference p=0.4 can be applied. Thus, the deflection and the bending

moment at the center are, respectively®
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s _ s, Pp(04a)* 5+v My,;-(0.40)° (04)* 53

Os = 0ot 6IN" " 10T N1y 0064558+ 51099760 " 1.3
0.196658- (0.4 _ R
sty = 0.064558-+0.001635 +0.012141 = 0.078324%

My, s = P(O 4a) S (3+v)+ My, = <0 4) 3.34-0.196658 =0.229658 pa®

At point p=0.2

2 .
01 = du+ IR T DS {2@ 2~ (Lo} + Mg QAR

4
- 0.070807P£(;('.‘ go = 1-(05)* = 0.9375, ¢, = 1-(05) = 075,
Mo,y = 1’<° 40 (34v)p1+ My, = 0221408 pa?

A comparison of the obtained values with the solution of R. Gran Olsson
computed by using hypergeometric series is shown in Table 6 in which the calcu-
lation is done concerning the values of J/aq (q= pa®/2N,) and or/aq = (6M:/h?)/
(8pa® | hy) =M,/ pa)(he/h)?, where h, is the thickness at the center.

Table 6.
author - 0.0 0.2 04 06 08 1.0
3/aq 0.1566 0.1496 0.1291 0.0963 0.0526 0.0000
M. Naruoka
ap/ag 0.4593 04435 04035 0.3454 0.2589 0.0000
8/aq 0.1566 0.1495 0.1289 0.0960 0.0523 0.0000
R. G. Olsson - _

orfag 04613 0.4453 0.4039 0. 3454 0.2585 0.0000

Next, the tangential bending moment M, is obtained as follows.

M, = __N(dzw ldw) _N(d_ﬂ 0)

a2ty dr drtV
e I

Here, the values of M, and @ are obtained from Tables 5 and 4, and the actual
value of N must be used.

M; can be obtained by substituting the value of df/dr obtained from the
first equation into the second equation.

As for the value of M,,,, it is calculated from the formula for a circular plate
with a radius of 0.4z subjected to a uniform load p and a bending moment of

0.196658 pa® uniformly distributed at the circumference p=0.4. Moreover it is clear
that M;,s=My,s, ‘



10

M. NARUOKA

If the values of the tangential bending moment obtained above are shown in

Table 7, they are as follows.

Table 7.
author o= | 00 | o2 ‘ 04 06 08 1.0
- — . I ,l ! —
M. Naruoka | 04503 | 04505 ‘ 04212 | 03750 | 03008 | 0.1491
— e agfay \
R. G. Olsson | i 04613 04518 04237 | 03779 0.3032 0.1460
. 1 | ! !
b) The case when a fixed
circular plate of non-uniform » p
thickness b =ho-exp (=02/6),  ATTTTIITTTIIIIIIEITIIIIN
shown in Fig. 5, is subjected 4 i - . - §
to a uniform load will be
solved!?, ' N- dia gnarm
The method of division is !
quite the same as before. Show- . . .
ing only the result obtained by _ )
solving the given plate as a 1
step shaped plate of 0.66698N,
0.78271No,0.88250N0,0.9802ON0, sulbstituted| N-dia 3najm
it becomes as given in Table 8. }
For comparison, the result ) _' )
obtained by Otto Pichler who $ 4 ¢ "‘ S
solved by using the power series
is shown together.
Fig. 5
Table 8.
o | 00 | 02 04 05 | 08 10 | author
sjag | 0092 | 00863 | 0028 | 00171 | 00056 | 00000 | M. Naruoka
| 00393 | 00370 | 00289 | 00175 | 00058 = 00000 | O. Fichler
orfsy | 01883 | 01700 | 01247 | 00368 |-01060 -03205 = M. Naruoka
| 01869 | 01718 | 01250 | 00377 | —01052  —03293 | O. Pichler
os/5 . 01843 | 01781 | 01475 | 00974 | 00187 ' —00989 | M. Naruoka
\v 01869 | 01779 | 01498 | 00391 | 00198 | 00983 |  O. Pichler

5. Conclusion

Many solutions which have been proposed in the past are either so complicated

that they are not suitable for engineers or are solutions for so special cases that
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they are not applicable to other cases when flexural rigidity is somewhat different
from the treated special cases.

Author’s solution by the slope deflection method applied to a circular plate of
non-uniform thickness, that is, variable flexural rigidity is always possible, so far
as the flexural rigidity and intensity of the distributed load are only a function of
the radial distance and the plate is symmetrically loaded. Als> the obtained result
coincides satisfactorily with the strictly solved result as can be seen from the
two examples.

The values of the coefficients necessary to the calculation can be given before-
hand. If the table is given in various values of 8 for «u=1, a result very approxi-
mate to the true value can be obtained.
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