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Synopsis

In this paper, the mathematical theory on progressive translation waves of
the permanent type is developed.

The analysis of the second approximation based upon the momentum and
energy approaches considering the effects of the vertical acceleration shows that
the surface profile of waves is expressed in terms of an elliptic function which
is designated as the cn-function, the name cncidal being derived therefrom as
analogous to sinuscidal, and the sclitary wave is included as a special case of the
cnoidal wave.

It should be noticed that the behaviour of cnoidal waves may be reduced
to that of classical sinusoidal waves at a special limiting approximation.

1. Introduction

Though the accurate expression of translation waves, which travel in channels
and rivers, is given by G.H. Keulegan,” it is usually said that the translation wave
is in the category of gravity waves, with the surface wave, and has the permanent
displacement in fluid particles as flood and tidal waves.

Up to the present time, many references on researches of the behaviour of trans-
lation wave have been made to. Especially, fruitful results have been obtained by
P. Masse® and Dr. T. Hayashi® in the light of the unsteady problem of hydraulics
and by J. Boussinesq,” G.H. Keulegan and G.W. Patterson® in the light of irrota-
tional wave motions.

The classification of translation waves will be simply divided into the following
two cases: one is the case in which the frictional force is negligible or in sloping
channels the equilibrium between the gravity term and frictional term is assumed to
hold as a special case, and the cther is that in which the friction governs the wave
characteristics to a pronounced degree. Although very long waves like floods belong
to the latter case, these effects are considered to be negligible or in equilibrium for
progressive translation waves. In this paper dealing with progressive waves of the

permanent type, the former is exclusively treated,
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In the first approximation concerned with waves of small amplitude, many com-
prehensive publications have been presented, and their results are very familiar to
hydraulic engineers as the long wave theory. They propagate in. channels without
change of their form and their velocity of propagation is given by the well-known
Lagrange velocity law or its similar formulas.

But, if the effects of the height above the undisturbed level of the fluid surface,
the slope, and the curvature of the free surface are sufficiently appreciable, the first
approximation is no longer satisfactory, and the second approximation considered by
the existence of the vertical acceleration will become neccesary. This consideration
was taken by Boussinesq, Keulegan and Patterson, on the assumption of irrotationality
of progressive wave flows. Their hydraulic and mathematical treatment shows that
the solution of translation waves of appreciable height is expressed in terms of
an elliptic function which is designated as the cn-function, and they are called the
cnoidal waves being derived therefrom as analogous to sinusoidal by Korteweg and
deVries.

In this paper, another approach of progressive translation waves on running
water, based upon the second approximate equation of open channel flows derived by
the usual momentum and energy methods as F. Sérre® and the author did, is developed.
Hence, the modification of the basic equation of flows governed by the hydrostatic
law of pressure will be necessary. This aim is attained by the appropriate assump-
tion of the local velocity distribution. Thus, the second approximation of translation
waves of the permanent type can be easily derived, for the qualification “permanent”
indicates that the progressive wave flows appear to be steady when observed with an
appropriate velocity.

The analysis shows that the basic wave configurations of the second approxima-
tion are again those of cnoidal waves including the solitary waves as an extreme
case. Of course, the behaviour of cnoidal waves is less familiar to hydraulic
engineers, but it can be easily observed that translation waves expressed by this form
are traveling in channels and seas, and the form of undular jump is also described by
this expression.®> Moreover, the configuration of surfs at near coasts is known as the
same figure of cnoidal waves. Hence the application of the theory of cnoidal and
solitary waves to the coastal engineering will be promoted with the develop}nent of
this field. In fact, it should be noticed that the solution of cnoidal waves may be
reduced to that of classical infinitesimal sinusoidal waves with a sufficient accuracy,

at a special limiting approximation.

2. Fundamental Relations

In this paper, for the sake of mathematical simplicity, two dimensional fluid
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motions are concerned. If necessary, they will be easily extended to the case in
which flows in wide channels are treated.

Taking the x-axis in the downstream direction along the channel bed, the z-axis
vertically upward, £: the time, u,,: the mean velocity, and %: the depth, the equation

of continuity is still in this case

oh Oh ., Bty
-a*E——Fum‘a‘xf-FhW—O. (1)

The following assumption of the local velocity in the x-direction, %, is introduced,
z
w(® 2 ) =tm(s, - (2), (2)

where f <%) is an arbitrary function determined by the velocity distribution of flows.
Provided the distribution of velocity in this unsteady case is assumed to be given
by the same as in the uniform regime, the above expression would be acknowledged.

Under this assumption, in two dimensional flows, the stream function ¢ is
¢(x, 2, t):h-umF(%)w(x, D, (3)

where ¢ is an arbitrary function of variables x and #. Hence, considering the kinematic

boundary condition, the vertical local velocity, w, is given by

w(x, 2, ="~ %+'{F<%>—F(O)}%, (4)

where F (%) means the integral of f (%) and the physical consideration indicates

that F(0) is zero. Boussinesq assumed that the local velocity was given by

weL? (L@h 6h).

h \u, 0t 0x (5)

Considering equations (4) and (5), it will be recognized that only in the varied
regime, Boussinesq’s assumption is always sure, but in the unsteady regime, it is no
longer satisfied except the true translation type of velocity distribution.

T he'pressure distribution is defined by the following expression,

1 0p ow  Ow ow
o op—geost—(Grrugiru ), o

where p: the pressure, o: the density of fluid, g: the acceleration of gravity, and

#: the inclination angle of the channel bed.

Insertion of equations (2) and (4) into equation (6) and integration yield
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o (* °h

p=pgcos 0 (h—2) + phul, Py S mf?(m) dm+phum3x0t
°h Ot Oh
S {mf (m) + F (m)f (m)} dm + oh -5 S F (m) dm+ oh ‘auT ‘33{

Smf(m) am -+ ottyy, gZ ng S {f(m) F(m) +mf’(m) F (m)—mf (m)

i f ) —~mp*(m)Y dm—oul (00 )" (' afeom) dm o 2 ]

XS:{f(m)F(m)*mf(m)}dm, (7)

where m and n: 2/h, and f'(m): the derivative of f(m). In the above equation the
2

effect of surface tension expressed by —T% is neglected. Using equation (7},

the momentum and energy approaches in hydrodynamics lead to the following funda-

mental equations.

Momentum :
p D My
gM=a, i + "gh—;—os_”+fh2 o gx}5+<3+5> Wt axgt
on T gy Ot O (o) Bty S
(2] oo 2. ®)
Energy:

Oty OUp—te U, OR oH . -
U 5" 4 5 T +ga =gsinf ,

_®e o g2 O°R , 6/1 , M
gH—2 u,,,,+ghcoslH—,”huma 2+(B+ )hu,,,a at+6k o

(& = =) th gz gi‘ B/h@gtﬂ%
UL (TR e BB (B (9)
where
= rromydm,  a{ poydm,  al=[ rom) Frm) dm,
/= f*m) F o) ae”’=§:mzf3<m> dm,
g =, §mrom dman, g = o mfom dman,
r =, Jmreom aman, 7= rof meron dman,
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o ={{rowaman, o = el Fom dman, (10)
e =5, rom Fom dnan, ¢ = ra{ rom) Fom) aman,
¢ ={,§ s cmy dman, ¢ = | mip omy dman,
7 =, §prom £ ony dman, o = £ [ ms*om) Fom) dman.

Equation (10) shows the correction coefficients of velocity distribution including
usual momentum and energy ones. And equations (8) and (9) are the fundamental
relations derived by the momentum and energy approaches considered the vertical
acceleration, respectively. Of course, they are reduced to the usual equations of open
channel flows, if the effects of the vertical acceleration are neglected.

In usual open channel flows, the velocity varies with the depth to a considerable
degree, and it is better that the above defined correction coefficients are introduced.
But in true translation waves, the velocity remains its cross-sectional constancy at
any section from the definition. Thus, f(m)=1, F(m)=m, and f’'(m) =0, and equa-
tion (10) has the definite numerical values, as follows.

a, =a,=1,
, 1

- ’”__ M S pee e — N — o
a/=a"=a"=B=y=0=e=f —/—6—6—3 , an
Equations (8) and (9) in which correction coefficients are represented by equation

(11) are the basic relations to discuss the present second approximation of wave profiles.

3. Cnoidal Waves

In developing the theory of cnoidal waves, consider the flows which are viewed
from the moving coordinate system traveling with the constant velocity of propaga-
tion, because progressive wave flows of the permanent type will be appeared to be
steady as shown in the previous section. The ascending waves are treated as well
as the descending waves, but in this paper, the behaviour of descending waves are
exclusively concerned.

Let v, be this velocity of propagation in the x—direction, then the following trans-
formations are established.

I U (%, 1) :.um(x_th):um(C) ’

U h(x, D =h(x—,8) = h(e) . z

. o Oty dtty, Ot du,, ; .
Using the substitutions ox de’ Ot Uy de and likewise for %, the equ-

ation of continuity (1) becomes
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du
(U — V) dC +h m=0. 13)
Hence, the relation of the progressive discharge rate is derived, as R.F. Dressler, the
author and his colleagues did in discussing of hydraulic characteristics of roll-waves.
(V— ) h=K . (149

If the celerity of waves ¢ is introduced, the following relationship may be con-
sidered in the direction of x-axis.

Vw=U,+C, and c=" - (15)

Substitution these quantities into equation (8) yields

Igz _215 [gf_ﬁl—% (Z—?) ] (gh cos 71— ) %l;—‘ﬁ ghsin (7’——:;- (16)

If it is assumed that at h=h,, where h, is the normal depth of flows or the still

2
water depth in the horizontal bed, the derivatives %z— and ‘;, C}: are not necessarily

vanished, equation (16) is transformed into the following expression, under the con-

dition of ghsin f— %:o.

d*h 1(dh) 3em 3 3gcost
d¢?

de’) T2k h T 2rr an

where ¢,, is a constant. Integration of equation (17) yields

(ﬂ)zz_?:gcosﬁ[ha ¢ K2 2y Sm K* ] (18)

de K? g cos 8 cosﬂh‘gcosd '

where ¢, is also a constant of integration.

The same procedure used the energy equation (9) follows

dh\t  3gcosBl,, ¢ ., ¢'K*, K*
(dg) " K [h gcosﬂhz gcosb’h gcosﬂ]’ (19

where ¢, and ¢,” are both constants of integration.

In both cases, mathematical and physical considerations lead to the fact that the
polynomial of equations (18) and (19) has three positive roots, say, #,, k, and A,
where b= h,=>h;, and hy,=K?/ghh, cos 8.

Hence they are transformed into

dh _3gcosﬂ B __ K*
4Ly~ =1 =) (= K2 ) (20)

Introducing the new variable as Keulegan did,

b= h, cos? x-+ h,sin® ¢, (21)
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equation (20) becomes

dy
devd —r— 22
¢ V' 1—ksin® y 22)
where
4o K (23)
x/ 3gcosf (h —L)
g ' ghh, cos
and
ol g (24)

by B

Y ghih, cos 0

Selecting the origin of the moving coordinate system at the apex, h=h,, £=0,
the wave forms of progressive waves are expressed by the following relation

x dy

O gy, B, 25
0 v 1k sin? (0, k) 25)

c=4|

where F(y, k) is an incomplete elliptic integral of the first kind. Again introducing
the Jacobi’s elliptic function, since sin x=sn¢, cos y=cn ¢, and sn’¢Z+cn?¢=1, then

b=ty () et (5, k) (26)
or reverting to the original coordinate system,
h=hyt (hy—hy) cn? [!’7@,@9&&&*?@@& oS M) (5 put) k]. @7
2 ’

This equation represents an infinite number of undulations of identical size and
shape, each symmetrical about a vertical plane passing through the apex. These
waves moving without change of their form are known cnoidal waves as described
in the introduction.

And &, and £k, represent the depths from the channel bed to the crests and
troughs, respectively.

If the variations from the undisturbed level are used as Keulegan did, equation
(27) is transformed into the following expression, considering that k= h,+ %, hy=h,+ h/,
hy=h,—h,', and hy=h,—hy'.

TR e JERT (o
ho-+ 1) (he— hy") (hy— hy) ¢ ) o+ ha/]

W=+ (b ) et [ ]
4(
Deriving from the fundamental equation of irrotational translation waves with an
appreciable wave height, Keulegan and Patterson showed the cnoidal wave expressible
as follows.

Y s 3(h/+ hy W' h »
W —hf+ (b + b)) cn2[~/<Tg> (=) | N/’i"lh;’]‘ (29)
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Hence, if the deviations from the undisturbed level are negligible compared with
the uniform or original depth, equation (28) can be reduced to equation (29), but for
higher cnoidal waves, equation (28) seems the more accurate expression. For it is
caused by the fact that Keulegan and Patterson neglected the higher order terms of

deviation.

4. Characteristics of Cnoidal Waves

(A) Hydraulic condition for formation of cnoidal waves. In the previous section,
the wave profiles of cnoidal waves represented by equation (27) are derived by the
assumption & 2 h,>> K*/ghh, cosfl. Then, the hydraulic condition for formation of

waves is easily obtained. Considering that K?= (0,,—u,)? B2= (0p—u;)? H= (Vw—u:)* 13,

the above relation is reduced to

1= (hz/hl)z;:fFf:(vw—ul)z/g%COSﬂ,
(h/ )? = F3= (v —12)*/ ghy cos 0 = (hs/h)?, (h/h)* =1, (h/h)*<1,  (30)
1 F?Z(Uw—ua)z/ghacOSHQ (h/h)* 221,

where u;, #, and #, are the mean velocities of flow at the points of #4,, %,, and %;, and
F,, F,;, and F, are the relative Froude Numbers expressed by the above notations.
Hence it follows that the flow regime of cnoidal waves at the crests is always
appeared to be in the subcritical, that at the troughs in the subcritical or supercritical,
and that at the hydraulically virtual depth k, in the supercritical when observed
from the moving coordinate system traveling at the constant velocity of propagation

vw. Then cnoidal waves exist only when the above described fact is satisfied.

(B) Wave characteristics. Let u, and h, be the velocity of flows and the normal
depth in the uniform regime. From equation (25), the wave length L of progressive

waves is given by
L-2-4-F, (lzf k), (31)

where F, (g, k) is the complete elliptic integral of the first kind.

The second relationship is derived from the hydraulic fact that the relative mean

displacement of waves is always zero, that is,

SLh de—Lh, (32)
0

or from equations (21) and (31)

o [ N (% 1—sin®y
(=t Fi (5, k)= G | =it

Hence this relation is expressed in terms of the first and second complete elliptic

integrals as follows.
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ghih, cosﬂ[hoF, (’2’ k)—hlEl (g k)]:Kz [F1<72r k) ~E, (fzr k)]. (33)
The average discharge rate at a fixed point is given by

L
why="-{ nde K. (34)
Then it is reduced to

vw:uo+h£. (35)

0

And in permanent wave flows which move without change of their form, the
wave length is also showed by

L:vw'T ’ (36)

where 7 is the wave period.

Thus the complete undular form of progressive cnoidal waves on running water
and their characteristics are determined by the wave pericd, the maximum depth
from the channel bed to the crest, and hydraulic quantities in the uniform regime,
since the other quantities are determined by makirg use of above described relations.
But because of difficulity of measuring the still water depth, it is rather better that the
maximum depth #,, the wave height %, —#%,, the wave period T, and the flow velocity «,

are considered as the fundamental quantities.
W :fgg Figure 1 shows two typical cnoidal waves
7~ Zg Ve which are viewed from the moving system,

NN
AN PNEAFNE ¥ where T represents the dimensionless wave
L v ghycost!
v

period expressed by and A/ is
w 0
) the dimensionless maximum depth 4,/k,. In
T=134/ .
9 h= /.10 shorter waves, their forms are resembled the
FROE s S AP LS WL R R sinusoidal waves, but in longer waves, they
09

are rather analogous to Gerstner’s trochoidal
Fig. 1. Typical examples of cnoidal

waves waves. Experimental results which were per-

formed at the Hydraulic Laboratory of the
Engineering Research Institute, Kyoto University, as shown in Figure 2, were plotted.
Figure 3 illustrates the relationship of dimensionless celerity ¢’=c/} gh, cos# to dimen-
sionless wave length L'=L/k, for the parametric values of %4, . The dotted line shows
the behaviour of shallow water waves of infinitesimal amplitude and ¢’=1 indicates
the long wave celerity. As shown in Figure 2 the cnoidal waves are also dispersive, and
their celerity approaches the celerity of solitary and long waves of the finite amplitude.
The region of applicatility of cnoidal waves will be limited by the essential assump-

tion of translation waves. Experimental investigations by Keulegan verified the
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z h=220™ /2 ‘
k=150
£=847 WetS —
hz.o " /’I,Ta’—_‘__q'—__
7. L
' | | ot -
4 F- ‘ 7] 2 74 & & o™ og
Fig. 2. Comparison of experimental /
results to the theoretical curve. 08 /
. J/
/i
. . 7H4 — t
analytical conclusion that the value 10 My i |
70 720 30
for L’ could be considered the dividing L . i
. . Fig. 3. Relation between the dimensio..-
line between the Stokian and the less wave celerity and the dimensionless

cnoidal wave types and for larger wave length.

values of the ratio cnoidal waves would be applied.

(C) Relation between cnoidal waves and shallow water waves of infinitesimal
amplitude. In above discussions, it is assumed that %2 varies in the range from 0 to
1, thus the configuration of cnoidol waves is derived. At the limiting value of %, the
elliptic function takes the definite primary function, that is, at k=1, it becomes the
hyperbolic, and at k=0, the circular.

In the present article, the latter case is concerned. If K?2/ghh,cos fl is not zero,

from equation (33), %#,=# and replacing this value in equation (24),
h=h="h,.

Hence the wave length expressed by equation (31) becomes

k4

— . 2 2
SN CAS R S . T Y
3/ g_2w %) o
J gh, cos I,
4 (Uw,_,ﬂo) hy T (37

L= - .
1" 3ghy cos 30— uy)? 2

And if the wave length is relatively longer than the still water depth, i.e.,

L’ ™>3.626, developing the above equation in power series yields

212 252\ 2
vw:uﬁ-«/gho cosﬂ{l—-4;Lf—Q+(é§L?9) _...},, (38)

hence, for longer waves, the above expression may be replaced by the following

expression with a sufficient accuracy,

oty - 4'/ geosh-L 2nh,
V=t 5 tanh 7

Equation (38) is also the velocity of propagation of waves of infinitesimal amplitude



274 Yoshiaki Iwasa

on running water. Thus, this limiting case may show the same result as in that of the
infinitesimal waves. And it is easily recognized that for L—co, it becomes the long wave

celerity. The former limiting case of k=1 will be discussed in the following section.

5. Solitary Waves

In developing the theory of cnoidal waves, it is assumed that the fluid is still
disturbed at infinity, that is, that the surface profile is in undulation at infinity
together with all existences of the slope and the curvature of fluid surface. In this
seclion, as a special case of developing of cnoidal waves, the assumption that the fluid

is undisturbed at infinity is utilized.

2
At infinity k=h,, both % nd Zdlc]f are zero, then the constant of integration ¢,
is expressed as follows, from equation (17)
c _2K*
m= ho

Substituting this value in equation (18), integration of this equation shows

() =25 [ (gessa o) 1+ (s 8} = rdosn )

Physical consideration leads that this equation is also transformed into

O

And the surface profile varies from the normal depth %, to the maximum depth

(= yy?{ (40)

K?/ghtcos f. Denoting this maximum depth by #,, selecting the origin at the apex
h=h,, and integrating equation (40) yields the following relation

h=hy+ (hy—hy) sech? 1138,9952% Un=ho) . (x—,1) . (41)

This equation explains the configuration of solitary waves of the permanent type.
The free surface is symmetrical about the normal at £=0, and approaches uniformly
the initial surface as & approaches #,.
R Figure 4 illustrates the typical configura-

4 hi=150 tion of the solitary wave.
//0—\ Again, the comparison between the

6 & 4 3 2 /70 7 2 34 5 6 3

result obtained here and the expression of

Keulegan and Patterson is described. Equa-

Fig. 4. Typical figure of solitary waves. tion (41) is also transformed into the fol-

lowing expression as in the cnoidal wave.

W=h sechz[‘/ i é’l iy th)] (42)
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Keulegan’s expression on the solitary wave is
/3h,
h’:h’sechz[ O (x— vt ] 43)
{ sectt | P (= ou) (

Hence it follows that the difference between equations (42) and (43) is due to
the negligence of the maximum wave height above the undisturbed level in the hyper-
bolic function. Equation (42) is the Lord Rayleigh’s type of solitary wave which is
derived on the basis of irrotational wave motion, and equation (43) is the Boussinesq’s.
The experimental data which were obtained by Daily and Stephan of M.I.T. show
that the wave figures of solitary waves are more precisely plotted by the expression
of Boussinesq, Keulegan and Patterson than that of Rayleigh and the author. But
the further frujtful experimental researches on the hydraulic behaviour of solitary
waves by use of modern optical and electrical equipments are expected.

The wave form of solitary wave is derived by another approach which is con-
sidered as a limiting case of cnoidal waves described in the above section.

When k—1, in equation (33)

. K2 ho'F1 (%» k)——hl.El (%, k)
lim et lim =h,.

From equations (23) and (24) the following described results are obtained.

4 2K
v'3gcos 0 (h,—hy)

hy— hy and

Thus equation (27) expressed the cnoidal wave is reduced to

h=hy+ (h,—h,) sech? v'3g Coglf}{(hl 1) (x—p,t). (44)

The above equation is the same expression of equation (41). Hence it follows
that the solitary wave appears as a special case of the cnoidal wave. It has been
already mentioned by H. Lamb,” Keulegan and Patterson.”

2
Considering that _‘QL‘Zho, and K?= (v,—u,)* k3, the following relation is
ght cos fl
reduced
(Vw—uy)? 22 ghy cos Bl ,
or

Vw— Uy -~
Fo=—2% "0 "1, 45
0 V/ghocosﬂ"" (45)

where F, is the relative Froude Number.
Then it follows that the flow regime of solitary waves is always appeared to be

supercritical when observed from the moving coordinate system. Equation (45) is
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the necessary condition for formation of solitary waves, and that fact has been pointed
out by K. O. Friedlich and D. H. Heyers® in discussing of the existence of irrotational
solitary waves.

The velocity of propagation v, and the wave celerity ¢ are easily obtained from
the relation of the maximum depth to the progressive discharge rate

K?/ghicosf=h,,
hence
Vo=t +v ghycos@, and  c=v gh,cosf - (46)

Equation (46) was adopted by S. Russell on empirical ground and confirmed
theoretically by Boussinesq and Lord Rayleigh.

6. Conclusion

The theory and behaviour of permanent translation waves are developed by con-
sidering the effects of the vertical acceleration in open channel flows. The mathe-
matical and hydraulic treatments lead that such wave profiles are expressed in terms
of an elliptic function which is designated as the cn-function, the name cnoidal being
derived therefrom as analogous to sinusoidal by Korteweg and deVries, and solitary
waves expressed by equation (41) appear as an extreme case of cnoidal waves.

It is interesting that the behaviour of cnoidal waves has a close relation to the
infinitesimal wave theory. Though these waves are, of course, less familiar to
hydraulic engineers, they will be appeared to be essential waves often encountered in

channels and seas, especially at near coasts.
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